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ABSTRACT. We construct a first order, physical space, parametrix for solutions
to covariant, tensorial, wave equations on a general Lorentzian manifold. The
construction is entirely geometric; that is both the parametrix and the error
terms generated by it have a purely geometric interpretation. In particular,
when the background Lorentzian metric satisfies the Einstein vacuum equa-
tions, the error terms, generated at some point p of the space-time, depend,
roughly, only on the flux of curvature passing through the boundary of the past
causal domain of p. The virtues of or specific geometric construction becomes
apparent in applications to realistic problems. Though our main application
is to General Relativity , which we discuss in [KI-Ro5], another simpler appli-
cation shown here is to give a gauge invariant proof of the classical regularity
result of Eardley-Moncrief [EM1]-[EM2] for the Yang -Mills equations in R**3 .

1. INTRODUCTION

We constr uct a brst order, physical space parametrix for covariant, tensorial, wave
equations on a general Lorentzian manifold which is particularly well suited to
geonetric applications to the Einstein-vacuum and Yang-Mills equations. We give
a purely georetric interpretation for both the parametrix and the assciated error
terms. This fact is particularly well suited to solutions of the Einstein vacuum
equations in which cas the error term can be shown to depend, roughly, only on
the Bux of curvature passng through the boundary of the pas causal domain of
a point p in spacetime . Though our main application to General Relativity is
not included in this paper, see [KI-R05], we are able neverthelessto illu strate the
e! ediveness of our construction in the context of the Yang-Mills equationsin the
Minkowski badkground R3*1 . We reprove the classcal regularity result of Eardley-
Moncrief with the help of a gauge invariant parametrix formula. This allows us to
completely avoid the Crenstrom gauge,which plays an essertial rolein the Eardley-
Moncrief proof.

It is important to emphasizethat our parametrix is well suited to provide uniform
curvature bounds in specibc applications, such asin connection to the break-dowvn
criterion of [KI-Ro5] or the gaugeinvariant proof of the Eardley-Moncrief result pre-
sented here. It is by ho means well suited to other applications based on Stric hartz
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or bilinear estimates, such as optimal well posednessfor nonlinear wave equations
for which parametrices basal on Fourier integral operators, or wave packets, are
clearly better suited. On the other hand, it is equaly clearthat Fourier space based
parametrices are not appropriate in the type of applications we consicer here; in-
deedthey are not at all the right tool if one is interested in uniform bounds of
solutionsto geornetric problems

We give a new proof of the Eardley-Moncrief result baseal on our new parametrix
adapted to gaugeinvariant wave egquation. We recall that the curvature " of a
Yang -Mills connedion satisbes,

O = 2P S )

where" w4 = O Ay — Ou X + [A ) Az], A @ one form debPned in Minkowski space
R™3 with valuesin a Lie algebra G and ! (*) the corresponding gauge invariant
wave operator . We recall the Eardley-Moncrief proof was basel on deriving a
pointwise estimate for ". T his was done by approximating ! () with the standard
wave operator ! and useof the classical Kircho! formula (4). To deal with the error
term ! () —1 onehad to rely on a particular gauge condition, called Crenstrom
gauge. Our gaugeinvariant parametrix , which generalizes (4), allows us, instead, to
edimate thevalueof" at apoint p in termsof an error term expressedasan integral
along the pag null coneN" (p) of a geomeric expression which dependst, roughly,
on up to two tangertial derivatives along N' (pure) of the connection )\, or one
derivative of its curvature " . This fact may seem bad enouwgh to ruin our chances
of proving the desired result?. The essettial point here is that both derivativesare
tangential to the light cone. This fact, combined with the Bianchi identities and
a subtle cancdlation, which depends essrtially on the algebraic structure of the
nonlinear equation, makes our proof go through. The proof will simply not work
with out a geometric, gaugeinvariant form of the error term.

We consider solutions to the covariant, tensorial wave equation
I g# = F, Q)

on a given Lorentz manifold (M ,g). Here# and F are k tensor-bpelédona 3+ 1
dimensioral Lorentz manifold (M ,g) and! 4# = gD, D# denotesthe covariant
wave operator on M, with D the Levi-Cevita connedion debred by g. To simplify
the discusson below we consider brst the scalar case

g = f. )

In Minkowski space (R®** ,;m) with m = diag{—1,1,...,1} the wave operator on
theleft hand side of (2) is the standard D@lembertian | = m™ & 9. The general
solution of | ¢ = f can be written in the form,

Y= + o 3)
1Through the transport equation (54).

2In view of the energy identity we have an a-priori bound on the curvature flux through A" (p)
We don’t have any a-priori for derivatives of A.
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with o a solution of the homogeeous equation ! 1o = 0 and ¢ given by the the
Kir cho! formula,

t
U(t) = (4m)' 1 /O /| I SO0
x!y|=tls

1

@ny' [ ot —s—|o—yDf(s)dsdy. (@)
R |~y

Heredo(y) denotesthe area elemert of the sphere |z —y| = t—s and ¢ represents the

one dimensioral Dir ac measure supported at the origin. The homogeneos solution

1o is Pxed by initial data on the hyperplane ¢t = 0.

One can also recag (4) in the form
Ui (t,2) = (4n)’ 1/R3+ VH(E =)= (t =)+ [z —yP) f(s,9)dsdy  (5)

where H(t) is the Heavyside function supported on the podtive real axis and the
expresson |z — y|> — (t — s)? = do(p, q)? is the square of the Minkowski distance
function between the vertex p = (¢,z) and the point ¢ = (s,y) in the causal pas
J' (p) R of thepoint p e R¥*! . All attempts to extend Kir cho! @ formula to
a general four dimensional curved spacetime are basal on either (4) or (5). Thus
the prst term in the so called Hadamard parametrix is constructed by replacing
the Minkowski distance function dy with the Lorentzian distance function d(p, q)
debred by the metric g. Thus one can sd,

)= @'t 0.0 5(E0.0) ) ©)
~(p

with dv the volume element of the metric g, and r(p, ¢) a correction factor which
veribes a transport equation along the null boundary of 7' (p) and sud that
r(p,p) = 1. The integral on the right makes sense for the portion of 7' (p) which
belongsto a neighborhood D of p whereth e geadesic distance function d(p, q) iswell
debred and su$ ciertly smooth. Typically one requires D to be causally geodes-
cally convex, i.e. any two causally separaed points in D can be joined by a unique
gealedgc in D. The local parametrix in D is then debred

ww=ed [ .00 .0) 16 b @)
Y

The integral in (7) is supported on the portion of the boundary A" (p) of 7' (p)
included in D.

