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Abstract. We construct a first order, physical space, parametrix for solutions
to covariant, tensorial, wave equations on a general Lorentzian manifold. The
construction is entirely geometric; that is both the parametrix and the error
terms generated by it have a purely geometric interpretation. In particular,
when the background Lorentzian metric satisfies the Einstein vacuum equa-
tions, the error terms, generated at some point p of the space-time, depend,
roughly, only on the flux of curvature passing through the boundary of the past
causal domain of p. The virtues of or specific geometric construction becomes
apparent in applications to realistic problems. Though our main application
is to General Relativity , which we discuss in [Kl-Ro5], another simpler appli-
cation shown here is to give a gauge invariant proof of the classical regularity
result of Eardley-Moncrief [EM1]-[EM2] for the Yang -Mills equations in R1+3 .

1. Introduction

We constr uct a Þrst order, physical space, parametrix for covariant, tensorial, wave
equations on a general Lorentzian manifold which is particular ly well suited to
geometric applications to the Einstein-vacuum and Yang-Mills equations. We give
a purely geometric interpretation for both the parametrix and the associated error
terms. Thi s fact is particul arly well suited to solutions of the Einstein vacuum
equations in which case the error term can be shown to depend, roughly, only on
the ßux of curvature passing through the boundary of the past causal domain of
a point p in space-time . Though our main application to General Relativit y is
not included in this paper, see [Kl-Ro5], we are able nevertheless to illu st rate the
e! ect iveness of our construction in the context of the Yang-Mills equations in the
Mi nkowski background R3+1 . We reprove the classical regularit y result of Eardley-
Moncrief with the help of a gauge invariant parametrix formula. This allows us to
completely avoid the Cr¬onstrom gauge,which plays an essential role in the Eardley-
Moncrief proof.

It is important to emphasizethat our parametrix is well suited to provide uniform
curvature bounds in speciÞc applications, such as in connection to the break-down
criterion of [Kl -Ro5] or thegaugeinvariant proof of theEardley-Moncrief result pre-
sented here. It is by no means well suited to other applications based on Stric hartz
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or bil inear estimates, such as optimal well posedness for nonlinear wave equations
for which parametrices based on Fourier integral operators, or wave packets, are
clearly better suited. On the other hand, it is equally clear that Fourier space based
parametrices are not appropriate in the type of applications we consider here; in-
deed they are not at all the right tool if one is interested in uniform bounds of
solutions to geometric problems.

We give a new proof of the Eardley-Moncrief result based on our new parametr ix
adapted to gauge invariant wave equation. We recall that the curvature " of a
Yang -Mills connection satisÞes,

! ( ! ) " "# = 2[" $
" , " $ # ]

where " "# = ∂" λ# − ∂# λ" + [λ" , λ# ], λ a one form deÞned in Minkowski space
R1+3 with values in a Lie algebra G and ! ( ! ) the corresponding gauge invariant
wave operator . We recall the Eardley-Moncrief proof was based on deriving a
pointwise estimate for ". This was done by approximatin g ! ( ! ) with the standard
waveoperator ! and useof the classical Kircho! formula (4). To deal with the error
term ! (! ) − ! one had to rely on a part icular gauge condition , called Cr¬onstr om
gauge.Our gaugeinvariant parametrix , which generalizes (4), allowsus, instead, to
estimate thevalueof " at a point p in termsof an error term expressedasan integral
along the past null coneN ! (p) of a geometr ic expression which depends1, roughly,
on up to two tangenti al derivatives along N ! (pure) of the connection λ, or one
derivative of its curvature " . This fact may seem bad enough to ruin our chances
of proving the desired result 2. The essenti al point here is that both derivativesare
tangent ial to the light cone. This fact, combined with the Bianchi ident ities and
a subtle cancellation, which depends essential ly on the algebraic structure of the
nonlinear equation, makes our proof go thr ough. The proof will simply not work
with out a geometric, gaugeinvariant form of the error term.

We consider solutions to the covariant, tensorial wave equation

! g # = F, (1)

on a given Lorentz manifold (M , g). Here # and F are k tensor-Þelds on a 3 + 1
dimensional Lorentz manifold (M , g) and ! g # = gµ%D µ D %# denotesthe covariant
wave operator on M , with D the Levi-Cevita connection deÞned by g. To simplif y
the discussion below we consider Þrst the scalar case

! gψ = f. (2)

In Minkowski space (R3+1 , m) wit h m = diag{−1, 1, . . . , 1} the wave operator on
the left hand side of (2) is the standard DÕAlembertian ! = m "# ∂" ∂# . The general
solution of ! ψ = f can be written in the form,

ψ = ψf + ψ0 (3)

1Through the transport equation (54).
2In view of the energy identity we have an a-priori bound on the curvature flux through N ! (p)

We don’t have any a-priori for derivatives of Λ.
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with ψ0 a solution of the homogeneous equation ! ψ0 = 0 and ψf given by the the
Kir cho! formula,

ψf (t, x) = (4π)! 1
∫ t

0

∫

|x ! y |= t ! s
|x− y|! 1f (s, y)dsdσ(y)

= (4π)! 1
∫

R3+ 1
+

1
|x− y|δ(t− s− |x− y|)f (s, y)dsdy. (4)

Heredσ(y) denotes thearea element of thesphere |x−y| = t−s and δ represents the
onedimensional Dir ac measure supported at the origin. The homogeneous solution
ψ0 is Þxed by initial data on the hyperplane t = 0.

One can also recast (4) in the form

ψf (t, x) = (4π)! 1
∫

R 3+ 1
+

H(t− s)δ
(
− (t− s)2 + |x− y|2

)
f (s, y)dsdy (5)

where H(t) is the Heavyside functi on supported on the positiv e real axis and the
expression |x − y|2 − (t − s)2 = d0(p, q)2 is the square of the Mi nkowski distance
function between the vertex p = (t, x) and the point q = (s, y) in the causal past
J ! (p) ∩R 3+1

+ of the point p ∈ R 3+1
+ . All attempts to extend Kir cho! Õs formula to

a general four dimensional curved space-t ime are based on eit her (4) or (5). Thus
the Þrst term in the so called Hadamard parametrix is constructed by replacing
the Minkowski distance functi on d0 with the Lorentzian distance function d(p, q)
deÞned by the metric g. Thus one can set,

ψf (p) = (4π)! 1
∫

J −(p)
r(p, q) δ

(
d2(p, q)

)
f (q) dv(q) (6)

with dv the volume element of the metr ic g, and r(p, q) a correction factor which
veriÞes a transport equation along the null boundary of J ! (p) and such that
r(p, p) = 1. The integral on the right makes sense for the porti on of J ! (p) which
belongsto a neighborhood D of p wherethe geodesic distance function d(p, q) is well
deÞned and su$ ciently smooth. Typically one requires D to be causally geodesi-
cally convex, i.e. any two causally separated points in D can be joined by a unique
geodesic in D. The local parametrix in D is then deÞned

ψf (p) = (4π)! 1
∫

J −(p) "D
r(p, q) δ

(
d2(p, q)

)
f (q) dv(q) (7)

The integral in (7) is supported on the porti on of the boundary N ! (p) of J ! (p)
included in D.

The error term ! gψf − f , however, does not vanish unlessg is the ßat metr ic m.
One can improve (6) by making successive correcti ons based on solving a series
of tr ansport equations in J ! (p) ∩ D. In the process the error term can be made
as smooth as we wish, for given regularit y of f , at the price of requiring higher
regularit y of the metric g, see [Fried]. Moreover the resulting parametr ix, called
Hadamard parametrix, is no longer supported just on the boundary of J ! (p). One
obtains a solution of (2) of the form,

ψ(p) =
∫

J −(p) "D
E! (p, q)f (q) dv(q). (8)
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with E! (p, q) = r(p, q)δ
(
d2(p, q)

)
+ . . . is the retarded Green function of ! g

The Hadamard parametrix (8), which requires both inÞnit e smoothness of g and
geodesic convexity for D is ill suited for applications to nonlinear problems. It
turns out that in many situati ons one does not need the precise representati on
(8) and that in fact the Þrst order parametrix of type (6) su$ces. Thi s fact was
Þrst made use of by S. Sobolev, see [Sob], to provide a proof of well-posedness
for general second order linear wave equations with variable coe$cients. A similar
parametrix was later used by Y. C. Bruhat, see [Br], in her famous local existence
result for the Einstein vacuum equations. Both [Sob] and [Br] construct their Þrst
order parametr ices, which we refer to as Kirc ho!-Sobolev, based on the ßat space
formula3 (4). The generalization of (4) to a curved space-ti me proceeds from the
observation that the funct ion up(s, y) = t− s− |x− y| is an optical function, i.e.

m "# ∂" u∂# u = 0, (9)

vanishing precisely on the past null coneN ! (p) with vertex at p = (t, x) given by
the equation up = 0. Lettin g r = |x− y| one can easily check that

!
(
r! 1δ(up)

)
=

(
! r! 1) δ(up) + (−2L(r! 1) + r! 1! up)δ#(u)

+
(
m a# ∂" up∂# up

)
δ##(u) = 4πδ(p),

with δ(p) the four dimensional Dir ac measure supported at p. Indeed the terms
involving δ##(up) and δ#(up) both vanish, the Þrst in view of (9) and the second
because,

−2L(r! 1) + r! 1 ! up = 0,

with L the null vectorÞeld along N ! (p) deÞned by L = −m "# ∂# up∂" . On the
other hand δ(up)! r! 1 = δ(up)%r! 1 = 4πδ(p).

Based on th is one can generalize (4) to a curved space-ti me by settin g,

ψf (p) =
∫

J −(p) "D
a(p, q) δ(up(q)) f (q) dv(q) (10)

where up = up(q) is the backward solution to the eikonal equation,

g"# ∂" u ∂# u = 0, (11)

vanishing on the past null coneN ! (p), and a(q) = a(p, q) veriÞesthe tr ansport
equation simil ar to that satisÞedby r! 1 in ßat space. As in (6) we need to restri ct
ourselvesto a neighborhood D of p in which solutions to (11) remain smooth.

