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Abstra ct. We explore the arithmetic of rationally connectedvari-
etiesover function �elds of curves. The main technical issuesrevolve
around the existenceof freerational curveswith prescribedgeometric
properties.
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1. Intr oduction

In this paper, we survey arithmetic questionsover function �elds of
curveswhich haveattracted considerableattention recently. The starting
point is the theorem of Graber, Harris, and Starr [6]: Every rationally-
connectedvariety over the function �eld of a curve hasa rational point.
Once we have one rational point, it is natural to analyzethe structure
of the set of all rational points, e.g., density in the Zariski topology (or
other topologies),weak approximation, etc.

The �rst result in this direction actually predatesthe work of Graber,
Harris, and Starr. Let � : X ! B be a 
at proper morphism to
a smooth curve, with generic �b er smooth and rationally connected.
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Koll�ar, Miyaoka, and Mori proved that the existenceof onesectionguar-
antees a Zariski-densecollection of sections. More precisely, �x points
b1; : : : ; bm 2 B of good reduction for � , i.e., with Xbi = � � 1(bi ) smooth.
Then for any points x i 2 Xbi there exists a section � : B ! X with
� (bi ) = x i for each i . In [10], we proved the existenceof sectionswith
prescribed jets at thesepoints, i.e., weakapproximation at placesof good
reduction.

Full weak approximation requiresthe analysisof singular �b ers of � .
Precisely, weak approximation holds if for any smooth model X ! B
and points x i in the smooth locusX sm

bi
, there existsa section� : B ! X

with � (bi ) = x i for each i . Reaching smooth points of arbitrary �b ers is
much harder than reaching arbitrary points of smooth �b ers.

Even the caseof cubic surfacesis open at present. In [9], we analyzed
�brations � : X ! B with smooth total spacesuch that the �b erssatisfy
strong rational-connectedness,i.e., for each b2 B, any two points in X sm

b
canbejoined by a proper rational curvecontained in X sm

b . This su�ces to
prove weak approximation for genericcubic surfacesover function �elds
of curves,e.g., thosewith square-freediscriminant.

We now summarize the principal new results of this paper. Theo-
rem 1 establishesfull weak approximation for smooth hypersurfacesof
very low degree,e.g.,for cubic �v efolds. Theorem18addresses�brations
� : X ! B with ordinary singularities and singular total space. Under
suitable technical assumptions(cf. Hypothesis14), weestablishweakap-
proximation. Wegiveapplicationsto cubic hypersurfacesin Theorem25.

Our goal here is to highlight new techniques for `managing' rational
curves: Deformation theory, constructions of combs, specialization ar-
guments, and producing curves with prescribed intersection properties.
One overarching question is how to produce`good curves' (e.g., free ra-
tional curves or sectionsof �brations) in a given homology class. For
instance,given an irreducible component E � Xb with multiplicit y one,
is there a section � : B ! X with � (b) 2 E? The section given by the
theorem of Graber-Harris-Starr might passthrough a di�erent compo-
nent of Xb. How can we induce sectionsto `jump' from component to
component?

Throughout, we work over an algebraicallyclosedground�eld K .

Ac knowledgmen ts: JasonStarr suggestedanalyzingweak approxima-
tion for hypersurfacesof small degreeover function �elds. We bene�tted
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from discussionswith J�anosKoll�ar about degenerate�b ersof rationally-
connected�brations. We are grateful to Jean-LouisColliot-Th �el�eneand
Trevor Wooley for pointing out referencesto relevant number-theoretic
results.

2. Appr oximation f or hypersurf aces of lo w degree

AssumeK is of characteristic zero.

Theorem 1. There exists a function � : N ! N with the following
property: Considera smooth curve B with function �eld F and a smooth
hypersurface X � Pn of degree d over F . If n � � (d) then X satis�es
weak approximation over F .

We give a recursive de�nition for � (d). Let � (1) = 1 and de�ne
� (d); d > 1 by the formula

� (d) =
�

� (d � 1) + d � 1
� (d � 1)

�
:

In particular, we have

d 1 2 3 4 5
� (d) 1 2 6 84 2331890

:

Remark 2. The theorem is weaker than one might expect, in light of
the strong results obtained over number �elds using the circle method
[15] [1]: Let F be a number �eld and X � Pn a smooth hypersurface
over F of degreed. Assumen � 2d(d � 1) and for each place � of F we
have X (F� ) 6= ; . Then X satis�es weak approximation over F .

By way of comparison

d 1 2 3 4 5
2d(d � 1) 0 4 16 48 128

;

which is much smaller than � (d) for d � 0.

