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• Let’s begin by recalling our notation from last week: given abasisB = {w1, w2, . . . , wP}
for a subspaceW of R

M , we have the following interchangeable notions

v = b1w1 + b2w2 + · · · + bP wP ⇐⇒ [v]B =








b1

b2

...
bP








• Now, suppose we have another basisC = {u1, . . .uQ} of U in R
M , such that each one of the

ws is a linear combination of theus (notice thatQ ≥ P sincews are linearly independent
in U). Then we can also decompose the vectorv in theC basis

v = c1u1 + · · ·+ cQuQ ⇐⇒ [v]C =








c1

c2

...
cQ








• Now we ask, what is the relationship between the numbersb1 . . . bP andc1 . . . cQ? Let us
decompose theB-basis vectors in terms of those ofC: we write

wj = s1ju1 + s2ju2 + · · · sQjuQ

In our new notation, this is

[wj]C =








s1j

s2j

...
sQj







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And we plug this into the expression above forv:

v = b1w1 + b2w2 + · · ·+ bP wp

= b1(s11u1 + s21u2 + · · · ) + b2(s12u1 + s22u2 + · · · ) + b3(s13u1 + s23u2 + · · · ) + · · ·
= (s11b1 + s12b2 + · · · )u1 + (s21b1 + s22b2 + · · · )u2 + (s31b1 + s32b2 + · · · )u3 + · · ·
= c1u1 + · · · cQuQ

And so we have that

c1 = s11b1 + s12b2 + s13b3 + · · ·
c2 = s21b1 + s22b2 + s23b3 + · · ·

...

cQ = sQ1b1 + sQ2bs + sQ3b3 + · · ·

This we see means thatthe column vector of theC-coördinates ofv is equal to theB-
coördinates ofv multiplied by some matrixS. In particular, the column vectors ofS are
precisely the column vectors corresponding to theC-coördinates of theB-basis vectors. In
mathematical notation, we write

[v]C = S[v]B

where
S =

[
[w1]C [w2]C . . . [wP ]C

]

• A very important special case of the above general rule is when C is the standard basis for
R

M . ThenS is anM ×P matrix formed by the Cartesian coördinates of the basis vectors of
B. Even more special is the case whenM = P : thenS is the invertibleP ×P matrix whose
column vectors are just the basis vectors ofB written in standard coördinates.

• Example: given two basesB = {w1, w2} andC = {u1, u2} of R
2. Suppose that we know

u1 = 2w1 − w2 , u2 = w1 + 3w2

Given a vectorv such that

[v]B =

[
4
5

]

find [v]C.

– First we need to find theS matrix such that the columns ofS is theC-coördinates of
the vectorsw1 andw2. So we need to solve the give linear system forws. We can do
this in 2 different ways.

– First, we can directly solve it:
{

2w1 − w2 = u1

w1 + 322 = u2

⇒
{

2w1 − w2 = u1

7w1 + 0w = 3u1 + u2

⇒
{

−7w2 = 1u1 − 2u2

7w1 = 3u1 + u2
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So

w1 =
3

7
u1 +

1

7
u2 , w2 = −1

7
u1 +

2

7
u2

and

S =
[
[w1]C [w2]C

]
=

[
3/7 −1/7
1/7 2/7

]

– The second method is to start with our given relation betweenthe basis vectors and

write them all inC-coördinates: notice that[u1]C =

[
1
0

]

and [u2]C =

[
0
1

]

. Then we

have [
1
0

]

= 2[w1]C − [w2]C =
[
[w1]C [w2]C

]
[

2
−1

]

= S
[

2
−1

]

and similarly, we have
[
0
1

]

= S
[
1
3

]

Putting the two together, we have

I2 =

[
1 0
0 1

]

= S
[

2 1
−1 3

]

Notice that the matrix on the far right, let’s call itT , is nothing but the matrix ofB-
coördinates ofC-basis vectors. From the relation we have

S = T −1

which we can calculate as

S =

[
3/7 −1/7
1/7 2/7

]

– This conclusion is hardly surprising, since we have that, bydefinition

[v]B = T [v]C

it follows thatS = T −1.