The error term ! g4y — f, however, does not vanish unlessg is the Rat metric m.
One can improve (6) by making sucessive corrections basel on solving a series
of transport equations in 7' (p) N D. In the proces the error term can be made
as smooth as we wish, for given regularity of f, at the price of requiring higher
regularity of the metric g, see [Fried]. Moreover the resulting parametrix, called
Hadamard parametrix, is no longer supported just on the boundary of 7' (p). One
obtains a solution of (2) of the form,

b(p) = / Er (p.0) £(a) do(q). ®)
J —(p)"D
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with Ey (p,q) = r(p,q)é(d?(p,q)) + ... is the retarded Green function of ! 4

The Hadamard parametrix (8), which requires both inbnite smoothness of g and
geadesc convexity for D is ill suited for applications to nonlinear problems. It
turns out that in many situati ons one does not need the precise represertati on
(8) and that in fact the brst order parametrix of type (6) su$ces This fact was
brst made use of by S. Sobolev, see [Sob, to provide a proof of well-posedness
for general semnd order linear wave equations with variable coe$cients. A similar
parametrix was later used by Y. C. Bruhat, see [Br], in her famouslocal existence
result for the Einstein vacuum equations. Both [Sob]and [Br] construct their brst
order parametrices, which we refer to as Kirc ho!-Sobolev, based on the 3at space
formula® (4). The generalzation of (4) to a curved spacetime proceeds from the
obsenation that the function wuy(s,y) = t — s — |z — y| is an optical function, i.e.

m™# o uduu = 0, 9)

vanishing predsely on the past null cone " (p) with vertex at p = (¢, ) given by
the equation u, = 0. Letting r = |z — y| one can easily check that
| (’I‘! 15(up)) = (! r l) O(up) + (—ZL(T! l) + 0 up)é#(u)
+ (ma# O upa#up)é#‘tu) = 47 (p),
with 6(p) the four dimensioral Dirac measire supported at p. Indeea the terms

involving 6*{up) and §%up) both vanish, the prst in view of (9) and the second
because

—2L(r' D+t =0,
with L the null vectorbeld along N* (p) debned by L = —m™ 94up,0-. On the
other hand 5(up)! r* 1 = d(up)%r' * = 47é(p).

Based on this one can generalize (4) to a curved space-time by setting,
wo= | 1 A0 30() S0 0 (10)
~(p)"

where up = up(q) is the badkward solution to the eikonal equation,
g% o udsu=0, (11)

vanishing on the past null cone A" (p), and a(q) = a(p,q) veribesthe transport
equation similar to that satispedby ' ! in Rat space As in (6) we need to restrict
ourselvesto a neighborhood D of p in which solutions to (11) remain smooth.

To explain the restriction to the neighborhood D to which the integral in (10) is
regricted we return for a moment to the initial value problemin Rat space-time. In
the Minkowski spacetime model with the choice of an initial Cauchy hypersurface
&p = {t = 0} the Kircho! formula

U (p) = (4m)' * / L.

4 (up(q)) f(q) dv(q) (12)
J—=(p)"J *( o) 7(p,q)

31t is easy to show that the two constructions (6) and (13) differ in fact only by a normalization
factor at the vertex p.
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with p = (¢,2),q = (s,y), up(q) = t —s — |z —y| and r(p, q) = |z — y|, coincides at
point p with the solution of ! ) = f with zeroinitial data at ¢ = 0. The represen-
tation is valid for any point p to the future of &y and the surface of integration
N (D) NI (&o) = {(s,9) 1 t—s= |z —y|, s >0}

is smooth with exception of the vertex point p. In a Rat spacetime model with
the Lorentzian manifold M = R x ' 5, where' ; = R? x R/aZ is a Rat cylin-
der of OwidhO q, the represertation (12) also coincides with the solution of the
inhomogeeous wave equation with zero initial data at ¢ = 0, provided that we
regrict oursevesto points p = (¢,z) such that ¢ < a. For points p = (¢,z) with
t > a formula (10) no longer* represents the solution of the inhomogeneous problem
with zero initial data at ¢ = 0. The null hypersurface N (p) N J* (&o) develops
singularities® (scars) in the time interval [0, ¢ — a] due to intersecting null geadesics.
This shows that the acauracy of the Kircho! formula in this caseis restricted to
the neighborhood D = {(¢,z) : 0<t < a} of the Cauchy hypersurface &o.

To descibe the situation in a general space-time (M , g) we assime that M is glob-
ally hyperbolic, i.e., there exists a Cauchy hypersurface & C M with the property
that each in-extendible pag (future) directed causal curve from a point p to the
future (pag) of & intersects & once We denote by &, = J* (&) the future set of
&. By Prite speed of propagation the solution (p) of the wave equation ! g = f
at point p € &, is completely determined by the values of f in J' (p) N &+ and
initial data for ¢ on J' (p) N &.

Debniti on 1.1. We will say that E (p,q) is the retarded parametrix for ! 4 at p
if
v = [ B 0.0 @ B
J—(p)" !+

coincides with the solution of the problem ! 44 = f with zero initial data on
& We will say that the brst term in the expansion of E, (p,q) D distribution
ICiJ = a(p, q)¢ (up(q)) Pis the retarded Kircho!-Sobolev parametrix.

Let D be a space-time neighborhood of &. The expression
w= | ) @ @D, peD (13)
()1,

is the Kir cho!-Sobolev approximation to the solution (p) of the wave eguation
I g9 = f with zeroinitial data on &. Clearly s fails to be a solution to (2) in the
non-Rat case We write a general solution of (2) with zero initial data on & in the
form,

¥(p) = ¢ (p) + & (p) (14)

with & an error term.

In this paper we will:

41n fact the correct representation can be obtained by lifting the problem to the covering space
R x R? x R, applying the Kirchoff formula and taking periodization in the last variable with the
period a.

S5Note that although past null geodesics intersecting, say at ¢t =t — a can be extended beyond
t» they no longer belong to the boundary of the causal past of p.
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(1) Provide a careful derivation of (13) and (14) for points p in a suitable
neighborhood D of & and show that the error term & can be expressedin
the form,

A= [ 0.0 006 v ) (15)
—(p)" !+

where the smooth density £(p,q) depends only on geomeric quantities
asciated to the null hypersurface A" (p).

We should notethat classcal constructi onsof the Kirc ho!-Sob olev parametrix
edablish the error term & asexplicitly dependent on the metric g and its
derivativesrelativeto some chosen system of coordinates. To our knowledge
the fact that & is supported only on the boundary of the past set J* (p)
does not seem to have beenfully recognized and usedin applications. A
similar obsevation was, prior to this work, communicated to us verbally by
V. Moncrief. His claim, based on Friedlander® treatment of the Hadamard
parametrix, was the starting point of our own invedigations.