Proof. Weshall requiresomebasicresultson varietiesof linear subspaces:

Lemma 3 (cf. 23.3 of [13]). Let X � Pn be a hypersurface of degree d
over F . Consider the `-dimensionalprojective subspacescontained in X

� `;X = f [�] 2 G(`; n) : � � X g;
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realized as a subschemeof the Grassmannian. Supposethat its expected
dimension

expdim � `;X := (n � `)(` + 1) �
�

d + `
d

�
> 0:

Then � `;X 6= ; and thus

dim � `;X � expdim � `;X :

Considerthe incidencecorrespondence

I = f (� ; X ) : � � X g � G(`; n) � Hi lb

where Hi lb ' P(n + d
d )� 1 is the Hilbert schemeof hypersurfacesof degree

d in Pn . SinceI is a projective bundle over the �rst factor, it is smooth
and irreducible. By Bertini's Theorem, the generic �b er of the second
projection is alsosmooth, i.e., � `;X is smooth of the expecteddimension
for genericX . Morever, the �b ers of the projection onto Hi lb have the
expecteddimensionover a subsetwith complement of codimension� 2.

Lemma 4. Let X � Pn be a hypersurface of degree d over F , with
n � � (d). Then

� `;X (F ) 6= ;

if ` < � (d � 1).

We �rst consider the special casewhere � = � `;X is smooth of the
expected dimension. If S ! G(`; n) is the universal subbundleof rank
` + 1 then � `;X is given by the vanishingof sectionof SymdS� , which has
rank

� d+ `
d

�
. The adjunction formula gives

K � = (K G(`;n ) + c1(SymdS� )) j � = O� (� n � 1 +
�

d + `
d � 1

�
);

which is negative provided ` < � (d� 1) and n � � (d). Thus � is Fano, in
the sensethat its anticanonical divisor is ample. It is thereforerationally
connected,and �( F ) 6= ; by [6].

To completethe lemma, we require a well-known specialization result
(seex2 of [5]):

Sublemma 5. Let T = SpecK [[t]] with closed point 0 and geometric
generic point � . Let C ! T be a 
at proper morphism with geometric
generic �b er C� a smooth connected curve. Let X ! C be a 
at proper
morphismso that X � C C� ! C� admits a section. Then for eachnormal
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irr educible component C0
0 � C0, the induced X � C C0

0 ! C0
0 admits a

section.

Here is the idea: The section degeneratesto a stable map over C0 of
degreeone,which yields a sectionover each normal component.

Let X be an arbitrary hypersurfaceover F = K (B) with classifying
morphism � : B ! Hi lb. (For simplicity, assumenow that B is pro-
jective.) Let (� s)s2 Gm � GL(n + d

d ) be a one-parametersubgroup acting
without �xed points on B, so that for generics:

� � s(B ) is contained in the locus in Hi lb parametrizing hypersur-
facesY with � `;Y of the expecteddimension;

� � s(B ) meetsthe locusover which � `;Y is smooth.

Let T bethe completionof Gm at the identit y and considerthe restriction

W := I � Hi lb (B � T) ! B � T:

This might not be 
at, but there is a 
attening blow-up � : C ! B � T so
that the dominating component of Z � W � B � T C is 
at over C. Wemay
take C to be nonsingular and � to be an isomorphismover the generic
point of T; in particular, C0 has a component C0

0 ' B . Combining
Sublemma5 with our result in the caseof smooth Fano varieties, we
obtain a sectionof Z � C B ! B. However, the natural morphism over
B

Z � C B ! I � Hi lb B

inducesa sectionof I � Hi lb B ! B. (Recall we are constructing the �b er
product using the projection to Hi lb and the classifying morphism � .)
Restricting to the genericpoint of B , we obtain a rational point in X (F ).

The remainderof the proof is an induction on d. We now usethe fact
that X is smooth. Let � � X be the linear subspaceproduced in the
last lemma. Projecting from � givesa morphism

� � : Bl � X ! Pn� ` � 1;

with �b ershypersurfacesof degreed� 1 in P`+1 ; the genericsuch �b er is
smooth. The inductive hypothesisand our assumptionthat ` < � (d � 1)
guarantee these �b ers satisfy weak approximation. Proposition 1.2 of
[3] implies weak approximation holds for X . Its hypothesis demands
smoothnessof the �b ers,but weakapproximation is a birational property,
sowemight aswell restrict to the denseopensetwhere� � is smooth. �
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Remark 6. It shouldbe possibleto weaken the smoothnesshypothesis:
Varieties having log terminal singularities and ample anticanonical class
are rationally connected[14].

Remark 7. There are similar inductive proofs of the unirationality of
small degreehypersurfacesover algebraically-closed�elds [13] [8]. The
growth of n with respect to d is alsoan iterated exponential function.

3. Ordinar y singularities reviewed

We assumethe ground�eld hascharacteristic di�erent from two.

De�nition 8. A variety V has ordinary singularities if it has a �nite
number of isolated singularities, each �etale-locally isomorphic to a cone
over a smooth quadric hypersurface.

Prop osition 9. Let T be the spectrum of a complete DVR over the
ground �eld with closed point 0 and geometric generic point � . Con-
sider V ! T with V� smooth and V0 having ordinary singularities. In
a formal (or �etale) neighborhood of each singular point v 2 V0, V ! T
takesthe form

x2
1 + : : : + x2

n = t r ;
where dim V0 = n � 1 and r is a positive integer.

