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FEB 11, 2008
e Remind students that Adrian Banner's review sessionssdfaig week: Tuesdays 7:30pm -
9:30pm in Fine 314

e Motivation: recall Linear Combination. First chapter: giva matrixA and a vectob, want
to know the vector such thatdx = b... or, whetheb is a linear combination of the column
vectors ofA. Now we want to think about the case where we are given sonie (aib)
and see how we can find ahthat transformse into b.

e The topic is Linear Transformations

— A transformation 7" from a setX to a setY” is a rule that assigns to everyc X an ele-
menty = T'(z) € Y. We call the sefX thedomain or thesource of the transformation,
and the set” the co-domain or thetarget of the transformation.

— To express thdl’ is a transformation fronX to Y, we write

T: X —-Y

— To expression thaf’ takes an elementto an element, we write
T(x)=y
or, sometimes we drop the parenthesis and write
Tr=vy
We cally the image ofr underT'.

— (Draw picture.)

— If the setX is R™ for some whole numbel/, and the set” isRY for someN, then in
both of the spaces we have the concept of lines and the cooiciat origin (the point
(0,0,...,0)). If atransformation

T:RM RN



is such that the image of any line is still a line, and the imafgéhe origin is still the
origin, then we say that the transformations linear.

— Above is a geometric definition. It says that essentiallyinadr transformation is
one that preserves the concept of lines and the concept afrifi@. The geometric
concept of lines iRY is the same as the algebraic concept of addition of vectdrs. T
geometric concept of an origin is the same as the algebraicegi of multiplication
by a scalar number. So we can equivalently say that a linaastormation is one that
preserves the concept of vector-addition and the concemiudtiplication of a vector
by a scalar number.

— So the equivalent definition for a linear transformatibn R — RY is that given
x1, T2 two vectors inRM, andk a scalar, thal” satisfies
T(Jfl + kl’g) = T(Z’l) + ]CT(.TQ)

And this is the definition that we will use.
— Examples:
* The transformatio” : R — R given byT'(z) = z? is NOT linear. Since

A=T)=TA+1)£T)+T(1)=1+1=2

Notice that for a transformation, not every element in thelomain can be written
as the image of an element in the domain: the negative nuribRrsannot be the
image of thisT". The subset of the elements in the co-domain which are imaiges
elements in the domain is called thenge of the transformation.

x The transformatiod” : R? — R given by
e
T(Lj) =3r+4y+1

is not linear. We can check this in several ways. The geome#finition requires
that the image of the origin be the origin. The origirRA is m and the origin in
R is just0. But

Tqﬂ):30+40+1:1%0

soT is not linear. You can also check that this is not linear byliekfy showing
that

IR IRt

x LetT : R — R? be



thenT is linear. As we can check that

3x + 3ky 3x 3y
T(zx+ky) = |—bx —bky| = |-ba| +k |=by| =T (x) + kT (y)
x + ky x Y

e Remember we talked about a linear combination of vectorsviagk. So now let’'s do
something that looks a little bit stupid: we write

3 3 0 0 0 1 0 0 0
-5 0 -5 0 0 0 1 0 0
11 = o + 0 + 1 + ol = 3 0 + (—5) 0 +1 1 +4 0
4 0 0 0 4 0 0 0 1

¢ In general, we can write

x1
X2
=x1€e| + X9y + -+ Ty
T
where

0
0
e, = 0
L
0

with the “1” in theith row. We call thee,’s the standard vectorsin R .

e What'’s the point of splitting up a perfectly good vector irdits, you ask. The answer is
SO we can better understand the linear transformation ottreSuppose we are given a
vectore = xie; + x2es + - - - + xpey,. We are interested in knowing how it transforms
underT'. Using the definition of linearity, we know that

T(x)=T(r1e1 + 2263+ +xpen) =v1T(e1) +x27(ex) + - +axuT(eyn)
Does this not look awfully familiar?

e Yes, the expression looks just like the first method of miytig a vector to a matrix. Recall
that we can write @V x M matrix as)M separate column vectors, each of si¢estacked
next to each other, so that the matrx= [v; ... wy]. Then we we multiply4 by the
vectorz, we end up with