To explain the restri ction to the neighborhood D to which the integral in (10) is
rest ricted we return for a moment to the ini tial value problem in ßat space-t ime. In
the Minkowski space-ti me model with the choice of an initial Cauchy hypersurface
&0 = {t = 0} the Kir cho! formula

ψf (p) = (4π)! 1
∫

J −(p) "J + (! 0 )

1
r(p, q)

δ (up(q)) f (q) dv(q) (12)

3It is easy to show that the two constructions (6) and (13) differ in fact only by a normalization
factor at the vertex p.
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with p = (t, x), q = (s, y), up(q) = t− s− |x− y| and r(p, q) = |x− y|, coincides at
point p with the solution of ! ψ = f with zero ini tial data at t = 0. The represen-
tation is valid for any point p to the future of &0 and the surfaceof integration

N ! (p) ∩ J + (&0) = {(s, y) : t− s = |x− y|, s ≥ 0}
is smooth with exception of the vertex point p. In a ßat space-time model with
the Lorentzian manifold M = R × ' a , where ' a = R 2 × R/aZ is a ßat cylin-
der of ÒwidthÓ a, the representation (12) also coincides with the solution of the
inhomogeneous wave equation with zero initial data at t = 0, provided that we
rest rict ourselves to points p = (t, x) such that t ≤ a. For points p = (t, x) wit h
t > a formula (10) no longer4 represents the solution of the inhomogeneous problem
with zero ini tial data at t = 0. The null hypersurface N ! (p) ∩ J + (&0) develops
singulari ties5 (scars) in the time interval [0, t−a] due to intersecting null geodesics.
This shows that the accuracy of the Kircho! formula in th is case is restricted to
the neighborhood D = {(t, x) : 0≤ t ≤ a} of the Cauchy hypersurface &0.

To describe the situat ion in a general space-time (M , g) we assume that M is glob-
ally hyperbolic, i.e., there exists a Cauchy hypersurface & ⊂ M with the propert y
that each in-extendible past (future) directed causal curve from a point p to the
futur e (past) of & intersects & once. We denote by &+ = J + (&) the future set of
&. By Þnite speed of propagation the solution ψ(p) of the wave equation ! gψ = f
at point p ∈ &+ is completely determined by the values of f in J ! (p) ∩ &+ and
initial data for ψ on J ! (p) ∩ &.

DeÞniti on 1.1. We will say that E! (p, q) is the retarded parametrix for ! g at p
if

ψ(p) =
∫

J −(p) " ! +

E! (p, q) f (q) dv(q)

coincides with the solution of the problem ! gψ = f with zero initi al data on
&. We will say that the Þrst term in the expansion of E! (p, q) Ð distr ibution
K!

p = a(p, q)δ (up(q)) Ðis the retarded Kirc ho!-Sobolev parametrix.

Let D be a space-time neighborhood of &. The expression

ψf (p) =
∫

J −(p) " ! +

a(p, q)δ(up(q))f (q)dv(q), p ∈ D (13)

is the Kir cho!-Sobolev approximation to the solution ψ(p) of the wave equation
! gψ = f with zero init ial data on &. Clearly ψf fails to be a solution to (2) in the
non-ßat case. We write a general solution of (2) with zero initial data on & in the
form,

ψ(p) = ψf (p) + Ef (p) (14)

with Ef an error term.

In th is paper we will:

4In fact the correct representation can be obtained by lifting the problem to the covering space
R ×R 2 ×R , applying the Kirchoff formula and taking periodization in the last variable with the
period a.

5Note that although past null geodesics intersecting, say at t" = t−a can be extended beyond
t" they no longer belong to the boundary of the causal past of p.
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(1) Provide a careful derivation of (13) and (14) for points p in a suitable
neighborhood D of & and show that the error term Ef can be expressed in
the form,

Ef (p) =
∫

J −(p) " ! +

E(p, q) δ(up(q)) ψ(q) dv(q) (15)

where the smooth density E(p, q) depends only on geometr ic quanti ties
associated to the null hypersurfaceN ! (p).

Weshould notethat classical constructi onsof the Kirc ho!-Sobolevparametrix
establish the error term Ef as explicitly dependent on the metric g and its
derivatives relat ive to somechosen system of coordinates. To our knowledge
the fact that Ef is supported only on the boundary of the past set J ! (p)
does not seem to have been fully recognized and used in applications. A
similar observation was,prior to th is work, communicated to us verbally by
V. Moncrief. His claim, based on FriedlanderÕs treatment of the Hadamard
parametr ix, was the star ting point of our own investi gations.

(2) Extend formulas (13) and (15) to the covariant tensorial wave equation (1).

Onceagain the classical tr eatment of the tensorial waveequation intro duces
additi onal coordinate dependent error terms. Our approach is enti rely co-
variant.

(3) Provide a minimum set of condit ions for the local geometry of M near p to
ensurethat the representation (13) and (14) holds tru e at p. We also make
useof our recent results from [Kl-Ro4] to show that for the Einstein vacuum
space-times (M , g), with vanishing Ricci curvature, formulas (13) and (14)
can be extended to points p at distance t$ from &, with t$ dependent,
essentially , only on the L2 norm of curvature6 of g.

(4) Our formula can be easily adapted to gaugeinvariant wave equations. In
section 4 of the paper we write down such a formula and show how it can
be used to give a very simple proof of the Eardley-Moncrief global existence
result for the Yang-Mills equation in the3+ 1 dimensional Minkowski space,
see [EM1],[EM2]. The remarkable fact about our approach is that it is
entirely gaugeindependent; we donÕt need to specify any gaugecondit ion7.

The sizeof the neighborhood D, mentioned above, is Þrst and foremost constrained
by the conditi on that the optical function u is smooth. In the caseof a Riemannian
manifold the distance function from a point p is smooth in a geodesically convex
neighborhood of p whosesizecanbeevaluated in terms of theC2 norm of themetric
g, as measured in a given system of coordinates. Al ternatively, by a theorem of
Cheeger, the size of th is neighborhood depends only on the pointwise bounds for

6Note that classically the construction of a Kirchoff-Sobolev parametrix could only be justified
for points p such that J ! (p) ∩ Σ belongs to a geodesically convex neighborhood D of p. As we
note below this requires uniform control for at lest two derivatives of the metric.

7The method of [EM1],[EM2] was heavily dependent on the choice of a Crönstrom gauge.
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the Riemann curvature tensor and a lower bound on the volume of a unit geodesic
ball. For similar reasons the constr uction of a solution up to (11) is restr icted to a
geodesically convex neighborhood8 D of p. Unlike the Riemannian case, however, a
purely geometr ic characterization of the size of a geodesically convex neighborhood
of a point p is not available and thus all known parametrix constructi ons for wave
equations had to be restri cted to domains D whosesize is determined by the C2

norm of the metric g in a given system of coordinates. Thus the Kir cho!-Sobolev
representation would only hold for points p at maximal distance t$ from & wit h t$

dependent on the C2 norm of the metric. As we shall explain below, such demand
on the regularit y of the metric would make the Kirc ho!-Sobolev formula impossible
to apply to realistic nonlinear situation s, such as EinsteinÕs Þeld equations.

The importanceof the classical C2 condition becomes apparent upon examining the
regularit y of the null boundary N ! (p) of the causalpast J ! (p). Thi s set is ruled
by past null geodesics γ(s) originating from p and terminating at the points γ(s$)
beyond which one can Þnd a time-like curve connecti ng p and γ(s) wit h s > s$,
see [HE]. Regulari ty of N ! (p) breaks down precisely at the terminal points γ(s$).
There are two reasonsfor the existence of a terminal point γ(s$).

(1) γ(s$) is a conjugate point .
(2) γ(s$) is a point of intersecti on of two di!e rent null geodesics.

The existenceof conjugatepoints is governedby theJacobi equation for theHessian
D 2u of the optical functi on u,

D L (D 2u) + (D 2u)2 = R ( · , L , · , L )

with L = −g"# ∂# u∂" thenull geodesicvectorÞeld alongN ! (p) and R thecurvature
tensor of g. This formula indicates that, at least as far as the conjugate points are
concerned, the terminal value of the a$ ne parameter s$ can be bounded below by
an upper bound on secti onal curvature which, in turn, can be contr olled by a C2

bound on the metric.

Uniform bounds of of the curvature tensor R , or C2 bounds for the metric g, are
however not very useful in applications to nonlinear wave equations. For example
in the classical local existenceresult for the Einstein vacuum equations [Br], which
is basedon Ki rcho! -Sobolev formula, the C2 requirement is by itself worse9 when
compared to the result in [HKM] based on the Sobolev norm Hs, s > 5/2. It
is for thi s reason alone that the Ki rcho! -Sobolev parametrix has been abandoned
in all rigorous work on nonlinear wave equations in favor of energy estimates and
Sobolev inequalities. The main goal of our paper is to revive the Kir cho! -Sobolev
parametrix by construct ing it and showing that in the particu lar caseof the Einstein
vacuum equations,

R "# = 0,

8Defined as the image of the exponential map : TpM → M restricted to the largest convex
subset of TpM where it is a diffeomorphism.

9Additional losses of derivatives lead to a C5 result in [Br].
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it is well-deÞnedunder much less str ingent assumptions. For thi s task we rely in an
essent ial way on the results in [Kl-Ro1]Ð[Kl-Ro3] which show10 that the radius of
conjugacyalongN ! (p), expressedrelative to an a$ne parameter of L , dependsonly
on the size of the geodesic ßux of curvature11 Fp along N ! (p). These results are
complemented by our recent work [Kl-Ro4] where we establish the remaining part
of a lower bound on the radius of inj ectivi ty of N ! (p), i.e., contr ol of intersecting
null geodesics from p, expressed relative to a given time function. We achieve this
by assuming, in addition to the above mentioned bound on the curvature ßux, the
existence of a coordinate system x" in D relative to which the metric g is pointwise
close to the ßat Minkowski metr ic.