– To finish the problem, we just need to multiply

[v]C = S[v]B =

[
3/7 −1/7
1/7 2/7

] [
4
5

]

=

[
(3 × 4 − 1 × 5)/7
(1 × 4 + 2 × 5)/7

]

=

[
1
2

]

• Now, we can not only just write vectors in coördinates: we can also write linear transfor-
mations as matrices in a coördinate system. Now, I am going to ask you to dig back in
memory to something we did in the second week of class, about how we construct the ma-
trix corresponding to a linear transformation: first we decompose the vectorx in standard
basis

x = x1e1 + · · ·xMeM
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and notice that using linearity of the transformation:

T (x) = x1T (e1) + · · ·+ xMT (eM)

we concluded that the matrix of the linear transformation is

A =
[
T (e1) . . . T (eM)

]

• With our machinery of arbitrary basis vectors now, we can easily generalize the above
construction to a basisB. Let T : R

M → R
M be a linear transformation and letB =

{w1 . . .wM} be a basis forRM . Very naturally, we can define theB-matrix ofT , which we
will, by abuse of notation, write[T ]B as

[T ]B =
[
[T (w1)]B [T (w2)]B . . . [T (wM)]B

]

This matrix satisfies
[T (v)]B = [T ]B[v]B

• In fact, this machinery can be made even more general: letT : R
M → R

N be a linear
transformation. LetB = {w1, . . . , wM} be a basis ofRM . LetC = {u1, . . . , uN} be a basis
of R

N , then we can define theB → C-matrix ofT , which we write

[T ]B→C =
[
[T (w1)]C [T (w2)]C . . . [T (wM)]C

]

The matrix satisfies
[T (v)]C = [T ]B→C[v]B

this definition is just for your amusement... it probably will not appear on your exams.

• Example: consider the operation “rotate by 45 degrees counter clockwise and scale up by a
factor of

√
2”. In standard coördinates, its matrix is

A = [T ]standard basis =

[
1 −1
1 1

]

Let B be the basis given by, in standard coördinates

w1 =

[
1
−3

]

, w2 =

[
2
1

]

what is theB-matrix ofT?

– First we need to findT (w1) andT (w2). This we can do in standard coördinates by
applying the matrixA. We get

T (w1) =

[
4
2

]

, T (w2) =

[
1
3

]
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– Now we need to find the matrixS such that

[v]B = S[v]standard

but we are already given the matrixT which give

[v]standard = T [v]B

where

T =

[
1 2
−3 1

]

(we read this off by the defining relation of the standard coördinate representation of
the vectorsw1 andw2.) Using the previous example, we haveS = T −1. So

S =
1

7

[
1 −2
3 1

]

So

[T (w1)]B =

[
0
2

]

, T (w2) =

[
−5/7
8/7

]

– Therefore

[T ]B =

[
0 −5/7
2 8/7

]

• Now, suppose we have two basesB andC, and the transition matrixS which gives

[v]C = S[v]B

Now, given a linear transformationT , what can we say about the matrices[T ]B and [T ]C?
We use the definition

[T (v)]B = [T ]B[v]B

So
[T (v)]C = S[T (v)]B = S[T ]B[v]B

But we can also substitute in
[v]B = S−1[v]C

So
[T (v)]C = S[T ]BS−1[v]C

which means that
[T ]C = S[T ]BS−1

• Using this, the previous example becomes much easier: you can check that
[
0 −5/7
2 8/7

]

=

[
1/7 −2/7
3/7 1/7

] [
1 −1
1 1

] [
1 2
−3 1

]

5



• A terminology: when we have two square matricsA andB and an invertible matrixS such
that

A = SBS−1

or
AS = SB

we say that the two matrices aresimilar.

• Similarity is an equivalence relation:

– It is reflexive: any matrixA is similar to itself (by the identity matrix)

– It is symmetric: if A is similar toB, B is similar toA (by settingT = S−1, we have
thatA = SBS−1 impliesB = T AT −1)

– It is transitive: if A is similar toB, andB is similar toC, thenA is similar toC.

