WEAK APPR OXIMA TION FOR HYPERSURF ACES OF
LOW DEGREE

BRENDAN HASSETT AND YURI TSCHINKEL

Abstra ct. We explore the arithmetic of rationally connectedvari-
etiesover function elds of curves. The main technical issuesrevolve
around the existenceof freerational curveswith prescribed geometric
properties.
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1. Intr oduction

In this paper, we survey arithmetic questionsover function elds of
curveswhich have attracted considerableattention recerly. The starting
point is the theorem of Graber, Harris, and Starr [6]: Every rationally-
connectedvariety over the function eld of a curve hasa rational point.
Once we have onerational point, it is natural to analyzethe structure
of the set of all rational points, e.g., density in the Zariski topology (or
other topologies),weak approximation, etc.

The rst resultin this direction actually predatesthe work of Graber,
Harris, and Starr. Let : X ! B be a at proper morphism to
a smaoth curve, with generic b er smooth and rationally connected.
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Kollar, Miyaoka, and Mori proved that the existenceof one sectionguar-
antees a Zariski-densecollection of sections. More precisely x points
by;:::; by 2 B of good reduction for , i.e., with X, =  (h) smooth.
Then for any points x; 2 Xy there existsa section : B ! X with

() = x; for ead i. In [10], we proved the existenceof sectionswith
prescribed jets at thesepoints, i.e., weakappraximation at placesof good
reduction.

Full weak appraximation requiresthe analysisof singular b ers of
Precisely weak approximation holds if for any smooth model X ! B
and points x; in the smaoth Iocusxgm, there existsa section :B! X
with (k) = x; for ead i. Reating smooth points of arbitrary b ersis
much harder than readiing arbitrary points of smooth b ers.

Even the caseof cubic surfacesis open at presen. In [9], we analyzed
brations : X ! B with smaoth total spacesud that the b erssatisfy
strong rational-connectednessg,e., for ead b2 B, any two points in X5™
canbejoined by a proper rational curve cortained in X;.™. This su ces to
prove weak approximation for genericcubic surfacesover function elds
of curves, e.g.,thosewith square-freediscriminar.

We now summarizethe principal new results of this paper. Theo-
rem 1 establishesfull weak approximation for smaoth hypersurfacesof
very low degreee.g.,for cubic v efolds. Theorem18 addressesbrations

: X I B with ordinary singularities and singular total space. Under
suitable technical assumptiong(cf. Hypothesis14), we establishweakap-
proximation. We give applicationsto cubic hypersurfacesn Theorem25.

Our goal hereis to highlight new techniques for "managing' rational
curves: Deformation theory, constructions of combs, specialization ar-
gumerts, and producing curves with prescribed intersection properties.
One overarciing questionis how to produce ‘good curves' (e.g., free ra-
tional curves or sectionsof brations) in a given homology class. For
instance, given an irreducible componert E X, with multiplicit y one,
isthereasection :B! X with (b 2 E? The sectiongiven by the
theorem of Graber-Harris-Starr might passthrough a di erent compo-
nert of X,. How can we induce sectionsto ‘jump' from componert to
componert?

Throughout, we work over an algebraically closedground eld K.

Acknowledgmen ts: JasonStarr suggestedanalyzing weak appraxima-
tion for hypersurfacesof small degreeover function elds. We bene tted
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from discussionswith JanosKollar about degenerateb ersof rationally-
connected brations. We are grateful to Jean-LouisColliot-Th eleneand
Trevor Wooley for pointing out referencedo relevant number-theoretic
results.

2. Appr oximation for hypersurf aces of lo w degree

AssumeK is of characteristic zero.

Theorem 1. There existsa function : N ! N with the following
property: Considera smath curve B with function eld F and a smamth
hypersurfae X P" of degree d over F. If n (d) then X satis es
weak approximation over F.

We give a recursive de nition for (d). Let (1) = 1 and dene
(d);d> 1 by the formula

. (d 1+d 1

(d) = d 1

In particular, we have

d [123 4 5
(d) |1 2 6 84 2331890

Remark 2. The theoremis wealer than one might expect, in light of
the strong results obtained over numter elds using the circle method
[15] [1]: Let F be a number eld and X P" a smaoth hypersurface
over F of degreed. Assumen 29(d 1) and for ead place of F we
have X (F ) 6 ;. Then X satis es weak approximation over F.

