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e We being our study of dynamical system by looking at the méatsical example: two-
species population interaction, a simplified version oft&#sh’s predator-prey model.

e On a remote island are pirates and ninjas (see figure). Thasngurvive by raiding the
pirates, but they also increase their numbers by abducboggy pirate-wannabes and brain-
washing them. The pirates on the other hand, “recruits” ffoneign shores and always
return to the island because here they only have one groupenfies.

e Suppose that, during the yeaf% of the ninjas comes down from the mountain and raids
the pirates. Each ninja has a 7 in 9 chance of success: sgcatian for the year and, with
20% probability cut down a pirate; a failure is, of course, the&uppose that also, during the
year, ninjas come down from the mountain to look for frestolloThe pirates, as we know,
are not too picky about their recruits, so orii% stand a chance surviving ninja-training.
The pirates, on the other hand, recruit for quantity and nality: they send0% on shore
leave and ever$ able-bodied men can effectively “convince” some landluttbat he really
should join the pirates. Additionally, the ninjas and pasaboth die from natural causes at a
rate 0f2%.

¢ This relationship we can write as a dynamical system./\Lgt) be the number of ninjas at
the tth year. LetP(t) be the number of pirates at thth year. Every year the ninjas loses
90% x (1 —7/9)N in the raids0.02 P naturally, kills90% x 7/9 x 0.2N pirates, and gains
0.06 P to their numbers. The pirates gai9d&’ P/3 members per year from recruiting, and
loses0.02P members from natural death afd6 P members from ninja kidnappings. This
means

N(t+1)=N(t) —0.2N(t) — 0.02N(t) + 0.06 P(t)
P(t+1) = P(t) +0.30P(t) — 0.03P(t) — 0.06 P(t) — 0.14N ()
or, in vector notation

e ) [, oo [y



Figure 1: The perpetual rivalry between Ninjas and Pirateginue on this island far from (other)
civilization. The Ninjas raid the Pirates for supplies, aatasionally kidnap a promising look-
ing young cabin boy to train as the next generation of Ninjke pirates “recruit” on foreign
shores and always come back to the island to hide from all tiileer enemies beside Ninjas (e.g.
cowboys, zombies, robots, frat boys, and hippies).



e This is what we call aliscrete dynamical systear recursion relation an expression that
expresses what “should be” in terms of what “is”. The wordstaiete” means that we are
treating time in steps rather than a continuous flow: how treggs and ninjas kill each other
during the year is none of our concern, we are just interdstéte population of ninjas and
pirates on, say, January 2nd of every year. In general, aedescynamical system can
always be written in the form

v(t+1)=T(v(t))

where, for each time, thew(t) (which we call thestate vectoyis an element oR* (which
we call thephase spacef the dynamical system), aril : RM — RM is a transforma-
tion (which we sometimes call tHéow, why this is so will become clearer later) law that
describes the dynamics.

e The simplest model of a dynamical system is something yoa bagountered in high school
math classes: compound interest. The phase space is onesitima:R'. The state vector,
being a vector in 1 dimensional space, is but a number: theiatrad money you have in
the bank. The transformation law is the application of ies¢rx dollars this year becomes
(1 + r)z next year, where is the interest rate.

e Let’s look at how our dynamical system behaves for someainikata points

t =0 1 2 3 4 5

(N, P) = (200, 800) | (204,948)| (216,1128)[ (236,1346)| (265,1609) (303,1926)
(200,400) (180,460)| (168,536) | (163,630)| (165,746)| (174,887)
(200,200) (168,216)| (144,240) | (127,273)| (115,315)| (109,368)
(200,100) (162,94) | (132,92) | (108.94) | (90,99) | (76,108)
(200,75) (161,64) | (129,55) | (104,49) | (84,45) | (68,43)
(200,50) (159,33) | (126,18) | (99,4) (77,-8)!

Notice that at the fourth year for data starting with 200 agpnd 50 pirates, we ended
up with -8 pirates. That is why | placed an exclamation maskeh the evolution of the
dynamical system has become unphysical. We started outt@atimany ninjas, who, in
order to feed themselves looted the pirates too heavily thdipirates died out completely
between years 3 and 4. After that, our model becomes norséisgice the ninjas can no
longer support themselves by looting the now-extinct psat

Below | also plotted the trajectories on any” plane, with theX -axis being the number of
ninjas and th&” axis being the number of pirates. Tpbhase trajectorieshows how the
dynamical system evolves. Notice that it is tempting to @mmthe dots and make curves of
the trajectories; since our model is discrete, we canndiyresl what happens between two
successive time-points, but connecting the dots will gisealsense of continuity, that the
data “flows” from one point to another. This is why we somesiall the transformation a
“flow”.