Proof. Over a �eld of characteristic 6= 2, each ordinary singularity v 2 V0

is formally-locally isomorphic to

0 2 f (x1; : : : ; xn ) : x2
1 + : : : + x2

n = 0g � An :

We usestandard propertiesof the versaldeformation spaceVer(V0; v):
It is smooth of dimensionone and the corresponding deformation may
be written explicitly

s = y2
1 + : : : + y2

n :
The local structure of the deformation V ! T near v is determined by
the classifyingmorphism

T ! Ver(V0; v);

or the induced homomorphismof K -algebras

K [[s]] ! K [[t]]

s 7! cr t r + cr +1 t r +1 + : : : cr 6= 0:

The characteristic is di�erent from two, so we can solve

f (t)2 = cr + cr +1 t + : : :
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for f (t) 2 K [[t]]. Substituting yi = f (t)x i for i = 1; : : : ; n gives the
desirednormal form. �

Remark 10. For later use,we describe what happenswhen the classi-
fying morphism

T ! Ver(V0; v)
is constant. Here, the generic�b er V� remainssingular, which is incom-
patible with the assumptionsof Proposition 9. In this situation, V ! T
admits an equisingularsection � : T ! V with � (0) = v, i.e., a section
along which the �b ers all have ordinary double points. In local coordi-
nates,V can be written

x2
1 + : : : + x2

n = 0

with the section� equal to the origin. Blowing up along � givesa simul-
taneousresolution of the �b ers.

Retain the notation of Proposition 9 and let (V; v) denote the local-
ization of V at v. We describe a resolution of its singularities. If r = 1
then no resolution is necessary. When r > 1, considerthe sequenceof
blow-ups

� : W(br=2c) ! W(b(r � 2)=2c) ! : : : ! W(1) ! W(0) := (V; v);

whereeach W(j ) hasonesingularity w(j ) locally isomorphic to

x2
1 + : : : + x2

n = t r � 2j

and
W(j + 1) = Blw(j )W(j ):

The exceptionallocus

� � 1(v) = E1 [ D 12 E2 � � � E j [ D j;j +1 E j +1 � � � Ebr =2c;

where each E j is the proper transform of the exceptional divisor of
W(j ) ! W(j � 1) and

(3.1) E j '

8
><

>:

P(OQn � 1 (� 1) � OQn � 1 ) if j < br=2c;
ConeQn� 1 if j = (r � 1)=2;
Qn if j = r=2;

whereQm � Pm is a smooth quadric hypersurfaceof dimensionm � 1.
The components E j and E j +1 meet along D j;j +1 ' Qn� 1, imbedded in
E j as the negative sectionand in E j +1 as a positive section(for j + 1 <
br=2c), or a generichyperplanesection(for j + 1 = br=2c.) The proper
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proper transform of V0

E2

E3

E1

D

23

D01

12

D

Figure 1. Degenerate�b er of the resolution when r = 7

transform of V0 meetsE1 alonga variety D01 ' Qn� 1, whereD01 � BlvV0

is the exceptionaldivisor and D01 � E1 is a generichyperplanesection.

4. Mana ging free cur ves

De�nition 11. A smooth separably rationally connectedvariety Y is
strongly rationally connected if any of the following conditions hold:

(1) for each point y 2 Y, there exists a rational curve f : P1 ! Y
joining y and a genericpoint in Y ;

(2) for each point y 2 Y, there existsa freerational curve containing
y;

(3) for any �nite collection of points y1; : : : ; ym 2 Y, there exists a
very free rational curve containing the yj as smooth points;

(4) for any �nite collection of jets

SpecK [� ]=


� N +1

�
� Y; i = 1; : : : ; m

supported at distinct points y1; : : : ; ym , there exists a very free
rational curve smooth at y1; : : : ; ym and containing the prescribed
jets.

For the equivalenceof theseformulations, see[9] (cf. [11] 3.9.4).
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De�nition 12. A combwith m reducibleteeth is a projective nodal curve
C which is the union of m + 1 subcurvesR; T1; : : : ; Tm such that

� R is smooth and irreducible;
� T` \ T`0 = ; , for all ` 6= `0;
� each T` meetsR transversally in a singlepoint; and
� each T` is a chain of P1's.

Here R is called the handle and the T` the teeth.

We shall usethe following technical result repeatedly:

Prop osition 13 (cf. Proposition 24of [10]). Let C be a nodal curvewith
dual graph a tree, Y a smooth algebraic space, � : C ! Y an immersion
with nodal image, and p = f p1; : : : ; pwg � C a collection of smooth
points. Supposethat for eachcomponent C` the normal bundle N � (� p)jC`

is globally generated and has no higher cohomology. Then � deforms to
an immersion of a smooth curve into Y containing �(p).

We will also use the following standard fact: If C is a treelike nodal
curve and V is locally free over C, then V is globally generated(resp.
has vanishing higher cohomology) on C i� V jC` is globally generated
(resp. hasvanishinghighercohomology)over each irreduciblecomponent
C` � C. (SeeProposition 21 of [10] for a proof.)

