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Abstract:

In [5], we studied convergence and the structure of the error for several projection methods when
the spatial variable was kept continuous !. In this paper, we address similar problems for the fully
discrete case when the spatial variable is discretized using the staggered grid. We prove that the
numerical solution has full accuracy upto the boundary, despite the fact that there are numerical

boundary layers present in the semi-discrete solutions.

81. Introduction

In this paper, we continue our study of convergence and error structure for the projec-
tion method. In previous work [5], we studied semi-discrete situations when the temporal
variable is discretized, but the spatial variable is kept continuous. We proved that as far
as velocity is concerned, the method of Chorin and Temam [?, ?] is uniformly first order
accurate upto the boundary, and the second order method of [?, ?] is uniformly second order
accurate upto the boundary. However, due to the presence of numerical boundary layers,
pressure has only half order of accuracy near the boundary. We characterized explicitly the

structure of the numerical boundary layer, and proved that the full accuracy for pressure

"We will refer to this situation as semi-discrete



can be recovered if we subtract the numerical boundary layer modes from the solution. We
also showed using normal mode analysis that the boundary layer modes turn into oscillatory
modes for the pressure-increment formulation of [?, 2]. For a summary of these results, we
refer to [?].

The presence of singular modes in the semi-discrete solutions raise serious doubts on the
convergence of the fully discrete method. Indeed it is known for some time that accuracy
and even convergence can be lost if care is not exercised at the projection step. This is
documented carefully in [?]. It is also known for a long time that full accuracy is kept if
the spatial discretization is done on a staggered grid. This paper is devoted to a proof of
this empirical fact.

We work still leaves open the very important issue of characterizing the minimum con-
dition that the spatial discretization has to satisfy in order to guarantee accuracy. The
working assumption seems to be that as long as the projection step is truly a projection,
i.e. the numerical projection operator P, satisfies: (1) P, is self-adjoint; (2) P? = P, (we
will refer to this as the projection condition), accuracy in velocity will be kept. It remains
to be seen whether this is true in general. On the other hand, there are many situations
in which enforcing the projection condition is difficult. Therefore we are motivated to seek
numerical methods which does not require the projection condition. The gauge method [?]
has so far proved to be a very attractive alternative in this regard.

This paper is organized as follows. In the next section, we review the projection method,
with emphasis on spatial discretization on the staggered grid (also known as the MAC grid
[?]). In Section 3, we summarize our main results. Then in Sections 4 and 5 we present the

proof for the first and second order methods respectively.

§2. Review of the Projection Methods

In primitive variables, Navier-Stokes equation (NSE) takes the following form

ou+ (u-V)u+ Vp = Au,,
(2.1) t ( ) p

V-u=0.



Here u = (u,v) is the velocity, and p is the pressure. For simplicity, we will only consider

the case when the no-slip boundary condition is supplemented to (2.1):
(2.2) u=0 on 0N

where Q is an open domain in R? with smooth or piecewise smooth boundary.

§2.1. Time discretization
The first order projection method of [?, ?] proceeds in two steps.

Step 1: Computing the intermediate velocity field w*.

u* —u"

n' n:A*
A + (u"-V)u u”,

(2.6)
u* =0, on 0.

Step 2: Projecting to the space of divergence-free vector fields to obtain u™*!.

u* = u"t 4 AtvVprtl
(2.7)

V-urtl =0.
The projection step enforces the boundary condition:

o n+1
(2.10) u"ltn=0, or % =0, on 00
n

Second order schemes:
We will concentrate on the formulation in [?, ?], and refer to [?] for a summary of other

second order methods.

u* —u” n41/2. n+1/2:Au*—|—un
BN + (u V)u —
u* +u” = AtVpr Y2, on 0f2,
(2.12) ut = w4 AtVpr 2
Vurtl =0,
n+1/2
apT =0, on 0.
n

In this formulation, homogeneous Neumann BC for pressure is retained. An inhomogeneous

BC for u* is introduced so that the slip velocity of u™t! at the boundary is of order At



Remark The nonlinear convection term (u™+t/2V)u"*1/2 can be treat in many ways.
In the Theorems 1 and 2, we use the Adams-Bashforth formula: 2(u"V)u"—1(u"~V)u""1.