By way of comparison

d |12 3 4 5
2(d 1)|0 4 16 48 128"

which is much smallerthan (d) ford O.
Proof. We shallrequiresomebasicresultson varietiesof linear subspaces:

Lemma 3 (cf. 23.30f [13]). Let X  P" be a hypersurfae of degree d
over F. Considerthe "-dimensional projective subspces contained in X

wx = f[] 2G(;n): Xg;
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realized as a subschemef the Grassmannian. Supmwsethat its expected
dimension

. e d+ -~
expdim - :=(n ) +1) q > 0:

Then -x 6 ; and thus
dim -x expdim -x:
Considerthe incidencecorrespndence
I =f( ;X): Xg G(;n) Hilb

whereHilb' P("s?) 1 is the Hilbert shemeof hypersurfacesof degree
din P". Sincel is a projective bundle over the rst factor, it is smaoth
and irreducible. By Bertini's Theorem, the generic b er of the second
projection is alsosmaoth, i.e., -x is smaooth of the expecteddimension
for genericX . Morever, the b ersof the projection onto Hilb have the
expected dimensionover a subsetwith complemen of codimension 2.

Lemma 4. Let X P" be a hypersurface of deggree d over F, with
n (d). Then

x (F) 6 ;
if < (d 1).

We rst considerthe special casewhere = -x is smooth of the
expected dimension. If S! G(; n) is the universal subbundle of rank
“+ 1then - isgivenby the vanishingof sectionof Sym’S , which has
rank d+d\ . The adjunction formula gives

_ de Wi — d+ "

K = (KG(‘;n) + Cl(Sym S ))J =0 ( n 1+ d 1 ),
which is negative provided " < (d 1)andn (d). Thus isFano,in
the sensehat its anticanonical divisor is ample. It is thereforerationally
connected,and ( F) 6 ; by [6].

To completethe lemma, we require a well-known specialization result
(seex2 of [5]):

Sublemma 5. Let T = SpecK|[[t]] with closeal point 0 and geometric
genericpoint . LetC ! T bea at proper morphism with geometric
generic ber C a smamth connected curve. Let X | C bea at proper
morphismsothat X C ! C admitsa section. Then for eachnormal
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irr educible component CY  Co, the induced X ¢ CJ! C§ admits a
section.

Hereis the idea: The sectiondegeneratedo a stable map over Cy of
degreeone, which yields a sectionover ead normal componert.

Let X be an arbitrary hypersurfaceover F = K (B) with classifying
morphism : B ! Hilb (For simplicity, assumenow that B is pro-
jective.) Let ( s)s2G, GL(ngd) be a one-parametersubgroup acting

without xed points on B, sothat for generics:

s(B) is cortained in the locusin Hilb parametrizing hypersur-
facesY with -y of the expecteddimension;
s(B) meetsthe locusover which - is smooth.

Let T bethe completionof G, at the idertit y and considerthe restriction
W = | HiIb(B T) ! B T:

This might not be at, but thereisa attening blow-up :C! B T so
that the dominating componert ofZ W g 1Cis at overC. Wemay
take C to be nonsingularand to be an isomorphismover the generic
point of T; in particular, Co has a componert C; ' B. Combining
Sublemmab5 with our result in the caseof smooth Fano varieties, we
obtain a sectionof Z - B! B. Howewer, the natural morphism over
B

Z B! I 4B

inducesa sectionof | ;B! B. (Recallwe are constructingthe b er
product using the projection to Hilb and the classifying morphism .)
Restricting to the genericpoint of B, we obtain a rational point in X (F).

The remainderof the proof is an induction on d. We now usethe fact
that X is smaoth. Let X be the linear subspaceproducedin the
last lemma. Projecting from  givesa morphism

‘Bl X! p» L

with b ershypersurfacesof degreed 1in P *!; the genericsud b eris
smooth. The inductive hypothesisand our assumptionthat * < (d 1)
guarartee these b ers satisfy weak appraximation. Proposition 1.2 of
[3] implies weak appraximation holds for X . Its hypothesis demands
smoothnessof the b ers,but weakappraximation is a birational property,
sowe might aswell restrict to the denseopensetwhere  is smooth.
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Remark 6. It shouldbe possibleto weaken the smaothnesshypothesis:
Varieties having log terminal singularities and ample anticanonical class
are rationally connected[14].

Remark 7. There are similar inductive proofs of the unirationality of
small degreehypersurfacesover algebraically-closedelds [13] [8]. The
growth of n with respect to d is alsoan iterated exponertial function.

3. Ordinar y singularities  reviewed
We assumethe ground eld has characteristic di erent from two.

De nition 8. A variety V has ordinary singularities if it hasa nite
number of isolated singularities, eath etale-locally isomorphicto a cone
over a smaoth quadric hypersurface.