Ac kn owledgm ent. We would like to thank V. Moncrief for frui tfu l discussions
in connection with our work. He was Þrst to point out to us that a formula of
type (14) with an error term Ef of the form (15), supported on the boundary of
the past of p, should hold tru e. His derivation, based on HadamardÕsparametrix
construction as formulated in [Fried], di!e rs however signiÞcantly from ours. We
would also like to point out that our invariant derivation of the Eardley-Moncrief
global regularit y result for the 3 + 1 dimensional Yang-Mills equations answers a
question Þrst raised to us by him.

2. Basic definitions and main formula

2.1. Null cones. Consider a spacelike hypersurface &, a point p to its fut ure &+

and J ! (p) its causalpast. We start by assuming the following local hyperbolicit y
condition for the pair (& , p):

A1. All past causal curves initi ati ng at points in a small neighborhood of J ! (p)
intersect & at precisely one point.

Let N ! (p) be the null boundary of J ! (p). In general N ! (p) is an achronal,
Lipschitz hypersurface. It is ruled by the null geodesics12 from p, corresponding
to all past null direct ions in the tangent space TpM . These null geodesics can
be parametrized by Þxing a futur e unit time-like vector T p at p. Then, for every
directi on ω ∈ S2, with S2 denoting the standard sphere in R3, consider the null
vector )& in Tp(M ),

g()& , T p) = 1, (16)

and associate to it the past null geodesic γ&(s) with ini tial data γ&(0) = p and
úγ&(0) = )& . We can choose the parameter s in such a way so that L = úγ&(s) is
geodesic. Thus,

D L L = 0, g(L , L ) = 0, and, at point p, g(L , T p) = 1 (17)

10Properly speaking the results in [Kl-Ro1]–[Kl-Ro3] do not consider the vertex p yet the
methods used in those papers can be shown to extend to cover the case of interest here. In fact,
this forms the subject of the Q. Wang’s thesis, Princeton University, 2006.

11This is an appropriate L2 integral of the tangential components of the curvature tensor along
N ! (p), called curvature flux, which will be defined below.

12Every point in N ! (p) \ {p} can be reached from p by a past null geodesic in N ! (p).
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As menti oned in the intro duction the null coneN ! (p) is smooth as long as the
exponential map (s, ω) → γ&(s) is a local di!e omorphism and no two geodesics,
corresponding to di! erent directi on ω ∈ S2, intersect. Thus for each ω ∈ S2 either
γ&(s) remains on the boundary of J ! (p) for all positiv e values of s or there exists a
a values$(ω) beyond which the points γ&(s) areno longeron the boundary of J ! (p)
but rather in its interior , see [HE]. Thus N ! (p) is a smooth manifold at all points
except the vertex p and the terminal points of its past null geodesic generators.
Indeed, at a terminal point q there exists a null geodesic thr ough q which fails to
be in N ! (p) past q. Thi s implies that the tangent space Tq(N ! (p)) contains the
past tangent direction of the null geodesic but not it s opposite. This means that
N ! (p) must be singular at q. In what follows we shall denote by úN ! (p) the regular
part of N ! (p), that is the part with its terminal points removed. Clearly the null
geodesic vectorÞeld L is well-deÞned and smooth on úN ! (p).

The parameter s in the deÞnit ion of γ& is an a$ ne parameter on úN ! (p), i.e.

L (s) = 1, s(p) = 0. (18)

Let γ denote the degenerate metric induced by g on úN ! (p). Clearly γ(L , X) = 0
for any X ∈ T úN ! (p). Let χ denote the null second fundamental form of úN ! (p),

χ(X, Y ) = g(D X L , Y ). (19)

where X, Y are vector-Þelds tangent to úN ! (p) and D denote the covariant deriv-
ative on (M , g). Clearly χ is symmetric and χ(L , X) = 0 for any X ∈ T úN ! (p).
This allows us to deÞne tr χ as the tr ace of χ relative to γ.

Given a point q ∈ úN ! (p) \ {p}, we can deÞne a null conjugate L to L such that,

g(L , L ) = −2, g(L , L ) = g(L , L ) = 0. (20)

and further complement it by vectors (e1, e2) with the property that

g(L , ea) = g(L , ea) = 0, g(ea , eb) = δab, a, b = 1, 2. (21)

The vectors (L , L , e1, e2) can be locally extended to a neighborhood of a point
q ∈ úN ! (p) \ {p} to form a smooth local null frame. Relative to such a frame
the only non-vanishing components of the null second fundamental form χ are
χab = g(D ea L , eb) = χba. We can intro duce the other frame coe$cie nts,

χ
ab

= g(D ea L , eb), ζa =
1
2

g(D aL , L ), η
a

=
1
2

g(ea , D L L ) (22)

Note that, in general, χ
ab

is not symmetric.

R emar k. A canonical way to deÞne a null geodesic conjugate is to take L the
unique null vectorÞeld orthogonal to the level surfaces Ss deÞned by the a$ne
parameter s. We refer to the corresponding null pair as a null geodesic pair. We
can also choose e1, e2 to be tangent to Ss. Note that in that case χ is symmetric.
We also note that in a neighborhood of p whereN ! (p) coincides with its regular
part úN ! (p) the geodesic null frame deÞned above is smooth away from the point
p.
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For the purposeof constructi ng our Kir cho! -Sobolev parametrix we shall make, in
addition to A1 the following assumption.

A2 . We assumethat N ! (q) coincideswith úN ! (q) past the space-li ke hypersurface
& for any point q in a neighborhood of p.

2.2. Optical funct ion. To make sense of our Kir cho! -Sobolev formula we needto
deÞne an optical function13 u, in a neighborhood of úN ! (p), such that it vanishes
identically on úN ! (p). We deÞne u uniquely relative to the ti me-like vector T p as
follows:

Let ε > 0 a small number and ( ' : (1− ε, 1 + ε) → M denote the timelik e geodesic
from p such that ( ' (1) = p and ( #

' (1) = T p. From every point q of ( ' let N ! (q)
be the boundary of the past set of q. In view of assumption A2 for all su$c ientl y
small ε > 0, N ! (q) coincideswith its regular part úN ! (q) to the future &+ of &.

We now set u to be the function, constant on each úN ! (q), such that for q = ( ' (t),

u| úN −(q) = t− 1.

This deÞnesa smooth functi on u which vanisheson úN ! (p) and veriÞesthe eikonal
equation (11)

g"# ∂" u ∂# u = 0,

in a neighborhood D' of úN ! (p) ∩ &+ . Observe that the null geodesic vectorÞeld
L = g"# ∂# u ∂" extends the vectorÞeld in (17) to D. It veriÞesthe normalization
condition,

g(L , T p) = T p(u) = 1,

at all points of D' . We can thus extend the deÞnition (19) of the null second
fundamental form χ and its tr ace t rχ at every point in D' .

We can intr oduce local coordinates around any point in r ∈ D' by considering the
unique null geodesic γ&,q, with ω ∈ S2, which initiates at q ∈ ( ' and passes through
r at value s of its a$n e parameter. Denoting by u the value corresponding to the
null cone úN ! (q) we seethat r is determined by the coordinates u, s and ω ∈ S2.

2.3. Dirac measure on úN ! (p). Given our smooth optical function u, deÞned
in the neighborhood D' of úN ! (p) ∩ &+ , and a distrib uti on µ on the real line
R, supported at the origin, we can deÞne the pull-back distri bution u$(µ) = µ ◦
u on D' ⊂ M in the usual senseof distrib ut ion theory. In the particular case
when µ is either the Dirac measureδ0 or its derivatives δ#

0, δ
##
0 , . . . , we denote the

corresponding distri butions on M by δ(u), δ#(u), δ##(u), . . . . We can thus make
sense of calculations such as,

D " δ(u) = δ#(u)D " u, D " D #
(
δ(u)

)
= δ##(u)D " uD # u + δ#(u)D " D # u

13i.e. a function which verifies (11)
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Clearly δ(u), δ#(u), . . . are supported on úN ! (p) ∩ D' . We can use the deÞnition of
δ(u) to deÞne the integral along úN ! (p) of any continuous function f supported in
D' as follows.

DeÞniti on. Given a continuousfunction f supported in D' we deÞne its integral
on úN ! (p) by,

∫

úN −(p)
f = < δ(u), f > (23)

Prop osition 2.4. The deÞnition (23) dependsonly on the restriction of f to úN ! (p)
and the normalization condition (16) used in the deÞnition of the null geodesic
generator L .

Pro of : We may assumewit hout loss of generality that f is supported in the
domain D' , which can be parametrized by the coordinates u, s and ω ∈ S2 as
described above. We can the easily calculate, according to the deÞnition of δ(u)
and coarea formula,

< δ(u), f >=
∫ %

0

∫

S2
f (0, s, ω)dsdas

where das denotes the area element on the 2- surfacesSs of constant s.

2.5. Ki r cho!- Sobolev par ametrix. Consider Jp to be a Þxed k-tensor at p and
let A be the unique k -tensor-Þeld deÞned along úN ! (p) which veriÞes the linear
transport equation,

D L A +
1
2

tr χA = 0, (sA )(p) = Jp (24)

with s the a$ne parameter (18). The tensor-ÞeldA can be extended smoothly14

to a small neighborhood of úN ! (p). We can now deÞne the distr ibution, or current,
in &+ ,

< A δ(u), F >= < δ(u), g(A , F) > (25)

for an arbitr ary, smooth, k-tensor-Þeld F supported in &+ . Here g(A , F) denotes
the full contr acti on of the k -tensor-Þelds A and F with respect to the space-time
metr ic g. Observe that the current A δ(u) depends only on the choice of T p and
Jp and not on the particular extensions of u and A .

