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Let’s begin by recalling our notation from last week: givebhasisB = {w;, ws, ..., wp}
for a subspacé&l of RM, we have the following interchangeable notions

by
by

v =biw; + bwy + -+ bpwp < [v|p= :

bp

Now, suppose we have another basis {u,,...ug} of U in RM, such that each one of the

ws is a linear combination of thes (notice that) > P sincews are linearly independent
in U). Then we can also decompose the veetar theC basis

cQ
Now we ask, what is the relationship between the numbers.bp andc; ...cg? Let us
decompose th8-basis vectors in terms of those ©f we write
UJj = sljul + ngUg -+ - 'SQ]"U,Q

In our new notation, this is



And we plug this into the expression above tor

v = byw; + bhwy + -+ - + bpw,
= bi(sn1u1 + soup + -+ ) + ba(s1us + Sopty + -+ ) + b3(S13U1 + Spzug + -0 ) + -0
= (81101 + S12b2 + -+ - )uy + (82101 + Soobs + - -+ Jus + (83161 + S3209 + -+ Jug + - - -
= Uy + - CQUQ

And so we have that

Cc1 = Sllbl + 512b2 + Slgbg +---
Cy = 821b1 + Sggbg + Sggbg + -

Co = Slel + Sngs + Sngg +---

This we see means th#te column vector of thé-codrdinates ofv is equal to theB-
codrdinates ofv multiplied by some matris§. In particular, the column vectors & are
precisely the column vectors corresponding to fheoordinates of thés-basis vectors. In
mathematical notation, we write

[v]e = S[vls
where

§=[fwle [wale ... [wel]

A very important special case of the above general rule iswhis the standard basis for
RM . ThenS is anM x P matrix formed by the Cartesian coordinates of the basitoveof
B. Even more special is the case wheh= P: thens is the invertibleP x P matrix whose
column vectors are just the basis vectordokritten in standard coordinates.

Example: given two basd$ = {w;, w,} andC = {u,, u,} of R Suppose that we know

u1:2'w1—w2, ’LLQZ’IU1+3'lU2

[v]s = tfj

— First we need to find th& matrix such that the columns &f is theC-codrdinates of
the vectoraw; andw,. So we need to solve the give linear systemd. We can do
this in 2 different ways.

Given a vectow such that

find [v].

— First, we can directly solve it:

2’11)1 — Wy = Uy 211)1 — Wy = U N —711)2 = ]_’l,Ll — 2’LL2
w1 + 322 = U2 7’11)1 + 0w = 3U1 + U9 7’11)1 = 3U1 + U9
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So

wq = ?’Ull + ?’UQ s wo = —?’Ull + ?UQ
and
3/7 —1/7
§=[lwie [wale] = {1?7 2//7]

— The second method is to start with our given relation betwbenbasis vectors and
write them all inC-codrdinates: notice that, | = H and[us)c = m Then we

have
o] = 2wile — fwle = [wile Twle] | %] =] 2]

and similarly, we have

Putting the two together, we have

wl Y-l ]

Notice that the matrix on the far right, let’s call T, is nothing but the matrix oB-
coordinates of’-basis vectors. From the relation we have

S=7"
which we can calculate as
S_ 3/7 —=1/7
—\yTo2/7

— This conclusion is hardly surprising, since we have that&fjnition
[v]s = T[v]e

it follows thatS = 7.
— To finish the problem, we just need to multiply

B 37 =171 4] [Bx4—-1x5)7] 1

wle = Slvls = [1/7 2/7 } M - [(1 X 4+2x5)/7] T |2
e Now, we can not only just write vectors in codrdinates: wa a¢so write linear transfor-
mations as matrices in a coordinate system. Now, | am ganask you to dig back in
memory to something we did in the second week of class, almutie construct the ma-
trix corresponding to a linear transformation: first we depose the vectoe in standard

basis
T =2T1€1+ Tyl
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and notice that using linearity of the transformation:
T(ZB) = xlT(el) + -+ I‘MT(GM)
we concluded that the matrix of the linear transformation is

With our machinery of arbitrary basis vectors now, we canilgageneralize the above
construction to a basis. LetT : RY — RM be a linear transformation and I& =
{w; ... wy} be a basis foRY. Very naturally, we can define th&-matrix of 7', which we
will, by abuse of notation, writél’| 5 as

[T)s = [[T(w1)]z [T(w2)ls ... [T(wu)]s]

This matrix satisfies
[T'(v)]s = [T]s[v]s

In fact, this machinery can be made even more general? letR” — R be a linear
transformation. Let3 = {w, ..., w,,} be abasis oRM. LetC = {u4, ..., uy} be a basis
of RY, then we can define th8 — C-matrix of T, which we write

[T)p—c = [[T(w)le [T(w2)le .. [T(wn)l]

The matrix satisfies
[T(v)le = [T]p—c[v]s
this definition is just for your amusement... it probablylwibt appear on your exams.