Prop osition 9. Let T be the spectrum of a complete DVR over the
ground eld with closel point 0 and geometric generic point . Con-
sider V! T with V smath and V, having ordinary singularities. In
a formal (or etale) neighlmrhood of each singular point v 2 Vo, VI T
takesthe form

XT+ i+ x2 =t
whee dimVy=n 1andr is a positive integer.

Proof. Over a eld of characteristic6 2, eat ordinary singularity v 2 V,
is formally-locally isomorphicto

We usestandard properties of the versaldeformation spaceVer(Vp; v):
It is smooth of dimensionone and the correspnding deformation may
be written explicitly
S=yi+ i+ yZ
The local structure of the deformationV ! T near v is determined by
the classifyingmorphism
T! Ver(Vo,V);
or the induced homomorphismof K -algebras
Ksl] ' Kt
s 7! gt +cut™+::: ¢ 60
The characteristic is di erent from two, sowe can solwe

f()2=c+ Gut+ i
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for f (t) 2 KJ[[t]]. Substituting y; = f(t)x; for i = 1;:::;n givesthe
desirednormal form.

Remark 10. For later use,we descrilke what happenswhen the classi-
fying morphism
T! Ver(Vy; V)

is constart. Here,the generic b er V remainssingular, which is incom-
patible with the assumptionsof Proposition 9. In this situation, V! T
admits an equisingularsection : T ! V with (0) = v, i.e., a section
along which the b ersall have ordinary double points. In local coordi-
nates,V can be written

X2+ 114 X2 =

with the section equalto the origin. Blowing up along givesa simul-
taneousresolution of the b ers.

Retain the notation of Proposition 9 and let (V;v) denote the local-
ization of V at v. We descrite a resolution of its singularities. If r = 1
then no resolution is necessary When r > 1, considerthe sequenceof
blow-ups

W(br=2c)! W(b(r 2)=2c)! :::! W(@Q)! W():= (V;Vv);
whereeat W (j) hasonesingularity w(j) locally isomorphicto
X2+ i+ x2=1t" 2
and
W(j + 1) = BlygW(j):
The exceptionallocus
1(V) = El[ D12 E2 Ej [ Dijj +1 Ej +1 Ebr=2c;

where eah E; is the proper transform of the exceptional divisor of
W(@G) ! W %)and

2P(Oq, ,( 1) Og,,) Iifj<br=2c
(3.1) E' . ConeQy 1 ifj=( 21)=2

" Qn if j =r=2
whereQ,, P™ is a smooth quadric hypersurfaceof dimensionm 1.
The componerts E; and Ej.; meetalongDjj +1 ' Qn 1, imbeddedin

E; asthe negative sectionand in E;,; asa positive section(for j + 1<
br=2c), or a generichyperplanesection(for j + 1 = br=2c.) The proper
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proper transform of )

Figure 1. Degenerateb er of the resolutionwhenr = 7

transform of Vy meetsk; alongavariety Do, ' Q, 1, WwhereDo;  BI,Vy
is the exceptionaldivisor and Dy;  E; is a generichyperplanesection.

4. Mana ging free cur ves
De nition  11. A smooth separablyrationally connectedvariety Y is
strongly rationally connected if any of the following conditions hold:

(1) for ead point y 2 Y, there exists a rational curve f : P11 Y
joining y and a genericpoint in Y;

(2) for eadh point y 2 Y, there existsa freerational curve cortaining
Y

very freerational curve cortaining the y; assmaoth points;
(4) for any nite collection of jets

SpecK[]= N Yii=1::;m

jets.

For the equivalenceof theseformulations, see[9] (cf. [11] 3.9.4).
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De nition 12. A combwith m reducibleteethis a projective nodal curve

R is smooth and irreducible;

T\ To=;, foral 6 ¢

eat T- meetsR transversally in a single point; and
ead T- is a chain of P''s.

HereR is called the hande and the T- the teeth.
We shall usethe following technical result repeatedly:

Prop osition 13 (cf. Proposition 24 0f [10]). Let C be a nodal curve with
dual graph a tree, Y a smaoth algebaic sppce, : C! Y animmersion
with nodal image, and p = fps;:::;pwd C a collection of smaoth
points. Supmsethat for eachcomponent C. the normal bunde N ( p)jc.
is glolally geneated and has no higher conomolay. Then deformsto
an immersion of a smaoth curve into Y containing (p).

We will also usethe following standard fact: If C is a treelike nodal
curve and V is locally free over C, then V is globally generated(resp.
has vanishing higher cohomology)on C i Vjc. is globally generated
(resp. hasvanishinghigher conomology)over ead irreducible componert
C. C. (SeeProposition 21 of [10] for a proof.)