It is readily seen that the projection step enforces

op"tt opr  9p°

(2:13) o " on T T on

0, on 0f)

for the numerical solution. In general this is not satisfied by the exact solution of (2.1).
Therefore we expect that g’% has O(1) error at the boundary. As will be seen below, this
causes u* and p" to have numerical boundary layers.

§2.2. Spatial discretization

We will consider the case when the MAC scheme is used to discretize in .
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Figure 1: The MAC mesh

An illustration of the MAC mesh near the boundary is given in Figure 1. Here pressure
is evaluated at the square points (i, j), the u velocity at the triangle points (i +1/2, ), and
the v velocity at the circle points (4,7 + 1/2). The discrete divergence is computed at the

square points:

Uit1/2,5 — Ui—1/2,5 Vi j4+1/2 — Vij—1/2
(V"U/)Z’J = Az + Ay :

Other differential operators are discretized as:

A W3y — 22 T Uic1y2  Wik1/2,+1 — 2Uik1/2,5  Uit1/25-1
(Au)iti1/25 = o) + D) )
Az Ay




Vig141/2 — 2Wigv1/2 + Wit j1/2 | Vij+3/2 — 2Vi541/2 F Vijo1/2

(Av)i7j+1/2 = A.Z‘2 + AyQ ’
Dit1j — Dij
(px)i—i-l/Z,j = #,
_ Dij+1 —DPij
(py)z',j+1/2 = 7Ay )

B 1
U j41/2 = Z(ui+1/2,j +Ui—12,5 + Wir1/2,541 T Uim1/2,j41) 5

Vit1/2,5 = Z(Uz'+1,j+1/2 + Vig1j—1/2 T Vijr1/2 T Vij—1/2) -

Qi13/2,5 — Gi—1/2,5 Ai11/2,5+1 — Ai4+1/2,5-1

Nh(uv a)z'+1/2,j = Ujt1/2,5 N + 1_’2‘+1/2,j 2y
_ b'+1,'+1 2~ b'—l, i+1/2 b', i+3/2 — b','—1 2
Nh(u,b)iJH/Q = Uj j1+1/2 o /QAzZ i1/ T V5 j41/2 = /2Ay” :

Clearly the truncation errors of these approximations are of second order.

The boundary condition w = 0 is imposed at the vertical physical boundary, whereas
v = 0is imposed at the “ghost” circle points which are % to the left or right of the physical
boundary. Similarly the boundary condition v = 0 is imposed at the horizontal physical
boundary, but « = 0 is imposed at the “ghost” triangle points with a distance of % away
from the physical boundary.

One shortcoming of the MAC scheme is the serious constraint on geometry. Although
slightly more general situations can be studied, in the present paper we will on the situation
when Q = [—1,1] x [0, 27] with periodic boundary condition in the y direction and no-slip
boundary condition in the z-direction: u(zx,0,t) = u(zx,2m,t),u(—1,y,t) = 0,u(1,y,t) = 0.
We will use &' Q to denote the part of the boundary at z = +1. We will always assume that
Az ~ Ay and h = min(Az, Ay).

Notations: We will use C' to denote generic constants which may depend on the norms

of the exact solutions. Norms will be taken over the entire domain 2.

§3. Summary of Results and Outline of Proofs

The main results of this paper are the following (the constants are independent of At

and h):



Theorem 1. Let (u,p) be a solution of the Navier-Stokes equation (2.1) with smooth initial

data u®(x) satisfying the compatibility condition
(3.13) w(z) =0, 9yp(x,0)=0%p(x,0)=0, ondqQ,

Let (up, pp) be the numerical solution of the projection method (2.6), (2.7) and (2.10) coupled

with the MAC spatial discretization. Assume that At << h. Then we have

(3.14) [w — wp|zoe + A2 p — pplle < C(At+h?),
(3.15) Ip = P — pelle < C(At+R?),
where
= Atl/2 e —alz—1|/AtY2 A _ ApL/2?
pC(:Bat) — t /Bea _ 1 € D+ph($ t 7y7t)
(3.16) o0 g2
+At1/2 /Bm €_a|x+l|/ t Diph(m + Atl/Q, y, t),
Atl/Q A.Z‘Q Azx A 1/2
= h (1 - — T (] — @ z/ At —1‘
a R arecos 1+ 2At)’ B At1/2( )