AT = 1101 + TV + -+ Ty VY
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e So the punch-line, every linear transformation
T:RM - RV

can be written as aiV x M matrix. In particular, given the standard vectersof RM, we
can write the matrixA corresponding t@d" as

T(x)=A-x=[T(e1) ... T(ewm)]

i.e., the matrixA corresponding to a linear transformatiéns formed by stacked the sizg-
column vectors corresponding to the images of the standaotbks next to each other.

o Now, remember that multiplication of a matrix by a vector liscdinear in the sense that
A (x+ky) = Az + kAy

we see that the transformation froRi to RV given by the multiplication of aV x M
matrix is naturally a linear transformation.

e So.... we have another equivalent definition of a linearsf@mation:7" is a linear transfor-
mation fromR™ to R¥ if and only if the transformation can be written as a multiption
by an N x M matrix. We will use this definition and the linearity defioiti above inter-
changeably.

e Examples

— Leta, b, ¢, d be the points iiR? given by(1,1), (1, 1), (-1, —1), (-1, 1). Is the trans-
formationT : R? — R? which satisfies

Ta=0Tc=a,Tb=d, Td=c
a linear map? The answer is no. Notice that —c = (—1)c. But
Ta=b# —a(=c=)(—1)Tc
SoT is not linear.
— Given a vectorw in RY. The transformation frorR" — R given by
Tx)=w-x

where the two multiplies by the dot product is a linear transfation. That is because
of our second method of multiplying matrix against vectass: « can be written as
multiplying the vectore to al x M matrix whoseith column is theth entry ofw.



— The projection
. Xz
r(|u)) = 7]
» Yy

from R? — R? is linear, and its correspondirigx 3 matrix is

100
A_[010}

— Another linear map is

4x + 6y
Its matrix is
1 -1
A=10 2
4 6
— The mapl’ : RM — RM give by
T(x) ==

is called thadentity transformation. Its corresponding matrix is

100 0]
010 0
A=10 0 1 :
000 0 1]

with 1s on the diagonal and Os everywhere else. This matrixesoup often enough
that we'll give it a name: it is called thiglentity matrix on R™ and is writtenl,,.

FEB 13, 2008

e Lots of definitions this week.
e The length of a vectow is given by
lv| = Vv - v

the square root of its dot product against itself. dit vector is a vector with length 1. For
an arbitrary non-zero vecta, its corresponding unit vector is given %{’u.



e The dot product between two non-zero vectors measures havaltpl” they are. In partic-
ular, if the dot product betweei andw is 0, then they are perpendicular.

e Remember that a linear transformation corresponds, gemakdy, to transformations that
sends lines to lines and the origin to the origin. If we lookhet linear transformation from
the planeR? to itself, there are essentially five types, as illustrateidiw?

e A scaling transformation is given by
T(x) =k

for some positive numbék. Its transformation matrix is given by
E 0
4-lo

e Projection: given a lind. (through the origin) in the plane, we ask “how much of a given
vectorw is parallel to the linel.?” Projection unto a lind. is to “squash away” all compo-
nents that are perpendicular £g and keeping the component that is paralleLtd_et u be
an unit vector ofL,, the formula for the projection is

In the illustration k = 2.

T(x)=(x uu

If u = m (since|u| = 1, a* + b* = 1), the corresponding matrix is

a® ab
A= [ab 62]

e (Draw pictures of projections of figures)

e Using the projection, given a unit vectar, we can write any vectoo as the sum of two
parts: the part that is parallel toand the part that is perpendicular. The parallel part is from
the projection:(v - w)u. The perpendicular part we'll just write as— (v - u)u. You can
easily check that

[v—(v-u)ul-u=0
and
v—(v-uwul+ (v-uw)u="2

!l lied a little bit here. Most of the linear transformationfstbe plane to itself can be represented as successive
compositions of the five operations listed below. Theresthrat cannot: stretching a given direction by a faétofhe
corresponding matrix has the numbe¢tsl1,... k,1,...,1) on the diagonal and O everywhere else. Pedagogically
this one is notincluded here because, as we shall see lathigtransformation changes the eigenvalues of the matrix
and is, in some sense, not allowed. Since this transformatoresponds to the Gauss-Jordan elimination operator
of “multiplying a row by a non-zero constant factor”, we séattGauss-Jordan elimination cannot be completely
encoded in the following five transformations. The operatib swapping rows is represented by the rotation or the
reflection, and the operation of adding one row to anothdrasshear transformation.
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Figure 1: Examples of planar linear transformations: (dhéoriginal image; (b) is a scaling by a
factor of 2; (c) is a reflection about a horizontal line; (d)hie projection unto a vertical axis; (e) is
a shear of the original, where the point y) is send to(z + y, y); and (f) is a counter-clockwise
rotation of the original by6°.