Hyp othesis 14 (Key Hypothesis). Let X be a projective variety with
ordinary singularities, and � : eX ! X the minimal divisorial resolution,
obtained by blowing up each singularity. Assumethat:

� X sm is strongly rationally connected;
� for each exceptionaldivisor D � eX , there exists a rational curve

f : P1 ! eX meetingD transverselyin onepoint and avoiding the
other exceptionaldivisors of � .

Remark 15. There are Fano hypersurfaceswith ordinary singularities
that do not satisfy Hypothesis 14. We give an example at the end of
Section6.

Prop osition 16. SupposeX satis�es Hypothesis14 with minimial res-
olution � : eX ! X having exceptional divisors f D i g. Then for each D i

and p 2 D i , there existsa very free curve in eX meeting D i transversely
at p but disjoint from the D j ; j 6= i . Given nonnegative integers f mi g,
there existsa very free curve in eX meeting D i transverselyat mi points.
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Proof. We claim there exists a very free curve meeting D i transversely
at onepoint. Let R = f (P1) be the rational curve provided by Hypoth-
esis14. Construct a comb with handleR and teeth T` consistingof very
free rational curvesin X sm , which exist sinceX sm is strongly rationally
connected.For a suitable choiceof teeth, we can deform our comb to a
very free rational curve g : P1 ! eX [11] I I.7.9-10. This still meetsD i

transversally at onepoint.
For each i , choosemi very freecurvesmeetingD i in distinct points, as

described above. We usetheseas teeth for our comb. As for the handle,
sinceX sm is strongly rationally connected,there existsa very free curve
R � X sm intersectingthesecurvestransverselyin distinct points. Adding
additional teeth contained in X sm , if necessary, we obtain a comb that
deformsto a very freecurve, meetingD i transverselyin mi points. This
provesthe last assertionof the proposition.

It remains to show that there are very free curves meeting D i at a
prescribed point p. Let g : P1 ! eX be very free with image meeting
D i transversely at q 2 D i . Of course,we may deform g to a very free
curve meetingD i at a point nearby q in D i . RecallD i ' Qn� 1, a smooth
quadric hypersurfaceof dimensionn � 2, wheren = dim X + 1. Any two
points p;q 2 Qn� 1 can be joined by a smooth rational curve R � Qn� 1

with degR = 1; 2. Indeed, if the line ` joining p and q lies in Qn� 1, we
take R = `; otherwise,we take R to be a smooth conic. For simplicity,
we chooseg so that q is not contained in any line ` � Qn� 1 through p,
thus we are in the secondcase.In particular, NR=D i ' OP1 (2)n� 3.

We have an exact sequence

0 ! NR=D i ! NR= ~X ! ND i = ~X jR ! 0
0 ! OP1 (2)n� 3 ! OP1 (2)n� 3 � OP1 (� 2) ! OP1 (� 2) ! 0

:

Construct a comb C with handle R and teeth very free curvesT1; T2; T3

meeting D i transversally at distinct points q1; q2; q3 2 R, di�erent from
p. The normal bundle analysisfrom Proposition 23 of [10] yields

NC= ~X jR ' OP1 (2)n� 3 � OP1 (+1);

andProposition 13guaranteesthat C smooths to a rational curvethrough
p. SinceC � D i = 1, the smoothing meetsD i transversally at p. �

Corollary 17. Let X ! B be a 
at proper morphism. The locus

f b2 B : Xb = � � 1(b) satis�es Hypothesis14 g

is open.
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Proof. Our analysis of versal deformations in Section 3 implies having
ordinary singularities is an open condition. Having a very free curve in
the smooth locus is also an open condition, as very free curves deform
to very free curves (cf. Theorem 3.11 of [11].) It remains to consider
the condition that there existsa rational curve meetingeach exceptional
divisor once transversally. Let x 2 Xb be the corresponding ordinary
singularity. If x is smoothed in X then there is nothing to check. Other-
wise,X ! B admits a simultaneousresolution locally over suitable �etale
neighborhoods of b and x (seeRemark 10). By Proposition 16, the curve
in the resolution fXb meeting the exceptionaldivisor over x can be taken
to be very free, and thus deformsto nearby �b ers. �

5. Weak appr oximation at pla ces with ordinar y double
points

Let B bea smooth curve with function �eld F . If X is a proper variety
over F , a model of X over B is a 
at proper morphism � : X ! B with
generic�b er X . The existenceof such modelsis a generalresult of Nagata
[12]. For each b2 B, let Xb = � � 1(b) and X sm

b � Xb the locusof smooth
points.

Theorem 18. Let X be a smooth proper variety over F . Assumethat
X admits a model � : X ! B such that, for each b 2 B, Xb satis�es
Hypothesis14. Then X satis�es weak approximation.

