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Abstract

We prove that for certain class of compactly supported C1 initial data, smooth solutions

of the unsteady Prandtl's equation blow up in �nite time.

1 Introduction

Consider the unsteady Prandtl's equation in half spaceR�R+ = f(x; y); y >

0g:

ut + uux + vuy = uyy + Px; ux + vy = 0(1.1)

with initial and boundary condition

u(x; y; 0) = u0(x; y); u(x; 0; t) = v(x; 0; t) = 0; lim
y!+1

u(x; y; t) = U(x; t)

(1.2)

where U and P satisfy Bernoulli's law

U2(x; t)

2
+ P (x; t) = Constant

In this paper we will restrict ourselves to the case when U = P = 0.

The main purpose of this paper is to prove the following:

Theorem 1.1 Assume that u0 takes the form u0(x; y) = �xb0(x; y) where

a0(�) = �u0x(0; �) satis�es the conditions of Lemma 2.1, then smooth so-

lutions of (1.1-1.2) do not exist globally in time.

Here by smooth solutions, we mean solutions in C([0; T ];Hs(R�R+))

for large enough s, and the blow up is in the maximum norm of ux or uxy .

At the present time, there are no local existence results for (1.1-1.2)

with compactly supported initial data (Existence of solutions is proved for

monotone initial data in [4] and for analytic initial data in [5], see also
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[1]). Therefore the above theorem asserts that either smooth solutions do

not exist even locally in time, or smooth solutions blow up in �nite time.

In general, the blow-up will not occur at the boundary. This is in sharp

contrast with the steady case where the blow-up is caused by an adverse

pressure gradient from far �eld, and always occurs �rst at the boundary

[3]. It is consistent with the numerical results of Van Dommelen, Shen

et.al. [6].

2 Proof of the Theorem

We will study solutions of (1.1-1.2) with initial data of the form assumed in

the theorem. Suppose that smooth solutions of (1.1-1.2) exist locally and let

u be such a solution. If we restrict (1.1) to the half line L = fy > 0; x = 0g,

and let w(y; t) = u(0; y; t), we see that w satis�es an equation of the form

wt + f(y; t)w+ g(y; t)wy = wyy

where f(y; t) = ux(0; y; t); g(y; t) = v(0; y; t) are smooth, with initial data

w(y; 0) = 0 and boundary data w(0; t) = 0. Since the solution of this

problem is unique, we conclude that u(0; y; t) = w(y; t) � 0 as long as

u stays smooth. Therefore we can always write the solution in the form

(since any smooth function that vanishes at x = 0 can be written in this

form):

(2:1) u(x; y; t) = �xb(x; y; t); v(x; y; t) =

Z y

0

(b(x; z; t)+ bx(x; z; t)x)dz:

Substituting (2.1) into (1.1), we get

(2:2) bt = byy + b(b+ bxx)� vby

Let a(y; t) = b(0; y; t); a0(y) = b(0; y), then a satis�es (2.2) restricted to

x = 0:

(2:3) at = ayy + a2 �

�Z y

0

a(z; t)dz

�
ay

with the boundary condition

(2:4) a(0; t) = 0; lim
y!+1

a(y; t) = 0; a(y; 0) = a0(y)

Lemma 2.1 De�ne

F (a) =

Z
1

0

a2dy; E(a) =

Z
1

0

(
1

2
a2y �

1

4
a3)dy:



BLOW-UP FOR PRANDTL'S EQUATION 3

Let a0 be a non-negative compactly supported data such that E(a0) < 0.

Then there exists a �nite time T such that either

lim
t!T

maxy jaj = +1:

or

lim
t!T

ay(0; t) = +1:

Proof: Let us �rst make a comment about decay of a as y ! 1.

Assume that maxy a stays bounded. Since

dF

dt
� 3

Z
1

0
a3dy � 3(maxy jaj)F

we must have that F (a) stays bounded. Integrating (2.3) with respect to

y over (0;1) we obtain

d

dt

Z
1

0

a(y; t)dy = �ay(0; t) + 2F (a) � 2F (a)

This implies that
R
1

0 a(y; t)dy stays bounded. Since a is non-negative,

we have that
R
y

0 a(z; t)dz is uniformly bounded. Assuming that ~v; ~h are

smooth and uniformly bounded, it is a standard exercise to show that

bounded solutions of

ct + ~v(y; t)cy = cyy + h(y; t)c

with compactly supported initial data decays exponentially fast at in�nity.

Since a satis�es an equation of this form, this argument showes that a

decays exponentially fast at in�nity as long as its maximum norm stays

bounded.

In the following we will show that F (a) blows up at �nite time assuming

that ay(0; t) stays �nite. We will use the following integral identities valid

for smooth solutions of (2.3):

(2:5)
d

dt
F (a) = �2

Z
1

0

a2ydy + 3

Z
1

0

a3dy

(2:6)
d

dt

Z
1

0

1

2
a2ydy =

Z
1

0

(�a2yy +
3

2
a2ya)dy

(2:7)
d

dt

Z
1

0

1

3
a3dy =

Z
1

0

(�2a2ya +
4

3
a4)dy
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These identities follow from simple integration by parts. It is useful to

note Z
1

0

a2yady = �
1

2

Z
1

0

a2ayydy

Combining (2.6) and (2.7), we get

dE

dt
= �

Z
1

0

f(ayy +
3

4
a2)2 +

7

16
a4gdy

Thus, if E(a0) < 0, we have E(a) < 0 for t > 0.