In what follows we identif y the spaceof k-tensors at p and its dual with the help
of the metr ic g.

DeÞniti on. We call K!
p = K!

p,J p
, a k-tensor-Þeld distr ibution with values in

the space of k-tensors at p, deÞned by the formula K!
p,J p

= A δ(u), with A deÞned
by (24), the retarded Ki rcho!-Sobolev parametrix at the point p, corresponding to

14We can in fact extended it canonically by solving the same transport equation along Ṅ ! (q),
with q ∈ Γε and initial data sA (q) = J q where Jq is an arbitrary smooth tensor-field coinciding
with Jp at p = q and s the afine parameter along Ṅ ! (q). Note that, so defined, the tensor-field
A is smooth away from the axis Γε.
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Jp. If # is a solution of the equation ! g # = F, with F supported in &+ , we denote
by # F ,J p (p) the k-tensor at p deÞned by the int egral,

# F ,J p (p) = < K!
p,J p

, F >=
∫

úN −(p)
g(A , F). (26)

In the case of the scalar wave equation ! gψ = f we can chooseA to be the scalar
solution of (24) wit h initial data (sA )(p) = 1. In that case we have K!

p = A δ(u)
and

ψf (p) = < K!
p , f >=

∫

úN −(p)
A f.

In the particul ar case of Minkowski spacewe can easily identify A = A p(q) with
the term |x− y|! 1 where q = (s, y) ∈ N ! (p) and p = (t, x).

2.6. Tim e fol iati on near ver tex. Returning to the construct ion of u in subsec-
tion (2.2) we observe that the parameter t along the geodesic ( ' can be extended
to a local, equidistant15 time foliation &t , t ∈ [1− ε, 1 + ε] which covers a whole
neighborhood of the point p, such that p ∈ &1. Indeed, startin g with a Þxed space-
like hypersurface &1 through p, orthogonal to the futur e unit t imelike vectorÞeld
T p, we can deÞne th is geodesic foliati on using the timelike geodesics normal to &1.
In particul ar, for all t ∈ [1− ε, 1], if we denote by ) ' the set

) ' =
(
J ! (p) ∩ &+

)
\ ∪t &[1! ', 1] &t (27)

then its boundary is given by

∂) ' = N !
' (p) ∪D1! ' ∪D

where N !
' (p) is the portion of N ! (p) to the futur e of & and the past of &1! ' ,

D1! ' = J ! (p) ∩ &1! ' and D = J ! (p) ∩ &.

Let T = D t denote the futur e, unit normal to the foliation &t , deÞned in a neigh-
borhood of p. We deÞne the null lapsefunction ϕ and the second fundamental form
k associated to &t :

ϕ! 1 = T (u) = g(L , T ), k(X, Y ) = g(D X T , Y ), ∀X, Y ∈ T&t . (28)

Clearly ϕ(p) = 1. Since T is a locally smooth vectorÞeld, k is a smooth symmetric
2-tensor. In part icular,

‖k‖L∞ ≤ C

for some constant C. Similarly, since u is a smooth optical function and ϕ(p) = 1,
the lapse ϕ is a smooth bounded function in a neighborhood of p. in particul ar,

|ϕ(q) − 1| → 0, q → p. (29)

We now recall the Raychaudhuri equation satisÞedby tr χ along úN ! (p),

d

ds
(tr χ) +

1
2

(tr χ)2 = −|öχ|2 − R ic(L , L ). (30)

with s the aÞne parameter of L and öχ the tracelesspart of χ.

15With the lapse function of the foliation identically one.
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The behavior of the funct ion tr χ at the vertex p is determined by the condit ions

(str χ)(p) = 2, öχ(p) = 0. (31)

Integrating the Raychaudhuri equation one can easily deduce that,

|tr χ(q) − 2
s
| → 0, q → p. (32)

Consider the time functi on t rest ricted to N ! (p). Then

∂t

∂s
= L (t) = g(L , T ) = ϕ! 1 (33)

The area |St (p)| of the 2-d surfacesSt (p) = &t ∩N ! (p) obeys the equation

d

dt
|St (p)| =

∫

St (p)
ϕ tr χda( .

This and the behavior of tr χ and φ near p (t(p) = 1) imply that

|St (p)| = 4π(t− 1)2 + O(|t− 1|3) (34)

On the other hand from (33) and (29), t− 1 = s + o(s), which impl ies that

|St (p)| = 4πs2 + o(s2) (35)

We shall also make use of the following simple variat ion of proposit ion 2.4.

Prop osition 2.7. Let t be a regular time function deÞned on úN ! (p) with t(p) = 1
and equal t0 < 1 on &0∩ úN ! (p), where &0 is an arbitrary spacelike hypersurface on
úN ! (p) ∩ &+ . Assume that ϕ = dt

ds < 0. Then, for every test function f , compactly
supported in J + (&0)

< δ(u), ψ >=
∫ 1

t 0

∫

St

fϕdtdat (36)

where St denotes the level surfaces of t and dat the corresponding area element.

Pro of : The result follows easily by Þrst extending t and u to a neighborhood D
of úN ! (p) ∩ &+ and the applying the coareaformula as above.

2.8. Statem ent of the r esult . We consider a space-like hypersurface& ⊂ M and
a point p ∈ &+ = J + (&) such that the assumptions A1 -A2 are satisÞed.

Theorem 2.9. Let # be a solution of the equation ! g # = F with F a k-tensor-Þeld
supported in &+ . Then for any k-tensor Jp at p,

#( p) = # F ,J p (p) +
∫

úN −(p)
g(E , #) , (37)

where

# F ,J p (p) = < K!
p,J p

, F >=
∫

úN −(p)
g(A , F)

and A veriÞes (24). The smooth error term E dependsonly on Jp, the geometry of
the truncated null cone úN ! (p) ∩ &+ ⊂ M , and the ambient spacetime curvature R
restr icted to úN ! (p).
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In the particu lar case of a scalar wave equation ! gψ = f , A and E are scalar
functions on úN ! (p) and,

ψ(p) = ψf (p) +
∫

N −(p)
Eψ,

The precise expression of the error term E will be given in Theorem 3.11

3. Derivation of Kirchoff-Sobolev formula

3.1. Covar iant deriv ati ves of space- tim e tensor s. As is well known there is no
canonical way to deÞne a restr ict ion of the space-time covariant derivative D to a
null hypersurface. This is due to the absence of a canonical projecti on of a tangent
spaceTqM , q ∈ úN ! (p), onto the tangent space Tq( úN ! (p)). Th is projecti on can
be Þxed, however, by a choice of a null conjugate L , i.e. a null vector such that
g(L , L ) = −2. With th is choice we deÞne an induced covariant derivative (L )D on
úN ! (p):

(L )DX Y = D X Y +
1
2
χ(X, Y )L , ∀X, Y ∈ T úN ! (p)

For example, if wechooseX, Y to betheelements (ea)a=1 ,2 of a null frame(L , L , e1, e2),

D aeb = (L )Daeb +
1
2
χab L .

We now make sense of covariant derivatives of space-time tensors along úN ! (p).
We start by deÞning a covariant derivative öD of a space-time 1-form Aµ deÞned
on úN ! (p). Thus we view A as a section of the vector bundle16 T $M over úN ! (p),
endowed with the induced covariant derivative (L )D. We interpret the covariant
derivative öD A of A along N ! (p) asa 1-form on úN ! (p) with valuesin T $M . Thus,
for every vectorÞeld X ∈ T úN ! (p) and any vectorÞeld Z in TM ,

öD A(X; Z) = öD X A(Z) := X
(
A(Z)

)
−A(D X Z)

We also wri te,

( öD X A)µ = XaD aAµ , ∀X ∈ T úN ! (p).

We deÞne öD
2
A, an úN ! (p) 2-tensor of second covariant derivatives of A along

úN ! (p) with values in T $M , by the formula,

öD
2
A(X, Y ; Z) = ( öD X öD A)(Y ; Z) = X( öD A(Y ; Z)) − öD A((L )DX Y ; Z) − öD A(Y ; D X Z)

or simply,
öD

2
Aµ (X, Y ) = ( öD X ( öD Y A)) µ − ( öD ( L) D X Y A)µ

ThesedeÞniti onscan beeasily extended to highercovariant derivativesalong úN ! (p)
and to higher order tensors A.

16with the covariant derivative denoted by D
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3.2. Ki r cho!- Sobolev curr ent. Consider the current K!
p,J p

= A δ(u) deÞned in
(25). Recall that Jp is an arbitrar y k-tensor at p and A is a k-tensor-Þeld verifying
the transport equation, along úN ! (p),

D L A +
1
2

A tr χ = 0, sA (s)|s=0 = Jp. (38)

Also L = gµ%∂%u ∂µ , gµ%∂%u ∂µ u = 0 and L (s) = 1. Let L be an arbitrar y local
null conjugate to L , i.e. L (u) = g(L , L ) = −2. Calculating relat ive to an arbit rary
null frame we easily check that ! gu = trχ. Formally we thus have,

! g
(
A δ(u)

)
= ! g A δ(u) + (gµ%D µ AD %u + A ! gu)δ#(u) + A (gµ%∂%u ∂µ u)δ##(u)

= ! g A δ(u) + (−L (u)D L A + A ! gu)δ#(u)

= ! g A δ(u) + 2(D L A +
1
2

A tr χ)δ#(u)

Hence,

! g
(
A δ(u)

)
= ! g A δ(u) + 2(D L A +

1
2

A tr χ)δ#(u). (39)

Observe that the above calculation does not depend on the choice of L .