Theorem 2. Let (u,p) be a smooth solution of the Navier-Stokes equation (2.1) with smooth

initial data u®(x) satisfying the compatibility condition
(3.17) 93105°u’(x) =0, on 9N, for oy + ax <6,

Let (up,pn) be the numerical solution of the projection method (2.12) coupled with the MAC

spatial discretization. Assume that At? << h. Then we have

(318) = unllim + A2 pullim + At — pullzeorz) < OO+ 1),
(3.19) Ip = ph — Pellpe < C(At+ h?),
where
12 5 €% _ala—1| At/ 1/2
pe =0t 5a—1€ o Dipp(z — AtV=,y,t)
oo _
(3.20) o e 2
+AY? ﬁm e~ oletll/ At Dﬁph(l“‘f‘ﬁtl/ Y1),



Atl/Q Az? Az —alg /A2
e arccosh (1 4+ ——), 6:W(1_ Az/OEIT 1

o =
At
Remark. The constraints on the size of At is only technical and is different from the
standard stability condition.

The proof of these results follow the general strategy outlined in Section 3 of [5]. Step

3 is made simpler since we can now use the inverse inequality.
84. First Order Schemes with Spatial Discretization

We will concentrate on the following version of the first order projection method with

the standard MAC spatial discretization:

* _ a0m

u At’u +Nh(un,un) _ Ahu*,
u* =0, on d'Q,
(4.1) u* =u"t + AtV,p",
Vi-u™tl =0,

/
nu"tl =0, on Jd .

For a = (a,b),c = (¢,d),u = (u,v), we define the following discrete inner products on

the grid:
(4.2)
N-1 N N N
(( AxAy Zaz+1/2,jcz+1/2] +A$Ay22b2]+1/2d2]+1/2
=1 j=1 1=1j=1
N-1 N N N
(w, Vap) = Dy >0 uinryoj(pivry — pig) + 8z v 5412(Pije1 — Pig)
i=1 j=1 i=1j=1
N-1 N N N
(Vau,p) =Dy D> (Uirjoj — Uim12)Pig + D2 Y D> (054172 — Vij—1/2)Pij
=1 j=1 1=1j5=1
and discrete norms
(4.3) ull = (w,u)?,  Jlufo = max |wi ;]

Denote h = min(Azx, Ay).

Lemma 4.1 We have the following



(iii)

Inverse inequality:

1
(44) £l < 21
Poincare inequality: suppose f |z—+1 =0, then
(4.5) 1A < VRIS
Suppose n-u |—4+1 = 0 ,then we have
(4.6) (w, Vip)) = (Vi-u,p)
Suppose U |z=+1 =0 ,then we have

(4.7) 2((uw, Apu)) < ~[[Viu|® = [|Vy-ul?

Suppose @ |z—+1 =0 and c¢-n |g=11 =0, then we have

(4.8) (@, Nu(u, )| < llellViallllw/lp.e

Proof :  The proof of (i-iii) is standard. We first show (iv). Summation by parts gives

(4.9)

(w, Apw)) = =[[Vul® + D [vo j41/2(v1 51172 — Voj+1/2) = UNj+1/2(UON11,j41/2 — UNj+1/2)]

J

Since v |z=+1= 0, we have

(4.10) Vlj+1/2 = —V0,4+1/25 UNj+1/2 = —UN41,j41/2
Hence
(4.11) (w, Apu)) = —[|Vaul? + QZ(U(]Q,j-‘rl/Z — VN j1y2)
J
But
IVhul? > |[Vhul® + Z[(Ul,j+1/2 —v0541/2)° + (UN41541/2 — ONj41/2)°)]
(4.12) ’

= |Vr-ull® + 4> (o j41/2)° + (Wnt1,41/2)°]
j



Combination of (4.11) and (4.12) gives (4.7).