Hyp othesis 14 (Key Hypothesis) Let X be a projective variety with
ordinary singularities,and : X ! X the minimal divisorial resolution,
obtained by blowing up ead singularity. Assumethat:
X 3™ is strongly rationally connected;
for eat exceptionaldivisor D X, there exists a rational curve
f : P11 X meetingD transverselyin onepoint and avoiding the
other exceptionaldivisors of .

Remark 15. There are Fano hypersurfaceswith ordinary singularities
that do not satisfy Hypothesis14. We give an example at the end of
Section6.

Prop osition 16. SupmseX satis es Hypothesis14 with minimial res-
olution : X ! X having exeptional divisors f D;g. Then for each D;

and p 2 D;, there existsa very free curve in X meeting D; transversely
at p but disjoint from the D;;j 6 i. Given nonnegative integersfm;g,

there existsa very free curve in X meeting D; transverselyat m; points.
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Proof. We claim there exists a very free curve meeting D; transversely
at onepoint. Let R = f (P) be the rational curve provided by Hypoth-
esis14. Construct a comb with handle R and teeth T- consistingof very
freerational curvesin X ™, which exist sinceX *™ is strongly rationally
connected. For a suitable choice of teeth, we can deform our conb to a
very free rational curve g : P* ! X [11] 11.7.9-10. This still meetsD;
transversally at one point.

For ead i, choosem; very free curvesmeetingD; in distinct points, as
descriled above. We usetheseasteeth for our comb. As for the handle,
sinceX 3™ is strongly rationally connected there existsa very free curve
R X3Mintersectingthesecurvestransverselyin distinct points. Adding
additional teeth cortained in X 3™, if necessarywe obtain a conmb that
deformsto a very free curve, meeting D; transverselyin m; points. This
provesthe last assertionof the proposition.

It remainsto shav that there are very free curves meeting D; at a
prescriked point p. Let g : Pt ! X be very free with image meeting
D; transverselyat g 2 D;. Of course,we may deform g to a very free
curve meetingD; at a point nearby gin D;. RecallD; ' Q. 1, a smaoth
quadric hypersurfaceof dimensionn 2, wheren = dim X + 1. Any two
points p;g 2 Q, 1 can be joined by a smooth rational curve R Q, 1
with degR = 1;2. Indeed, if the line ~ joining p and q liesin Q, 1, we
take R = °; otherwise,we take R to be a smaoth conic. For simplicity,
we chooseg sothat g is not cortained in any line = Q,  through p,
thus we are in the secondcase.In particular, Ng=p, ' Op:(2)" 3.

We have an exact sequence

0! Ngop, ! N pox | Npoxir ! O,
0! Om@"3 ! Om(@"3 Opm( 2 ! Om(2 ! 0

Construct a comb C with handle R and teeth very free curvesTy; To; T3
meeting D; transversally at distinct points qi; ;s 2 R, dierent from
p. The normal bundle analysisfrom Proposition 23 of [10] yields

Neoxlr ' Ope(2)" ° Op(+1);

and Proposition 13guararteesthat C smaoothsto arational curvethrough
p. SinceC D; = 1, the smoothing meetsD; transversally at p.

Corollary 17. Let X ! B bea at proper morphism. The locus
fb2 B :X,= (b satis es Hypothesis14 g
is open.
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Proof. Our analysis of versal deformationsin Section 3 implies having
ordinary singularities is an open condition. Having a very free curve in
the smaoth locus is also an open condition, as very free curves deform
to very free curves (cf. Theorem 3.11 of [11].) It remainsto consider
the condition that there existsa rational curve meetingeat exceptional
divisor oncetransversally Let x 2 X, be the correspnding ordinary
singularity. If x is smoothed in X then there is nothing to ched. Other-
wise,X ! B admits a simultaneousresolution locally over suitable etale
neighborhoods of band x (seeRemark 10). By Proposition 16, the curve

in the resolution X, meeting the exceptionaldivisor over x can be taken
to be very free, and thus deformsto nearby b ers.

5. Weak appr oximation at pla ces with ordinar y double
points

Let B be a smooth curve with function eld F. If X isa proper variety
over F, amodel of X over B isa at proper morphism : X I B with
genericb er X . The existenceof sud modelsis a generalresult of Nagata
[12. Foreah b2 B, let X, = (b and Xg™ X, the locusof smaoth
points.

Theorem 18. Let X be a smamth proper variety over F. Assumethat
X admitsa model : X ! B suchthat, for eachb 2 B, X, satis es
Hypothesis14. Then X satis es weak approximation.

