Princeton University MAT 202 Spring 2008

Willie W. Wong
Mar 24 - 28

MAR 24, 2008

e Motivation: remember a side remark | made the week beforgemus: dot-products, in
general, should only be evaluated in the standard ba3sday we look at other bases in
which the dot-product can be evaluated with no problem.

¢ Definition: a linear transformatio : R” — RM is said to beorthogonalif it preserves
dot products. In mathematical notation:

Tw) T(w)=v- -w
for all vectorsv andw in R,

¢ (Equivalently, as given by your textbook, a linear transfation is orthogonal if it preserves

lengths of vectors:
T (v)| = |v]

for all vectorsv. To see that my definition implies that of the textbook, ityosuffices
to rememberlv| = /v - v; to see that the textbook definition implies mine, the preof i
slightly more tricky, it involves the use of the Pythagor¢aeorem, basically we can follow
the textbook’s derivation that orthogonal transformagipreserve orthogonality [Fact 5.3.2],
and expand the dot-product using the Pythagorean theorem.)

e (My definition is in many ways superior: it is inherently egalient to the textbook definition
and many facts requires less “proving”.)

1By evaluating the dot-product, | mean that given two vectoesidw, and a basig, in which[v]s = | . | and
Cj
di
do
[w]g = | . |, forming the numbet;d; + cads + - - - ¢;d;. In standard basis, this number is the dot product. In other

dj
basis, often this number is not quite as meaningful.



e A square matrixA is orthogonal if its associated transformatibms an orthogonal transfor-
mation.

e Example: letT’ be the rotation irR? by an angle). Imaging you have two vectors and
w, if you rotate both of them by the same angle, thelative angle is not changed, and
their lengths are not changed: therefore their dot-proderctains the same. So a rotation
transformation is orthogonal.

e Example: Letl be a 2-dimensional subspacelofandT is the reflection about’. ThenT
is an orthogonal transformation. Consider two vectara in V': sinceT keep them fixed,
their inner product is preserved. For two arbitrary vecterg, we decompose them as the
parallel part and the orthogonal parts, so by definition

my:w”.y”_‘_mlyJ‘
Remember that
T(x) =zl -zt

we write
T(x) -T(y) =l -yl + (- - (—y")==z-y

¢ In the above example, we relied on/demonstrated a crug@ca®f orthogonal transforma-
tions: they preserve orthogonality. In other wordse éindw are orthogonal, thei'(v) and
T(w) are orthogonal. This is rather obvious’Bdy definition preserves dot products, and
the dot products of orthogonal vectors are 0.

e Using the fact that the orthogonal transformationRY — R™ preserves dot products, we
see that, given an orthonormal basis . .. u;, (say the standard basis for example), then
T(wy),...,T(uy) is also an orthonormal basis: we have by assumption

ww={17]
So sincel’ is orthogonal
T(u;) - T(u;) = { ? iii
e A consequence of this is that: a square mattiss orthogonal only when its column vectors
form an orthonormal basis.

e Since our definition of orthogonal matrices are based onooxhmal transformations, we
also have

— The product of two orthogonal matrices is orthogonal. Thist follows because the
product of two matrices is the matrix for the compositionwbttransformations. And
the composition will preserve dot-products when the twerimediate transformations
both do.



— Similarly, the inverse of an orthogonal matrix is orthogbnall orthogonal matrices
are invertible: sincd’ preserves dot-productg, cannot have a non-trivial kernel, and
so its nullity is zero. So the rank of an orthogofal R — R™ must byM, andT is
invertible.

Before continuing, we’'ll finally introduce the useful copté&nown as the transpose. Lét
be anM x N matrix. We say thaB is thetransposef A (written B = AT) when

— BisanN x M matrix

— The entries);; (the:th row and;th column of B) is equal toa;; (the jth row and:th
column of A).

Basically, what is a row imd is now a column inA” and vice versa.

We call a matrixsymmetridf A = A”. We say it isskew-symmetriif A = —A”. Notice
that in both this cases it is implicit that is square. Give general forms.

Some properties of transposes

— (AB)T = BT AT, The entry in theth row andjth column of(AB)? is the entry in the
jth row and theth column of AB, which is the dot product of thgh row vector ofA
against theth column vector ofB. Similarly, the entry in theth row and;jth column
of BT AT is the inner product of théh row of BT against thegith column ofA” which
is the same as the inner product of thie column of B againstjth row of A.