To calculate each of the numbers in the table above, | havectosively apply the transfor-
mation law for each step. This is, generally speaking, eslisuppose | want to know what
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Figure 2: A phase-space portrait of the trajectories. Ttaxis is the number of pirates, and the
y-axis is the number of ninjas. Each color/shape represantsrajectory for a different starting
initial data. The numerical data for these trajectoriesgaven in the table above.

happens at time0 for this system. This involves either applying the recunsiormula 20
times, or calculating the matrix?° where A is the matrix corresponding to the evolution of
the dynamical system. Ideally we want a easier way to do timspritation.

Going back to the one-dimensional example of compoundéstewe recall that for that
calculation the solution is simple: at timgthe amount of money will be

2(t) = (1+7)'(0)

The important idea is that in this case: our transformatsojust a multiplication by a num-
ber, and we know well how to multiply numbers successively.

This leads us to the idea efgenvectoraindeigenvalues

We begin by looking at our ninja-vs-pirate example. Whatgeys if we start with 100
ninjas and 700 pirates?

b= o, o] 9] - [2) = v ]

So for this special starting state, we have a closed-forrmiéile to compute the number of
ninjas and pirates at an arbitrary time:

o] =4 o) = 47112 00| = 124 [0 = =12 [0
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Figure 3: A zoomed-in portrait of the trajectories.

This is a case where the numbers of ninjas and pirates ardlsaictney mutually thrive. We
also have another special starting case with 300 ninjas @@gitates

] - o

] -0

The case when the ninjas-to-pirates ratio is 3:1 is whenwoedestroys each other equally
fast.

for which we have

How does just having these special cases help us? Firsteblyngmarity of our dynamical
system here, we see that it is the ratio of ninjas-to-pirdtasmatter, not the exact number.

ﬂ :1)’ . Notice thatv,; andwv, are linearly
independent. Since we are workinglki, this means that they form a basis. Starting with
an arbitrary state vectar(0), we can then decompose it in terms of this basis

So let us define two vectons, = andv, =

V = C1V1 + CoUo
Using the linearity of the transformation, we have that
'U(t) = T(T( . (’U(O))) . ) = clAt'vl -+ CQAt'UQ =C X 1.2t’01 + cy X 0.8t'112

a closed-form expression for how(t) behaves at arbitrary time



¢ (How this fact manifests itself in the phase space porttgigives an expanding ray ang
gives a contracting ray; the rest of the phase space is “échglpng” by those two)

¢ Now, the theory: given a linear transformatidn RY — R (oranM x M matrix A), we
define

— aneigenvectols a non-zero vector that remains parallel to itself afterttansforma-
tion. In other words
T(v) = \v
where is a scalar (it can be positive, negative, or even zero).
— aneigenvaluds a scalar\ that is the scalar multiple for some eigenvector. In other
words, there exists some non-zero veai@uch that
T(v) = \v

Example: letl’ be the identity transformation dR?, what are the eigenvalues and eigen-
vectors of of7"? Answer: since for any vectar

T(v)=1Iyv="v

we see that all vectors iR are eigenvectors with eigenvalue 1.

Example: what about an orthogonal projectiorRifionto a lineL.? Answer: we solve this
problem geometrically. One obvious answer is that any vemidhe linel is an eigenvector
with eigenvalue 1. This is because the orthogonal projedteeps vectors on ling fixed.
We maybe temped to say that this is all the eigenvectorse sing vector not i, cannot
be parallel tol.. We would be forgetting something important: theector is parallel to
everything! So ifw is perpendicular td., T'(w) = 0 = 0w, showing thatw is in fact an
eigenvector with eigenvalug

Important point: the kernel of a linear transformatibns also the subspace of all eigenvec-
tors of eigenvalu®. This gives also another characterization of the invdityoof a matrix:
a matrix A is invertible if and only if O is not an eigenvalue df

Example: how about a rotation matrix? Answer: we still thggometrically, and realize
that this depends on the angle. If we rotate by angles not @pteubf 187, then since the
vector before and the vector after forms a non-flat angle, #ine not parallel, so in this case,
there are no eigenvectors and no eigenvalues. In the case thieeotation is by 80°, every
vector is send to its oppositéi(v) = —wv, and so the only eigenvalue-sl and every vector
is an eigenvector.