¢ Reflection: suppose we have a lihen the plane, and we want to reflect our figure over that
line L. How do we do it?

— First let’s look at the case whehis the horizontal axis. To reflect over the horizontal,
or z-, axis, we send thg coordinate of a figure te-y. So the transformation looks like

With the associated matrix looking like
1 0
= 4]

— For reflection over the liné (which has its unit vecton), we first decompose a vector
v into the parts parallel to and perpendicularidike above. To reflect ovef,, we
keep the part that is parallel the same, and negate the paristberpendicular ta. So
we have the transformation is given by

T(x)=(x - v)u+(—1)zx—(r - uul =2z v)u—=x

— Again, supposing the unit vectar = m , the associated matrix looks like
A 20> — 1 2ab
T 2ab 202 —1

e Shear: a shear is achieved by slicing up the plane into pahalés, and then rearranging the
lines by shifting each successive line a little bit more.

— A vertical shift is given by the matrix

1 0]

A= k1]

— A horizontal shift is given by ) )
1 k

A= 0 1]

— A commonly seen example is tl@alilean transform. A point in space-time is trans-

formed by
=l s E -1

This transformation relates vectors as seen in by two diffeobservers, one moving
at a velocityv relative to the other.



— In general, one recognizes a shear transformation whemahsformation fixes some
direction ('(w) = w), and that an arbitrary vector is shifted by a multiple ofttha
direction (I'(x) — x is in the direction ofw).

— (This bullet will not be on the test. It is not to be taught imsd. Included for the
reader’s benefit.) Given unit vectots w such that they are perpendicular w = 0.
And given a non-zero constahtthe shear transform that fixes thedirection is given

by

T(x)=x+k(x u)w
If w = m andw = {_ba} (up to multiplyingw by (—1), this is the canonical form
of two unit vectors in a plane that are perpendicular.), thenassociated matrix is

L [Ltkab R
| —ka®? 1—kad

¢ Rotation: the matrix for rotation of an anglan the counterclockwise direction is

cosf —sinf
A_[siné’ COS@:|

Notice thatA has the form
A |9 —b
b a
with a? + b? = 1. Any matrix that has this form is a matrix of a rotation.

e By applying various of the above transformations succe$giwe can get more complicated
linear transformations. Notice: the order matters! Fomepke, consider a counterclockwise
rotation by90° and a vertical shear. Starting with the unit vector in thezmntal direction, if
we first rotate then shear, the result is the unit vector invlréical direction (since a vertical

shear does not change a vector in the vertical direction}. ifBue first shear then rotate,
we’ll get a vector sitting in the second quadrant.

e Generalizations to higher dimensions:

— The scaling transformation is just a constant times thetiyetnansformation, both of
which is available in higher dimensions, so extending itighkr dimensions is easy.

— Similarly, the projection expression
T(x)= (- u)u

for some unit vector is also available in higher dimensions, but the correspumndi
matrix becomes more complicated.



— The reflection transformation is slightly tricky. The idesathat once you are given a
vector and a line to reflect the vector over, there are twoscabe vector is parallel to
the line or not. In the first case, since the vector is parédiehe line, its reflection is
itself, so nothing it to be done. If the vector is not on theejithen the vector and the
line together defines at least three non-colinear pointgwtmen define a plane. The
reflection of the vector is defined as the reflectiothat plane over the line. While the
geometrical interpretation is slightly more complicateéa algebraic expression is still
the same:

T(x)=2(x u)u—x
and, as for the projection, the associated matrix is corafaut.

— The shear and rotation transformations are much more coatptl. The general al-
gebraic expression given for the shear (which is not covaredass) above in terms
of two perpendicular unit vectors can be used to generdiigeshear transformation to
higher dimensions. The rotation is more complicated bexzaung also need to specify
which axis to rotate around. (But illustrate with rotatidsoat a fixed coordinate axis,
which is simple.)