— If Aisinvertible, then soisi?, and
(AT)—I — (A—1>T

This comes from the previous property, and the fact fHat= 7.

— The rank ofA is the same as rank of”. The proof is slightly involved. LetA be
N x M. LetV be the subspace spanned by the column vectars b

dim(V') = rank(A)
Let V- be the orthogonal complementta Notice that
dim(V+) + dim(V) = N
Then for allu € V+ and allz € RM, we have
0=u-Azx =u’ Ax

(see below... drat, | wrote this in the wrong order). We cae tine transpose of that
equation and arrive at (since the transpose of a scalaflithstsame scalar)

0=x"A"u
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for all z in R™. This is in particular true if we substitute far the standard basis
vectors. This means that’u = 0. Sow is in the kernel ofA”. Similarly, you can
show that as long as € V/, there exist some (in particular, anc that solvesAx = v)
such that

0+#al ATy
and so any vector i is not in the kernel ofA”. This implies that the kernel of” is
exactlylV’+. And so the nullity ofA” is N —dim(V'). Lastly, applying the Rank-Nullity
theorem we have that

rank(AT) + (N — dim(V)) = N

SO
rank(A”T) = rank(A)

e The notion of transpose allows us to write dot-products #evis:

v-w:va

where on the right hand side we use matrix multiplication:

ay bl bl

a9 b2 b2
. = [al a9 CI,M}

apr bM bM

e From here we have another characterization of the orthdgoatiices: by definition
T(v) - T(w) = (Av)" (Aw) = v" AT Aw
Soif ATA = I,,, then
T(w) -T(w) =v"Iyw="v-w

In fact, using the property that the column vectorsdofeed to form an orthonormal basis,
we can also show that” A = I,; wheneverA is orthogonal. (Check that this is true for
rotation, reflection in 2D.)

e A summary: The following statements are equivalent¥br< M matrix A

— A'is orthogonal

— The linear transformation associated4as length-preserving

— The linear transformation associated4as dot-product preserving
— The columns ofd form an orthonormal basis

— AT A = I,;; in other words A7 = A~!



e An application of the transpose matrix is to give us a good wfayriting the matrix corre-
sponding to an projection: let,, ..., up be an orthonormal basis of a subspate RY.
Then the projection ontd is

proj(@) = wi(ws - @) + -+ up(up @) = Uy

whereU is the matrix
[Ul Uz ... ’LLP:|
andy is the vector
Uy -
U - T

Up - &

Using the definition of matrix multiplication, we see thats the result of the produdBx,
where the row vectors aB are the vectoras. In other word, the matridx3 is just like the
matrix U except the rows and columns are exchangmlB = U”. Putting it all together

proj(x) = UU x
v

whereU is the M x P matrix with column vectors given by the basis vectass (This is a
generalization of the form of the matrix for projection ortdine given in Week 2.)

MAR 26, 2008

e On Monday, when showing that raftk) =rank(A”), we've effectively shown the following
fact: The orthogonal complement of the imagedois the kernel of the transpose df In
other words:

(im(A))*" = ker(AT)

With a little of work, we have the following useful facts:

— ker(A) = ker(AT A): Supposed is N x M, thenA” A is a transformation fronR™ —
RM that factors througlR™. There are two ways that a vectocan live in the kernel of
AT A: eitherv is inker(A), or Av is a non-zero vector that lives ler(A”). But using
the orthogonality oker(A”) andim(A), we conclude that the latter is impossible, so
thatv must live inker(A).

— If ker(A) is trivial, then the square matrit” A is invertible. (This fact follows directly
from above.)

e A geometric interpretation of the projection: Ietbe a subspace anda vector, then the
vectorx* = proj, (x) is the vector inV that is closest ta:; in other words, for any other
vectory in V,

|z — x| < |z -y
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iii)

Figure 1: i) LetA be a linear map fromX — Y ii) We can splitX into two parts:ker(A) and
everything that is not in the kernel. As shown in the pictutéakesker(A) (including the 0 vector

in X, represented by the dot) to the 0 vectorinand takes everything else to something that is
non-zero iii) Now we look at the case faf’ A. A : X — Y andA” : Y — X, for each we split
the domain up into the kernel and everything else. Since evestablished that the image af

is the orthogonal complement of ther(A”), we show them as two different subsets intersecting
only at the O vector. Backtrekking from the O on the far righig see that only vectors iker(A)

can be inker(AT A).



