Princeton University MAT 202 Spring 2008

Willie W. Wong

February 4 - 8

FORMAL MATTER/PAPERWORK

This is MAT 202, Linear Algebra with Applications
Instructor: Willie W. Wong

— E-mail: wwong@princeton.edu
— Office: Fine 408
— Office hours: Thursday 10a-11a; 2p-3:30p; or by appointment

Grader: Neil Katunar(katuna@jprinceton.edu )
Course website(s)

— The main course website is fattp://blackboard.princeton.edu

— Some additional material (read: lecture notes) will be postthttp://www.math.
princeton.edu/"wwong/teach.html

Hand-outs: 1) Course information 2) Homework assignmen®ead the hand-outs

— Review sessions: Tuesdays 7:30pm - 9:30pm in Fine 314 witieAdBanner, with
additional ones before Midterms and Finals TBA

— Grades for quizzes and homeworks will be curved at the enddak account which
section you are in: because quizzes and homeworks will bidedraeparately by sec-
tion, where midterm and final will be graded together.

— Quizzes: IMPORTANT! The questions for the quizzes are thaeséor all section.
There will be 2 quizzes (tell them this is noted on the homéwand-out): First on
Wednesday, Feb 27, covering chapters 1 and 2. The second @megday, April 16,
covering chapters 5 and 6, as well as sections 7.1 and 7.2.qdizees will be 50
minutes long and in class. There will be NO make-up excepgftnemely compelling
reason (e.g. a doctors note proving that you broke your lafy tiorning). If you
already know you will be away on those dates, let me know AS2tRerwise you'll
just get a zero on your quiz.



— Homeworks: cross out that line about “plastic mailbox algsinstructor’s office”. |
don’t have one. Homeworks are due on Mondays, | will colléem at the end of
class. If, for some reason, you have to miss class, please suak that you leave your
homework in my mailbox (the one labeled “Wong”) outside Ro8h4 (this one) by
2pm the latest. Late homeworks will not be accepted. The dwest grades (out of the
eleven total) (lowest in terms of percentage score; eachelark set will be weighed
the same) will be dropped when calculating your final gradehst should take care
of any accidents and special situations. As long as my gieetgs up, | will return the
homeworks on Friday of the same week.

e Homework solutions will be posted on Blackboard on Tuesdaynings.
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e What isLinear Algebr&

— Algebra: the study of variables and their relations. Moregsely, given one (or more)
relation between (one or more) undefined variables, we veakindwwhat values can
the variables take on that simultaneously satisfies all éi@&tions

x Example: a set of 1 equation of 1 variable
2’ +2z+1=0

The valuer = —1 will satisfy this relation.
x Example: a set of 2 equations of 1 variable

22 —2r—-3=0

2 —1=0
The first one is satisfied by the two values= 3 andx = —1. The second one
is satisfied byr = 1 andxz = —1. So the only value that will satisfigoth of the

equations iss = —1.
x Example: the relation doesn’t have to be equations. Theyean

r+3y—2z2>0
20 —y < —4

— Linear: we say that an algebraic equation is linear if itsi8ohs contain lines. Remem-
ber for elementary geometry that two points determine a lBeean algebraic equation
(between two or more variables) is linear if, given two diffiet, known solutions, all
values on the line determined by the two solutions are swisti



x Example:
y =2’
is not linear. The points = 0,y = 0 andx = 1,y = 1 are solutions. (Plot on
board.) But the point = 0.5 andy = 0.5, whose codrdinates are half-way be-
tween the two given solutions (and hence is on the line beteetwo solutions),

is not a solution.
+x Example:
3y+2x =0
is linear.

« If you graph the solution of a linear algebraic equation, gbould get something
straight and flat. A linear equation of two variables has agitph a line in the
plane. A linear equation of three variables has the graphpéae in space. A
linear equation of four variables has the graph of a hypemla 4-dimensional
space.

— So linear algebra is the study of systems of (one or moreatiequations on variables.

e Let's look at a system of linear equations:

3T +2y —z =95
2x —y +3z =3

(Solve by elimination).

e Let’s look at this solving by elimination method: what’s tidea? We want to “trans-
form”/“extract” from the given set of equations a set of efjpas that says

T =7

e Geometric interpretation: the number of variables you hapeesent the number of dimen-
sions. If | just say that | have the three variablesy, z), without specifying any relations,
they can be any pointin space. By specifying a single lingaagon, | am saying, oh, by the
way, | want(z, y, z) that sits on “such and such” plane. Therefore, for the sysitlimear
equations above, we are sayin@:, v, z) not only needs to sit on such-and-such plane, it
also needs to sit on this-and-that plane, and which-and-plaae. In other wordgz, v, 2)
needs to sit on the intersection of the three planes.

e Geometric interpretation: eliminating thevariable by adding the first and third equation
means finding a plane that passes through the intersectierbétween the planes defined
by the first and third equation and does not depend on tfaiable.
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Equations can have a unique solution, no solutions, or tefinmany (why can'’t it have just
2?). What does this mean graphically?