In Section3, we descriked the local structure of natural resolutionsof
one-parameterdeformations of ordinary singularities. Let :Y ! X
denotethe correspnding global resolutionand ' : Y ! B the induced
bration. Note that eat sectionB ! Y factors through the smaoth lo-
cusof' , denotedY*™. Ead irreducible componert of Y, hasmultiplicit y
one,so Y™ is densein Yy,

What does proving weak appraximation erntail? Fix N 2 N and sec-

§:B,! Y gBy; B, = SpeclimOgy=my,:

We must producea section : B ! Y appraximating ead § to order
N, i.e.,

& (mod myi):

In other words, we needa sectionwith prescribed jet data
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We usethe iterated blow-up construction from Section2.3 of [10]. Let
Y)Y

be obtained by blowing up N times alongead $;; more precisely at eat
stagewe blow up the point of the proper transform of §; lying over b.
Fix yi = 8(h) 2 Y(J)y,, where & is the proper transform of & in Y (J).

Any section °:B ! Y(J)with qb) = yi;i = 1;:::;m yields a section

= 0:B ! Y with the desiredjet data J.

To S|mpI|fy notation, we will argue one place of B at a time: First
resolhe singularities and make iterated blow-upsin the b er over by, then
in the b erover by, etc. until all m jet conditions are satis ed. Our main
theoremthen follows from the following local statemert:

Theorem 19. Let X be a smaoth proper variety of dimensionn 1 over
F with model :V! B. Letb2 B be a place over which satis es
Hypothesis14 and fbhg B a (possiblyempty) set of additional places
distinct from b. Fix a section °: B ! V. Then for each local section &
at bandeachN there existsa section :B ! V with 8 (mod mj
and (b) = Yh) for eachi.

Let v 2 V, be an ordinary singularity. Let W ! V be the minimal
resolution of V at v with exceptionaldivisorsEy;:::; Ey=c, asdescriked
in Section 3. We retain the notation introduced there and use Eg to
denotethe proper transfrom of V.

Supposethat V! B admitsasection :B ! V. Its propertransform

°:B! W meetsoneof the divisors E;.

Case I: Moving sections down There existsa section :B ! W
with (b 2 E; ;and (h) = Yh) for eadi.

Suppose °: B ! W is asectionwith Yb) 2 E;;j > 0. We may
assumethat N as)y=w( b1 ::: hy) is globally generatedand has no
higher cohomology:After attaching very free curvesin generic b ers,we
obtain a comb with these properties, which smaoths to a section with
the sameproperties, cf.[6] x2.

Claim 1: There existsa smooth rational curve T;  E; with the follow-
ing properties:

1) 2T,

(2) Tj meetsD; 4; in two points transversely;

(3) Nt=g, ' Om(+2)" %

(4) T; is disjoint from Dj; 41 .
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By the descriptionof b ersin (3.1) in Section3, there existsa birational
morphism

Ej! QY P

onto a quadric hypersurface.This cortracts Dj; +; if ] < br=2c andis an
isomorphismotherwise;the imageof D; 1 is a hyperplanesectionof Q°
Since qb) is a smooth point of Wy, qb) 62D+, andg= ( qb) isa
smaooth point of Q° We take T; to be the proper transform of a generic
plane section of Q° cortaining . It is straightforward to ched this has
the properties listed above.

Let r; 1; be oneof the points of Tj \ D; ;. The description of the
componerts E at the end of Section3 also gives:

the following properties:

(1) eat Ty is aruling of Ey, with respect to the P'-bundle structure
speci ed in (3.1);
(2) Tj 1 cortains M 1 and Tk\ Dk;k+1 = Tk+1\ Dk;k+1 = Tk+1 for
eahrk=1;:::;) 1.
Moreover we have N1, ¢, ' = Op, 2. Finally, Proposition 16 yields
Claim 3: There exists a very free rational curve T, Eg meeting Do,

transverselyat ro; ;= T1\ Do;s.
Considerthe nodal curve

C= MB)[qTilr o T[ [y To:

The restriction of Ncow ( by ::: by) to eadr componert of C is globally
generatedand hasno higher cohomology By Proposition 13, C deforms
to a section : B ! W containing f Yh)g. Computing intersection
numbers, we deducethat (B)\ E; 16 ;.

Case II: Moving sections up There existsa section :B ! W with
() 2 Ej+; and (h) = qh) for ead i.