(2) Extend formulas (13) and (15) to the covariant tensorial wave equation (1).

Once agan the classial tr eatment of the tensorial wave equation introduces
additi onal coordinate dependent error terms. Our approad is entirely co-
variant.

(3) Provide a minimum set of conditions for the local georretry of M near p to
ensurethat the represertation (13) and (14) holds tru e at p. We also make
useof our recert results from [KI-Ro4]to show that for the Einstein vacuum
spacetimes (M , g), with vanishing Ricci curvature, formulas (13) and (14)
can be extended to points p at distance tg from &, with tg dependen,
essantially, only on the L2 norm of curvature® of g.

(4) Our formula can be easly adapted to gaugeinvariant wave equations. In
section 4 of the paper we write down such a formula and show how it can
be usedto give a very simple proof of the Eardley-Moncrief global existence
reault for the Yang-Mills equation in the 3+ 1 dimensional Minkowski space,
see [EM1],JEM2]. The remarkable fact about our approach is that it is
ertirely gaugeindependert; we don® neel to spedfy any gaugecondition’.

The sizeof the neighborhood D, mertioned above, is brst and foremost constrained
by the conditi on that the optical function « is smooth. In the caseof a Riemannian
manifold the distance function from a point p is smooth in a geodescally convex
neighborhood of p whosesize can be evaluated in terms of the C? norm of the metric
g, as measired in a given system of coordinates Alternatively, by a theorem of
Cheaer, the size of this neighborhood depends only on the pointwise bounds for

6Note that classically the construction of a Kirchoff-Sobolev parametrix could only be justified
for points p such that J' (p) N T belongs to a geodesically convex neighborhood D of p. As we
note below this requires uniform control for at lest two derivatives of the metric.

"The method of [EM1],JEM2] was heavily dependent on the choice of a Crénstrom gauge.
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the Riemann curvature tensor and a lower bound on the volume of a unit gealesdc
ball. For similar reasons the constr uction of a solution v, to (11) is redricted to a
geadescally convex neighborhood® D of p. Unlike the Riemannian case, however, a
purely geomaer ic characterization of the size of a geodesically convex neighborhood
of a point p is not available and thus all known parametrix constructi ons for wave
equations had to be restricted to domains D whosesize is determined by the C?
norm of the metric g in a given system of coordinates. Thus the Kir cho!-Sobolev
representation would only hold for points p at maximal distance tg from & with tg
dependert on the C? norm of the metric. As we shall explain below, such demand
on the regularity of the metric would make the Kirc ho!-Sob olev formula imp ossible
to apply to realistic nonlinear situation's, such as Einstein® peld equations.

The importanceof the classial C? condition becomes apparent upon examining the
regularity of the null boundary A" (p) of the causalpast 7' (p). This set is ruled
by pag null geodescs «(s) originating from p and terminating at the points ~(sg)
beyond which one can bnd a time-like curve conneding p and ~(s) with s > sg,
see [HE]. Regularity of A" (p) breaks down precisely at the terminal points v(sg).
There are two reasonsfor the existence of a terminal point ~(sg).

(1) ~(ss) is a conjugate point.
(2) ~(ss) is a point of intersedion of two dile rent null geodescs.

The existence of conjugate points is governed by the Jacobi equation for the Hessian
D 2w of the optical function u,

DL(DZU)+ (DZU)Z: R(> L7 7L)

with L = —g™# 9su0- thenull geadesicvectorbeld along A" (p) and R thecurvature
tensor of g. This formula indicatesthat, at leag asfar asthe conjugate points are
concened, the terminal value of the a$ ne parameter sg can be bounded below by
an upper bound on sedional curvature which, in turn, can be cortrolled by a C?
bound on the metric.

Uniform bounds of of the curvature tensor R, or C? bounds for the metric g, are
however not very usdul in applications to nonlinear wave equations. For example
in the classical local existenceresult for the Einstein vacuum equations [Br], which
is basedon Kircho! -Sobolev formula, the C? requiremert is by itself worse® when
compared to the result in [HKM] basel on the Sobolev norm HS, s > 5/2. It
is for this reasonalone that the Kircho! -Sobolev parametrix has been abandoned
in all rigorous work on nonlinear wave equations in favor of energy estimates and
Sobolev inequalities. The main goal of our paper is to revive the Kir cho! -Soholev
parametrix by constructing it and showing that in the particular caseof the Einstein
vacuum equations,

8Defined as the image of the exponential map : T,M — M restricted to the largest convex
subset of Tp,M where it is a diffeomorphism.
9 Additional losses of derivatives lead to a C5 result in [Br].
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it iswell-dePnedunder much less stringent assumptions. For thistask werely in an
essatial way on the results in [KI-Ro1]D[KI-Ro3] which show®® that the radius of
conjugacyalong A (p), expresdrelativeto an a$ne parameter of L, dependsonly
on the size of the geadesic Bux of curvature!* 7, along A" (p). These results are
complemented by our recent work [KI-Ro4] where we egablish the remaining part
of a lower bound on the radius of injectivity of N (p), i.e., cortrol of intersecting
null geadesicsfrom p, expressed relative to a given time function. We achieve this
by assuming, in addition to the above mentioned bound on the curvature RBux, the
existence of a coordinate system =" in D relative to which the metric g is pointwise
close to the Rat Minkowski metric.

Acknowledgm ent. We would like to thank V. Moncrief for fruitful discussons
in connedion with our work. He was brst to point out to us that a formula of
type (14) with an error term & of the form (15), supported on the boundary of
the past of p, should hold true. His derivation, basel on HadamardOgarametrix
construction as formulated in [Fried], dile rs however signipcartly from ours. We
would also like to point out that our invariant derivation of the Eardley-Moncrief
global regularity result for the 3+ 1 dimensional Yang-Mills equations answers a
guestion brst raisad to us by him.

2. BASIC DEFINITIONS AND MAIN FORMULA

2.1. Null cones. Consider a spacdike hypersurface &, a point p to its future &,
and J' (p) its causalpag. We start by assuming the following local hyperbolicity
condition for the pair (&, p):

Al. All past causal curves initi ating at points in a small neighlwrhood of 7' (p)
intersect & at precisely one point.