More examples.
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Keep in mind the following system:

2r+y+2=95
4z — 6y(+02) = =2
—2x+Ty+22=9

To solve a system of linear equations, we are allowed to use thperations:

— Permutation: changing the order of the lines
— Multiplication: multiplying a relation by a nonzero number
— Summing-and-Replacement: replacing an equation by theo$inwo equations.

These operations areversibleand do not change the solution set of the system of equations.

If two systems of linear equations can be made identicaliiinauses of the three operations,
we say they are “equivalent”.

The goal to solving a system of linear equations is to reptacemplicated system with a
simpler, but equivalent one. The simplest system is of @tirs diagonal system specifying
x,y, z SO the answer can be read off directly.

Notice that in all three of the operations, the symholg, = are just placeholders that are not
changed in the operation. To make life simpler, we write tipgagion as a rectangle without
the symbols to save time.

2 1 1 : 5
4 -6 0 : =2
-2 7 2 : 9

The rectangular array has 3 rows, one for each of the equatiime portion of the array in
front of the dots (the first three columns in this case), gponds to the coefficients y and

z in the original equation. Each symbol to its column. The ¢heelumns together is called
the “coefficient matrix”. The last column corresponds to‘ttight hand side” of the original
system. The entire array is called the “augmented matrithefsystem.



The three elementary operations still work the same wayoigef

2x +y +z =5 (4)
{ dr +(—6)y +(02) =-2 (B)
(—2)x +7y 42z =9 (O)

eliminatex from the second and third equations

2z +y +z =5 (A)
= (=8)y +(=2)z =-12 (B) =(B)+(-2)(4)
8y +3z =14 (C") = (C)+ (A)

eliminatey from the first and last equations

{ 2 +32 =1 (A)=(A)+L(B)
= (=8)y +(=2)z =—12 (B')
z =2 (C")=(C)+(B)

in the end, eliminate from the first and second equations

2x =2 (4" =(4)+F(C)
= (=8)y  =-8 (B")=(B)+2(C")
z =2 cm
So the solution i1, 1, 2).
1
In matrix notation: we first make the first columi | using the elementary operations
0
2 1 1: 5 I
4 -6 0 : =2 = |0 -8 -2 : —12
-2 7 2 : 9 0 8 3 : 14
0 0
Then we make the second columi | and third column| 0
0 1
1027 100 :1
=101 1 :i3]=1]010:1
00 1 2 001 : 2

From this we can directly read off the solution.



e The “coefficient matrix” in the above is put into the so-cdlleeduced row echelon form”
(rref).

e The transformation of the augmented matrix of the systemm amte where the coefficient
matrix is in rref is by the process known @auss-Jordan elimination

e The allowed operations for G-J elimination is precisely titvee elementary operations (for
more details, see pages 13-18 of your book):
— Permutation of rows
— Multiplication of a row by a non-zero number
— Replacement of a row by the sum of that row and a non-zero pheilbif another row.

And the goal is to get the coefficients in rref: A matrix is iefrif

— All nonzero rows are above any rows of all zeros
— The first (as in, to the farthest left) nonzero entry of a rov is

— The first nonzero entry of a row is always to thght of the first nonzero entry of the
row above

— All other entries in the column occupied by a “first nonzertrghare zeros

Are the following matrices in rref?

10203101023 1(105¢03 (1] (1] 8 (1)
01102 (1 0231](0200°1 00 1 1
0001O0](00O0O0GO0(0O0O0T1TO®0 000 1

e Givenamatrix4. The notation rrefdl) means a matrix in reduced row echelon form given by
Gauss Jordan elimination. One might think that the swappimgws by the first elementary
operation might give several different rref matrices focleanatrix A: in fact, the rref matrix
rref(A) is unique.

e Therankof a coefficient matrix4 is the number of leading ones/pivots in reéj( If the rank
of a coefficient matrix is the same as the number of colummes\ the system of equation has
exactly 1 solution. If the rank of a coefficient matrix is steathan the number of columns,
then the system of equation either has no solutions or iefinihany. Can the rank of a
coefficient matrix be bigger than the number of columns?

e Example: find the solutions to the system

2$1+3$3—51’4+41’6 =0

T+ 2x4 — 335 — 2204 = —2
X9 + X3 — Ty — Ty =3
$2—2$3+8$4—31’5+61’6 =95
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First, we write the augmented matrix of the system

2
1
0
0

0
0
1
1

3

0

1
—2

-5 0 4
2 -3 -2
-1 -1 0
8 -3 6

5

And now we try to perform Gauss-Jordan elimination to male ¢befficient matrix into
rref. First switch the first and second rows (since the secomdalready has a “leading
one”) and eliminate the first column from what is now the secmw.