FEB 15, 2008

i. Some stuff | forgot to mention last time
Two notations for linear transformations of the plane: wéeavr
proj L
for projection onto the lind.. If u is a unit vector ofL, then
projrx = (x-u)u

We write
ref px

for reflection about the liné. So again, using to denote a unit vector of, we have
refrer=2(x -uu—x
ii. Inverse of a linear transformation
e First, recall the inverse of a function/transformationfma

— (Draw standard picture with sets and maps.)

— Remember that a transformation (or a map) is an associagitwelen two setsy, the
domain, and’, the codomain, with every elementsihassociated to an image.
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— Atransformation is invertible if the association can goadlieer way, i.e., every element
in Y is the image of only one element.in

— There are two ways for a transformationfal to be invertible: 1) not every element
in the codomain is the image of an element in the domain (gteengle) or 2) some
element in the codomain is the image of more than one elemethieidomain (give
example).

— If the transformatioril’ : X — Y is invertible, we writeT~! to denote the inverse
transformation defined froim — X. For everyy = T'(z), we have thal"~!(y) = z.
In other words;T'~!(y) is theoneand only one z € X satisfying 7'(z) = v.

— We have
(T y)=y, T ' T(x)==

— If Tis invertible, 7! is also invertible, with

(T H't=T
— Example:T : R — R,
T(x) =2*
is invertible. Neither of the possible points of failure gm@blems.

— Example:
T(x) =2® — 2?

is not invertible. It fails the second possible point of taé: the point$), 1 both satisfy
T(0) =0and7’(1) = 0. So0 € Y is an example of a point that does not have a unique
pre-image inX.

— Definition: given a transformatioi : X — Y, the pre-image of a point € Y is the

set of all pointsX € X with T'(x) = y. So the criteria fofl’ to be invertible is that
every element iy’ has one and only one pre-image.

— Example:T : R — R
T(x) = 2°

fails both criteria:T'(x) = T'(—x), So every positive number has two pre-images. On
the other hand, every negative image has no pre-image.

— Fact: if the transformation only fails the first criteriag., if there existg such that the
pre-image ofy is empty, but for every elementwith a pre-image, the pre-image is
unique, then we can make the transformation invertible ifshenk the codomain to
remove all the extra points.

— For example, if we consideF(z) = z? as a map from the positive real numbers to
itself, thenT is invertible.

e Now, let’s restrict our attention to linear transformatsofmRemember that the linear transfor-
mation7 : RM — RY can be associated to & x M matrix A. We consider whetheF is
invertible by the dimension ofi.
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— N > M:if N > M, the rref of the coefficient matriXd must have rows in the bottom
that consist of all zeros. (Remember, the number of pivets#ddent variables of is
at mostM. SinceN > M, there must be rows without pivots. And so they have to
be all zero.) So, if we choodecarefully in the beginning, the rref of the augmented
matrix can be made (for good choiceslfto have a row that looks like

00 ... 0| 1]

and therefore is inconsistent. This means that we carbfiadR”Y such that there is no
solution to
Ax =0b
which means that the linear transformatibriails the first criterion for invertible.
— N < M:if N < M, remember that we showed last Friday that

Axr =0b

has either zero or infinite solutions for every singlésince there must be free pa-
rameters). So the linear transform cannot be invertiblen(ist fail at least one of the
criteria).

— N = M: if N =M, remember that the system
Axr =0»b

has a unique solution if and only if the rank dfis equal toM. This in particular
means thathe linear transformation 7" is invertible if the rref of its associated matrix
Aistheidentify matrix I,;.

Question: of the five transformations on Wednesday (scafirgjection, reflection, rotation,
shear), which are invertible?

Now, if 7" is a linear transformation, aril is invertible, theri’~! is also a linear transfor-
mation. (Sincel’ takes lines to lines and the origin to the origin, and doesrsquely, the
pre-image of a line is still a line, and the pre-image of thigiaris still the origin...)