Suppose °: B! W is asectionwith Yb) 2 E;;j < br=2c, chosen
sothat N og)-w( b1 ::: hy) is globally generatedand hasno higher
cohomology

As in casel, we construct a nodal curve

C= IB)[qTi[:::[ To
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original section

- -

proper transform of vV

Figure 2. Moving sectionsfrom E; to E,

- - -

proper transform of v

Figure 3. Moving sectionsfrom E, to E3
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original section

_—— = -
-

-

proper transform of Vv

Figure 4. Moving sectionswithin Ej

whereTy Egisaruling fork = 1;:::;j. This di ers from the previous
casein that T; is alsoa ruling of E;, and thus intersectsDj; .1 trans-
verselyin onepoint. Repeatingthe deformationargumern asabove gives
the desiredsection .

Remark 20. Sincethe sectionswe construct have globally generated
normal bundles, they deform to sections passingthrough the generic
point of ead E;. We will tacitly assumethis below.

Case I11: Moving sections within a comp onent

Let W ! V denotethe minimal resolution of all the singularities of
V in the b er V,. Beforegiving the details of our argumen, we put our
presem problemin a more generalcortext:

Question 21. Forb2 B let W ! B be a model with nonsingulartotal
spaceover b. Choosean irreducible componert E W, with multiplicit y
1, and supposethere existsa section : B! W with (b) 2 E. Does
weak approximation hold for jets of sectionssupported in E?



16 BREND AN HASSETT AND YURI TSCHINKEL

We solwe this in our speci c situation; howewer, our analysisapplies
more generally

Prop osition 22. Fix b2 B andlet W ! B be at proper morphism
with rationally connected generic ber so that W is nonsingular over b.
Supmwse W,, satis es the following: For eachp 2 W™ and g a generic
point of the irr educible component E Wy, containing p, there exists
a connected nodal curve C of genuszem, distinguishel smath points
0;1 2 C in the sameirr educiblecomponent, and a di er ential-geometric
immersion :C! W, with the following properties
() O)=pand (1)=q;
(i) eachirreducible component of Wy, intersects C with degree zelo;
(i)  takesC to the open subsetof Wy, with normal crossingssingular-
ities of multiplicity at mosttwo; !(Ws"9)  Cs"¢ and at points
of W."@\ (C) there is one branch of C througheach component
of Wy,
(iv) N ( p) is glokally geneated.

Then weak approximation holdsfor jets of sections supported in E.

As usual, if we start with asection °: B ! W with prescribed values
fxijg at fhg, the sectionsproducedby Proposition 22 can be chosenwith
the samevalues.

Remark 23. Assumption (iii) implies that is a local complete inter-
sectionmorphism over points of W9\ (C). In particular, the normal
sheafN is locally freeon C.

In suitable local coordinates certered at sud a point

C ! W, _
fXs=x4=:::=X,=0g fxixo = 0g "’
If C, and C, are branchesof C and W; and W, are the correspnding
branchesof Wy then N je, = N¢, -w, -

The assumptionsof Proposition 22 guarartee the analogousconditions
when the two points are “in nitely near":

Lemma 24. For eachp 2 W™ and tangentdirection v 2 P(T,W)), there
exists a connected nodal curve C of genuszer with one distinguishel
smath point 02 C lying on C; and an immersion with the properties
enumeated alove, exept that condition (i) is replacd by:

i d(ToCy) = v, i.e., C; hasthe prescrited tangencyat p.
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We sketch the argumert, following the analysisof strongly rationally
connectedvarietiesin [9]. The hypothesesof the proposition guarartee
the existenceof two curvesC and C°smaoth at p with distinct tangert
directions w and w% sothat fw;w%vg lie on aline ~  P(T,W,). Let

‘Wb = BI,W,, and considerthe proper transforms C; Cco! \be. Concate-
nate to get the gerus-zerocurve

C%=C[w [wC"®
with an immersion % Cc% ¥v,. By Proposition 23 of [10] we have
Nof V)j' Ok
the assumptionsof Proposition 22 guarartee N o V)jc and N of V)jco
are also globally generated.

We seethat N o V) is globally generated{in particular, there are sec-
tions which smooth w andw®to rst order. SinceC%is a nodal connected
curve of gerus zero, it follows that N of V) has vanishing higher coho-
mology By a variant of Proposition 13 applicable to normal crossings
varieties, we can deform %to animmersion : C! Wb which is smaooth
nearthe exceptionallocusof ¥W,! W,andhasv 2 (C). An intersection

computation shows this curve meetsthe exceptionallocus of ‘Wb I Wy
with multiplicit y one. The resulting curve C ! W, has the desired
tangency; since properties (ii)-(iv) are open conditions (in the Hilbert
stheme parametrizing immersedgerus-zerocurvesin Wy), they hold as
well.