To show (v), denote I = ((a, Ny(u,c))). We have

I =2z0yY a1 (12 D5¢i1 /25 + Vi1 /2, Diciv1/2,7)

4,
(4.13)
+ATAY Y b 12l 12 D5 a2 + Vi1 2 DY dig o)
7:7j
Summation by parts gives
I =-AzAy Z Civ1/2,51 D0 (Wig1/2,50iv1/2,5) + D§(Uig1/2,0it1/2,5)]
Z"j

— Az Ay d; i1 jo DG (U 1 /2bi j11/2) + DY (Vi j11/9bi j+1/2)]
,J

(4.14)

1 _ _
+ZA$AZ/ > (Uins1,j41/2dN j+1/2 — UNj+1/2AN11,541/2) DTN 41 j41/2
J

1 _ _
—ZAQJAZ/ > (i1 jy1/2do j+1/2 — Uojv1/201j+1/2) DY bo i1/
J
Here we have used the fact that

(4.15) bij+1/2 = —bojt1/2, Onj+1/2 = —bni1jt1/2

Now, (4.8) follows directly. This completes the proof of the lemma.
Again we set e = At!/?, ¢ = (x+1)/e, z; = —1+ilx, & = iAE, AE = Ax/e, t" = nAt,

tn=1/2 = (n—1/2)At, n=1,2,---. Clearly, we have

_ a’(éi-ﬁ-laijt) - a(éluyjut)
a’(xi-i-l/ga Yjs t) - a({Ei/E, Yi, t)

—c Aw = ngia,(a:i/s,yj,t)

Dia(élu yju t)
(4.16)

This shows that Di = EDfL. We will use the notation

(4.17) D}=D'DY, D?=DYDY,
and
(4.18) Ve =(D%,0), V,=(0,DY),



Denote the solutions of (4.1) as (up,u;,py). Motivated by the discussions in §4, we

make the following ansatz, valid at t" = nAt, n=1,2,---

(1) = wt+ZsJ ) + ai €y, )],
(4.19) up(z,t) = ug(w,t) + > _euj(w,t),
=2

pr(x,t) = po(,t) + Y el [pj(x,t) + ¢ (&, y,1)] .
j=1

Note that the functions involved are defined only on the numerical grid. So these formulas

and the following ones should be understood as being valid on the grid. We have

(4.20) Apup = Npug + > el (Apuf +e ?Dial + Djal),
=2
(4.21) Vi -up :Vh-u0+25jvh-uj,
=2
(4.22) Vupn = Vippo + E_1V§g00 + VyQO() + Z Ej(vhpj + €_1V§(,0j + VyQOj) ,
j=1

’u’;zH_l(m) = UO(mv tn+1) + Z Eju’j(mv tn+1)
=2

= Z s%u(gk (x,t") +Zsjz g-k)(m,t”).
=2

(4.23)

Next we substitute these relations into (4.1) in order to determine the coefficients of 7
n (4.19). We get hierarchies of equations by collecting equal powers of e.

The first equation in (4.1) gives:

(4.24) ul + ay — uz + Ny (uo, uo) = Ajug + Diaj.
For 7 > 1,
j
(4.25) Wi+ al iy —uio+ Y Ny(ug, uj_y) = Apul + Dial , + Dja)
k=0

10



The second equation in (4.1) implies
(4.26) uy +aj = uz + dyug + Vipo + Vepr + Vypo .

For j=20—1,0>1,

£
. . Lo
(4.27) USio+ @fys = wjro + 0wy + Vapj + Vepjin + Vypj + Hug._’gm :
k=2""

For j =20, £ > 1,

¢
. . 1 41 1 &
(4.28) ujiotaj o= ujrot0iu;+Vip;+Vepjt +Vy80j+7(£ n 1),“8 )+Z gu§~-)2k+2-
! = k!

(From the third equation in (4.1), we obtain
(4.29) Viuj =0, j=0,1,---
The boundary conditions become

(4.30) u; +a; =0, Dipj_l—i—Digoj:O, at r=-1, £=0,

for j > 0.
Next we go through all these equations, order by order, to see if they are solvable. Since
this is very similar to what we did in §4.1, we will only give a summary of results.

The coefficients in the expansions (4.19) can be obtained successively in the following

order:
Oruo + Vipo + Ni(uo, wo) = Apug,
Vi-uyg=0
(4.31) o
ug =20, at x==+1,
ug(+,0) = u’(")

Using the following lemma, we know that (4.31) has a smooth solution in the sense that
the divided difference of various orders are bounded. The lemma itself, as well as Lemma
4.3, belongs to the folklore of classical numerical analysis.

Lemma 4.2. Let (u,p) be a solution of the Navier-Stokes equation (2.1) with smooth initial

data u°(x) satisfying some compatibility conditions. Let (ug,po) be a solution of (4.31).