Let A' (p) be the null boundary of 7' (p). In general N (p) is an achronal,
Lipschitz hypersurface It is ruled by the null gealesis® from p, correponding
to all past null directions in the tangert spece 7,M . These null geodescs can
be parametrized by Pxing a future unit time-like vector T, at p. Then, for every
direction w € S?, with S? denoting the standard sphere in R2, consider the null
vedor lg in Tp(M),

9(le, Tp) = 1, (16)

and as®ociate to it the past null geodesc ~g(s) with initial data v5(0) = p and
1 (0) = lg. We can choosethe parameter s in such a way sothat L = 4g(s) is
geadedc. Thus,

D .L=0, g(L,L)=0, and, at point p, g(L,Tp) =1 a7

10properly speaking the results in [KI-Rol]-[KI-Ro3] do not consider the vertex p yet the
methods used in those papers can be shown to extend to cover the case of interest here. In fact,
this forms the subject of the Q. Wang’s thesis, Princeton University, 2006.

1 This is an appropriate L? integral of the tangential components of the curvature tensor along
N (p), called curvature flux, which will be defined below.

12Every point in ! (p) \ {p} can be reached from p by a past null geodesic in A" (p).
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As mertioned in the introduction the null cone N (p) is smooth as long as the
exponential map (s,w) — ~&(s) is a local di'le omorphism and no two gealesics
corregponding to di! erert direction w € S?, intersect. Thus for each w € S? either
¢ (s) remains on the boundary of 7' (p) for all positiv e values of s or there exists a
avalue sg(w) beyond which the points ~g (s) are no longeron the boundary of 7' (p)
but rather in its interior, see [HE]. Thus A" (p) is a smooth manifold at all points
except the vertex p and the terminal points of its past null gealesic generabrs.
Indeed, at a terminal point ¢ there exists a null geodesc thr ough ¢ which fails to
bein A" (p) past g. Thisimplies that the tangent space Tg(N"* (p)) contains the
past tangent direction of the null geadesc but not its opposite. This means that
N' (p) must be singular at g. In what follows we shall denote by M (p) the regular
part of N (p), that is the part with its terminal points removed. Clearly the null
geadesc vectorbeld L is well-debred and smooth on A (p).

The parameter s in the debnition of g is an a$ ne parameter on A (p), i.e.
L(s) =1, s(p) = 0. (18)

Let ~ denote the degenerate metric induced by g on N (p). Clearly (L, X) =0
for any X € TA® (p). Let y denote the null second fundamertal form of A (p),

X(X,Y)=g(DxL,Y). (19)

where XY are vector-belds tangent to N (p) and D denote the covariant deriv-
ative on (M ,g). Clearly x is symmetric and x(L,X) = 0 for any X ¢ T M (p).
This allows usto debre tr y asthe trace of y relative to ~.

Given a point ¢ € M (p) \ {p}, we can debne a null conjugate L to L sud that,
gL,L)= -2, g(L,L)=9g(L,L)=0. (20)
and further complement it by vedors (e, e2) with the property that
9(L,ea) = 9g(L,ea) =0,  g(ea €0) = dap,  a,b= 12 (21)

The vedors (L,L,e;,ep) can be locally extended to a neighborhood of a point
q € N (p) \ {p} to form a smooth local null frame. Relative to suc a frame
the only non-vanishing componerts of the null second fundamental form x are
Xab = 9(De, L, ep) = xpa. We can introducethe other frame coe$cie nts,

1 1
Xab = g(DEaLa €b), Ca = Eg(DaL7L)7 ﬂa = Eg(eaaDLL) (22)

Note that, in general Xap is not symmetric.

Remar k. A canonical way to debne a null geadesic conjugate is to take L the
unique null vedorbeld orthogonal to the level surfaces Ss debned by the a$ne
parameter s. We refer to the correponding null pair as a null geodedc pair. We
can also choose ey, e, to be tangert to Ss. Note that in that case x is symmetric.
We also note that in a neighborhood of p where A" (p) coincideswith its regular
part N (p) the geodesic null frame debned above is smooth away from the point
P
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For the purposeof constructing our Kir cho! -Sobolev parametrix we shall make, in
addition to Al the following assumption.

A2. We assumethat A" (¢) coincideswith M (g) past the space-ike hypersurface
& for any point ¢ in a neighlorhood of p.

2.2. Optical function. To make sense of our Kir cho! -Sobolev formula we needto
depre an optical function®® w, in a neighborhood of M (p), such that it vanishes
identically on M (p). We debne u uniquely relative to the time-like vedor T as
follows:

Let ¢ > 0asmall number and (- : (1 —¢,1+ ¢) — M denote the timelik e geadesc
from p such that (- (1) = p and (¥(1) = T,. From every point ¢ of (- let A* (q)
be the boundary of the past s of . In view of assumption A2 for all su$ciently
small € > 0, A/ (¢) coincideswith its regular part M (¢) to the future & of &.

We now setu to be the function, constant on each A (g), sudh that for g = (- (¢),
u|l\}3—(q) =t—1

This dePnesa smooth functi on « which vanisheson A (p) and veribesthe eikonal
equation (11)
g% 0 udsu= 0,

in a neighborhood D of A (p) N &*. Observe that the null geadesic vectorbeld
L = g% 0sud extendsthe vedorbeldin (17) to D. It veribesthe normalization
condition,

g(L,Tp) = Tp(uw) = 1,

at all points of D.. We can thus extend the debntion (19) of the null second
fundamental form y and its trace try at every point in D..

We can intr oduce local coordinates around any point in » € D by considering the
unique null geodesic e q, With w € S?, which initiates at ¢ € (- and passes through
r at value s of its a$n e parameter. Denoting by « the value corresponding to the
null cone M (¢) we seethat r is determined by the coordinates u, s and w € S?.

2.3. Dirac measure on A (p). Given our smooth optical function u, debned
in the neighborhood D. of M (p) N &*, and a distribution 1 on the real line
R, supported at the origin, we can debre the pull-back distribution «®(u) = o
uw on D C M in the usual senseof distribution theory. In the particular case
when 1 is either the Dirac measured, or its derivatives o3, 65" . .. , we denote the
correponding distributions on M by §(u), 6% (u), 6"{u),.... We can thus make
sense of calculations such as,

D- é(u) = 6{u)D- u, D-Dy (5(u)) = o u)D+ uDgu+ M u)D- Dyu

13j.. a function which verifies (11)
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Clearly 6(u), 6% (u), ... are supported on N (p) ND-. We can use the debrition of
§(u) to debre the integral along M (p) of any continuous function f supported in
D: asfollows.

Debniti on.  Given a cortinuousfunction f supported in D we dePneits integral
on M (p) by,

/, f=<é(), f> (23)
N=(p)

Prop osition 2.4. The debnition (23) degendsonly on the restriction of f to A (p)
and the normalization condition (16) usel in the debnition of the null geodesic
geneator L.