More about eigenvalues and eigenvectors will be descrigeal. [(In particular, how to find
the eigenvalues and eigenvectors given a matrix.)

We’'ll conclude today by writing down exactly how eigenvastand eigenvalues help with
dynamical systems.



e Given adiscrete linear dynamical system (linearity mehasthe transformation from time
to timet+1 is a linear transformation on the phase space), we want tee'# or “integrate
it” in the sense that we want to get a closed-form formula jotety what the system will
look like at timet given some initial data. (Closed form formula means thatftmnula
depends only on the timeand initial data, andot, on any intermediate steps [in particular,
not a recursive formulal.)

e In particular, assume we have the system
x(t+1) = Ax(t)

or, equivalently
x(t) = A'z(0)
Suppose there exists a set of eigenvectors tfat forms a basis of the phase sp&dé, i.e.
vectorsvy, . . ., v, that form a basis aR? with
A’Ul = )\1’01 s A’Ug = )\2’02 s ey A’UM = )\]\/[’UM
then if
x(0) = cv1+ -+ cyvu

we can write the closed-form formula

x(t) = ) Njvg + e vg + -+ ey Mo

e This decomposition can be better visualized using codtés Let3 denote the basis given
by vy,...,vy. Thenin the codrdinates the linear transformation forghase space can be
written as the diagonal matrix

A 000 0

0 X 0 ... 0

B = HT('UI)]B . [T(UM)]B} - [[)\1'01]3 e [)\MUM]B} = 0 0 )\3 | 0
0 0 0 M|

Let S be the matrix
S:[’Ul Uy ... ’UM]

then our change of coordinate formula from before is

A=S8BS !
Furthermore
Co
1 €1
$712(0) = [x(0)]s = |
Cm



SO
x(t) = A'z(0) = SB'S'x(0)

Using the fact thaB is a diagonal matrixB" is just each individual component raised to the
tth power, so

AL 0 0 ... 0

0 A, 0 ... 0
c(t)=5[0 0 X 01 [2(0)]s

0 0 0 Ny |

which is precisely what our formula above gives.

(Possible phase portraits of two-dimensional dynamicatesyis based on eigenvalues: at-
tractors, repellers, saddle-points in the case of two egetors; the cases of fewer eigen-
vectors.)
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Today we talk about eigenvalues

Recall the definition of an eigenvalue: a numhas an eigenvalue of a matriA if there is
some nonzero vectar such that
Av = v

We rearrange the terms, and use the factthat I,,v if v € RM:
Av - A yv=0

This expression is saying thatis in the kernel of the matri8 = A — A\, or

bii bz bz ... bim a; — A a12 a3 e a1p

bar by baz ... bam 21 aze — A a23 e Qa0 g

bsi  bze b3z ... bsy | = a3 a3z asz — A ... azpr
_le bare bM3 cee bMM_ | apnr Qpre ans ceo QMM )\_

Sincewv is nonzero, the kernel oB is not trivial. SoB is not an invertible matrix. So
det(B) = 0.

We therefore have: for an eigenvalygthecharacteristic equation
det(A — )\[M) =0

is satisfied.



e Example: consider th x 2 square matrix

its characteristic equation is

b

det(A — \) = det( {“ B A i

} =(a—N)(d=X\) —bc= X —(a+d)\+ad—bc=0
e We define tharace of a matrix to be the sum of its diagonal terms and write-{t4), then
for a2 x 2 matrix, the characteristic equation is
AN —tr(A)X + det(A) =0

a quadratic equation ik. We can apply the quadratic formula to the equation to gebss,
which will be the eigenvalues.

e Example:

4 3
The characteristic equation can be factored in this case:

A= [1 2} Jdet(A—AL) = A2 —4A—5=0

M —dA—5=A=5)(A+1)=0

so the roots are = {5, —1}. Those two numbers are the eigenvalues (notice we haven't a
clue yet what their corresponding eigenvectors are).