Since

D L (sA ) = −1
2

(tr χ− 2
s

)sA (40)

we have, in view of (32), that along úN ! (p),

|sA (q) − Jp| → 0, s → 0. (41)

We shall next apply K!
p,J p

= A δ(u) to the equation ! ψ = F in the sense of
distr ibutions,

∫

! +
g(A δ(u), ! g #) =

∫

! +
g(!

(
A δ(u)

)
, F) (42)

where &+ = J + (&) is the future of the initial hypersurface &. We assumethat #
has zero data on & and that F is supported in &+ . Our next goal is to integrate
by parts on the left hand side of (42). We Þrst decompose! g A , for an arbitrary
tensor-ÞeldA , relative to our null frame(20) - (21). For simplicit y we assumethat
A µ is a one tensor, the generalcasecan be treated in the same manner. We recall
the deÞnition of the Ricci coe$cients (22),

χ
ab

= g(D ea L , eb), ζa =
1
2

g(D aL , L ), η
a

=
1
2

g(ea , D L L )

and also intro duce,

ω = −1
4

g(D L L , L ) (43)

which is well deÞnedin a neighborhood D' of úN ! (p), see subsection 2.2. Using also
the notat ion in subsect ion (3.1) we derive:

! gAµ = g"# D 2
"# Aµ = −1

2
D 2

LL Aµ −
1
2

D 2
L L Aµ + δabD 2

abAµ
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Now, D bAµ = öD bAµ and, since D aeb = (L )Daeb + 1
2χabL ,

D 2
abAµ = ea( öD bAµ ) − D D a eb Aµ

= ea( öD bAµ ) − D ( L) D a eb
Aµ −

1
2
χabD L Aµ

= öD
2
abAµ −

1
2
χabD L Aµ

Hence, denoting ö%Aµ = δab öD
2
abAµ ,

δabD 2
abAµ = ö%Aµ −

1
2

tr χD L Aµ

On the other hand,

D 2
LL Aµ = D 2

L L Aµ + R !
µ LL A!

= D L D L Aµ − 2ζa öD aAµ + 2ω öD L Aµ + R !
µ LL A!

Henceforth ,

! gAµ = −D L D L Aµ + ö%Aµ + ζa · öD aAµ (44)

− ω öD L Aµ −
1
2

tr χD L Aµ −
1
2

R !
µ LL A!

Remark 3.3. In the casewhen A is a scalar formula (44) becomes, simply,

! gAµ = −D L D L A + ö%A + ζa · öD aA− ω öD L A− 1
2

tr χD L A (45)

3.4. In tegrati on by par ts. In view of (39) we have,

! g
(
A δ(u)

)
= ! g A δ(u) + (2 öD L A + tr χA )δ#(u) (46)

where for u = 0,

öD L A +
1
2

A tr χ = 0.

According to sect ion 2.6 we have deÞned a ti me foliati on &t , t ∈ [1− ε, 1 + ε], in
a neighborhood of the vert ex p with p ∈ &1 such that the boundary of the set
) ' = J ! (p) \ ∪t &[1! ', 1] &t is given by,

∂) ' = úN !
' (p) ∪D1! ' ∪D.

Here úN !
' (p) is the porti on of úN ! (p) to the future of &1! ' , D1! ' = J ! (p) ∩ &1! '

and D = J ! (p) ∩ &. As before we denote by T the futur e unit normal to the
surfaces&0 = & and &1! ' . Note that &1! ' needsonly be deÞned locally, for small
ε > 0. Note also that, for ε = 0, T coincides with T p as deÞned in section 2.1.
Clearly,

∫

"
g(A δ(u), ! g #) = lim

' ' 0

∫

" !

g(A δ(u), ! g #)

where ) = J ! (p) ∩ &+ . Due to the presence of δ(u) and the fact that ψ is
supported in &+ we may assume in what follows that all functions we deal with
in the calculation below are supported in the set ) = J ! (p) ∩ J+ (&). Thus the
boundary of the intersection of their supports with ) ' is included in &1! ' .
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Lemma 3.5. Let F,G be two tensor-Þeldsof the samerank and F is a distribution
supported in ) . Then

∫

" !

g(F, ! gG) =
∫

" !

g(! gF,G) −
∫

D t

(
g(F, D T G) − g(G, D T F )

)∣∣∣∣
t =1 ! '

t =0
,

where D0 = D.

Pro of : Indeed,

g(F, ! gG) − g(! gF,G) = D " g(F, D " G) − D " g(D " F,G)

Thus,
∫

" !

(g(F, ! gG) − g(! gF,G)) =
∫

" !

D " (
g(F, D " G) − g(D " F,G)

)

= −
∫

D t

T " (
g(F, D " G) − g(D " F,G)

)∣∣∣∣
1! '

0

We now write,
∫

" !

g (A δ(u), ! g #) =
∫

" !

g
(
! g

(
A δ(u)

)
, #

)

−
∫

D t

g(A δ(u), D T #)

∣∣∣∣
1! '

0
+

∫

D t

g
(
D T

(
A δ(u)

)
, #

) ∣∣∣∣
1! '

0

=
∫

" !

g
(
! g

(
A δ(u)

)
, #

)
+ I' + J' ,

where I' and J' denote the boundary terms on D1! ' . The term corresponding to
D0 vanishes due to the zero data assumption for # .

Prop osit ion 3.6. We have

I' → 0, J' → −4πg(#( p), Jp) as ε → 0.

Thus,
∫

"
g (A δ(u), ! g #) = lim

' ' 0

∫

" !

g
(
! g

(
A δ(u)

)
, #

)
− 4πg (#( p), Jp) (47)

Pro of : We analyze the boundary terms I' , J' . Clearly,

I' = −
∫

D 1−!

g (A δ(u), D T #) = −
∫

úN −(p) " D 1−!

g(A , D T #) ϕ da(

where, see (28), ϕ = |D T u|! 1 is the null lapse and da( is the area element of
the 2-surface S1! ' (p) = úN ! (p) ∩ D1! ' . Recall that according to (34) the area
|S1! ' (p)| " ε2.
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Now,

|I' | " ‖ϕ‖L∞
( ∫

S1−!

|A |2da(
)1/ 2(

∫

S1−!

|D T # |2da(
)1/ 2

" ‖ϕ‖L∞‖D T # ‖L∞‖A ‖L 2 (S1−! (p)) |S1! ' (p)|1/ 2

" ε ‖ϕ‖L∞‖D T # ‖L∞‖A ‖L 2 (S1−! (p))

Recalling (41) and (34) we easily seethat ‖A ‖L 2 (S1−! ) is bounded as ε → 0. Thus,
for a smooth tensor-Þeld#, we clearly have,

I' → 0, as ε → 0.

We now consider the second boundary term,

J' =
∫

D 1−!

g
(
D T

(
A δ(u)

)
, #

)

=
∫

D 1−!

δ(u) g (D T A , #) +
∫

D 1−!

δ#(u)D T u g(A , #)

=
∫

D 1−!

δ(u) g (D T A , #) +
∫

D 1−!

δ#(u) ϕ! 1 g(A , #)

= J1
' + J2

'

If N = ϕL + T denotes the unit normal17 to S1! ' = úN ! (p) ∩ &1! ' in &1! ' , then
D N δ(u) = δ#(u)D N u and D N u = D T u = ϕ! 1. Hence,

J2
' =

∫

! 1−!

δ#(u)ϕ! 1 g(A , #) =
∫

! 1−!

D N δ(u) g(A , #)

We next record the following integration by parts formulae.

Lemma 3.7. Let X be a vectorÞeld tangent to the hyperplane &t and let f, g be
two scalar functions on &t . Denote by ∇ the covariant derivative restr icted to &t .
Then,

∫

! t

fX(g) = −
∫

! t

(X(f ) + div Xf )g. (48)

In particular,
∫

! t

fN (g) = −
∫

! t

(N (f ) + tr θ f )g, (49)

where tr θ is the mean curvature of the 2-d surfaces St,u = {u = const} ∩ &t .

Pro of : Formula (48) is standard. To prove (49) observe div N = g(∇N N,N ) +∑
a g(∇aN, ea) = tr θ whereθ is the second fundamental form of the surfacesSt,u ⊂

&t .

17A priori, the vectorfield N is defined only on Ṅ ! (p) ∩ Σ1! ε, it can however be extended
locally as a unit normal to the foliation of 2-d surfaces {u = const} ∩ Σ1! ε.
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Using the lemma we infer that,

J2
' = −

∫

! 1−!

δ(u)
(
Ng( A , #) + tr θ g(A , #)

)

= −
∫

! 1−!

δ(u)
(
g(D N A , #) + tr θ g(A , #)

)
−

∫

! 1−!

δ(u) g(A , D N #)

Now, proceeding as for I' , it is easy to check that
∫

! 1−!
δ(u) g(A , D N #) → 0 as

ε → 0. Hence,

lim
' ' 0

J2
' = − lim

' ' 0

∫

! 1−!

δ(u)
(
g(D N A , #) + tr θ g(A , #)

)

Or,

lim
' ' 0

J' = − lim
' ' 0

∫

! 1−!

δ(u)
(
g(D N ! T A , #) + tr θ g(A , #)

)

Now observe that L = ϕ! 1(N − T ). Hence, D L A = ϕ! 1D N ! T A . Since D L A +
1
2 A tr χ = 0 we infer,

D N ! T A = ϕ D L A = −1
2
ϕA tr χ.

Hence,

lim
' ' 0

J' = − lim
' ' 0

∫

! 1−!

δ(u)
(
− 1

2
ϕtr χ + tr θ

)
g(A , #)

On the other hand θab = g(∇aN, eb) = g(D a(ϕL + T ), eb) = ϕχab + kab. Therefore,
tr θ = ϕtr χ + δabkab and we deduce,

lim
' ' 0

J' = −1
2

lim
' ' 0

∫

! 1−!

ϕtr χδ(u) g(A , #) − lim
' ' 0

∫

! 1−!