Pro of : We may assumewithout loss of generality that f is supported in the
domain D., which can be parametrized by the coordinates u,s and w € S? as
descibed above. We can the easily calculate, according to the debrition of d(u)
and coarea formula,

%
< o(u), f >= /0 /52 f(0, s,w)dsdas

where das denotes the area element on the 2- surfaces S5 of constart s. [ |

2.5. Kircho!- Sobolev parametrix. Consider J, to be a bxed k-tensor at p and
let A be the unique k -tensor-beld debred along M (p) which veribesthe linear
transport equation,

1
DLA + étrxA =0, (sA)(p) = Jp (24)

with s the a$ne parameter (18). The tensor-bpeldA can be extended smoothly**
to a small neighborhood of M (p). We can now debre the distribution, or current,
in &,

<A¥(u),F >=<6(u),9(A,F) > (25)

for an arbitr ary, smooth, k-tensor-beld F supported in &* . Here g(A,F) denotes
the full contraction of the k -tensor-belds A and F with regped to the spacetime
metric g. Obseave that the current A j(u) depends only on the choice of T, and
Jp and not on the particular extensiors of v and A.

In what follows we identify the spaceof k-tensors at p and its dual with the help
of the metric g.

Debniti on.  We call K = IC!p’Jp, a k-tensor-betl distribution with values in

the space of k-tensors at p, debred by the formula ICimp = Ad(u), with A debne
by (24), the retarded Kircho!-Sobolev parametrix at the point p, correspnding to

14We can in fact extended it canonically by solving the same transport equation along N’ (q),
with ¢ € T'c and initial data sA (¢) = J4 where J; is an arbitrary smooth tensor-field coinciding
with J, at p = ¢ and s the afine parameter along N (q)- Note that, so defined, the tensor-field
A is smooth away from the axis I.
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Jp. If # is a solution of the equation ! ¢# = F, with F supprted in &*, we dende
by #¢ ;,(p) the k-tensor at p dePnel by the integral,

Heo, () =< Kpo o= [ gAF). (26)

N =(p)

In the case of the scalar wave equation ! 4¢ = f we can chooseA to be the scalar
solution of (24) with initial data (sA)(p) = 1. In that case we have IC}) = Ad(u)
and

wmm=<K;f>=/ A,

N=(p)
In the particular case of Minkowski spacewe can easily identify A = Ap(q) with
theterm |z — y|' * whereq = (s,9) € N* (p) and p = (¢, ).

2.6. Tim e foliati on near vertex. Returning to the construction of u in subsec-
tion (2.2) we observe that the parameter ¢ along the geodesc (- can be extended
to a local, equidistant!® time foliation &, t € [1 — ¢, 1+ €] which covers a whole
neighborhood of the point p, such that p € &;. Indeed, starting with a bxed space-
like hypersurface &; through p, orthogonal to the future unit timelike vectorbeld
T, we can debre this geadedc foliati on using the timelike geodedcs normal to &;.
In particular, for all ¢t € [1 — ¢, 1], if we denote by ) - the set

) = (T (D) N& )\ Vg 11 & (27)
then its boundary is given by
d) =N (puDy-UD

where V! (p) is the portion of A (p) to the future of & and the past of &, -,
Dy = J (p)N&qy - and D = J' (p) N &.

Let T = Dt denote the futur e, unit normal to the foliation &, debPned in a neigh-
borhood of p. We debne the null lapsefunction ¢ and the second fundamental form
k as®ciated to &;:

¢ 1=T(w)=9(L,T), kKX,Y)=g(DxT,Y), VX,Ye€T&. (28)

Clearly ¢(p) = 1. SinceT is a locally smooth vedorbeld, k is a smooth symmetric
2-tensor. In particular,

[klLe <C
for some constart C. Similarly, since u is a smooth optical function and ¢(p) = 1,
the lapse ¢ is a smooth bounded function in a neighborhood of p. in particul ar,

(@) =1/ =0, ¢q—p. (29)
We now recall the Raychaudhuri equation satisbedby tr y along N (p),
L)+ 5007 = —[9F -~ Ric(L,L). (30
S

with s the abre parameter of L and § the tracelesspart of x.

15With the lapse function of the foliation identically one.



KIR CHOFF-SOBOLEV ~ PAR AME TRIX 13

The behavior of the function try at the vertex p is determined by the conditions

(strx)(p) =2, %(p) = 0. (31)
Integrating the Raychaudhuri equation one can easily deduce that,
2
rx(@) = <[ —=0, a—p (32)

Considerthe time function ¢ regricted to A" (p). Then
ot

SoELO=gLT)= ¢! (33)

The area |S;(p)| of the 2-d surfaces Sy (p) = & NN" (p) obeys the equation
d
—|Si(p 2/ trx da .
il oy XA

This and the behavior of try and ¢ near p (¢(p) = 1) imply that

St(p)| = 4n(t —1)* + O(|t — 1) (34)
On the other hand from (33) and (29), t — 1= s+ o(s), which implies that
|Se(p)| = 4ms® + o(s?) (35)

We shall also make use of the following simple variation of propostion 2.4.

Prop osition 2.7. Lett be aregular time function debred on N (p) with t(p) = 1
and equalto < 1 on &g AR (p), where &¢ is an arbitrary spacelike hypersurface on
N (p) N&* . Assume that ¢ = g—; < 0. Then, for evely test function f, compactly
supported in 7 (&)

1
< o(u),y >= /t g fodtday (36)

where S; denotesthe level surfaces of ¢ and da; the correspnding area element.

Pro of : Thereault follows easily by prst extending ¢ and u to a neighborhood D
of M (p) N&* and the applying the coareaformula as above. ]

2.8. Statem ent of the result. We consider a spacelike hypersurface& ¢ M and
apoint p € & = J* (&) such that the assumptions A1 -A2 are satisbed.

Theorem 2.9. Let# be a solution of the equation! ¢# = F with F a k-tensor-beld
supported in &*. Then for any k-tensor J,, at p,

#(p)z#F,Jp(pw/w e, (37)
(P

where

NI~ (p)
and A veribes (24). The smooth error term £ dependsonly on Jp, the geometry of
the truncated null cone M (p)N&* c M, and the ambient spacetime curvature R
redricted to M (p).