10 0 2 -3 -2 i -2 10 0 2 -3 -2 i -2
00 3 -9 6 8 i 4 01 1 -1 -1 0

= =
01 1 -1 -1 0 } 3 00 3 -9 6 8 i 4
01 -2 8 -3 6 i 5] |00 -39 -2 6 i 2

Next we had to swap the second and third row, since the thiwdhas a leading one in the
second column and the second row has a 0 there. After doibgibaliminated the second
column from the fourth row. Next we multiply the third row Hy3 and use it to eliminate
the third column from the various rows.

100 2 -3 —2 i =2 100 2 0 ¥ 3
3 5 47 37
010 2 =3 -5 3| _ 010 20 F u
8 4 13
001 -3 2 3§ : 001 =30 —%: -3
000 0 4 14 6] 000 0 1 2 2]

Finally we divide the remaining row by 4 and use it to elimmé#te fifth column of all the
rows. The rref corresponds to the following system of linequations:

IL’1—|—2{L'4—|—%{L'6 = %

x2+2x4+%x6 = %

$3—3$4—?$6 ——g
.T5—|—%.T6 = %

Once the augmented matrix has been reduced to rref, we s¢bdlmare some columns with
leading ones and some columns without. In the previous ebartig first, second, third,
and fifth columns have leading ones, while the second antl dixinot. The columns with
leading ones corresponds to “dependent variables” whdectiiumns without leading ones
corresponds to “independent variables” or “free paransétdfor any value we choose the



“independent variables” to take, we can directly read dfs@ution from the rref. Looking
back to our example, the system can be rearranged to look like

ry = 3—21'4—%.1'6
Ty = 3_67 — 21’4 — %IL’@
T3 :—g+31’4+%$6
Iy = % — %JIG

¢ In this example, we have two “independent variables” oréfparameters”, so we say that
our system of equations has a 2-parameter family of solstibmparticular, we can choose
the parameters
Ty =8, Tg=1

then the solutions can be written in vector form (a vectorasma column matrix)

o R
I - T et I b
jod I O el B
g IR R 1 R R R -
Ty 0 1 0

Ty % 0 —%
_IL’@_ L 0 i L 0 i L 1 ]
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i. Number of solutions to a linear system

e As mentioned last time, the rank of a matrix (recall, the rahthe coefficient matrix is the
number of “leading one”s in the matrix) tells us somethingw@tthe number of solutions.

e Consistent vs. Inconsistent systems: a linear systemamsistent if it contains a statement
that cannot be logically true. Writing a linear system asagnaented matrix, and taking the
rref of the matrix, an inconsistency occurs when and onlymee of the rows looks like

oo .. 01

In other words, a linear system is inconsistent if, usingttiree elementary operations, we
arrive at an equivalent system containing the staterment.

e Ainconsistent system has no solutions.

e A consistent system (one that is not inconsistent) hasregkectly one solution (if all the
variables are leading, i.e. if every column of the rref caadint matrix has a leading one, or
if all the variables are “dependent” variables) or it hasnitéily many solutions (if there is
at least one free parameter/independent variable).
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e Suppose we have a system/éfequations inV/ variables. The coefficient matrix, which we
call A, hasN rows andM columns. Now we look at rref{). By construction, there is at
most one leading one per row, and there is at most one leadmger column. So the rank
of A (which we write rank@)) cannot be more than the smaller/gfand M.

= rank(A) < N, rank(A) <M

e Furthermore, if rank{l) = N, there must be exactly one leading one in every row. Theggfor
there cannot be a row (in the augmented matrix) that looks|tik ¢ ... o : 1|. Sothe
system is consistent.

e If rank(A) = M, there must be exactly one leading one in every column ofAdefWhich
means that there afe dependent variables. In this case, if the system is comsjste will
have exactly one solution. If the system is inconsistentywilhave no solutions. So all in
all, we can say that when rank] = M, there is at most one solution to the system.

e It is nice to note that the value of rank) is the number of dependent variables. And since
every variable is either dependent or independent, we have

the number of dependent variables+ the number of independent variables)/

and so
the number of free parameters M — rank(A)

A consequence of this is that

e If rank(A) < M, then either the system is inconsistent, or the system Hemstély many
solutions.