In Section3, we described the local structure of natural resolutionsof
one-parameterdeformations of ordinary singularities. Let � : Y ! X
denote the corresponding global resolution and ' : Y ! B the induced
�bration. Note that each sectionB ! Y factors through the smooth lo-
cusof ' , denotedYsm . Each irreducible component of Yb hasmultiplicit y
one,soYsm

b is densein Yb.
What doesproving weak approximation entail? Fix N 2 N and sec-

tions over the completionsof B at b1; : : : ; bm ,

ŝi : bBbi ! Y � B
bBbi ; bBbi = Spec lim � OB ;bi =mN

B ;bi
:

We must produce a section � : B ! Y approximating each ŝi to order
N , i.e.,

� � ŝi (mod mN +1
B ;bi

):

In other words, we needa sectionwith prescribed jet data

J := f ŝi (mod mN +1
B ;bi

); i = 1; : : : ; mg:
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We usethe iterated blow-up construction from Section2.3 of [10]. Let


 : Y(J ) ! Y

be obtainedby blowing up N times alongeach ŝi ; moreprecisely, at each
stagewe blow up the point of the proper transform of ŝi lying over bi .
Fix yi = ŝ0

i (bi ) 2 Y(J )bi , where ŝ0
i is the proper transform of ŝi in Y(J ).

Any section� 0 : B ! Y(J ) with � 0(bi ) = yi ; i = 1; : : : ; m yields a section
� := 
 � � 0 : B ! Y with the desiredjet data J .

To simplify notation, we will argue one place of B at a time: First
resolve singularitiesand make iterated blow-ups in the �b er over b1, then
in the �b er over b2, etc. until all m jet conditionsaresatis�ed. Our main
theoremthen follows from the following local statement:

Theorem 19. Let X be a smooth proper variety of dimensionn � 1 over
F with model � : V ! B . Let b 2 B be a place over which � satis�es
Hypothesis14 and f bi g � B a (possiblyempty) set of additional places
distinct from b. Fix a section � 0 : B ! V. Then for each local section ŝ
at b and eachN there existsa section � : B ! V with � � ŝ (mod mN +1

B ;b )
and � (bi ) = � 0(bi ) for each i .

Let v 2 Vb be an ordinary singularity. Let W ! V be the minimal
resolutionof V at v with exceptionaldivisors E1; : : : ; Ebr =2c, asdescribed
in Section 3. We retain the notation introduced there and use E0 to
denotethe proper transfrom of Vb.

Supposethat V ! B admits a section� : B ! V. Its proper transform
� 0 : B ! W meetsoneof the divisors E j .

Case I: Mo ving sections down There exists a section � : B ! W
with � (b) 2 E j � 1 and � (bi ) = � 0(bi ) for each i .

Suppose � 0 : B ! W is a section with � 0(b) 2 E j ; j > 0. We may
assumethat N � 0(B )=W (� b1 � : : : � bm ) is globally generatedand has no
higher cohomology:After attaching very freecurvesin generic�b ers,we
obtain a comb with these properties, which smooths to a section with
the sameproperties, cf.[6] x2.
Claim 1: There existsa smooth rational curve Tj � E j with the follow-
ing properties:

(1) � 0(b) 2 Tj ;
(2) Tj meetsD j � 1;j in two points transversely;
(3) NTj =E j ' OP1 (+2) n� 2;
(4) Tj is disjoint from D j;j +1 .
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By the description of �b ers in (3.1) in Section3, there existsa birational
morphism

 : E j ! Q0 � Pn

onto a quadric hypersurface.This contracts D j;j +1 if j < br=2c and is an
isomorphismotherwise;the imageof D j � 1;j is a hyperplanesectionof Q0.
Since� 0(b) is a smooth point of Wb, � 0(b) 62D j;j +1 and q =  (� 0(b)) is a
smooth point of Q0. We take Tj to be the proper transform of a generic
plane sectionof Q0 containing q. It is straightforward to check this has
the properties listed above.

Let r j � 1;j be one of the points of Tj \ D j � 1;j . The description of the
components Ek at the end of Section3 alsogives:
Claim 2: There exist unique smooth rational curves Tj � 1; : : : ; T1 with
the following properties:

(1) each Tk is a ruling of Ek , with respect to the P1-bundle structure
speci�ed in (3.1);

(2) Tj � 1 contains r j � 1;j and Tk \ Dk;k+1 = Tk+1 \ Dk;k+1 := r k;k+1 for
each k = 1; : : : ; j � 1.

Moreover we have NTk =Ek ' = On� 2
P1 . Finally, Proposition 16 yields

Claim 3: There exists a very free rational curve T0 � E0 meeting D01

transverselyat r 01 := T1 \ D01.
Considerthe nodal curve

C = � 0(B ) [ q Tj [ r j � 1;j Tj [ : : : [ r 01 T0:

The restriction of NC=W (� b1� : : :� bm ) to each component of C is globally
generatedand hasno higher cohomology. By Proposition 13, C deforms
to a section � : B ! W containing f � 0(bi )g. Computing intersection
numbers,we deducethat � (B ) \ E j � 1 6= ; .

Case I I: Mo ving sections up There exists a section� : B ! W with
� (b) 2 E j +1 and � (bi ) = � 0(bi ) for each i .