11



Then (wo, po) is smooth in the sense that its discrete derivatives are bounded. Moreover, we

have

(4.32) |l — o[z + [[p = poll= < Ch?

We next have

(4.33) uy = uz + yuo + Vipo,
Y1 = DZSDI )
(4.34) ¢
Dism le=o = —D¥po [o=—1,
This gives
(4.35) e1(&,y,t) = BDYpo(—1,y,t) e
where
1
(4.36) o= A—garccosh (1+ AE%/2), B =N — e_o‘Ag)_1 .
(4.37) ay=DS¢1, b3=0,
(4.38) uz = us,
(439) 902:0> CL;:O, b:';:DZJMOla
Ouz + Vpp2 + Np(uo, us) + Np(uz2, uo)
= Apus + Ap(Orug + Vipo) — l82’11,0 ,
(4.40) & )~ 20

Viyus =0,

U2 [g=—1= —Vipo |z2=—1 =Vep1 [e=0, on 0N2

With a suitable initial data, we know from the following lemma that (4.40) has a smooth

solution.

12



Lemma 4.3. Let (u,p) be a solution of the linear ODE

Ou+ Vip + Np(ug, w) + Np(u, up) = Apu + f,
Vh~u = O,
(4.41)
u=g, at x ==+£1,
u(-,0) = u’(:)

where f, g and u® smooth and satisfies some compatibility conditions. Then (u,p) is smooth
in the sense that its divided differences of various order are bounded.

Continue in this fashion, we get

2 2
3=Dfp3+ D ;

Di% le=o = —D¥p2 |o=—1,

The solution for (4.42) is

(4.43) ©3(&,y,t) = BDpae™ + B1(E+7)DYD. po |o——1 €%
where
1 e~ oA
(4.44) pr= 1 — o—0lE)(g—alE _ galg)’ 7= Afl — o—ald
( ) )
(4.45) by =0, af=DSeps.

Oyus + Vpps + Np(ug, uz) + Np(us, ug) = Apus + ApVipa,
(446) Vh"U/3 — 07

us3 ‘x:—lz _vy(pl ‘520

Y4 = D29047
(4.47) ¢

D5¢4 Jemo = —D%p3 o1,
(4.48) ai = DSy, b5 = DYp3.

13



Obviously this procedure can be continued and we obtain

pj = Df%‘ +DJpj 2,

(4.49)
Di%‘ le=o = =D¥pj—1 |z=—1,
/2] )
(4.50) pj= > Fixly)gFe s,
k=0
(4.51) a5 =Digj_1, bi=DY%pj s,

Now if we let
2N

U =uj+ Y el (u] +aj),
j=1

2N

(4.52) U =up+) elu;,
j=1

2N

P"=po+ Yy e’(pj+¢;) +e M pania,
j=1

then we have
u*-un

N (U UT) = AU+ A

U*=0, at r==+1,

(4.53) U* = U™ + AtV P™ + At*Tlg,
ViU =0,
DﬁP":n-U"’H:O, at x==+1,

where o = N — 1/2, f and g are bounded and smooth if (ug,pg) is sufficiently smooth. It

is easy to see that

(4.54) max U7 Ol < C°

For the initial data, we have

(4.55) U(z) = u(z) + Ntw’(z)



0

where w" is a bounded function. Furthermore under the compatibility condition (3.13), we

can construct a better approximate initial data
(4.57) Ux) = u'(z) + At?w’ ().
Proof of Theorem 1: Assume a priori that
" ~
. o < (.
(4.58) Jmax [[u"lyie <€
In the following estimates, the constant will sometimes depend on C* and C. Later on we

will estimate C. Let
(459) en:Un_un’ e*:U*—u*, qn:Pn_pn.

Subtracting (4.53) from (4.1) we get the following error equation

x _.n
€ Ate + Np(e™,U™) + Np(u", e") = Ape* + At 7,
e =0, at ©==+1,
en—i—l —e*

(460) 7&?5 + th" = Ata n’

Vy-e"tt =0,
Drq" =e"'n =0, at =41,

e = At* wO.