Example: consider the operation “rotate by 45 degrees eowhtckwise and scale up by a
factor of v/2". In standard coordinates, its matrix is

1 -1
A= [T]standard basis — |:1 1 :|

Let B be the basis given by, in standard coordinates
|1 12
wy = -3 ) wy = 1

— First we need to find'(w;) andT'(w,). This we can do in standard coordinates by
applying the matrix4. We get

what is theB-matrix of 7'?

=] e[
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— Now we need to find the matri¥ such that
[U]B = S[U]standard
but we are already given the matfixwhich give

[v] standard — T[v] B

1 2
7= ]
(we read this off by the defining relation of the standardrdotate representation of
the vectoraw, andw,.) Using the previous example, we hav¥e= 7!. So

where

s=2 7]
So
[T'(w1)]s = B} , T(ws) = [_E%E}/?q
— Therefore
me= 3 34|

¢ Now, suppose we have two badgésndC, and the transition matri& which gives
[v]e = S[v]s

Now, given a linear transformatidfi, what can we say about the matridé3z and [T.?
We use the definition

So

So

which means that

e Using this, the previous example becomes much easier: youaleeck that

b 7= L



e Aterminology: when we have two square matritsnd B and an invertible matrixs such
that
A=8BS™

or
AS =8B

we say that the two matrices asenilar.
e Similarity is an equivalence relation:

— ltis reflexive any matrixA is similar to itself (by the identity matrix)

— It is symmetricif A is similar toB, B is similar to A (by setting7 = S, we have
thatA = SBS~! impliesB = TAT )

— Itis transitive if A is similartoB, andB is similar toC, thenA is similar toC.

e One cool thing about similar matrices: supposand B are similar, that isA = SBS™!.
Then a power ofd, i.e. A* = A- A- A--- A can be written as
S———

k times
AF = SBFS™!
MAR 5, 2008

e Time to move-on to something completely different. Todaytalk about

— Orthogonality
— Orthonormal bases
— Some calculus (in)equalities
e The basic idea for orthogonality we have already introdunete second week: that the dot

product, in some sense, measures how aligned/parallel éstors are. Remember we have
already defined the length of a vector

lv| = Vv - v

and that a vector with length 1 is called a unit vector. Andeerber that we say that two
non-zero vectory andw are perpendicular (or orthogonal) if the dot-productw = 0.

e An important fact: dot-products are not preserved undenghaf coordinates (in general).
When in doubt, when taking dot products, first calculate tidinates of the vector relative
to the standard basis, and then take the dot product thereof.



e Remember from last Friday we we started talking about liredirdinates: one of the ad-
vantages for the standard or Cartesian coordinates thantioned is the fact that all of
the basis vectors are mutually perpendictlaife want to find “nice” coordinates like this
(which, incidentally, also allows the taking of dot prodaiat its codrdinates).

¢ Adefinition: the vectors:, . .., up in RM are callecbrthonormalif they are all unit vectors
and they are all mutually perpendicular, i.e.

1 ifi=g
YT Y0 ity

e Example: the standard basis®t’ is orthonormal.

e Fix an angle, the vectors[c.OS 9} , [ sin.0
s —cosf

} are orthonormal.
inf

¢ Notice, by construction: orthonormal vectors are lineangependent. (Suppose they are
not, then there exists a linear relation among them

61U1+"'+CPUP:O

we can take its dot product against On the one hand) dotted against anything is 0. On
the other
(crug + -+ cpup) - u; = ¢

thereforec; = 0 for all i.) And so, if you have a set df/ orthonormal vectors ifRY, they
form a basis.