Suppose� 0 : B ! W is a section with � 0(b) 2 E j ; j < br=2c, chosen
sothat N � 0(B )=W (� b1 � : : : � bm ) is globally generatedand hasno higher
cohomology.

As in caseI, we construct a nodal curve

C = � 0(B ) [ q Tj [ : : : [ T0
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b

E2

E3
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proper transform of V

original section

new section

Figure 2. Moving sectionsfrom E3 to E2
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proper transform of V

original section

new section

Figure 3. Moving sectionsfrom E2 to E3
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b

E2

E1

proper transform of V

E3

original section

new section

Figure 4. Moving sectionswithin E3

whereTk � Ek is a ruling for k = 1; : : : ; j . This di�ers from the previous
casein that Tj is also a ruling of E j , and thus intersectsD j;j +1 trans-
verselyin onepoint. Repeating the deformationargument asabove gives
the desiredsection� .

Remark 20. Since the sectionswe construct have globally generated
normal bundles, they deform to sections passing through the generic
point of each E j . We will tacitly assumethis below.

Case I I I: Mo ving sections within a comp onent

Let W ! V denote the minimal resolution of all the singularities of
V in the �b er Vb. Beforegiving the details of our argument, we put our
present problem in a more generalcontext:

Question 21. For b 2 B let W ! B be a model with nonsingular total
spaceover b. Choosean irreducible component E � Wb with multiplicit y
1, and supposethere exists a section � : B ! W with � (b) 2 E. Does
weak approximation hold for jets of sectionssupported in E?
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We solve this in our speci�c situation; however, our analysisapplies
more generally.

Prop osition 22. Fix b 2 B and let W ! B be 
at proper morphism
with rationally connected generic �b er so that W is nonsingular over b.
SupposeWb satis�es the following: For each p 2 W sm

b and q a generic
point of the irr educible component E � Wb containing p, there exists
a connected nodal curve C of genuszero, distinguished smooth points
0; 1 2 C in the sameirr educiblecomponent, and a di�er ential-geometric
immersion � : C ! Wb with the following properties

(i) �(0) = p and �(1 ) = q;
(ii) each irr educiblecomponent of Wb intersects C with degree zero;

(iii) � takesC to the open subsetof Wb with normal crossingssingular-
ities of multiplicity at most two; � � 1(W sing ) � Csing and at points
of W sing

b \ � (C) there is one branch of C througheach component
of Wb;

(iv) N � (� p) is globally generated.
Then weak approximation holdsfor jets of sections supported in E.

As usual, if we start with a section� 0 : B ! W with prescribed values
f x i g at f bi g, the sectionsproducedby Proposition 22 canbe chosenwith
the samevalues.

Remark 23. Assumption (iii) implies that � is a local complete inter-
sectionmorphism over points of W sing

b \ � (C). In particular, the normal
sheafN � is locally free on C.

In suitable local coordinatescentered at such a point

C ! Wb

f x3 = x4 = : : : = xn = 0g � f x1x2 = 0g :

If C1 and C2 are branches of C and W1 and W2 are the corresponding
branchesof Wb then N � jCk = NCk =Wk .

The assumptionsof Proposition 22guarantee the analogousconditions
when the two points are `in�nitely near':

Lemma 24. For eachp 2 W sm
b and tangentdirection v 2 P(TpWb), there

exists a connected nodal curve C of genuszero with one distinguished
smooth point 0 2 C lying on C1 and an immersion � with the properties
enumerated above, except that condition (i) is replaced by:

i'. d�(T0C1) = v, i.e., C1 has the prescribed tangencyat p.
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We sketch the argument, following the analysisof strongly rationally
connectedvarieties in [9]. The hypothesesof the proposition guarantee
the existenceof two curvesC and C0 smooth at p with distinct tangent
directions w and w0, so that f w; w0; vg lie on a line ` � P(TpWb). Let
fWb = BlpWb and considerthe proper transforms C; C0 ! fWb. Concate-
nate to get the genus-zerocurve

C00:= C [ w ` [ w0 C0

with an immersion �00: C00! fWb. By Proposition 23 of [10] we have

N � 00(� v)j` ' On� 2
P1 ;

the assumptionsof Proposition 22 guarantee N � 00(� v)jC and N � 00(� v)jC0

are alsoglobally generated.
We seethat N � 00(� v) is globally generated{inparticular, there are sec-

tions which smooth w and w0 to �rst order. SinceC00is a nodal connected
curve of genus zero, it follows that N � 00(� v) has vanishing higher coho-
mology. By a variant of Proposition 13 applicable to normal crossings
varieties,we can deform �00to an immersion�� : �C ! fWb which is smooth
nearthe exceptionallocusof fWb ! Wb and hasv 2 ��( �C). An intersection
computation shows this curve meetsthe exceptional locus of fWb ! Wb

with multiplicit y one. The resulting curve �C ! Wb has the desired
tangency; since properties (ii)-(iv) are open conditions (in the Hilbert
schemeparametrizing immersedgenus-zerocurves in Wb), they hold as
well.