Next we use an idea in [2] to compute the time derivative of G(a) =

�
E(a)

F (a)�
. First we have

�F (a)
dE(a)

dt
=

Z
1

0

a2dy

Z
1

0

(ayy +
3

4
a2)2dy +

7

16

Z
1

0

a2dy

Z
1

0

a4dy

=

Z
1

0

a2dy

Z
1

0

(at �
1

4
a2 + ay

Z y

0

adz)2dy +
7

16

Z
1

0

a2dy

Z
1

0

a4dy

�

�Z
1

0

afat �
1

4
a2 + ay

Z y

0

adzgdy

�2

+
7

16

�Z
1

0

a3dy

�2

=
1

4

�
dF

dt
�

3

2

Z
1

0

a3dy

�2

+
7

16

�Z
1

0

a3dy

�2

Since
dF

dt
�

3

2

Z
1

0

a3dy =

Z
1

0

a2ydy � 6E � �6E

Z
1

0

a3dy = 2

Z
1

0

a2y � 4E � �4E

we have,

�F
dE

dt
� �

3

2
E

�
dF

dt
�

3

2

Z
1

0
a3dy

�
�
7

4
E

Z
1

0
a3dy = �E

�
3

2

dF

dt
�

1

2

Z
1

0
a3dy

�

Since
dF

dt
= �4E + 2

Z
1

0

a3dy � 2

Z
1

0

a3dy;

we get if we choose � < 5
4
.

�F
dE

dt
+�E

dF

dt
� �E

�
(
3

2
� �)

dF

dt
�

1

2

Z
1

0

a3dy

�
� �E(

5

2
�2�)

Z
1

0

a3dy � 0:
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Now we �x � in (1, 5
4
), we have

(2:8)
d

dt
G(a) � 0

Therefore

(2:9)
dF

dt
� �6E � 6G(a0)F

�

Hence there exists a �nite time T , such that

(2:10) lim
t!T

F (a) = +1

Therefore we must have

(2:11) lim
t!T

maxy jaj = +1:

This completes the proof of Lemma 2.1.

To complete the proof of the theorem, we note that smooth solutions of

(2.3-2.4) are unique. Therefore we have, at x = 0,

supy>0j
u(x; y; t)

x
j ! +1

as t! T . This implies that

supx;yjuxj ! +1

as t! T .

Remark. 2.2 It is worth emphasizing that since we showed in the be-

gining of this section that smooth solutions with the assumed initial data

have to be of the form (2.1), and hence a(y; t) = ux(0; y; t) has to satisfy

(2.3), in the �nal part of the proof we were using the uniqueness result for

(2.3-2.4) instead of a uniqueness result for (1.1-1.2) which is not available

yet.

Remark. 2.3 For b � 0, (2.1) corresponds to 
ows impinging from the

left and right at x = 0. The origin is a stagnation point.
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3 An Example: The Inviscid Prandtl's Equation

In the absence of the viscous term, (2.3) becomes

(3:1) at = a2 �

�Z y

0

a(z; t)dz

�
ay

This can be rewritten as

(3:2) Dta = at + vay = a2

if we de�ne v(y; t) =
R
y

0 a(z; t)dz. (3.2) can be solved explicitly using

Lagrangian coordinates which we denote by �. Let the Y (�; �) be the

Eulerian path of a particle with Lagrangian coordinate �. Y solves

dY (�; t)

dt
=

Z Y (�;t)

0

a(y; t)dy

The solution of (3.2) is given by

a(Y (�; t); t) =

�
1

a0(�)
� t

��1

The Jacobian of the Eulerian-Lagrangian coordinate transformation J =
@Y

@�
satis�es

dJ

dt
= a(Y (�; t); t)J

and J(�; 0) = 1. Therefore we have

J(�; t) = exp

Z t

0

a(Y (�; s); s)ds= exp

Z t

0

�
1

a0(�)
� s

��1
ds =

1

a0(�)

�
1

a0(�)
� t

��1

We can now compute the particle path from

dY

dt
=

Z Y

0

a(y; t)dy =

Z �

0

a(Y (�; t); t)
@Y

@�
d�

=

Z
�

0

1

a0(�)

�
1

a0(�)
� t

��2
d� =

Z
�

0

a0(�)

(1� ta0(�))2
d�

This gives

Y (�; t) =

Z �

0
(1� ta0(�))

�1d�

At the critical time T we have a0(�
�)T = 1 for some ��. If a0 is smooth,

we will have Y (�; T ) = +1 for � > ��. This means that the semi-in�nite

interval (��;+1) is transported to in�nity at the critical time T .



BLOW-UP FOR PRANDTL'S EQUATION 7

Acknowledgement. We thank J. Rauch for a very stimulating dis-

cussion, and G. Majda for bringing this problem to our attention. The

work of Engquist is partially supported by the ARPA under URI grant

N00014092-J-1890. The work of E is partially supported by NSF grant

NSF-DMS-9623137.

Bibliography

[1] Asano, K., Zero viscosity limit of the incompressible Navier-Stokes equation, I and

II, unpublished.

[2] Chipot, M. and Weissler, F. B., Some blow up results for a nonlinear parabolic

equation with a gradient term, SIAM J. Math. Anal. 20, 1989, pp. 886{907.

[3] Landau, L. and Lifschitz, E. M., Fluid Mechanics, Pergamon Press, 1976.

[4] Oleinik, O., On the mathematical theory of boundary layer for unsteady 
ow of

incompressible 
uid, J. Appl. Math. Mech., 30, 1966, pp. 951{974.

[5] Sammartino, M. and Ca
isch, R. E., Zero viscosity limit for analytic solutions of

the Navier-Stokes equation on a half-space, I and II, preprint, 1996.

[6] Van Dommelen, L. L. and Shen, S. F., The spontaneous generation of the singularity

in a separating laminar boundary layer, J. Comput. Phys. 38, 1980, pp. 125{140.

Received date of receipt.

Revised date of revision.