e Example: the rotation matrix (we claimed on Monday that & ha eigenvalues unless the
angle is a multiple o1 80°)

|:COS f —sin 9}

sinf cos®

Its characteristic equation is
N —tr(A)X +det(A) = X2 — (2cos)A+1=0
We use the quadratic formula

B 2cosf ++/4cos2f —4

A
2

and notice that the discriminatos? # — 4 is only non-negative wheeos § = =1; for all
the other cases the quadratic equation has no (real) ssdutidndcosf = +1 precisely
whené is a multiple of180°.



e Example:Ais an upper triangular matrix. Now we notice thdt,, is also an upper triangular
matrix. Therefore A — \I,, is also an upper triangular matrix. Its determinant, as dase
week, must be the product of the diagonal entries, so

det(A — )\IJ\/]) = (CLH - )\)(agg - )\)(agg - )\) cee (a]\/[M - )\) =0

is the characteristic equation fdr. We notice that this characteristic equation is already fac
tored! So its roots can be simply read off from the equation,\&e have thahe eigenvalues
of an upper triangular matrix are precisely the diagonal régs.

e In general, given afl/ x M matrix A, its characteristic equation will be
fa(A) =0
wheref, is a polynomial of degre@/ and looks like
fa) = (=M +tr(A) (=M 4+ det(A)
fa is called thecharacteristic polynomial ofA
e (The proof of the claim will not be given here. See book forailet)

e Knowing that the characteristic equation is a polynomialapn allows us to use tools from
basic algebra to study the eigenvalues:

— The fundamental theorem of algebra says that a debfgmlynomial has at most/
distinct roots. This implies that& x M matrix A has at mosi/ distinct eigenvalues.

— Also, by the intermediate value theorem, an odd-degreenpaihyal must have at least
1 root (its graph must crosses thexis at least once), so £ is aM x M matrix with
M odd, A has at least one eigenvalue. {lif is even, we need not have eigenvalues:
see the case of the rotational matrix.)

e The first statement can be strengthened if we introduce thesgt ofalgebraic multiplicity
given a polynomial, we can factor it if we know a root

fA) = A =2g(N)

if f(c) = 0. (The factorisation can be accomplished using synthetisidn.) Starting from
the polynomialf, we factor it as much as possible

f) = A =c)A=c)(A=cs) - (A= c)h(N)

whereh()\) is a polynomial that cannot be factored (in other words, # 0 for any \). The
multiplication factors in front can be grouped by multigigiterms withc; = ¢; together: so
the factoring gives

FO) = A =b) (A= b)= - (A= bj)¥Rh())

the numbergl;, which represents the maximal number of times we can diyide by (A —
b;), is called thealgebraic multiplicityof the rootb;.
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The algebraic multiplicity of an eigenvalue is the algebmaiultiplicity of that number as a
root to the characteristic polynomigk.

The fundamental theorem of algebra says that if we count timber of roots of a poly-
nomial with multiplicity (this means that if 4(\) contains a facto(\ — b;)%, the rootb; is
countedd; times), the number is at most the degree of the polynomiathSaneans that if
we count the number of eigenvalues atlax M matrix A with multiplicity, the total number
is at mostM.

A hint of things to come: the fundamental theorem of algeltsa aays that the total num-
ber of real andcomplexroots of a polynomial, when counted together with multigyicis
exactly the degree of a polynomial. This means that the oakese we have fewer eigen-
values (with multiplicity) than the dimension of the matrsxin fact cases where some of
the eigenvalues are complex numbers. We will treat this nedk. For now just think of
eigenvalues are real numbers.

The polynomial expression for the characteristic equadisa tells us the following: suppose
A'is a matrix with eigenvalues,, . . ., A\, listed with multiplicity. Then the polynomiaf,
can be completely factored

faN) =M =)A= A) - (A — A)
A bit of elementary calculation shows that, by expandingféotors,
fa) = (M 4+ O+ X+ o) (M s Ay

comparing this against the previous expression for theathearistic polynomial, we have
that (whenA has the maximum number of eigenvalues allowed [with mudtiiy])

— the product of the eigenvalues (with multiplicity) is eqt@Het(A)
— the sum of the eigenvalues (with multiplicity) is equaktgA)

APR11, 2008

Now that we've learned about how to find eigenvalues, we nguotfind eigenvectors.