¢ With the help of orthonormal vectors, we can generalize threcept of a projection. Re-
member what we did to construct a projection onto a lineve take the unit vecton that
spansl, and define
projp(x) = (- u)u

e What are the important properties of the projection (ontme)? The most important prop-
erty is that we can decompose a vectanto two parts

x = proj p(x) + (& — proj L(x))

the first part is parallel td. and the second part perpendicularZtoWe can generalize this
to higher dimensions: L&t be a subspace &/, with dim(V') = P. Letu,,...,up be an
orthonormal basis of (meaning that the vectors form a basisafand, on top of that, they
are orthonormal). Then we define the projection

projv(x) = (x) - up)up + () - uz)us + -+ -+ () - up)up

1In a sense, this is a tautology, since the dot-product is defined after a codrdinate system is chosen, and by
choosing to work with the standard basis, the vectors aresfipilon mutually perpendicular and by definition unit.
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and check that

x =projy(x)+ (x —projv(x))
with the first part parallel td” and the second part perpendiculaftoThe parallel property
is easy: a vector is parallel to a subspace if it lies in thespabe. Sincé is spanned by
u; ... up, andproj (x) is a linear combination of them, the projectet;, () € V. To
check the orthogonality of the second part, we take the dmdymt of it against one of the
basis vectors;

u; - (x—projy(x)) =u;-x —u;- () -u)u + () - ug)us + - + (x) - up)up)

By orthonormality of theus, we have that only the,; term from inside the right-most paren-
thesis survive the dot product, and becomes

u; - (x —projv(z)) =u -z — (u;-x)(u; - u;) =0

Since this is true for arbitrary;, and theus are a basis for’, we have thatx — proj v (x))
is perpendicular td/.

So we have: given a subspakcen RY, we can always write an arbitrary vecterc RM as
=zl 42t
wherez! = proj, (z) isinV, andz! = = — proj, (x) is perpendicular td’.

The map fromz to proj, (x) is a linear transformation, and hence the decompositian int
V-parallel and// -orthogonal parts is a unique decomposition.

Example: let” be the image of

1 1
1 -1
-1 1
1 1
1
Find the projection of ?, ontoV.
2

— First V' is spanned by the two column vectors of the matrix. Takingy tthet product,
we see that they are orthogonal. Therefore, to get an orthwaldoasis ofl/, all we
need to do is tmormalizethe vectors.

— For both of the vectors, we can calculate their lengths t@.b&o the unit vectors
corresponding to them are

1/2 1/2
12 o -1/2
W= l12 T 12
1/2 1/2



— To calculate the projection, we use
projv(x) = (ug - ©)ug + (U - )us
% 1 5 3 :
2 S A
+ ( 5" 5Tg*t )

—Nojw

1 5 3
= (— _ — — 1
G+s—5+D 21 1

D[N0

1 3
2 2

Now we take the subspateto be the entirety oR* and suppose we have some orthonormal
basisu, ... u),. Since the projection ontd now becomes just the identity transformation,
we have:

r=(x -u)u+ -+ (- -uy)uy

and we have that, for calculating the cotrdinates of a vecto an orthonormal basis, one
doesn’t need to solve linear systems (i.e., invert the foamsation matrixS); one need only
to take dot products.

Notation: given a subspadéin R, we write V- for what we call theorthogonal comple-
mentof V. It is defined as the set of all vectors such that

Vi:i={z eRY:v-x=0whenevew € V}

It is also equal to the kernel of the transformatjom;,, .
Some properties

— V't is asubspace
— The only vector that is both iiv+ andV is the 0 vector.
— dim(V) + dim(V+) = M
- (VhHt=Vv
Some calculus inequalities:
— Let’s look at two vectors, y.
z+yP=(+y) (e+ty) =zt yty cty y=z+[y’+2z y
— So, if (and only if)z andy are orthogonal, we have tiithagorean theorem
z* + |yl* = |z + y|*
— Next, we use the Pythagorean theorem on the projection &psuziel:
|2

z)? = |z + |2 = | projv(z)|* + |z

So
|projv(z)| < |z
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— Next, writey = |y|u wherew is the unit vector in the direction @f. Then
z-y=lyl xz u

But
|z - u| = |proju(zx)| < |z

So we have the Cauchy Schwarz inequality
[z - y| < |x[|y]

— Lastly, we want to define the angle between two vectors: weewri

Ty
||yl

cosf =

whered is the angle between the vectors, defined to be betwesamd 7. It is well-
defined since by Cauchy-Schwarz, the numerator is smaberttie denominator.

e A important application of the Pythagorean theorem:det. . up be an orthonormal basis
of V, a subspace &, and let

T =cuy +---+cpup

we have that

|a:|:\/c%+c§+-+c§)

e A nice application of dot-products and finding angles betwesctors is in finding whether
there is a correlation between different characteristica population. Due to the lack of
time, | will not talk about it in class, please read your boakspps 196-198 for details.
While this will probably not be on the exam, if you do have anmgstions, don’t hesistate to
come to office hours.