Heo, () =<Ky F>= [ g(ALF)
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In the particular case of a salar wave equation ! 4o = f, A and £ are salar
functions on M (p) and,

P(p) = b () + / £d,

N =(p)

The predse expression of the error term £ will be givenin Theorem 3.11

3. DERIVATION OF KIRCHOFF-SOBOLEV FORMULA

3.1. Covariant deriv ati ves of space-tim e tensor s. Asis well known thereis no
canonical way to debre a redriction of the spacetime covariant derivative D to a
null hypersurface This is due to the absence of a canonical projecti on of a tangent
spaceTyM, ¢ € M (p), onto the tangent space To(M' (p)). This projection can
be bxed, however, by a choice of a null conjugate L, i.e. a null vector such that
g(L,L) = —2. With this choice we debre an induced covariant derivative () D on

N (p):
1 7l
Opyy=DyxY+ EX(X,Y)L, VXY € TA' (p)

For example, if wechoose X, Y to betheelements (ea)a=1 2 Of anull frame(L,L,e;,e2),

1
Daep = (QDaeb"' éXabL~

We now make sense of covariant derivatives of space-time tensors along N (p).
We start by debring a covariant derivative B of a space-time 1-form A, debned
on M (p). Thus we view A as a section of the vector bundle'® 73M over M (p),
endowed with the induced covariant derivative (&) D. We interpret the covariant
derivative B A of A along A* (p) asa 1-form on & (p) with valuesin 7$M . Thus,
for every vectorbeld X € TN (p) and any vectorpeld Z in TM ,

BA(X;Z) = Bx A(Z) = X(A(Z)) — A(Dx 2)

We also write,
(Bx A), = X2Da4,, VX e TN (p).

We debne §2A, an NI (p) 2-tensor of second covariant derivatives of A along
M (p) with valuesin T®M , by the formula,

BAX,Y:2) = (Bx BDA(Y:2)= X(BDAY:2) — DAL Dy Y:Z) — BDA(Y;Dyx 2)
or simply,

B4, (X.Y) = (Bx (By Ay — (Bwp, v Ay
These debniti onscan be easly extended to higher covariant derivativesalong N (p)

and to higher order tensors A.

16ywith the covariant derivative denoted by D
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3.2. Kircho!l- Sobolev curr ent. Consider the current Ké),.]p = Ad(u) debnedin
(25). Recall that J, is an arbitrary k-tensor at p and A is a k-tensor-bPeld verifying
the transport equation, along M (p),

1
DA+ 5Atrx= 0, sA(8)|s=0 = Jp. (38)

Also L = g% Oy, 9" dyu = 0 and L(s) = 1. Let L be an arbitrary local
null conjugateto L, i.e. L(u) = g(L,L) = —2. Calculating relative to an arbitrary
null frame we easily check that ! gu = try. Formally we thus have,

Lg(Ad(u)) = ! gAd(u) + (g"D uAD oqu + Al qu)5i(u) + A (9" 0y u) 6" w)
I gAd(u) + (~L(w)DLA + Al qu)d(uw)

1
I gAd(u) + 2(DLA + EAtrx)a’**(u)
Hence

Lg(Ad(u)) =1 gAd(u) + 2(DLA + %Atrx)é#(u). (39)

Observe that the above calculation does not depend on the choice of L.

Since
1 2
DL(sA) = *é(trX* —)sA (40)
s

we have, in view of (32), that along V' (p),
[sA(q) —Jp| — 0, s —0. (41)

We shall next apply ICL'Jp = A (u) to the equation ! v = F in the sense of
distributions,

[ oot on = [ ot (Asw).F) (42)

where &* = J* (&) is the future of the initial hypersurface & We assumethat #
has zero data on & and that F is supported in &*. Our next goal is to integrate
by parts on the left hand side of (42). We brst deconpose! 4A, for an arbitrary
tensor-peldA , relative to our null frame (20) - (21). For simplicity we assumethat
A is a onetensor, the generalcasecan be treated in the same manner. We recall
the debrition of the Ricci coe$cients (22),

1 1
Xap = 9(De L en), Ga = Eg(DaLL), n, = Eg(ea,DLL)
and also introduce,
w = —%g(DL,L,L) (43)

which is well debnedin a neighborhood D: of N (p), see subsection 2.2. Using also
the notation in subsedion (3.1) we derive:
1

lgA, = g*D% A, = fEDELAuf

1

EDiLA“ + 0%°D2 A,
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Now, DpA, = BpA, and, sinceDaen = (W Daep + 2 xanL,

DZA = eca(BbAy) —Do,e Ay
= ea(Dpdy) - Dwp,e,An — %XabDLAu
= gibAu - %XabDLAM
Hence denoting %A, = 62 B2, A,
0PD2 A, = %A, - %tr xDL Ay

On the other hand,
DfL Ay = DE A +R, LA
= DDA —2BA + 20D A+ R, LA
Hencdorth,
lgAy = -D.D A+ BA, + ¢ Baa, (44)

. 1 1
— ngAU 7EUXD|_7A“ 7§Rul LLA!

Remark 3.3. In the casewhen A is a salar formula (44) bemmes, simply,

) ) ) 1
! QAH = —DLDLA‘F %A+Ca-9aA—w9LA—§trXDLA (45)

3.4. Integrati on by parts. In view of (39) we have,
Lg(Ad(u)) = 1 gAd(u)+ (20 A+ tryA)d(w) (46)
where for u = 0,

B A+ %Atrx= 0.
According to sedion 2.6 we have debned a time foliation &, t € [L—¢€,1+ €], in
a neighborhood of the vertex p with p € &; sud that the boundary of the set

) =7 (9) \ Ve -, 11 & is given by,
) = M! (p) U Dy + UD.

Here M (p) is the portion of M (p) to the future of &y, - , Dy - = J' (p) N &x -
and D = J' (p) N & As before we denote by T the future unit normal to the
surfaces&y = & and &g, . Note that &3, - needsonly be debred locally, for small
e > 0. Note also that, for e = 0, T coincides with T, as debred in section 2.1.
Clearly,

[ o, o) = tim [ gea s, o)

where) = J' (p) N &.. Due to the presence of §(u) and the fact that 1 is
supported in &, we may assime in what follows that all functions we deal with
in the calculation below are supported in thesa ) = J' (p) N J*(&). Thusthe
boundary of the intersection of their supports with ) . isincluded in &, .
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Lemma 3.5. Let F, G be two tensor-beldsof the samerank and F' is a distribution
supported in ) . Then

t=11!"

/g(F,!gG)=[ o(! gF,G>—/ (a(F.D7G) —g(G.DT F))| |

Dt t=0
where Do = D.