Taking the scalar product of the first equation of (4.60) with 2e* and integrating by parts,
we obtain
le*]| — ™ + [le* — e™[|* + At [ Vie||?
< AT M2+ At e[|? - 248 (eF, Ni(e™, U™)))
(4.61)
=2/t (", Np(u",e™)))

< A2+ CAt(lle]|? + len]?) + 5Ot [[Vie®||?.
Here we have used Lemma 4.1. Taking the scalar product of the second equation of (4.60)

with 2e”*! yields
(4.62) [e" 1|2 — [le]|* + [le"t! —e[|? < At [|le"H]|? 4 Aretg"| 2.

15



Combining (4.61) and (4.62), we get
le™ 112 — [len[|* + [le* — e[| + [le"*! — e*||2 + At [|Vye*||?

(4.63)
< O AL (eI + ler]]?) + A1 + g™

Applying the discrete Gronwall lemma to the last inequality, we arrive at
(4.64) le™|| + e — e[| + [le™*" — e*[| + At'/? [[Vhe|| < Crite.
Using the second equation of (4.60) we have
(4.65) le™ ]| + At[[Vig"|| < C1At”
Now by inverse inequality (4.4) we have

VAN

(4.66) ez + At Vg |z + hlle" i < Cr .

Chose N = 3 and At® << h?, if we choose At small enough, we will always have

(4.67) e e < 1.

Therefore in (4.58) we can choose

(4.68) C=1+ max [U"()llwie
n< [%]—i—l
which depends only on the exact solution (u,p). This proves
(4.69)  |luo — wnllz + o — pallrz + AY2||po — phllee + lpo — pr — pellLe < CAL
But we also have from Lemma 4.2
(4.70) lu — uol| L + ||p — pollLe < Ch?
Thus

(4.71)  flu — uplze +|lp = pallrz + A2|p = pallree + Ip — pr — pelle < C(At+ h?)

This completes the proof of Theorem 1.

16



85. Second Order Schemes with Spatial Discretization

In this section we carry out the same program as in §4 for the second order method

(2.12) with the standard MAC spatial discretization:

u* —u” u* + u"
- T A=
At Ty
ut +u” = AtVph /2, at =41,
(5.1) w' = w4 ALVt

Vh~u”+1 = 0,

n-u"t =0, at ©==£1.

Here we leave out the nonlinear term since it does not affect the major steps but complicates
substantially the presentation.

We begin with the following ansatz:

uw¥(x) = uo(ax, t") +Zaf x t") +al(,y, "),

u"(x) = ug(x,t") + Z Ejuj(m,t”) ,
(5.2) =

P2 (@) = po(, tVY2) + e (€, 4, 1Y) + 3p3(6, y, t7?)

—I-Zsj (x,t"~ 1/2)+<pj(§,y,t”_1/2)].

Here again we set ¢ = At'/2, ¢ = (z +1)/e, t" = nAt, "2 = (n —1/2)At, n=1,2,---.
The formulas are to be understood as being valid at the grid points. Substituting (5.2) into
(5.1) and collecting equal powers of e, we get the following equations:

From the first equation in (5.1), we get

1
(5.3) u; +ay —ug = §(Ahu3 + Dga; + Apuyg) .
For j > 1,
* * 1 * 2 % 2 %
(54) Uj+2 + aj+2 — 'U;j+2 = E(Ah’u] + Df aj+2 + Dy CLJ + Ahuj) .

17



From the third equation in (5.1), we get

(5.5) u; + ay = uz + dyug + Vipo + Vepr
(5.6) u3 + a3 = uz + Our + Vip1 + Veps + Vyor .
For j =2¢,

(5.7)

Uiot+ajy =ujre+ 0w+ Vip; + Vepip + Vyp;

€+1
+(g_|_ + Z ] 2/f-i-2 + Qéglvhp + Z 2kk|vhpj 2k

1 k &
+ Z W(VESOE'—)%H + vng_)Qk) .

For j =20+1,
uj+2 + aj+2 = Ujq2 + 8tu]' + Vipj + Vepirr + Vyp;

(58) SEN0 () (k) (*)
+ Z -2kt T Z Qkkl (Vipj—op + Ve, Zopi1 + Ve Zop) -

JFrom the incompressibility condition, we get
(5.9) Viu;=0, for j>0.