Remember how we derived the characteristic equation fortedxnave look at the expression
det(A — M) =0
because the existence of an eigenvalue/eigenvector paliesithat the matrix
A— Ny

is not invertible, i.e., it has a non-trivial kernel. Withishn mind:
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e Let \q,...\; be distinct eigenvalues ol (not listed with multiplicity). § < M as the
number of distinct eigenvalues dfmust be not greater than the dimensiomof We define
the following spaces:

E)\l = ker(A - )\1]M)
E)\2 = ker(A — )\QIM)

E)\. = ker(A - )\jIM)

J
and we call them theigenspaceassociated to the eigenvalugsand so on.

¢ In the case we have a zero eigenvalligjs exactly the kernel of the matrix.

e Example: letA be the matrix for the orthogonal projection onto a subsgacef RY. It
has two eigenvalues: 1 and 0. WhatAs? It is the kernel ofd — I,,, i.e., the set of all
vectors for whichAv = wv. This is quite clearly (from the geometric interpretatidittoe
orthogonal projection) the subspakeitself: remember from when we studied the method
of least squares that for any vectar, the length of the orthogonal projection af onto a
subspacé’ is at most the length ab itself

| Aw]| < |w]

with equality only wherw € V. So we know that any vectautsideof V' cannot satisfy
Av = v. On the other hand, sincé acts on vectors ifv" like the identity, any vector iV’
satisfy the equation. SB (no more, no less) is exactly the eigenspakte Now, £, being
the kernel of4, is just the orthogonal complement space.

e Example: find the eigenspaces for the matrix
1 11
A=10 0 1
0 0 1

First we note that this matrix is upper triangular, so itseeiplues are just the diagonal
entries: 1,0, 1. So this matrix has two eigenvalues: 0 with algebraic mltiigy 1, and 1
with algebraic multiplicity 2. We first look ak, it is the kernel ofA. So we do this like we
did earlier in this course

11110 11010
001 ]0/=]0011]0
00110 00010

So usingy = s a free parameter, we show that the solution must be



0

kernel of

—1
so the spacé), is the span of the vectoy 1 ] . The space; is found by looking for the
0 1 1
0
0

0 0

By finding the RREF, the solution tod — I3)v = 0 can be given by taking = s the free
parameter

So FE; is the span of the vector0 | .
0

Here we come to an important point: the eigenvectors for aimdb not need to span the
entire space (they are necessarily linearly independeantdas different eigenvalues). The
space spanned by the eigenvectors in the eigenspgacés is only a plane ifR3.

Definition: thegeometriamultiplicity of an eigenvalue is the dimension of its copeading
eigenspace.

In our example above, both, and £; have dimension 1, so the geometric multiplicity of
both the 0 and 1 eigenvalues are 1. Notice thatgeometric multiplicity is not necessarily
the same as the algebraic multiplicitin fact, we can only say th#te geometric multiplicity
is no more than the algebraic multiplicity

Keeping in mind our application of the eigenvectors and mrghies to the problem of dis-
crete linear dynamical systems, we see that we are intergsteose cases where the eigen-
vectors ofA form a basis: we give this a name.

Give A an M x M matrix. A basis ofRY is called areigenbasif A if all of the basis
vectors are eigenvectors df

So we have the following:

— Given a matrixA with distinct eigenvalues,, ..., ;. For each eigenvalue we find its
corresponding eigenspaé®,. For each of the eigenspace we find a basis. Then if we
take all the vectors from the bases of all of the eigenspélcedist of vectors is linearly
independent. (This fact follows because, picking out a oamgectorv from this list,
it will be linearly independent from the other vectors thaslin the same eigenspace
as itself [since they form a basis of the eigenspace], arahihot be linearly dependent
on the vectors outside of its eigenspace because they Héeedt eigenvalues.
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— So, given a matrix4, we have an eigenbasis for only when the total number of
vectors in the above list i8/, the dimension of the space. This is equivalent to saying
thatthe sum of the geometric multiplicities of the distinct eigectors is exactly/.