The criteria for a linear transformatidfi : RM — RM to be invertible can be simplified.
Notice that for any linear transformation

A0=0

using linearity, we only need to check to see whether the @oveés the unique vector with
Ax = 0, i.e., for the linear transformation given by a square mathe matrix isnot invert-
ibleif and only if there are infinitely many solutions tox = 0.

SinceT ! is a linear transformation, it has an associated matrix. \Wew as A—', and call
it theinverse matrix of A.
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A square matrixA is said to be invertible if its associated linear transfaiora? is invert-
ible. And its inverse matrix is1—!. (We restricted to square matrices since we have already
seen that non-square matrices cannot have linear transfioms that are invertible.)

What does it mean fdrf' to be invertible? Consider the system of equations
Az =1y

if Aisinvertible, we can write
x=Aly

i.e., we can solve fox uniquely in terms ofy.

How to find the inverse? Example: is the matrix

11
2 3
3 8

NN

invertible, and what is its inverse? (Show the diagonalbraprocess.)

This process can be succintly described as doing Gausaslefimnination on thé/ x 2\
matrix

A is invertible when
rref(M) = []M | B}

for someB, and in this casel ™! = B. If, on ther other hand, the left half ef-c f (A1) fails
to bel,,, thenA is not invertible. (Notice that the left half of rre¥/) is rref(A).)

Example:
1221100 (1 2 2 | 1 0 0]
131]010/=10 1 —-1] =110
113001 0 -1 1 | =1 0 1
(10 4 | 3 -2 0]
=101 -1 ] -1 1 0
00 0 | =2 1 1

So the matrix is not invertible
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e Example:

1 1. 23] 1000 11 2 3 | 1 000
0 -1 00 0100 N 0O -10 0 | 0 100
2 2 5410010 0 01 -2 ] -=2010
0 3 01000 1} 0 3 0 1 [ 0 001
102 3 | 1 1 0 0] (1 00 0] 5 —-20 -2 -7
:>0100|0—100:>0100|0—100
001 -21] -2 0 10 00101 -2 6 1 2
000 1 | 0 3 0 1} 000 1] 0 3 0 1
and the matrix is invertible with the inverse given.
e Example: for which is the following invertible?
1 20 12 0 1 2 0 1 0 —4
2 k1|=10 k—4 1|=1]0 1 2/=|01 2
01 2 o 1 2 0 k—4 1 0 0 9—-2k

We don’t need to compute the fulll x 2M matrix since we are only asking about invert-
ibility, and not about finding the actual inverse. So all weahéo look for is whether the rref
is equal to the identity matrix. In this case, as lon@as2k # 0, we can divide the last row
by 9 — 2k and finish the Gauss-Jordan elimination to get the identagrima So if9 — 2k is
not 0, the matrix is invertible. On the other hand9 i 2k is 0, the above matrix is in rref,
and so the matrix is not invertible.

e Formula for2 x 2 matrices. Start witr{z Z}

— If a,c are both 0, then the matrix is not invertible: since G-J cavengive you a
leadingl in the first column. So we can assume that at least oaeaafic is non-zero.
Since G-J allows swapping of rows, we can assumingdh&non-zero.

— Then divide the first row by.. And continue with G-J

121 1 :
(l.CL :> .(l
c d : 01 Od—bf:—fl

a

ISHESH
|
o
| I |

So as long as the quantity— bf # 0, we can continue the G-J elimination. Since
a # 0, we multiply the relation and write it asd — bc # 0. Notice that in the case
wherea = ¢ = 0, this quantityad — bc is also 0. This means that as longa@s- bc # 0,
we can continue all the way past this step.

— Then we finish the G-J

b : d b
= 1 a i 0 = Lo ad—bc " ad—bc
0 1§ —_& o '

o T ¢
ad—bc  ad—bc 0 1 : ad—bc ad—bc
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— The quantityad — bc is called thedeterminant of the matrix. Suppose the matrix
A= {z Z} , we writedet(A) = ad — be.

— Conclusion: given & x 2 matrix A = [CCL 2} :

« A is invertible if and only if its determinantet(A) = ad — bc # 0.
x and whenA is invertible its inverse is

A7 = detl(A) {—dc ﬂ

HOMEWORK FOR THIS WEEK

2.1: 4,6, 10, 19, 20, 35
2.2: 4,10,12, 36
2.3: 10, 20, 26, 30, 35
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