Pro of : Inded,
g(F,! 4G) —g(! ¢F,G) = D g(F,D-G)—D g(D- F,G)
Thus,

/ (9(F.! 4G) — g(! 4F,G)) / D’ (g(F.D- G) — g(D- F.G))

I

—/D T (9(F,D-G) —g(D- F,G)) i

We now write,

[ amswrn = [ g gadw).#)

. VI

1!
~ [ gAasw).Dr#y| + / g (D (Ad(u)),#)
D, 0 D¢

= / g('g(Ad(w). #)+ I + J,

0

where I and J- denote the boundary terms on D;, -. The term corresponding to
Dg vanishes due to the zero data assumption for # .

Prop osition 3.6. We have
I — 0, J — —4rg(#(p),Jp) as e—0.
Thus,

fg(A o(u),! g#) = ,Iimo/ g (! g(Ad(u)),#)—4rg #(p),Jp) (47)

Pro of : We analyze the boundary terms I, J.. Clearly,
F=- [ gswore = - [ g(A.D1#) ¢ day
Di_ N=(p)" D1y

where, see (28), » = |Dtul' ! is the null lapseand dq( is the area element of
the 2-surface Sy, - (p) = M (p) N Dy, -. Reall that according to (34) the area
[Su - (p)| " €.
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Now,

EL " el ([ ARd)Y2( [ IDr#[Pdag)?
S1. S

! H@HLMHE)T#||L°°||A||L2(5H(p))|51!'(p)\ll2
"oellpllLe DT # Lo |AL2(s, (p))

Realling (41) and (34) we easly seethat ||A || (s, ,) is bounded ase — 0. Thus,
for a smooth tensor-beld#, we clearly have,

I —0, as e¢—0.

We now consider the second boundary term,

;o= /D_Ig(DT(Aé(u)),#)

/ 6(u)g<DTA,#)+/ 54u)D1 u (A #)
Di_ 11

/ 6(u)g(DTA,#)+/ 5y ¢! Lg(A.#)
D1

D1
= Jly g2
If N = oL+ T dendes the unit normal'” to Sy - = M (p) N &y + in &y -, then
Dno(u) = 6fu)Dyuand Dyu= Dru= ¢ 1. Hence,

J.2:/ Su)p' Tg(AH#) = / Dnd(u) 9(A, #)

We next record the following integration by parts formulae.

Lemma 3.7. Let X be a vectorbeldtangert to the hyperplane &; and let f,g be
two salar functions on &;. Denote by V the covariant derivative redricted to &.
Then,

/ fX(g) = - / (X(f) + div X f)g. (48)
In particular,
/ IN(g) = — / (N(f) + tr0 f)g, (49)

where tr 4 is the mean curvature of the 2-d surfaces S;, = {u = const} N &;.

Pro of : Formula (48) is standard. To prove (49) obseve div N = g(Vy N, N) +
Y2 9(VaN,eq) = tro whered is the second fundamertal form of the surfacesS, C
&;. [ |

17A priori, the vectorfield N is defined only on A/ (p) N 211 ¢, it can however be extended
locally as a unit normal to the foliation of 2-d surfaces {u = const} N 311 ..
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Using the lemma we infer that,

J? = —/ 3(u) (Ng(A,#) + trog(A.#))

= —/ 5(u)(g(DNA,#) +tr9g(A,#))—/ o(u) g(A,Dn#H)

Now, procedling as for I, it is easy to check that ﬁ . o(u)g(A,Dn#) — O as
e — 0. Hence,

_|§m0J.2 = _'Iimo/l Ié(u)(g(DNA,#) +trog(A,#))

IlijJ- = _'limo/!l! 6(u)(9(Dny TAL#) + trog(A,#))

Now obsevethat L = ¢' (N —T). Hence, DLA = ¢ Dy 7A. SinceD_A +
ZAtry = 0 weinfer,
1
Dni TA = (pDLA = —EQOAU'X.
Hence

. . 1
,IngJ- - 'I!mo/!l! 5(u)(— Egotr><+ tro)g(A ., #)

On the other hand 0, = g(VaN,ep) = g(Da(pl + T),ep) = @xan+ kap. Therefore,
tr = otrxy + 6®ky, and we deduce,

IlijJ- = —;Ijmo/!11 ptrxo(u) g(A,#) — Iljmo/!l! (6% Ka0)5(u) (A, #)

It is easy to seethat the second term of the right hand side convergesto zero for
e — 0. Indeed,

[ ePriwea | = | (%K) 9(A  #) o da |
! 11 Sl—! (P)
" 1
1S1 - (D)2 [kl [[# Lo [l o< [[A [l z(s, —, (py)
Therefore,
1
lim.J = ﬂnm/ O?tryg(A,#) da
o 270 s, (p) (
It is eay to check that,
}.'im *trxg (A, (# —#(p)) da¢ = 0
270 S1_1(p)
Therefore,
. 1.
lim g = —*.l!m/ *tr x g (A #(p)) doy
0 0Js;:_1(p)

Or, since sups, , ) l¢ — 1| — 0, and sups, , () Itrx — 2| -~ 0ase — 0, weinfer
that

fim g = = 2lim /S“(p)g(#(p),(sA)):47rr|@mog(#(p),(m)(r»
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Thus, using the initial condition limg ¢ sA(s) = Jp, we obtain
IlijJ- = —4ng(#(p),Jdp)

We now analyze the term [. g (! (A 6(u)),#) on the right hand side of (47). In
view of (46) we have,

/ g(! g(Aé(u)),#):/ S(u) g ((! gA),#) +/ M) g (2D LA+ tryA),#) .

Given the normalization L(u) = —2 we have §(u) = —%DL(S(u). Integrating by
parts we obtain

/ (5#(U)g((2DLA+ trxA),#) = %/ 6(u)g(DL(2DLA+ tl’XA),#)
+ %/ d(u) g ((2DLA+ trXA),(DL# + D"g..#))

+ | wg(@DLA trxA).#) gL, Ty i

Recall that 2D | A + tr YA = 0 on the surface » = 0. Therefore the last two terms
vanish and we derive,

/ M) g (2D LA+ tryA),#) :/ 5(u)g(D|_(D|_A+;trxA),#)

Therefore,

[ attotasw)#)= [ s ((oh+DLOLA* Graa)) )
We ndvv recall (44), |
lgA = DDA+ ®RA+ (- DA
— wQLA—}trXDLA—%R(~,A,L,Q

2
Therefore,

1 .. " 1
LgA +DL(DLA+ StryA) = A + (BaA — StraD LA
. 1 1
—UJBLA+ E(DLtrX)A _ER(aAJ‘?L)
while since D A + itrxyA = 0 on A (p),

1 1 1 1
fétrXDLA —wD A+ E(DLtrx)A = E(DL,UX"' étrxtrx+ 2wtr x)A
Hence we have proved the following,