(δabkab)δ(u) g(A , #)

It is easy to seethat the second term of the right hand side convergesto zero for
ε → 0. Indeed,

|
∫

! 1−!

(δabkab)δ(u) g(A , #) | =
∣∣
∫

S1−! (p)
(δabkab) g(A , #) ϕ da(

∣∣

" |S1! ' (p)| 1
2 ‖k‖L∞‖# ‖L∞‖ϕ|L∞‖A ‖L 2 (S1−! (p))

Therefore,

lim
' ' 0

J' = −1
2

lim
' ' 0

∫

S1−! (p)
ϕ2 tr χ g(A , #) da(

It is easy to check that,
1
2

lim
' ' 0

∫

S1−! (p)
ϕ2 tr χ g (A , (# − #( p)) da( = 0

Therefore,

lim
' ' 0

J' = −1
2

lim
' ' 0

∫

S1−! (p)
ϕ2tr χ g (A , #( p)) dα(

Or, since supS1−! (p) |ϕ − 1| → 0, and supS1−! (p) |tr χ − 2
s | → 0 as ε → 0, we infer

that

lim
' ' 0

J' = −ε! 2 lim
' ' 0

∫

S1−! (p)
g (#( p), (sA )) = −4π lim

r ' 0
g (#( p), (rA )(r))
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Thus, using the initial condition lims' 0 sA (s) = Jp, we obtain

lim
' ' 0

J' = −4πg(#( p), Jp)

We now analyze the term
∫

" !
g

(
! g

(
A δ(u)

)
, #

)
on the right hand side of (47). In

view of (46) we have,
∫

" !

g
(
! g

(
A δ(u)

)
, #

)
=

∫

" !

δ(u) g (( ! g A ), #) +
∫

" !

δ#(u) g ((2D L A + tr χA ), #) .

Given the normalization L (u) = −2 we have δ#(u) = − 1
2 D L δ(u). Integrating by

parts we obtain
∫

" !

δ#(u) g ((2D L A + tr χA ), #) =
1
2

∫

" !

δ(u) g
(
D L (2D L A + tr χA ), #

)

+
1
2

∫

" !

δ(u) g
(
(2D L A + tr χA ),

(
D L # + D " L " #

))

+
∫

D t

δ(u) g(((2D L A + tr χA ), #) g(L , T ) |t =1 ! '
t =0

Recall that 2D L A + tr χA = 0 on the surface u = 0. Therefore the last two terms
vanish and we derive,

∫

" !

δ#(u) g ((2D L A + tr χA ), #) =
∫

" !

δ(u) g
(

D L (D L A +
1
2

tr χA ), #
)

Therefore,
∫

" !

g
(
! g

(
A δ(u)

)
, #

)
=

∫

" !

δ(u) g
((

! g A + D L (D L A +
1
2

tr χA )
)
, #

)

We now recall (44),

! g A = −D L D L A + ö%A + ζa · öD aA

− ω öD L A − 1
2

tr χD L A − 1
2

R (·, A , L , L )

Therefore,

! g A + D L (D L A +
1
2

tr χA ) = ö%A + ζa öD aA − 1
2

tr χD L A

− ω öD L A +
1
2

(D L tr χ)A − 1
2

R (·, A , L , L )

while since D L A + 1
2 tr χA = 0 on úN ! (p),

−1
2

tr χD L A − ωD L A +
1
2

(D L tr χ)A =
1
2

(D L tr χ +
1
2

tr χtr χ + 2ωtr χ)A

Hence, we have proved the following,

Prop osition 3.8. In the case of a one form A verifying (38),

! g A + D L (D L A +
1
2

trχA ) = %A + ζaD aA

+
1
2

(D L trχ +
1
2

trχtrχ + 2ωtrχ)A − 1
2

R (·, A , L , L ),
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where

%A = ö%A +
1
2

trχ öD L A = ea(D aA) − g(D aea , eb)D bA

is a Laplace-Beltrami type operator which coincideswith thestandard surface Laplace-
Beltrami operator in the casewhen the frame {ea}a=1 ,2 spans a tangent space of a
2-dimensional surface18.

In the scalar casewe have instead, see remark 3.3,

! g A + D L (D L A +
1
2

trχA ) = %A + ζaD aA

+
1
2

(D L trχ +
1
2

trχtrχ + 2ωtrχ)A ,

Using the above proposition we infer that,
∫

" !

g
(
! g

(
A δ(u)

)
, #

)
=

∫

" !

δ(u)g
((

%A + ζaD aA
)
, #

)

+
1
2

∫

" !

δ(u)
(
D L tr χ +

1
2

tr χtr χ + 2ωtr χ
)

g(A , #)

+
1
2

∫

" !

δ(u)R (# , A , L , L )

We now make useof the following,

Prop osition 3.9. Intr oduce the massaspect function as in (13.1.10b) of [C-K] ,

µ = D L trχ +
1
2

trχtrχ + 2ωtrχ (50)

The following formula holds true relative to the standard geodesic foliation on
úN ! (p),

µ = 2div ζ − öχ · öχ + 2|ζ|2 + R L L +
1
2

R (L , L , L , L ) (51)

Pro of : See [C-K] .

Remark 3.10. Note that according to (51) the mass aspect function µ depends only
on the null hypersurface úN ! (p) and the ambient curvature R .

We have therefore proved the following precise version of theorem 2.9,

Theor em 3.11. Let A be a vectorÞeld verify ing,

D L A +
1
2

A trχ = 0, sA (p) = Jp on u = 0

where Jp is a Þxed vector at p. Then solution # of an inhomogeneous vector equa-
tion ! g # = F, in a globally hyperbolic spacetime (M , g) satisfying A1 , A2 , with

18As in the case of the geodesic foliation.
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zero ini tial data on a Cauchy hypersurface & can be represented by the following
formula at point p with ) = J ! (p) ∩ J + (&) ,

4πg(#( p), Jp) = −
∫

"
δ(u) g(A , F) (52)

− 1
2

∫

"
δ(u) R (# , A , L , L ) +

∫

"
δ(u) g

((
%A + ζaD aA

)
, #

)

+
1
2

∫

"
δ(u) µ g(A , #)

where,

R (# , A , L , L ) = R "# ( ) L ( L ) # " A # ,

with R "# ( ) the components of the curvature tensor R relative to an arbitrary frame.

Remark 3.12. Theorem 3.11 implies that the error term E in (37) has the following
representation

Ea = −1
2

R a! ( ) A ! L ( L ) + (%A + ζaD aA )" +
µ

2
A "

in the case of a vectorial wave equation. For the scalar wave equation

E = (%A + ζaD aA ) +
µ

2
A

Remark 3.13. Formula (52) can easily be generalized to higher order tensor wave
equations. Indeed if both # and F are tensor-Þelds of order k then Jp, A and E
are also of order k and,

g(E , #) = g
(
(%A + ζaD aA ), #

)
+

µ

2
g(A , #) (53)

+ R (·, ·, L , L )### A

where the last term denotes a scalar contraction of R (·, ·, L , L ) with # and A .

4. Wave equation for sections of vector bundles and applications to
the Yang-Mills equations

Now let V be a vector bundle over (M , g) with a positive deÞnit e scalar product
<,> and a compatibl e connection λ. We may assume that V is a vector bundle
associated to a principal bundle P so that V = P ×G E with G a compact Lie
group and a vector space E. Let G denote the Lie algebra of G. The connection λ
is a G valued 1-form on V , which, locally can be viewed as a G valued 1-form on
M .

We deÞne the gaugewave operator ! ( ! )
g for secti ons # : M → V

! (! )
g # = gµ%DµD%# ,

whereDµ = D µ + [λµ , · ] denotes the gaugecovariant derivative. We denote by "
the curvature of the connection, i.e. the G valued 2-form on M ,

" "# = ∂" λ# − ∂# λ" + [λ" , λ# ].



KIR CHOFF-SOBOLEV PAR AME T RIX 23

As before we construct a Ki rcho!- Sobolev parametrix K!
p for ! ( ! )

g by deÞning
K!

p = K!
p,J p

= A δ(u), where A is a section of V which veriÞes the covariant
transport equation19

DL A +
1
2

tr χA = 0 (54)

with initial data (sA )|s=0 = Jp and Jp is a Þxedelement of the Þber V p. As before
we assume that (M , g) is globally hyperbolic and satisÞes A1 , A2 . We alsoassume
that u is a solution of the eikonal equation g"# ∂" u ∂# u = 0 with u, vanishing on
the boundary N ! (p) of the past of p in M . Repeating our calculations of section
3, we obtain the following analog20 of Theorem 3.11.

Theor em 4.1. Let A be a section of a vector bundle V over (M , g) verifying,

DL A +
1
2

A trχ = 0, sA (p) = Jp on N ! (p)

where Jp is a Þxed element of V p. The solution # of the inhomogeneous gauge
equati on ! ( ! )

g # = F, with zero initial data on a Cauchy hypersurface & can be
represented by the following formula at point p with ) = J ! (p) ∩ J + (&) ,

4π < #( p), Jp > = −
∫

"
δ(u) < A , F > (55)

− 1
2

∫

"
δ(u) < [" L L , A ], # > +

∫

"
δ(u)

〈(
%(! ) A + ζaD( ! )

a A
)
, #

〉

+
1
2

∫

"
δ(u) µ < A , # >

In particular, in Minkowski space, for general ini tial data, we have the following
representati on:

4π < #( p), Jp > = −
∫

"
δ(u) < A , F > −1

2

∫

"
δ(u) < [" L L , A ], # > (56)

+
∫

"
δ(u) < %(! ) A , # > +

∫

!
(< A δ(u), D T # > − < D T (A δ(u)) , # >)

The last term represents contribution of the ini tial data on &.