— As an addendum, if af/ x M matrix A has exactly\/ distinct eigenvalues, the# has
an eigenbasis. This is because the geometric multipli¢ignceeigenvalue is always at
least 1. (If the dimension of the eigenspace is 0, the eigaresgoes not exist at all, and
the number cannot be an eigenvalue.) In fact, each of thexgigees has dimension
exactly 1.

e Let us go back to the Ninja-Pirates problem. Suppose that@owboys have invaded the
island. For some reason or another, the Cowboys have thé& kfideeping their numbers
on the island constant, and as a result, we found that theagtien of the three-population
system to be governed by

N(t+1) 0.78 0.06 0.16 ] [N(t)
P(t+1)| = |-014 122 —0.08| | P(t)
C(t+1) 0 0 1 C(t)

We ask: what kind of long-term behaviour can the system et¢hib

— Firstly, we know that we can qualitatively describe the ldagn behaviour of a linear
discrete dynamical system if we have a decomposition alarejgenbasis. So we first
look at the eigenvalues of the matrix of evolution. The chiastic equation is

078 —A 006  0.16
det(| —0.14 1.22— X —0.08]) = (1 — A)[(0.78 = A)(1.22 — \) — 0.06 * 0.14)]
0 0 1— A

Now
(0.78 — N\)(1.22 — \) + 0.06 x 0.14 = A2 — 2\ —0.9516 — 0.084 = A2 — 2\ + 0.96

which can be factored as
(A—=1.2)(A—0.8)

So the characteristic equation is
(1=X)(1.2=X)(08—-X)=0

and the eigenvalues atel.2, 0.8.

— Now, since we have 3 distinct eigenvalue for a dynamicalsysirhose phase space is
R3, we can conclude that each of the eigenspaces has dimensiod the matrix has
an eigenbasis.

14



— This means that, letting, 5, v 2, v1 be the eigenbasis vectors with eigenvaligés1.2, 1
respectively, in the coodrdinates defined by this basistrdnesformation matrix looks

like
0.8 0 0
0 1.2 0
0 0 1

and we can write the evolution of the system, for a startirgarer(0) as

0.8 0 0
x(t) = [vos vi2 vi] | 0 12 0] [z(0)]s
0o o 1

— This tells us that the system has the following behaviour:

« If the second coefficient dfx(0)]5 is positive, then ag — +oo, 1.2° becomes
really big, so
O.Stcl’vo.g -+ 1.22&02’01.2 -+ 103'111

will be mostly in thewv, » direction, since its coefficient becomes a lot bigger than
the coefficients of anything else. So we will have an expaabpbpulation growth
on the island approaching the proportions givervhy.

+ If the second coefficient is negative, thentas» +oo, 1.2" becomes really large,
S0 again the population tends to the, , direction. This means that somewhere
along the line at least one of the three populations will shi@ind become negative
(why?), so as — oo we entered the unphysical regime for this dynamical system,
meaning that at some finite timgour equations no longer adequately describe the
behaviour of the system.

x If the second coefficient is 0, then the system reduces to
0.8 c1vg8 + 301

and since).8' tends to 0 a$ tends to+oo, the contribution of the first term be-
comes smaller and smaller. So the system will eventuallyt wastabilize in the
directionw;.

— As a side note, you can check that, computing the appropeatesls, that we can take
(up to a scalar multiple)

3 1 1
vog= (1| , vi2= (7|, vi= |1
0 0 1

e Lastly, some facts about Eigenvalues and similarity: sgppband B are similar matrices,
then

— A, B have the same characteristic polynomigf{\) = fz())
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— the rank and the nullity ofA and B are the same

— A andB have the same eigenvalues (and hence the same trace andetamemnts);
but they need not have the same eigenvectors.

e This means that you have a quick preliminary check to seehehéivo matricesA and B
can be similar: by looking at their trace and determinant.

b [

— Quickly we check their tracet + 6 = 3 + 4 = 7. Okay, so their trace is the same. So
they may be similar.

e Example: Are the matrices

similar?

— check the determinané — 8 = —2 for the first, andl2 — 2 = 10 for the second. The
determinants are not equal, so the two matrices cannot bsim

¢ Notice that having the trace and determinant the same ddespty that the two matrices

are similar:
11 10
0 1|’ 01

have the same trace and determinant, but they are not sifeitare the identity matrix is
only similar to itself).

HOMEWORK FOR THIS WEEK

7,1: 2,12, 30, 32, 34, 36
7.2: 10, 18, 20, 23, 24, 26, 32
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