We now prove Proposition 22 by induction on N , the order of the jet
we seekto approximate. The N = 0 caseentails producing a section
through an arbitrary point p 2 E \ Wb. Let � 0 : B ! Wb be a section
through q, the genericpoint of E and C the genus-zerocurve guaranteed
by the hypothesisof Proposition 22. We claim the nodal curve

C0 := � 0(B ) [ q C

has the following properties:
(1) the restriction of NC0=W (� p) to each irreducible component of C0

is globally generatedand hasno higher cohomology;
(2) C0 intersects�b ersof W ! B with multiplicit y one.

Proposition 13 then implies C0 deformsto a smooth curve containing p,
which is a sectionof W ! B.

The secondproperty is an immediate consequenceof assumption(ii);
C meetseach component of Wb trivially , soC0 only meetsthe component
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E. For the �rst property, we have the exact sequence

0 ! NC=Wb ! NC=W ! NWb=W jC ! 0

which yields

0 ! NC=Wb(� p) ! NC=W (� p) ! OC (� p) ! 0:

(For consistency, we write NC=Wb for N � .) We alsohave the extension

0 ! NC=W ! NC0=W jC ! Q ! 0

whereQ is a length-onetorsion sheafsupported at q. By Proposition 23
of [10], NC=Wb is saturated in this extensionand thus

NC0=W (� p)jC=NC=Wb(� p) ' OC (� p + q) ' OC :

The last isomorphismusesthe fact that p andq lie on the sameirreducible
component of a nodal curve of genus zero. We deduceN C0=W (� p)jC is
an extensionof locally free sheaves that are globally generatedwith no
higher cohomology;henceit also is globally generatedwith no higher
cohomology.

For the inductive step, let j b := ŝ (mod mN +1
B ;b ) denote the N -jet we

seek to approximate, and j 0
b := ŝ (mod mN

B ;b) its truncation to order
N � 1. Let � : B ! W be a sectionwith

� � j 0
b (mod mN

B ;b)

and let 
 : W 0 ! W be the iterated blow-up: We blow-up successively N
times along the proper transform of � (B) over the point b. Let � 0 : B !
W 0 denote the proper transform of � and G1; : : : ; GN the exceptional
components in W 0, in the order they appear. We have the following:

(1) GN ' Pn� 1 and Gk ' Bluk Pn� 1 for 1 � k < N ; here uk is the
evaluation of the k-th proper transform of � 0 at b;

(2) � 0(b) 2 GN ;
(3) there exists a point x 2 GN so that if � : B ! W 0 is a section

with � (b) = x then 
 � � : B ! W has the desiredjet j b.
We construct rational curves Tk � Gk ; k = 1; : : : ; N recursively as

follows. Let TN � GN ' Pn� 1 denote the line joining x and � 0(b) (if
thesehappento coincidewe have nothing to prove). Let TN � 1 � GN � 1 '
BluN � 1 Pn� 1 denotethe proper transform of the line in Pn� 1 joining uN � 1

and TN \ GN � 1. For each k > 1, let Tk� 1 � Gk� 1 denote the proper
transform of the line in Pn� 1 joining uk� 1 and Tk \ Gk� 1.

Let E 0 denote the proper transform of E in W 0; we have E 0 = BlpE.
Let v denote the intersection of T1 with E 0, which corresponds to an
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element of P(TpE). Let C be the curve guaranteed by Lemma24 and T0

its proper transform in W 0. The nodal chain of curves

C0 = � 0(B ) [ TN [ TN � 1 : : : [ T0

satis�es

(1) the restriction of NC0=W 0(� x) to each irreducible component of
C0 is globally generatedand hasno higher cohomology;

(2) C0 intersects�b ersof W 0 ! B with multiplicit y one.

Theseproperties are veri�ed by computations analogousto those in the
basecaseN = 0. By Proposition 13, C0 deforms to a smooth curve
containing x, which is a section of W 0 ! B . The image 
 (C0) has the
speci�ed N -jet at b.

Wecompletethe proof of Theorem19. Wejust haveto verify that there
exist genus-zero curves satisfying the assumptionsof Proposition 22.
Again E j � Wb; j = 0; : : : ; br=2c denotethe components of our degener-
ate �b er. As in CaseI, we have a morphism  : E j ! Q0 to a quadric
surface. We also make referenceto the description of components in
Equation (3.1).

When j = 0 we take C to be a very free curve in E0 \ W sm
b = Vsm

b
joining p and q, which exists sinceVsm

b is strongly rationally connected.
For j > 0, C takesthe form

T0
0 [ T0

1 [ : : : [ T0
j � 1 [ Tj [ T00

j � 1 [ : : : T00
0 ;

wherethe T0
k and T00

k are recursively de�ned as follows:

(1) Tj is a plane section of E j joining p and q. Since q 2 E j is
generic,we may assumeTj \ D j � 1;j = f r 0

j � 1;j ; r 00
j � 1;j g. We have

NTj =E j ' OP1 (+2) n� 2.
(2) For each k � 1, T0

k (resp. T00
k ) is the ruling of Ek passingthrough

r 0
k;k+1 := T0

k+1 \ Dk;k+1 (resp. r 00
k;k+1 := T00

k+1 \ Dk;k+1 ). Its normal
bundle in Ek is isomorphic to On� 2

P1 .
(3) T0

0 ' P1 (resp. T00
0 ) is a very free rational curve in E0 meeting

D01 at r 0
01 := T0

1 \ D01 (resp. r 00
01 := T00

1 \ D01). This exists by
Proposition 16; its normal bundle is positive.