Remark 4.2. The formula (55) can be naturally extended to consider secti ons
of the bundle TM ⊗ . . . ⊗ TM ⊗ V . In th is case terms of the form

∫
" δ(u) <

R (·, ·, L , L )A , # >, where R is the Riemann curvature tensor of g, need to be
added. The corresponding extension of (56) does not therefore int roduce any ad-
ditional terms.

4.3. Yang-M i ll s equati ons. We now assume that λ is a Yang-Mil ls connection
on a 4-dimensional Lorentzian manifold (M , g), i.e., it veriÞes the equations

D" " "# = 0. (57)

19Note that here transport of A along integral curves of L is modulated by the action of the
gauge potential λ.

20The only new term in the formula (55) below is due to the commutator (D (λ)
L D (λ)

L −

D (λ)
L D (λ)

L )A = [ΛLL, A ] in deriving formula (44)
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The Yang-Mill sequations arehyperbolic in nature and admit a Cauchy formulation,
in which the connect ion λ is prescribed on a Cauchy hypersurface21 & and then
extended as a solution of the problem (57). The uniqueness and global existence
for the Yang-Mills equations with smooth ini tial data in 4-dimensionalMinkowski
space-time was established by Eardley-Moncrief, [EM1], [EM2]. Thi s result was
later extended to the Yang-Mills equations on a smooth 4-dimensional globally
hyperbolic Lorentzian space-time by Chru«sciel-Shatah, [CS]. A di! erent proof in
Minkowski space, allowing for initial data with only Þnite energy , was given by
Klai nerman-Machedon, [KM] .

All of theaboveapproachesweremanifestly non-covariant; asthey required a choice
of a gaugecondit ion for the connection λ. The approach of Eardley-Moncrief was
basedon the fundamental soluti on for a scalar wave equation in Minkowski space
(Ki rcho! formula) and madeuse of Cronstr ¬om gauges: For any point p the connec-
tion λ can be chosen to satisfy the condition

(p− q)" λ" (q) = 0

The work of Chru«sicel-Shatah relied on the FriedlanderÕsrepresentati on of the fun-
damental solution of a scalar wave equation in a curved space-ti me and a local
analog of the Cronstr¬om gauge. Finally, Klai nerman-MachedonÕsproof was based
on a Fourier representation of the fundamental solution of a scalar wave equation
in Minkowski space, bilinear esti mates and the useof the Coulomb gauge:

∂ i λi = 0

Below we present a new simple gaugeindependent proof of the global existenceand
uniqueness result for the 3 + 1-dimensional Yang-Mill s equations. The main new
ingredient is the use of a gaugecovariant Þrst order Kircho!- Sobolev parametr ix
described in Theorem 4.1.

Di!eren tiati ng the Bianchi identities D[" " # $ ] = 0 and using the equations we infer
that the curvature " is a solution of a covariant gaugewave equation

! ( ! )
g " "# = 2[" $

" , " $ # ] + 2R $ "( # " $ ( + R "$ " $
# + R # $ " $

#

For simplicit y weconsider theproblem in Min kowski space, althoughour results can
easily be extended to the general case of a globally hyperbolic smooth Lorentzian
manifold, as in [CS]. The equations then simplif y,

! ( ! ) " "# = 2[" $
" , " $ # ] (58)

Recall that the curvature " can be decomposed into it s electr ic and magnetic parts
Ei = " 0i and Hi = *" 0i . We also recall that the total energy

E0 =
∫

! t

(
|E|2 + |H|2

)
.

is conserved. Moreover, adaptin g theenergy identit y to to the past J ! (p) of a point
p ∈ &+ we also get a bound on the ßux of energy along N ! (p). More precisely we
derive,

F !
p ≤ E0.

21This requires space-time M to be globally hyperbolic.
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where the backward null energy ßux F !
p is deÞned with the help of a null frame

(L , L , ea) centered at p. With out loss of generalit y we may assume that p = (t, 0)
and denote r = |y|. Then L = ∂r −∂t , L = −∂t −∂r and ea is a frame on a standard
sphere Sr . With these notations

F !
p =

∫

N −(p)

(
|" LL |2 +

2∑

a=1

|" L a |2
)

As in the original approach of Eardley-Moncrief the key element of the proof of
global existence is a pointwisebound on curvature". Onceth is bound is established
the remaining stepsconcerning existence,propagation of regularit y and uniqueness
are very standard and will be omitted. The precise stat ement concerning an L%

bound on " is as follows:

Lemma 4.4. There exists τ$ > 0 dependent only on E0 such that for any point
p = (t, 0) we have

|"( p)| ≤ Ct ! +∗ ,

where the constant Ct ! +∗ dependsonly on the solution " on a hypersurface &t ! +∗ .

Remark 4.5. Iteration s of Lemma 4.4 leads to a pointwise bound on the curvature
" in terms of the init ial data.

Pro of : We Þx τ$ > 0, whoseis to be determined later, and apply the represen-
tation formula (56) in the domain ) = J ! (p) ∩ J + (& t ! +∗ ),

4π < "( p), J > = −2
∫

"
δ(u) < A , [" , "] > −1

2

∫

"
δ(u) < [" L L , A ], " >

+
∫

"
δ(u) < %(! ) A , " >

+
∫

! t−" ∗

(< A δ(u), D T " > − < D T (A δ(u)) , " >) (59)

Here J is an arbitr ary G valued anti-symmetric 2-tensor on R3+1 , A is a G valued
2-form on R3+1 verifying the equation22

DL A + r! 1A = 0, (rA )|r =0 = J

and <,> denotes a positive deÞnite scalar product on " 2(R3+1 )⊗G. The last term
in (59) depends only on the solution " on &t ! +∗ and therefore is consistent with
the claim of Lemma 4.4. We now observe that for a, b ∈ " 2(R3+1 ) ⊗ G we have

| < a, b > | ≤ |a| |b|,

where |a| denotes the absolute value of an element in " 2(R4) ⊗ G relative to the
posit ive deÞnite scalar product23. In what follows all the norms wil l be understood
to involve the absolute value | · | on " 2(R4) ⊗ G. We denote by N !

+∗ (p) the null

22Recall that L = ∂r − ∂t, DL = ∂r − ∂t + [λL, ·] and r = |y|.
23 R4 here stands for the Euclidean 4-dimensional space.
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boundary of ) to the future of &+∗ . Then

|
∫

"
δ(u) < A , [" , "] > | ≤ ‖rA ‖L∞(N −

" ∗ (p)) ‖r
! 1[" , "] ‖L 1 (N −

" ∗ (p)) ,

|
∫

"
δ(u) < [" L L , A ], " > | ≤ ‖rA ‖L∞(N −

" ∗ (p)) ‖r
! 1" LL ‖L 1 (N −

" ∗ (p)) ‖" ‖L∞(N −
" ∗ (p)) ,

|
∫

"
δ(u) < %(! ) A , " > | ≤ ‖" ‖L∞(N −

" ∗ (p)) ‖%
(! ) A ‖L 1 (N −

" ∗ (p))

It is easy to see, seee.g. [EM2] that

|[" , "] | ≤ |" |
(
|" LL | +

2∑

a=1

|" L a |
)

and therefore

‖r! 1[" , "] ‖L 1 (N −
" ∗ (p)) ≤ τ

1
2

$ ‖" ‖L∞(N −
" ∗ (p))

(
F !

p

) 1
2

Similarly,

‖r! 1" LL ‖L 1 (N −
" ∗ (p)) ≤ τ

1
2

$
(
F !

p

) 1
2

To prove Lemma 4.4 it would be su$ cient to show that

‖rA ‖L∞(N −
" ∗ (p)) " |J |, ‖%! A ‖L 1 (N −

" ∗ (p)) " |J |
(
τ

3
2

$
(
F !

p

) 1
2 + τ$F !

p

)

(60)

and then chooseτ$ << (1 + E0)! 1 asF !
p ≤ E0.

To prove (60) we intro duce a new G valued 2-form B = rA so that

DL B = 0, B |r =0 = J .

Considering the components of the 2-form B it su$ces to assume that B is a G
valued functi on on R3+1 , in fact on N !

+∗ (p).

Commut ing24 the transport equation DL B = 0 with r2%(! ) we obtain

DL (r2%(! ) B ) = r2 [" a
L ,∇( ! )

a B ] + r2∇( ! )
a [" a

L , B ]

We also have the equation

DL (r∇( ! )
a B ) = r [" L a , B ]

We combine theseequations into the system:

DL B = 0, (61)

DL (r∇( ! )
a B ) = r [" L a , B ],

DL (r2%(! ) B ) = 2r2 [" a
L ,∇( ! )

a B ] + r2 [∇( ! )
a " a

L , B ].

The Þrst equation immediately implies that

sup
N −

" ∗ (p)

|B | ≤ |J |,

24Recall that ∇(λ) is a gauge covariant derivative acting on sections Sr → P ×Ad G and ∆(λ)

is the corresponding gauge Laplace-Beltrami operator on a standard sphere Sr of radius r.
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as the covariant derivative D " = ∂" + [λ.·] is compatible with a scalar product on
G. We infer from the second equation that

‖∇( ! ) B ‖L 2 (Sr ) ≤ |J |
∑

a=1 ,2

∫ r

0

(∫

S#

|" L a |2dσs

) 1
2

dρ

where dσs is the are element of a 2-dimensional sphere S, of radius ρ.

To treat the last equation in (61) we need to worry about the term [∇( ! )
a " a

L , B ]
which contains derivatives of ". Recall that the ßux only allows us to est imate
the tangenti al components of " and none if its derivatives. We get around thi s
di$ culty by expressing the Yang -Mills equations D " " "# = 0 relative to the null
frame L , L , e1, e2. In particular , Da" L a + DL " LL = 0. This in turn implies that

∇( ! )
a " a

L =
1
2
DL " LL +

1
r

" LL .