The boundary conditions imply that for z = —1, £ =0,

(5.10) up =0,
(5.11) uz +uj + a3 = Vppo + Ve,
(5.12) uz +u3 + a3 = Vpp1 + Veps + Vypr ;
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for j =20, 0> 1

(1

(f 1)
201 (1 — )vh

uj +uj+a; =Vppj_o+Vepj_1+ Vypj_o+

5.13 —
E_ kk' hp] Qk; 2 E: 2’“1{:' EPj—2k—1 yPj—2k—2

for j=20+1,0>1

u; + 'u,;k + a; = Vupj—2+ Vepj_1+ Vypj_o

(5.14) =1y " " "
+Z Qkk; Vhpg 2Ue— 2+V£% 2%— 1+Vy% ok—2);
k=1
and for 7 >0
(5.15) Dipj+ Dipjar = 0.

Next we go through all these equations, order by order, to see if they are solvable. It
can be checked that the coefficients in the expansions (5.2) can be obtained successively in

the following order:

Orug + Vippo = Apuyg

(5.16) Viug =0,
ug =0, at r==£1.
(5.17) uy = uz + Orug + Vipo,
1
(5.18) 1= 3D¢pr,

DiSOl le=o = —D¥po [o=—1,

(5.19) o1 = BDpo [a=—1 €,
where
1
(5.20) o= A—farccosh (14 AE?), B=AE(1 — e B!
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(5.21)

We next have:

(5.22)

(5.23)

(5.24)

w2 =0, a§:07 b?;:Dg—SOlv

p3 = %(Dgwg + Dy2¢1) ,

Dﬁ—¢3 |§=0 =0,

The solution for (5.24) is

(5.25)
where

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

e3(y,&,t) = B1(& +7)DI D po la=—1 e ok,

1 e—aA§
L= 2(1 — emanE)(emabt — eaht)” T A61 — el

* 1 *
ay = §D§_at(,01 +D§_(p3, by, =0,
. 1., 1
U4=U4+§3t Uo+§3tvhpo,
* s Loy y
p4=0, a3=0, b5:§D+8t901+D+9037
u; = us,

Ous + Vips = Apug + 1AL(0 w0 + 0 Vipo) — §0u0 — §0Vipo
Vh"u,4 = 0,

Uy [g=—1= —2(0:Vipo + 30:Ve01) |o=—1,6=0 -

Now if we let

(5.32)

2N
. ,
U'=ug+ Y clu;,
=1

P2 = py + E?gl el (pj + ;) + 2N oanya,
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then we have

Us —yn Us+un N

Tar STy tend

U* +U" = AtV P 1/2 at z==+1,
(5.33) U* = U™ 4 AtV PP H2 4 Aot

VUt =0,

DEPMY2 —purtl =0,  at 2z =+1,

where « = N — 1/2, f and g are bounded and smooth if (ug,pp) is sufficiently smooth. It

is easy to see that

ng. o < *
(5.34) ax [[U"()llwre < €,

For the initial approximation, we have
(5.35) U(x) = u(z) + At (z)
without the extra compatibility condition, and
(5.36) U%x) = u®(x) + Attw(x)

with the compatibility condition (3.17).

Proof of Theorem 2. Assume a priori that

. .
. o < C.
(5.37) oax [u" w1 <C

As in the proof of Theorem 1, we let
(5.38) " =U"-u", e =U"-a", O =p2_pnl/2

where

2U* = u* + u — At Vyp /2,
(5.39) )
QU* =U* + U™ — At VP12,
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JFrom (5.1) and (5.34), we get

2(e* —e™) 1 1 1 1
- " At A" ) = Ape* + = n "
N, —i—Vh(q 5 t hq) he +2Nh(e U )
1 n—1 _n—1 3 n n 3 n _n aen
+§Nh(u ,e )—iNh(e,U)—§Nh(u,e)+Atf ,
e"=0, at x==+1,
5.40 n+1 n_ 9e*
40 & e i - ) = Bt

Vh'€n+1 = O,

Df;q"“/2 =e"tln=0, at o =41,

e’ = At*w’.

Taking the scalar product of the first equation of (5.40) with e* and integrating by parts,
we get

"2 = fle”12 + [le” — em[2 + 3¢ [Ve[[2 + 3t [ V-7

(5.41) < —At/ e V(g — %AtAq”) da + C AL 7|2
Q

+CO O ([le™]|* + e 1% + [le*||?) + gt [Ver|?.
Taking the scalar product of the second equation of (5.42) with e"*!, we obtain

le™* 1% — lle*]|® + et — e[| — 5(lle™ | — le"]|?) — 3lle™** —em|?