We now prove Proposition 22 by induction on N, the order of the jet
we seekto approximate. The N = 0 caseentails producing a section
through an arbitrary point p2 E\ W,. Let °: B! W, be a section
through g, the genericpoint of E and C the gerus-zerocurve guararteed
by the hypothesisof Proposition 22. We claim the nodal curve

C%= UB)[4C
hasthe following properties:
(1) the restriction of Ncow ( p) to ead irreducible componert of C°
is globally generatedand has no higher cohomology;
(2) Clintersects b ersof W ! B with multiplicit y one.
Proposition 13 then implies C° deformsto a smaoth curve cortaining p,
which is a sectionof W ! B.

The secondproperty is an immediate consequencef assumption (ii);
C meetseath componert of W,, trivially , soC°only meetsthe componert
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E. For the rst property, we have the exact sequence
0! Ncaw,! Nc=w! Nw,=wjc! O
which yields
0! Nc=w,( P! Nc=w( P! Oc( p! O
(For consistencywe write Nc-y, for N .) We alsohave the extension
0! Nc=w! Ncowjc! Q! 0

whereQ is a length-onetorsion sheafsupported at g. By Proposition 23
of [10], Nc-w, is saturated in this extensionand thus

Ncow ( P)jc=Nc=w,( P)' Oc( p+d"' Oc:

The lastisomorphismusesthe fact that p and g lie onthe sameirreducible
componert of a nodal curve of gerus zero. We deduceNcow ( p)jc is
an extensionof locally free sheaesthat are globally generatedwith no
higher cohomology; henceit also is globally generatedwith no higher
cohomology

For the inductive step, let j, := § (mod my;') denotethe N-jet we
seekto appraximate, and jQ := & (mod mg;b) its truncation to order
N 1.Let :B! W bea sectionwith

Jt? (mOd mg;b)

andlet :W°! W bethe iterated blow-up We blow-up successiely N
times alongthe proper transform of (B) over the point b. Let °:B !
WO denote the proper transform of and G;;:::; Gy the exceptional
componerts in W? in the order they appear. We have the following:
(1) Gy ' P"landGy' BI,P" forl k< N; hereu is the
evaluation of the k-th proper transform of Cat b;
(2) 90 2 Gy;
(3) there existsa point x 2 Gy sothat if :B ! WD?9is a section
with  (b) = x then :B ! W hasthe desiredjet jp.

We construct rational curves Ty Gx;k = 1;:::;N recursiwly as
follows. Let Ty Gy ' P" ! denotethe line joining x and Yb) (if
thesehappento coincidewe have nothing to prove). Let Ty 1 Gy 1
Bly, ,P" ! denotethe proper transform of the line in P" ! joining uy
and Ty \ Gy ;. Foreahh k > 1,let Tx 1 Gy ; denotethe proper
transform of the line in P" ! joining ux 1 and Ty \ Gy ;.

Let E° denotethe proper transform of E in WS we have E°= BI,E.
Let v denote the intersection of T; with E® which correspndsto an
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elemen of P(T,E). Let C bethe curve guararteed by Lemma24 and Ty
its proper transform in W° The nodal chain of curves

Co= 9B)[ TnI[ Tn 1:::[ To
satis es

(1) the restriction of Ncoywo( X) to ead irreducible componert of
CUis globally generatedand has no higher cohomology;
(2) Clintersects b ersof W°! B with multiplicit y one.

Theseproperties are veri ed by computations analogousto thosein the
basecaseN = 0. By Proposition 13, C° deformsto a smaooth curve
cortaining x, which is a sectionof W°! B. The image (C9 hasthe
specied N-jet at b.

We completethe proof of Theorem19. Wejust haveto verify that there
exist gerus-zero curves satisfying the assumptionsof Proposition 22.
Again E; Wy j = 0;:::; br=2c denotethe componerts of our degener-
ate b er. Asin Casel, we have a morphism :E; ! QYto a quadric
surface. We also make referenceto the description of componerts in
Equation (3.1).

Whenj = 0 we take C to be a very free curve in Eo\ W™ = Vg™
joining p and g, which existssinceVg™ is strongly rationally connected.
Forj > 0, C takesthe form

Tol TOL il TP o0 T L T2 i TgY
wherethe T2 and T%re recursiwely de ned as follows:

(1) T; is a plane section of E; joining p and g. Sinceq 2 E; is
generic,we may assumeT; \ D; 3 = fr? ;;;r*;,9. We have
NTj:Ej ' Op1(+2)n 2,

(2) Foreahrk 1, T? (resp. T is the ruling of E, passingthrough
Msr = T\ Diker (resp. rg; == T2\ Diea). Its normal
bundle in Ey is isomorphicto O, 2.