• One cool thing about similar matrices: supposeA andB are similar, that isA = SBS−1.
Then a power ofA, i.e. Ak = A · A · A · · ·A

︸ ︷︷ ︸

k times

can be written as

Ak = SBkS−1

MAR 5, 2008

• Time to move-on to something completely different. Today wetalk about

– Orthogonality

– Orthonormal bases

– Some calculus (in)equalities

• The basic idea for orthogonality we have already introducedin the second week: that the dot
product, in some sense, measures how aligned/parallel two vectors are. Remember we have
already defined the length of a vector

|v| =
√

v · v

and that a vector with length 1 is called a unit vector. And remember that we say that two
non-zero vectorsv andw are perpendicular (or orthogonal) if the dot-productv · w = 0.

• An important fact: dot-products are not preserved under change of coördinates (in general).
When in doubt, when taking dot products, first calculate the coördinates of the vector relative
to the standard basis, and then take the dot product thereof.
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• Remember from last Friday we we started talking about linearcoördinates: one of the ad-
vantages for the standard or Cartesian coördinates that I mentioned is the fact that all of
the basis vectors are mutually perpendicular1. We want to find “nice” coördinates like this
(which, incidentally, also allows the taking of dot products in its coördinates).

• A definition: the vectorsu1, . . . , uP in R
M are calledorthonormalif they are all unit vectors

and they are all mutually perpendicular, i.e.

ui · uj =

{
1 if i = j
0 if i 6= j

• Example: the standard basis ofR
M is orthonormal.

• Fix an angleθ, the vectors

[
cos θ
sin θ

]

,

[
sin θ

− cos θ

]

are orthonormal.

• Notice, by construction: orthonormal vectors are linearlyindependent. (Suppose they are
not, then there exists a linear relation among them

c1u1 + · · ·+ cP uP = 0

we can take its dot product againstui. On the one hand,0 dotted against anything is 0. On
the other

(c1u1 + · · ·+ cP uP ) · ui = ci

thereforeci = 0 for all i.) And so, if you have a set ofM orthonormal vectors inRM , they
form a basis.

• With the help of orthonormal vectors, we can generalize the concept of a projection. Re-
member what we did to construct a projection onto a lineL: we take the unit vectoru that
spansL, and define

proj L(x) = (x · u)u

• What are the important properties of the projection (onto a line)? The most important prop-
erty is that we can decompose a vectorx into two parts

x = proj L(x) + (x − proj L(x))

the first part is parallel toL and the second part perpendicular toL. We can generalize this
to higher dimensions: LetV be a subspace ofRM , with dim(V ) = P . Let u1, . . . , uP be an
orthonormal basis ofV (meaning that the vectors form a basis ofV , and, on top of that, they
are orthonormal). Then we define the projection

proj V (x) = (x) · u1)u1 + (x) · u2)u2 + · · ·+ (x) · uP )uP

1In a sense, this is a tautology, since the dot-product is onlydefined after a coördinate system is chosen, and by
choosing to work with the standard basis, the vectors are by definition mutually perpendicular and by definition unit.
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and check that
x = proj V (x) + (x − proj V (x))

with the first part parallel toV and the second part perpendicular toV . The parallel property
is easy: a vector is parallel to a subspace if it lies in the subspace. SinceV is spanned by
u1 . . .uP , andprojV (x) is a linear combination of them, the projectedprojV (x) ∈ V . To
check the orthogonality of the second part, we take the dot product of it against one of the
basis vectorsui

ui · (x − proj V (x)) = ui · x − ui · ((x) · u1)u1 + (x) · u2)u2 + · · · + (x) · uP )uP )

By orthonormality of theus, we have that only theui term from inside the right-most paren-
thesis survive the dot product, and becomes

ui · (x − proj V (x)) = ui · x − (ui · x)(ui · ui) = 0

Since this is true for arbitraryui, and theus are a basis forV , we have that(x− proj V (x))
is perpendicular toV .

• So we have: given a subspaceV in R
M , we can always write an arbitrary vectorx ∈ R

M as

x = x
‖ + x

⊥

wherex
‖ = projV (x) is in V , andx

⊥ = x − projV (x) is perpendicular toV .

• The map fromx to projV (x) is a linear transformation, and hence the decomposition into
V -parallel andV -orthogonal parts is a unique decomposition.

• Example: letV be the image of






1 1
1 −1
−1 1
1 1







Find the projection of







1
5
3
2







ontoV .