Thus

DL (r2%(! ) B − 1
2
r2[" LL , B ]) = 2r2 [" a

L ,∇( ! )
a B ]

Therefore,

‖%(! ) B ‖L 1 (Sr ) ≤ |J |




1
2
‖" LL ‖L 1 (Sr ) +




∑

a=1 ,2

∫ r

0

(∫

S#

|" L a |2dσs

) 1
2

dρ




2




Integrating with respect to r we obtain

‖%(! ) B ‖L 1 (N −
" ∗ (p)) " |J |

(
τ

3
2

$ ‖" LL ‖L 2 (N −
" ∗ (p)) + τ$

∑

a=1 ,2

‖" L a‖2
L 2 (N −

" ∗ (p))

)
.

and the result follows.

5. Applications to General Relativity

In th is section we specializeour results to Einstein vacuum space-ti mes(M , g):

R "# − 1
2

R g"# = 0 (62)

Equations (62) combined with the Bianchi identi ties imply that the Riemann cur-
vature tensor R "# µ% of an Einstein vacuum metric g satisÞesa covariant wave
equation

! g R "# µ% = (R 4 R )"# µ%,

where the quadratic term R 4 R is obtained by a contraction 25 of the curvature
tensor R "# µ% with itself.

25These contractions result in a special structure of the quadratic term, crucial to the analysis
in [Kl-Ro5] where we investigate a breakdown criterion in General Relativity. The structure of
this term is somewhat analogous to the corresponding term in the Yang-Mills theory, see previous
section.
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Theorem 5.1. Let p be a point to the future of a space-like hypersurface & in
an Einstein vacuum space-time (M , g). We assume that assumptions A1 , A2 are
veriÞed at p. Let A be a 4-tensor verifying,

D L A +
1
2

A trχ = 0, sA (p) = Jp on u = 0

where Jp is a Þxed 4-tensor at p. Then the curvature tensor R "# µ% of g can be
represented by the following formula at point p with ) = J ! (p) ∩ J + (&) ,

4πg(R (p), Jp) = −
∫

"
δ(u) g(A , R 4 R ) (63)

− 1
2

∫

"
δ(u) R (·, ·, L , L )# R # A +

∫

"
δ(u) g

((
%A + ζaD aA

)
, R

)

+
1
2

∫

"
δ(u) µ g(A , R ) +

∫

!
(g(A δ(u), D T R ) − g(D T (A δ(u)) , R ))

where # denotes a contraction operation between tensors. The last term represents
the contribution of the initial data on &.

Representati on (63) opens the possibilit y of proving a pointwise bound on the cur-
vature tensor in terms of init ial data on & and, as in the Yang-Mills case,the ßux
of curvature along the null boundary N ! (p) of the set ). However, as opposed
to the Yang-Mills equations on Minkowski background, where the curvature ßux is
bounded by the L2-norm of the curvature of initial data, no such a priori bounds
are available for the Einstein vacuum equations. Thi s suggests the use of the L2

basedcurvature norms to deduce a breakdown criteri a in General Relativi ty, i.e.
to show that the space-t ime can be continued as long as such norms remain Þnite.
For the Yang-Mills problem in Minkowski space the underlying reason for having
an a- priori bounds on the ßux of curvature is due to the presence of the Killi ng
vectorÞeld ∂t = -

- t . In the case of the Yang-Mil ls equations on a smooth curved
background, such as in [CS], the result remains tru e even though ∂t is no longer
Kil ling; it su$c esthat its deformation tensor is bounded. We call such a vectorÞeld
approximately Kil ling.

These considerations suggestthe following question. Assume that the space-time
(M , g) possesses an approximately Kil ling, unit, vectorÞeld T , orthogonal to a
space-like Cauchy hypersurface &, with deformation tensor π(X, Y ) = g(D X T , Y ).
We also assumethat the slices&t obtained by following integral curvesof T from
&0 have constant mean curvature. Can the space-time be extended as long as π
remains Þnite in the uniform norm?

The Þnitenessof thedeformation tensor π allowsoneto control, via energyest imates
basedon the Bel-Robinson tensor, both the L2 norms of the curvature R along &t

and the ßux of curvature along the null boundaries N ! (p). The key step in the
remaining analysis is to derive a pointwise curvature based on the representat ion
formula (63). In [Kl-Ro5] we give an a$rmativ e answer to the question raised above
by showing that the size of the region of validit y of the formula (63) depends only
on the assumed L% - bounds on π and reasonable assumptions on the init ial data
on &. Such estimates follow from our work in [Kl -Ro4]. More precisely we show
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that for a space-t ime metric g in the form

g = −n2dt2 + gij dxi dxj ,

where n is the lapse function of the t foliation and the vectorÞeld T is orthogonal
to &t , the following result holds tr ue.

Theorem 5.2. Assume that (M , g) is a globally hyperbolic Einstein vacuum space-
time with &0 a Cauchy hypersurface. Let the lapsefunction n and the deformation
tensor π of T satisfy

N ! 1
0 ≤ n ≤ N0, ‖π‖L∞ ≤ K0

Assume also that M contains a future, compact setD ⊂ M such that for any point
q ∈ Dc the radius of injectivity of N ! (q) is at least δ0 > 0.

Let & be one of the slicesof the t foliation. Then assumpti ons A1 , A2 of this paper
are satisÞed for all points p at distance ≤ δ$ from &, where δ$ dependsonly on the
Cauchy data on &0, N0, K0 and δ0. In parti cular, the representation formula (63)
holds for all such points.

6. Open questions

All the results of th is paper have been derived under assumption A2 which re-
quires that, for any point p, the boundary N ! (p) of the causal past J ! (p) remains
smooth at least until it reachesthe space-like hypersurface&. It is only under thi s
assumption that we can guarantee that the Kir cho! -Sobolev parametr ix of Theo-
rem 3.11givesa faith ful representation of a solution of the wave equation. We have
already discussed the two obstr uctions to smoothness of N ! (p): conjugate points
of the congruence of past directed null geodesics from p and intersection of two
disti nct past directed null geodesics from p. The second obstructi on can be easily
demonstrated on a space-time M = R×T3 or M = R× ' a basedon a ßat torus T3

or a ßat cylinder ' a of width a. In thosecases, however, an (exact) parametrix can
be easily constr ucted by lif tin g the problem to the covering space R× R3. On the
other hand, the examplesabove are very special. Conjugate points can not be re-
moved by a simple26 lif tin g and the quantit y tr χ, which features prominently in our
representation formulas, divergesto −∞ at a conjugate point. However, the same
focusing phenomenon shrinks the volume of a conjugate point region thus leaving
open a possibilit y that, perhaps,with someaddition al assumptions on the str ucture
and strength of conjugate points, the integral quantiti es appearing in our represen-
tati on formulas remain Þnite. It may thus be that the Kirc ho!-Sobolev parametr ix
remains valid even beyond the region of formation of conjugate points. A good
place to star t invest igating this issue would be product manifolds M = R × M
with metrics of the form g = −dt2 + gij dxi dxj . A part icularly interest ing classto
considerare product manifolds with M collapsing in the senseof Cheeger-Gromov.

26Conjugate points can be desingular ized however by lifting to the cotangent space
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[CS] P. Chrúsciel, J. Shatah, Global existence of solutio ns of the Yang-Mil ls equatio ns on
global ly hyperbolic four-d imensional Lorentzian manifold s, Asian J. Math. 1 (1997),
no. 3, 530–548.

[Fried] H.G. Friedlander The Wave Equation on a Curv ed Space-time , Cambridge University
Press, 1976.

[EM1] D. Eardley, V. Moncrief, The global existence of Yang-M il ls-Higgs Þelds in 4-
dimensional Minkowski space. I. Local existence and smoothness properties. Comm.
Math. Phys. 83 (1982), no. 2, 171–191.

[EM2] D, Eardley, V. Moncrief, The global existence of Yang-M il ls-Higgs Þelds in 4-
dimensional Min kowski space. I I. Completio n of proof. Comm. Math. Phys. 83 (1982),
no. 2, 193–212.

[HE] Hawking, S. W. & Ellis, G. F. R. The Large Scale Str uctur e of Space-time , Cambridge:
Cambridge University Press, 1973

[HKM] Hughes, T. J. R., T. Kato and J. E. Marsden Wel l-posed quasi-l inear second-or der hy-
perbolic systems with applications to nonlin ear elastodynamics and general relativity ,
Arch. Rational Mech. Anal. 63 (1977), 273-394

[KM] S. Klainerman and M. Machedon, Fin it e energy solutio ns of the Yang-Mi l ls equations
in R3+1 , Ann. Math. 142 (1995), 39-119.

[Kl-Ro1] S. Klainerman and I. Rodnianski, Causal geometry of Einste in-V acuum spacetimes
with Þnit e curvatur e ßux Inventiones Math. 159 (2005), 437-529.

[Kl-Ro2] S. Klainerman and I. Rodnianski, A geometr ic approach to Litt lewood-Paley theory,
to appear in GAFA

[Kl-Ro3] S. Klainerman and I. Rodnianski, Sharp tr ace theorems for nul l hypersurfa ces on
Ei nstein metrics with Þnite curvature ßux, to appear in GAFA

[Kl-Ro4] S. Klainerman and I. Rodnianski, Lower bounds for the radius of in jectivity of nul l
hypersur faces, preprint

[Kl-Ro5] S. Klainerman and I. Rodnianski, A large data break-down cr iter ion in General Rel-
ativity in preparation.

[Sob] S. Sobolev, Methodes nouvel le a resoudre le probleme de Cauchy pour les equations
lin eai res hyperboliques nor males, Matematicheskii Sbornik, vol 1 (43) 1936, 31 -79.

Department of Mathematics, Princeton University, Princeton NJ 08544

E-mail address: seri@math.princeton.edu

Department of Mathematics, Princeton University, Princeton NJ 08544

E-mail address: irod@math.princeton.edu