The T0
k and T00

k have normal bundles which are globally generatedand
have vanishing higher cohomology. Furthermore, N Tj =E j (� p) has the
sameproperties. An intersection computation shows that each compo-
nent of Wb meets C with degreezero. Each component of C is im-
mersedin the corresponding component of Wb. Finally, the nodesof C
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are imbeddedin Wb at points where two irreducible components meets.
Proposition 22 appliesand weak approximation for jets supported along
E j follows. This completesthe proof of Theorem19.

6. Applica tions to cubic hypersurf aces

Weakapproximation is known for cubic surfacesover the function �eld
of a curve, provided there exists a nonsingularmodel X ! B such that
the singular �b ers are cubic surfaceswith rational double points [9]. Of
course,not all rational doublepoints canarise{see[4] for a comprehensive
analysisof possiblemodels of cubic surfaces.Here we focus on the case
wherethe �b ers have only ordinary singularities:

Theorem 25. Let X be a smooth cubic hypersurface of dimension at
least two over the function �eld of a curve B. Suppose that X admits
a (possiblysingular) model X ! B with �b ers cubic hypersurfaces with
only ordinary singularities. When the dimension is two we also assume
that no �b er is isomorphic to the Cayleycubic surface

wxy + xyz + yzw + zwx = 0:

Then X satis�es weak approximation over B .

We emphasizehere that B neednot be compact; we can omit places
wherethe singularities are worsethan ordinary double points.

Proof. The proof in [9] shows that each �b er X sm
b is strongly rationally

connectedin relative dimensiontwo. In dimensions> 2, X sm
b is strongly

rationally connectedif, for each x 2 X sm
b , there exists a hyperplanesec-

tion of X sm
b through x which is strongly rationally connected.However,

the genericsuch hyperplane section is nonsingular and thus (strongly)
rationally connected.

It remains to verify the secondpart of Hypothesis 14. Cutting by
generichyperplanesectionsasabove, we are reducedto the caseof cubic
surfaceswith a singledouble point. (A generichyperplanesectionof an
ordinary singularity has an ordinary singularity.) It is a classicalfact
that through each ordinary singularity of a cubic surface,there passesa
line. We are done if at least one of theselines doesnot passthrough a
secondsingularity of the surface.

Unfortunately this is not always true, but we canclassifythe problem-
atic cases:
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Lemma 26. Let S be a cubicsurface with ordinary singularities. Assume
that each line containing one singularity of S also contains a second
singularity. Then S is isomorphic to the Cayley cubic surface.

We prove the lemma. The multiplicities of the lineson a singularcubic
surfaceare well known (e.g., [7], pp. 640). Let s1 2 S be an ordinary
double point. There are six lines ` � S containing s1, counted with
multiplicit y. The linescontaining a seconddoublepoint have multiplicit y
two, and any line contains at most two ordinary double points. If every
line through s1 alsopassesthrough a secondordinary doublepoint, then
there are three such lines `2; `3; `4 and three double points s2; s3; s4 2 S
besidess1. In particular, S contains four ordinary doublepoints and the
six lines joining pairs of these. But the Cayley cubic is the unique cubic
surfacewith four ordinary singularities [2]. This completesthe proof of
the lemma and the theorem. �

Hypothesis14 fails for the Cayley surface.Let eS ! S denotethe mini-
mal resolutionof the Cayley cubic,with exceptionalcurvesD 1; D2; D3; D4.
Let R be a classin the N�eron-Severi group of eS with intersection num-
bersmi = (R � D i ). The divisor classD1 + D2 + D3 + D4 is two-divisible
in the N�eron-Severi group, so we have

m1 + m2 + m3 + m4 � 0 (mod 2):

In particular, R cannot meet D1 oncewithout meeting oneof the other
D i .

SupposeX ! B is a cubic surface�bration with Xb a Cayley cubic
and generic �b er a smooth cubic. Suppose that for each of the four
singularities of Xb, the local equation of X is of the form

t3 = x2
0 + x2

1 + x2
2:

The resolution W ! X of the singularities over b has four exceptional
divisors E 1; E 2; E 3; E 4, each of which is the coneover a smooth plane
conic. Let E0 denotethe proper transform of Xb.

CaseI I I of the proof of Theorem19showsthat, givena sectionthrough
E i or E0, weakapproximation holdsfor jets supported in that component.
However, the methods of CasesI and I I do not apply in this example.
In particular, we cannot deducethe existenceof a section through each
component of Wb.
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