– First V is spanned by the two column vectors of the matrix. Taking their dot product,
we see that they are orthogonal. Therefore, to get an orthonormal basis ofV , all we
need to do is tonormalizethe vectors.

– For both of the vectors, we can calculate their lengths to be2. So the unit vectors
corresponding to them are

u1 =







1/2
1/2
−1/2
1/2







, u2 =







1/2
−1/2
1/2
1/2






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– To calculate the projection, we use

proj V (x) = (u1 · x)u1 + (u2 · x)u2

= (
1

2
+

5

2
− 3

2
+ 1)







1

2
1

2

−1

2
1

2







+ (
1

2
− 5

2
+

3

2
+ 1)







1

2

−1

2
1

2
1

2







=







3

2

1
−1
3

2







• Now we take the subspaceV to be the entirety ofRM and suppose we have some orthonormal
basisu1 . . .uM . Since the projection ontoV now becomes just the identity transformation,
we have:

x = (x · u1)u1 + · · ·+ (x · uM)uM

and we have that, for calculating the coördinates of a vector x in an orthonormal basis, one
doesn’t need to solve linear systems (i.e., invert the transformation matrixS); one need only
to take dot products.

• Notation: given a subspaceV in R
M , we writeV ⊥ for what we call theorthogonal comple-

mentof V . It is defined as the set of all vectors such that

V ⊥ := {x ∈ R
M : v · x = 0 wheneverv ∈ V }

• It is also equal to the kernel of the transformationprojV .

• Some properties

– V ⊥ is a subspace

– The only vector that is both inV ⊥ andV is the 0 vector.

– dim(V ) + dim(V ⊥) = M

– (V ⊥)⊥ = V

• Some calculus inequalities:

– Let’s look at two vectorsx, y.

|x + y|2 = (x + y) · (x + y) = x · x + x · y + y · x + y · y = |x|2 + |y|2 + 2x · y

– So, if (and only if)x andy are orthogonal, we have thePythagorean theorem

|x|2 + |y|2 = |x + y|2

– Next, we use the Pythagorean theorem on the projection to subspaceV :

|x|2 = |x‖|2 + |x⊥|2 = | proj V (x)|2 + |x⊥|2

So
| proj V (x)| ≤ |x|
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– Next, writey = |y|u whereu is the unit vector in the direction ofy. Then

x · y = |y| × x · u

But
|x · u| = | proj u(x)| ≤ |x|

So we have the Cauchy Schwarz inequality

|x · y| ≤ |x||y|

– Lastly, we want to define the angle between two vectors: we write

cos θ =
x · y
|x||y|

whereθ is the angle between the vectors, defined to be between0 andπ. It is well-
defined since by Cauchy-Schwarz, the numerator is smaller than the denominator.

• A important application of the Pythagorean theorem: letu1 . . .uP be an orthonormal basis
of V , a subspace ofRM , and let

x = c1u1 + · · ·+ cP uP

we have that
|x| =

√

c2
1
+ c2

2
+ · + c2

P

• A nice application of dot-products and finding angles between vectors is in finding whether
there is a correlation between different characteristics of a population. Due to the lack of
time, I will not talk about it in class, please read your bookson pps 196-198 for details.
While this will probably not be on the exam, if you do have any questions, don’t hesistate to
come to office hours.

MAR 7, 2008

• Today’s topic: Gram-Schmidt process andQR factorization.

• The big question: while we learned about how to use orthonormal bases of a subspace on
Wednesday, we don’t know yet how to come up with an orthonormal basis.

• The Gram-Schmidt process is a process to find an orthonormal basis starting with an arbitrary
set of basis vectors.

• The basic idea is that of the orthogonal projection onto subspaces. We start withv1, . . . , vP ,
basis vectors for some subspaceV . We build up an orthonormal basis like this:
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– First we takev1, we find the corresponding unit vectoru1. Thenu1 is an orthonormal
basis for the subspaceV1 spanned byv1.