(3) T P! (resp. TY is a very free rational curve in E; meeting
Doi at rd; := T2\ Doy (resp. rd := TYA Dyy). This exists by
Proposition 16; its normal bundle is positive.

The T2 and T2°have normal bundles which are globally generatedand
have vanishing higher conomology Furthermore, N+, =g ( p) has the
sameproperties. An intersection computation shows that ead compo-

nert of W, meets C with degreezero. Each componert of C is im-
mersedin the correspnding componert of Wy,. Finally, the nodesof C
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are imbeddedin W, at points wheretwo irreducible componerts meets.
Proposition 22 appliesand weak appraximation for jets supported along
E; follows. This completesthe proof of Theorem 19.

6. Applica tions to cubic hypersurf aces

Weakapproximation is known for cubic surfacesover the function eld
of a curve, provided there exists a nonsingularmodel X ! B sud that
the singular b ersare cubic surfaceswith rational double points [9]. Of
course,not all rational doublepoints canarise{sed4] for acomprehensie
analysisof possiblemodels of cubic surfaces.Here we focus on the case
wherethe b ershave only ordinary singularities:

Theorem 25. Let X be a smaoth cubic hypersurfae of dimension at

least two over the function eld of a curve B. Suppmsethat X admits
a (possiblysingular) model X ! B with bers cubic hypersurfaes with

only ordinary singularities. When the dimensionis two we also assume
that no ber is isomorphicto the Cayley cubic surface

WXy + Xyz + yzw + zwx = O:
Then X satis es weak approximation over B.

We emphasizeherethat B neednot be compact; we can omit places
wherethe singularities are worsethan ordinary double points.

Proof. The proof in [9] shavs that eat b er X is strongly rationally
connectedin relative dimensiontwo. In dimensions> 2, X5™ is strongly
rationally connectedif, for ead x 2 X", there exists a hyperplane sec-
tion of XM through x which is strongly rationally connected.Howe\er,
the genericsud hyperplane section is nonsingular and thus (strongly)
rationally connected.

It remainsto verify the secondpart of Hypothesis 14. Cutting by
generichyperplanesectionsas above, we are reducedto the caseof cubic
surfaceswith a singledouble point. (A generichyperplane sectionof an
ordinary singularity has an ordinary singularity.) It is a classicalfact
that through ead ordinary singularity of a cubic surface,there passesa
line. We are doneif at least one of theselines doesnot passthrough a
secondsingularity of the surface.

Unfortunately this is not always true, but we can classifythe problem-
atic cases:
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Lemma 26. LetS be a cubicsurface with ordinary singularities. Assume
that each line containing one singularity of S also contains a second
singularity. Then S is isomorphicto the Cayley cubic surface.

We prove the lemma. The multiplicities of the lineson a singular cubic
surfaceare well known (e.g., [7], pp. 640). Let s; 2 S be an ordinary
double point. There are six lines ° S cortaining s;, courted with
multiplicit y. The linescorntaining a seconddouble point have multiplicit y
two, and any line cortains at most two ordinary double points. If every
line through s; alsopasseghrough a secondordinary double point, then
there are three sud lines *,; "3; "4 and three double points s,;S3;S4 2 S
besidess;. In particular, S cortains four ordinary double points and the
six linesjoining pairs of these. But the Cayley cubic is the unique cubic
surfacewith four ordinary singularities [2]. This completesthe proof of
the lemmaand the theorem.

Hypothesis14fails for the Cayley surface.Let §! S denotethe mini-
mal resolutionof the Cayley cubic, with exceptionalcurvesD ;; D,; D3; D.
Let R be a classin the Neron-Seeri group of € with intersection num-
bersm; = (R Dj). The divisor classD; + D, + D3+ Dy is two-divisible
in the Neron-Seeri group, sowe have

m;+m,+ms+my 0 (mod 2):

In particular, R cannot meet D; oncewithout meeting one of the other
D;.

SupposeX ! B is a cubic surface bration with X, a Cayley cubic
and generic b er a smooth cubic. Supposethat for eah of the four
singularities of X, the local equation of X is of the form

3 - 2 2 2.
t° = X§+ X7+ X5

The resolution W ! X of the singularities over b has four exceptional
divisors E*; E2; E3;E4, eath of which is the coneover a smooth plane
conic. Let Eq denotethe proper transform of X,

Caselll of the proof of Theorem19shavsthat, givena sectionthrough
E' or Eo, weakappraximation holdsfor jets supported in that componert.
Howeer, the methods of Casesl and Il do not apply in this example.
In particular, we cannot deducethe existenceof a sectionthrough each
componert of Wi,
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