This

is because the endpoints of the vectorg* andy form a triangle with sides: — x*,

x —y, andy — x*. Sincey andx* are both in a subspadé, their difference is in/, and
soy — x* | « — x*, meaning that the triangle formed is a right triangle, with- y as the
hypotenuse. And we all know that for a right triangle the hygmoise is longer than either

legs.

This

geometric interpretation allows us to introduce onéhef most important applications

of linear algebra:The Method of Least Square¢The name “least squares” comes from
the fact that when you measure the distance in Cartesiadésta coordinates, you sum the
square of the coordinate values.)

Let's motivate our discussion with an example first: it is Mkglown that from theoret-
ical considerations, the motions of planets/comets/astgiother bodies orbiting the
sun follow a trajectory described by a conic section (a eirah ellipse, a parabola, or
a hyperbola) with the sun being one of the foci. When a solatesn object is first
observed, we try to determine its trajectory (if the tragegtis a circle or an ellipse, the
object is bound to the solar system; if the trajectory is apala or a hyperbola, the
object is transient: it came from outer-space and it willindly out to out-space after
this fly-by).

The general equation for a conic section (with one focal paiithe origin) in a plane
can be written in polar coordinatés 6), wherer is the distance to the origin arfds
the angle measured counter-clockwise from:tkexis. The equation is

l
1+ ccosf —dsinf

r

with three parametersc, d. [ is known as the semi-latus rectum. The numbet
V2 + d? is the eccentricityd = 0 for circles,0 < e < 1 for ellipses,e = 1 for
a parabola, and > 1 for hyperbolas), and = sin~'(c/e) is the angle of deviation
between the major axis of the conic section andhtfaxis of the plane.

The equation of the conic section can be re-written as
r=1—crcost + drsinf

To determine the trajectory of a celestial object, it suffiteat we determine the three
parameters, ¢, d based on measurementssofindd. Since we take our coordinate
system such that the origin is a focal point, we can take tlggroto be the sun (a little
bit of heliocentrism here; see figure below).

To determind, ¢, d, we measure the position of the celestial object at somerdifit
times. Since the object is known to follow a trajectory thatisfies an equation of the
given form, the measurements give us a system of linear eqsdor the coefficients
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Figure 2: The sun (Sol) is the center of our coordinate sydtere. The black arrow toward
the right denote the-axis. The blue blob represent some asteroid/comet/sanggtimat is flying
around. At six different times an astronomer made the measeints (in real life itis not so simple
to measure the distance of an object to the sun, but we’llrgtiwat bit of technicality here) of,
the distance to the sun, addthe angle relative to the chosen axis. We can use this tolesdc
whether the object is in orbit or is just flying-by.



l—cricosfy +drysinfd; =nry
l —crycosfy +drysinfy =1y
[ —crgcosfs + drgsinfy =rg

which we can write in matrix form

1 —rycosf; rysind; 71
1 —7T9 COS 62 T2 sin 62 T2

Av = c| = =b
1 —Tg COS 66 T'g SN 66 Tg

whereA is a P x 3 matrix, P being the number of measurements taken.

— A first thing to notice: if rank ofA is equal toP, then the system will have at least 1
solution; and if rank is equal to 3, then the solution will b@que. For this system,
a simple bit of arithmetic shows that # < 3, the system cannot be inconsistent: if
P < 3, and the reduced form ot has a row of zeroes, the corresponding entrp in
must also be zero. Thus a property common to this type of ‘&fitting” problems:
if you take fewer measurements than there are parametargaoalways find a curve
that fits. In other words, to be physically meaningful, oneds&more measurements
than there are parameters.

— Now, if the systemAv = b is consistent. Then we can solve it and be done with the
problem.