– Next, we look at the subspace spanned byu1 andv2. Sincev1 is a linear combination
of u1, this is the same subspaceV2 spanned byv1 andv2. We use the orthogonal
projection to decomposev2 into two parts

v2 = v
‖
2
+ v

⊥
2

wherev
‖
2

is in V1 andv
⊥
2

is orthogonal toV1. We defineu2 as the unit vector forv⊥
2

.
We see that since

v2 = (v2 · u1)u1 + |v⊥
2
|u2

thatv2 is a linear combination ofu1 andu2, and soV2 is spanned byu1 andu2. Notice
that also, by construction,u1 andu2 are orthonormal.

– We continue with the subspaceV3 spanned byv1, v2, v3, which is the same as the
subspace spanned byu1, u2, v3. Again, we decomposev3 by orthogonal projection

v3 = v
‖
3
+ v

⊥
3

this time the parallel and orthogonal parts are taken relative to the subspaceV2. And
we defineu3 to be the unit vector in thev⊥

3
direction. Again,u1, u2, u3 spanV3 and

are orthonormal.

– Rinse and repeat.

• Pictorially, the process is simple. You start with a bunch ofvectors. You pick one out, scale
it so it has length 1. Then take all the other ones and project onto the orthogonal subspace to
the first. Then you iterate until you exhaust all the dimensions.

• The Gram-Schmidt process constructs a new basis from an old basis. We want a way to write
down exactly what we did in this change of basis. This is captured inQR factorization.

• To do this, let’s go back to our change of basis formula for an ordinary vector. Given a vector
x ∈ X, aP -dimensional subspace ofR

M , and the basesB = {vi}, C = {wi} of X, as well
as a basisD = {ui} of R

M , remember that if we define the matrices

S =
[
[v1]D . . . [vP ]D

]
, T =

[
[w1]D . . . [wP ]D

]
, U =

[
[w1]B . . . [wP ]B

]

then we have
[x]D = S[x]B , [x]D = T [x]C

and that
[x]B = U [x]C

Comparing them, we have
T = SU
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• Now let D be the standard basis inRM . T just becomes the matrix with column vectors
equal to the basis vectors ofC, andS is the matrix with column vectors equal to the basis
vectors ofB. So we have that

[The matrix of basis vectors ofC] = [The matrix of the basis vectors ofB] × [Something]

where that something is equal to

[Something] = [Matrix for changingC-coörd. toB-coörd.]

• This is calledQR factorization. Given aP -dimensional subspace ofR
M , and lettingv1 . . .vP

andw1 . . .wP be bases of the subspace. If we write

M =
[
v1 . . . vP

]
, Q =

[
w1 . . . wP

]

and soM andQ areM × P matrices, we can find aP × P matrixR that gives

M = QR

• Now, let’s bring our attention back to the Gram-Schmidt process. We were given a basisvi,
which we apply the process to get an orthonormal basisui. Then letM be the matrix of
vi andQ be the matrix ofui, we have that the matrixR in theQR factorization is given
uniquely by

r11 = |v1| , rjj = |v⊥
j | for 2 ≤ j ≤ M

and

rij =

{
ui · vj for i < j

0 for i > j

This, in particular, means that the matrixR is upper-triangular.

• Example: Suppose the matrixM is given by

M =











1 1 7 1 7
−2 3 0 2 0
0 0 0 2 1
2 −2 1 −3 1
0 −2 −2 2 −2
0 0 0 0 2











find its QR factorization withQ the matrix of corresponding unit-vectors from the Gram-
Schmidt process.

– First we takev1 and normalize it, we getr11 = |v1| = 3 sou1 = v1/3.

– Next we calculater12 = u1 · v2 = −3, sov
⊥
2

= v2 + v1 = (2, 1, 0, 0,−2, 0). So we
getr22 = |v⊥

2
| = 3.
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– ... iterate the calculation on the board ...

– Final answer:

Q =











1/3 2/3 2/3 0 0
−2/3 1/3 0 0 0

0 0 0 1 0
2/3 0 −1/3 0 0
0 −2/3 2/3 0 0
0 0 0 0 1











, R =









3 −3 3 −3 3
0 3 6 0 6
0 0 3 3 3
0 0 0 2 1
0 0 0 0 2









• Everything up til now will be on the midterm.

HOMEWORK FOR THIS WEEK

5.1: 5, 12, 14, 16, 28, 29

5.2: 4, 14, 17, 28, 34, 39
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