1
2
(5.42)

< C AT g™||12 + C At |len 1] 2.

Combining the these two estimates, we get
€712 = len? + lem+1 + e — 272 4+ At [Vpe™|* + At [Ty
(G43) <200 (€, Vala" — 5A6A"N) +C At (e + e + 1))
+O AT 72 + [lg™)1%) -
To estimate the first term on the right hand of (5.45), we let
I = 20, Vila" ~ 301 Ag")

(5.44)
= —2At(€e*, Vig") — At (Vie*, Apg™) = L + 1.
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Using the second equation and integrating by parts, we can write the first term as
I = —2At(€", Vig"))

= A (V@™ = "), Vag") — AT (g", Vig™)

(5.45) 1., Lio )
= —§At (VR = VR 1%
1 n mn (0% n n
+5 A2 Va(g™ = ¢")|* = A2 (g", Vag") -
Since
1 2 n+1 ny| 2 1 n+1 n *|| 2
SANVR(E™ = ¢")II7 = Slle™ + e — 27|
(5.46) 1
_|_§||Ata+lgn||2 + Ata+1((gn’en+1 e — 26*)) )
We have
L= —5At2([Vag™ 12 = [[Vag” ] ?) + Llle" ! + e — 2¢72
(5.47)

1
+5 1At g 2 AT (g" et et —2et) — At (g™, Vg™

Next we rewrite the second term as

Iy =—=At*(Vp-e*, Apg")

1 1
= —§A153((Ah(q"+1 —q"), Ang") — §Ata+3((vh'9"a Ang")

1 1
= AR A A1) + SAP AL - )
(5.48) 1
—EAt‘”?’ (Vi-g" Ang™)
1 n n * 1 16% n
= AP~ ARg"?) + AL (Ve[ 4 T AR,

1
—Ata+2((Vh'gn, Vh‘e*)) o EAtoz-i-?)((vh,gn’ Ahq")) .
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Combining these two terms we arrive at
1 1
I= —§A752(||thn+l||2 —IVra"I?) - Zﬁt?’(HAhanH 2 — [|Ang"]1?)

1
3 llem o em = 2et|2 4 A [Tpee’|? + At (g", e 4 e — 2e”)

2
(5.49)
_Aa+2 nvn_Aa+2v.nv.*
(9" Vrg") = At (Vi-g", Vi -€Y)
1 a+3 n n 1 2a+3 nil 2 1 a+l _nj 2
58 (Vae g™, Ang™) + 787 [Va-g™| = + S A g7 7
This gives
I < —3AL(|VRg" |12 = Vg [1?) = 1885 ([ Ang™ 2 = [[Ang™(|?)
(5.50) +yllemtt et — 2% + At [ Vy-e*||? + At [l + e — 272

208 Vg™ || ? + 2884 Apg™ | + 2885 (g™ * + Atllg™ | 7) -

Going back to (5.45) we obtain
le™* M| — le™]|* + 5lle"*! + e —2e*||* + At [|[Vie|?
LAV 17 = 190712 + AR 12 = |80g"1)
(5.51)

< AP Vg™ |2 + At Ang"||? + C At ([le™]]* + lle™ % + [lemF|?)

+O AP 712 + Atllg™ | 7) -
Gronwall lemma gives
(5.52) le™[| + e[| + At [[Vag™|| + A2 | Ang™| + At Vie*|| < C1Ate.
Now by inverse inequality (4.4) we have
(5.53) lle™ ||z + hlle™ lwro + At Vag" || Lo < C’lT.

Chose N =5 and At™ << h?2, if we choose /At small enough, we will always have

(5.54) e e < 1.
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Therefore in (5.39) we can choose

(5.55) C=1+ max [U"()]wr

n<| Az

which depends only on the exact solution (u,p). This proves

(5.56)  |uo — unllre + lpo — pallzz + A2po — prllre + lpo — pr — pellze < CAL

JFrom Lemma 4.2, we have

(557) Hu — uh||Loo + Hp _thLQ + Atl/ZHp —thLoo + ||p—ph —pCHLoo S C(AtQ + h2)

This completes the proof of Theorem 2.
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