— But what happens if we make, say, 6 measurements, and tharsysins out to be
inconsistent? This means that our theory (that the trajgdtdlows a conic section)
and/or our data (the physical measurements) may be in¢oriteis possible that the
theory is only an approximation (in our case, the conic sectiajectory is based on
Newtonian gravity, which has been superseded by geneadivigy in the past century),
and that the experimenter is not exactly precise and/oratein reporting the data (to
err is human). But when we plot the 6 points on a graph, thegKlie” they belong
in some conic section orbit: here is the power of the methddaxdt squares.

— Instead of trying to find an exact solution to the problem, a@kifor parameter values
for [, ¢, d such that the curve approximates the data as best as poskibie we go
back to the geometric interpretation of the projection. Um systemAv = b, A is a
linear transformation fronR?3 to R” (in our example with 6 measuremerit,= 6). So
the image of4 is a subspac®” of R”. In order to find the best approximatian we
first find the pointw € W such thatw is as close tad as possible Sincew is in the
image ofA, we can solve for some with Av = w.

2Namely, given a known parametrized form of a curve, and gaareral points on the curve, we are asked to find
the parameters that realizes the curve.



— What isw then? By the geometric interpretatian, = projy, (b). This is the method
of least squaresGiven a system of equationy = b where A is an N x M matrix.
Let W denote the image set dfin R"V. Then thdeast squares solutido the system
is the vectom satisfying

Av = proj(b)
w

in particular, if the systemiv = b is consistent, theproj,;, (b) = b, andw is an exact
solution. Furthermore, the least squares solutiosatisfies the property

b— Av| < [b— Ay|
for any other vectoy € RV,

The problem is, findingrojy, (b) is hard: it involves taking the linear span of the column
vectors ofA, using Grahm-Schmidt process to extract a set of orthonldoas, and from
there calculating the projection matrix and then the prg@c/ector. We want something
that's easier for calculation.

For that, we go back to our useful fact given in the beginnihglass. Letv be the least
squares solution tdv = b. Then by definition,

b—Av=b-bl =b*

Sob — Av belongs inW+ = (im(A))* which, by our useful factiV+ = ker(AT). This
means that the least squares solutaalso satisfies

0=A"(b— Av) = ATb = AT Av
and so we have

Revised method of least squarg#zen the systemlv = b, the approximation given by the
least squares solutiancan be found by solving

ATAv = ATb
The systemd” Av = ATb is, by construction, consistent, and we call it tiwmal equation

of Av =b.

(This is a big improvement: taking the transpose of a matolves almost zero compu-
tation, and multiplying matrices/vectors are much less potationally intensive than the
Grahm-Schmidt process.)

Note: sinceker(AT A) = ker(A), you won't get additional phantom solutions to
ATAv = A"b

when compared to
Av=0>
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e In the caseker(A) = {0}, we can even do “better”: by another useful faet;(A) = {0}
implies AT A is invertible. So
v=(ATA) AT
is the least squares solution in that case. (Notice we cazayot
(ATA) AT = A1 (AT ' ATb = A""b

Why not?) Computationally, however, taking the inverse4dfA is usually more difficult
than solvingA” Av = A”b using Gauss-Jordan elimination.

e The above fact can be used to construct the matrix of an cothegorojection without find-
ing the orthonormal basis. (Remember that on Monday we toa& be the matrix of the
orthonormal basis for a subspace, tiiéti” is the matrix for the orthogonal projection onto
the subspace.) Letting” be a subspace and,, ..., wp be a basis, and be the matrix
whose column vectors are the basis vectors. We claim thainttex for the orthogonal
projection is

A(ATA)TTAT
This follows from the fact that whea is a least squares solutionta = b, Av = projy, b.
But since the column vectors of are linearly independenter(A) = {0}, and from above
we know thatw = (AT A)~1ATb.

e Finish with an example: find the trajectory of the celestibjeat if the 6 data points are

r 0 cos 0 sin @
1027 /6 || V3/2~0866| 1/2
2| 44| 7/3 1/2 V3/2
3| 10| 57/9 —0.174 0.985
4158 =« -1 0
5| 23] 4r/3 —1/2 —/3/2
6| 1.8| 37/2 0 -1
From the data we can write
[2.7] 1 —23 147
4.4 1 —22 38
10 1 1.7 938
b= 58| A= 1 5.8 0
2.3 1 12 =20
| 1.8] 1 0 —18]

(I am going to cheat a bit and use the calculator in this casehich we can evaluate for
(rounding to 2 significant figures)

6 4.1 11 27
ATA= (41 48 3.3 ATb = | 38
11 3.3 120 110

11



From here we can solve

ATAv = ATb
and get
3.0
v = |0.48
0.63

(Not bad considering that | “generated” the “data” frére- 3,c = 12/25,d = 16/25 and
rounded off after two digits. The original equatietv = b is inconsistent if one checks its
rref.)