e A consequence is the following: suppaSe< M. Since rankf)< N < M, we have thaa
system with fewer equations than variables has either natisols or infinitely many

ii. Matrix algebra

e Addition: you can only add two matrices of the same size. Tduteon is term by term.

ayr ... Qim bll e blm ai + bll oo Qm + blm
+ L=

Ap1 - .- Apm bnl bnm CLn1+bn1 anm+bnm

e Scalar multiplication: you can multiply a matrix by a numb&obu multiply “in” to every

term
aip ... Aim k:all Ce k:alm

kx| : =

anl - CGpm kani ... kapm



o Notation:a;; is the entry in the’th row andj’th column of the matrix4. Ann x m matrix
hasn rows andm columns.

e Matrix-vector products: you can multiply as x M matrix on the rightby a column vector
of M rows. To do so, we write th& x M matrix, call it A, asM column vectors ofV rows
stacked next to each other:

a1 Q1pm
A= :[vl Vg ... ’UM}
an1 an M
where _

Q14
a2;

v; =
an;

Then the multiplication oA by a column vectoiX is given by

xq

T2
AX:[’Ul Uy ... UM:| . =21V + 2V + -+ TV

XM

Treating the vectors; as/ N x 1 matrices, the multiplication by; is scalar multiplication
above, and the addition is the matrix addition above. So thdyct of anV x M matrix by
a M-vector is anV-vector.

e Some more notations:
— R is the set of all ordered/-tuples of real numbers. You can think of the space as the
set of all column vectors withV rows.
— € is the notation for “belong in” or “is an element of”. So we csay
1
19/2

™

2.589

e R?

— The dot product of two elements B (or the dot product between ard-element row
vectorw with an M-element column vectar) is

WV =WV + Wols + - - WU

— A scalar is a pure number: i.e. a number that is not a matrixwacsor.
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e Back to matrix-vector products: we could also have decompdise matrixA as a bunch of
M-column row vectors stacked on top of each other

a a w1
11 v 1M wo
A= : =1 .
a ceooa i
N1 NM wy
where
w; = [ail Qg2 ... aiM}
Then we write the multiplication as
w i
1 1 wy - X
wy T2
AX = | . | = :
' . wnN - X
WN Tm

with the dot product defined as before. This gives us a easytovegmpute the product of
a matrix against a vector by “turning the column vector hamital” and then “overlaying it
against each row of the matrix”. (Demonstrate.)

e Matrix-vector multiplication is linear: letd be anN x M matrix and X, Y two column
vectors of sizeV/ andk a scalar. Then

AX+Y)=AX+ AY

and
k(AX) = A(kX)
e Linear combination: a vectat is said to be a linear combination of vectdrs,, ..., v}
we can find scalars,, . . ., x; such that
U = 110V + - +.T]\/[’U]\/[
In particular, writing anN' x M matrix A as the vector®,, ..., v,, stacked side by side

(see first definition of matrix-vector product), the proddct against a vectok € RM is a
linear combination of the vectous, . .., vy,.

iii. Linear systems in terms of matrices

e The following systems are equivalent:

2 3 7
1 —4 3

2c +3y =7 2z + 3y
{ r —4dy =3 — [x—lly]

I
1

)
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I IR R R

e The first arrow is the equivalence between a linear systemtaraigmented matrix. The
second arrow is casting a linear system\ofequations as the equivalence of twoeentry
vectors (vectors are equal if and only if all the entries apead). The third arrow decomposes
the vector using the second definition of matrix-vector piid. The fourth arrow uses the
equivalence of a matrix-vector product and a linear-coratiam statement.

e So we see that asking whether a linear system has a solutibe g&ame as asking whether
the vector formed by the entries on the RHS is a linear contimnaf the column vectors
formed by the coefficients.

1 1 0
e Example: Can|5| be a linear combination of0| and [0|? To see that, we write down
0 0 1

the equivalent augmented matrix of the system and put ieifa rr

1 10 1
00 :5=|01:0
01 0 00 :1

The last row shows that the system has no solution, and se’'they solution to the original
guestion.

e A linear system of/V equations in)/ variables can be written a$x = b, whereA is an
N x M matrix, x a vector of M entries ant a vector of NV entries.

— If bisidentically O, we say the systemhemogeneous

— The solution to a homogeneous system are the vegttitat are perpendicular to all the
ROW vectors ofA (seen by the dot-product decomposition of matrix-vectodpict).

— In the future, we want to be able to make sense of “dividing lgadrix”, i.e. solve
Ax = b by setting
x=b/A

HOMEWORK FOR THIS WEEK

1.1: 10, 14, 20, 26, 28
1.2: 6,11, 18, 24, 30, 34, 42
1.3: 4,7, 14, 23, 28, 36, 47, 55
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