MAR 7, 2008

e Today’s topic: Gram-Schmidt process aRd factorization.

e The big question: while we learned about how to use orthoablrases of a subspace on
Wednesday, we don’t know yet how to come up with an orthonbbasis.

e The Gram-Schmidt process is a process to find an orthonomasa btarting with an arbitrary
set of basis vectors.

e The basic idea is that of the orthogonal projection onto gabss. We start with, ..., vp,
basis vectors for some subspdaceWe build up an orthonormal basis like this:
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— First we takev,, we find the corresponding unit vectas. Thenw, is an orthonormal
basis for the subspadé spanned by, .

— Next, we look at the subspace spanneddyandwv,. Sincev; is a linear combination
of uy, this is the same subspate spanned bw; andwv,. We use the orthogonal
projection to decompose, into two parts

i
vgzvgjtv?

wherevg is in V; andwvy is orthogonal td/;. We defineu, as the unit vector fop; .
We see that since
Vo = (’02 . ul)ul + "Ué_|'UJ2

thatw, is a linear combination ofi; andu,, and so/; is spanned by:; andwu,. Notice
that also, by constructiony; andwu, are orthonormal.

— We continue with the subspadg spanned by, v,, v, which is the same as the
subspace spanned ly, u., v3. Again, we decompose; by orthogonal projection

i
vgzvgjtvg

this time the parallel and orthogonal parts are taken reddty the subspace,. And
we defineus to be the unit vector in thes direction. Again,u;, u., u; spanVs and
are orthonormal.

— Rinse and repeat.

e Pictorially, the process is simple. You start with a buncledtors. You pick one out, scale
it so it has length 1. Then take all the other ones and project the orthogonal subspace to
the first. Then you iterate until you exhaust all the dimensio

e The Gram-Schmidt process constructs a new basis from arasld.0NVe want a way to write
down exactly what we did in this change of basis. This is cagtin ) R factorization.

e Todo this, let’'s go back to our change of basis formula for@ary vector. Given a vector
x € X, aP-dimensional subspace 8", and the base8 = {v;}, C = {w,} of X, as well
as a basi® = {u;} of RM, remember that if we define the matrices

S = H’Ul]p [vP]D:| , T = le]p [’LUP]D:| , U= [[wl]g [’LUP]B:|

then we have
and that

Comparing them, we have



Now let D be the standard basis R". 7 just becomes the matrix with column vectors
equal to the basis vectors 6f andsS is the matrix with column vectors equal to the basis
vectors of3. So we have that

[The matrix of basis vectors @f = [The matrix of the basis vectors 8f x [Something
where that something is equal to

[Something= [Matrix for changingC-coord. to3-coord]

This is called? R factorization. Given &-dimensional subspace®Bf, and lettingv, ... vp
andw; ... wp be bases of the subspace. If we write

M:[’Ul ’Up:|, Q:[wl ’U)p:|
and soM andQ are M x P matrices, we can find & x P matrix R that gives

M= QR

Now, let’s bring our attention back to the Gram-Schmidt s We were given a basig
which we apply the process to get an orthonormal basisThen letM be the matrix of
v; and Q be the matrix ofu,;, we have that the matri® in the QR factorization is given
uniquely by

7’11:|'Ul‘, Tjj:"Uj_| f0r2§j§M

and
oo uiy fori <j
L 0 fori > j

This, in particular, means that the matfixis upper-triangular.

Example: Suppose the mattix is given by

11 7 17
2 3 0 2 0
0 0 0 2 1
M=19 5 1 31
0 -2 -2 2 -2
0 0 0 0 2

find its QR factorization withQ the matrix of corresponding unit-vectors from the Gram-
Schmidt process.

— First we takev; and normalize it, we get;; = |v;| = 3 sou; = v;/3.

— Next we calculate |, = u; - v, = —3, S0vy = vo + v = (2,1,0,0,—2,0). So we
getT’QQ = "U%‘| = 3.
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— ... iterate the calculation on the board ...

— Final answer:
[ 1/3  2/3  2/3 0 0]
-2/3 1/3 0 00
0 0 0 10
Q= 2/3 0 -1/3 0 0|~ R=
0 -2/3 2/3 0 0
0 0 0 0 1

e Everything up til now will be on the midterm.

HOMEWORK FOR THIS WEEK

5.1: 5,12, 14, 16, 28, 29
5.2: 4,14,17, 28, 34, 39
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