The calculated eccentricity is then 0.79, showing that thgttory is a very elongated el-
lipse.

MAR 28, 2008

(Seems my dates here are slightly misaligned with Real}Life
Today we start on determinants.

Remember way-back-when we gave a quick way of checking wehetR x 2 matrix is

invertible:
a b
a=[e

thenA is invertible if and only if the quantity
det(A) =ad — bc # 0

and

1 d —b
A7l =
det(A) [—c a }
Now we ask whether there is a way of defining tlegerminantor arbitrary square matrices,
a quantity that determines whether the matrix is inverible

The answer (to the needlessly rhetorical question) is yest [Et’s look at the meaning of
the2 x 2 determinant.

— The first thing to remember is that wher2zax 2 matrix is invertible, it means that its
column vectors form a basis. In particular, they must bedilyeindependent.

— How do we write down the condition that two vectors are litgardependent? Lin-
early independent means that the two vectors are not mesdtipf each other, which
means that therdoes noexist any constarit such that

V1 = ]{?'Ug

12



In R?, we write for the vectors the column vectors.4f

o[ ]

So we want the non-existence of the constaimt the set of equations
a=kb, c=kd
Shouldk exist, then we can solve férand have

a C
k==
b d
and so cross multiplying:
ad = be

— So we have thaid = bc if and only if we can find & that showsy, is a multiple of
Vs.

— This just goes to show that the determinant @f & 2 matrix, ad — bc = det(A), just
encodes whether the two column vectors are parallel to eider.o

e So the natural idea is to generalize this concept:dii¢A) of an N x N matrix A should
be a quantity that measures whether the column vectorsregarly independent.

e Let’s start with the case oV = 3. In this case, there’s a easy geometric interpretationef th
condition. Let
U Y1 wi
A:[u v ’lU}: Ug Vo W2
uz Uz Ws

Something you should’ve seen in multivariable calculusésriotation

U2V3 — U3V
U X V= |Uzvy — U1Vs3
U1V2 — UgV1

for the cross product ifR3. Remember that the cross product of two vector&irhas the
following nice properties:

— If w andwv are parallel (in other words, linearly dependent), ther v = 0.

— If w andv span a 2 dimensional planelitt (in other words, they are linearly indepen-
dent), thenu x v is a vector perpendicular to the plane that they span.

e Sowu X v can already be used to rule out the case when the first tworgeate linearly
dependent. How do we deal with the third vecig? Now supposev is a linear combination
of u andv (meaning thatv is redundant), themw sits inside the span ai andwv; in other
words, w is in the plane defined by andwv. This in particular means thab must be
perpendicular to the vectar x v!
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e This motivates us to define the determinant 8f>a3 matrix thus: givenA as written above,
det(A) = (u x v) - w

— Whenwu andv are multiples of one another, thenx v = 0 and sadet(A) = 0.

— If w andw are linearly independent, but is redundant, then since L (u x v),
det(A) = 0.

— Only whenwu, v, w are linearly independent (and since there are three of thiesy,
must form a basis) catet(A) # 0

e A computational aid: Sarrus’s rule. By expanding algelatlycthe expressiomlet(A) =
(u x v) - w, we have the following way of computing the determinantt fixgpy down the
first two columns at the end of the matrix (in order!):

ail a1z G2 A1 412

(21 Ag22 A23| A21 Q22
31 dz2 G33] A31 (432

Calling the NW-SE direction “positive” and the NE-SW dirext “negative”, we sum over
the products of all 6 diagonal lines with the associatedssign

det(A) = Q11022033 + Q12023031 + (13021032 — (13022031 — (11023032 — G120210G33
e Example:

135
det(|2 2 3|)=4+63+10-70—3—12=—8
71 2

HOMEWORK FOR THIS WEEK

5.3: 6,8, 28, 29, 32, 38, 40, 42
5.4: 2,3,4,8,17, 24, 32, 36
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