Prop osition 3.8. In the case of a one form A verifying (38),

1
| gA+DL(DLA + StryA) = %A + (aDaA

1 1 1
+ E(Dgtrx+ Etr)(tl’x+ 2wtry)A — ER(~,A,L,L)7
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where
N 1 .
%A = A + étrx DLA = ea(DaA) —g(Daea,en)DpA
is a Laplace-Beltrami type operator which coincideswith the standard surface Laplace-
Beltrami operator in the casewhenthe frame {e, }a=1 » Spans a tangent space of a
2-dimensional surface®.
In the salar casewe haveinstead, see remark 3.3,

1
LA+ DL(DLA + StrYA) = %A+ (aDaA

1 1
+ E(DLUX"' Etrxtrx+ 20tr )A

Using the above proposition we infer that,

/ g (1 o (A 6(u)). #) /lé(u)g((%A+§aDaA),#)

1 1
+ é/ o(u) (DLtrx+ étrxtrx+ 2wtrx) g(A#)

5[ SwREALL
We now make use of the following,
Prop osition 3.9. Intr oduce the massaspect function asin (13.1.10b) of [C-K],
1
pw=Dptry+ étrxtrx+ 2wtry (50)

The following formula holds true relative to the standard geodesc foliation on
N (p),

p=2dive—%-%+2¢P+ Ry + %R(L,L,LL) (51)

Pro of : See [C-K]. ]

Remark 3.10. Note that according to (51) the mass aspect function x depends only
on the null hypersurface M (p) and the ambient curvature R.

We have therefore proved the following precise version of theorem 2.9,

Theor em 3.11. Let A be a vectorbeld verifying,

1
DLA+§Atrx: 0, sA(p)=Jp on u=0

where J, is a bxal vector at p. Then solution # of an inhomogeneus vector equa-
tion ! 4# = F, in a glokally hyperbolic spacetime (M, g) satisfying Al,A2, with

18 As in the case of the geodesic foliation.
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zen initial data on a Cauchy hypersurface & can be representel by the following
formula at point p with ) = 7' (p) N JT* (&),

- / 5(u) 9(A ,F) (52)

4rg(#( p), Jp)
— %/6(u)R(#,A,L7L)+/6(u)g((%A+ (aDaA),#)

v 5 [ Swuga.
wher,
R#,A,L,L)=RuyLL#" A*
with R+ ¢y the components of the curvature tensor R relative to an arbitrary frame.

Remark 3.12 Theorem 3.11impliesthat the error term £ in (37) hasthe following
representation

1
£a= —5Ra A'LIL) + (%A + GDA)- + SA-
in the case of a vectorial wave equation. For the salar wave equation
£= (%A + (aDaA) + %A

Remark 3.13 Formula (52) can easly be generalzed to higher order tensor wave
equations. Indeed if both # and F are tensor-beld of order k then J,, A and £
are also of order k and,

9(&,#)

9((%A + CaDaA) #) + So(A ) (53)
+ R(,,L,L)### A

where the last term denotes a scalar contraction of R(-,-,L ,L) with # and A.

4., WAVE EQUATION FOR SECTIONS OF VECTOR BUNDLES AND APPLICATIONS TO
THE YANG-MILLS EQUATIONS

Now let V be a vedor bundle over (M, g) with a positive debnite scalar product
<,> and a compatible connection A\. We may asume that V is a vector bundle
asciated to a principal bundle P sothat V = P xg E with G a compact Lie
group and a vedor space E. Let G denote the Lie algetra of G. The connection A
is a G valued 1-form on V, which, locally can be viewed as a G valued 1-form on
M.

We debre the gaugewave operator ! g) for sedions# : M — V
L §# = gDy Dy,

where D, = D, + [\, - ] denotes the gaugecovariant derivative. We denote by "
the curvature of the connection, i.e. the G valued 2-form on M ,

T = 0 A — O+ A M)
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As before we construct a Kircho!- Sobolev parametrix ICE) for ! S) by debning
IC!p = ICE)'Jp = A (u), where A is a section of V which veribes the covariant
transport equation?®

1
DLA + StryA = 0 (54)

with initial data (sA)[s=0 = Jp and J;, is a Pxedelement of the Pber V ;. As before
we assume that (M , g) is globally hyperbolic and satisbes A1, A2 . We alsoassume
that u is a solution of the eikonal equation g# 0 udzu = 0 with u, vanishing on
the boundary A" (p) of the past of p in M. Repeating our calculations of section
3, we obtain the following analog® of Theorem 3.11.

Theor em 4.1. Let A be a section of a vector bunde V over (M, g) verifying,
1
DA + SAtTX =0, sA(p)=Jp, on N (p)

where J, is a bxal element of V. The solution # of the inhomogen®us gauge

eguation ! S )# = F, with zem initial data on a Cauchy hypersurface & can be
representa by the following formula at point p with ) = 7' (p) N J* (&),

—/5(u)<A,F> (55)

dr < #(p),Jp >
- %/5(@ <['LL,AL# >+/(5(u) <(%(!)A + gapg>A),#>

+ %/5(u),u <A # >

In particular, in Minkowski space, for geneal initial data, we have the following
representdion:

A <#(p),dp> = —/6(u) <A,F>—%/(5(u) <['LL,AL# >

(56)

+ /(5(u) <A # >+/(< Ad(u),Dt# > — < D1 (Ad(w),# >)

The last term represens contribution of the initial data on &.

Remark 4.2. The formula (55) can be naturally extended to consider sedions
of the bundle TM ® ... @ TM ® V. In this caseterms of the form [. §(u) <
R(,-L,L)A,# >, where R is the Riemann curvature tensor of g, need to be
added. The corresponding extension of (56) doesnot therefore introduce any ad-
ditional terms.

4.3. Yang-Mills equati ons. We now assumethat A is a Yang-Mills connection
on a 4-dimensional Lorentzian manifold (M , g), i.e., it veribes the equations

D"y = 0. (57)

19Note that here transport of A along integral curves of L is modulated by the action of the
gauge potential .

20The only new term in the formula (55) below is due to the commutator (D (LA)D(L)‘) -
DZ\) D (LA))A = [ALL,A] in deriving formula (44)
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The Yang-Mill sequaions are hyperbolic in nature and admit a Cauchy formulation,
in which the connedion X is prescribed on a Cauchy hypersurface?* & and then
extended as a solution of the problem (57). The uniqueness and global existence
for the Yang-Mills equations with smooth initial data in 4-dimensional Minkowski
spacetime was edablished by Eardley-Moncrief, [EM1], [EM2]. This result was
later extended to the Yang-Mills equations on a smooth 4-dimensioral globally
hyperbolic Lorentzian spacetime by Chrugdel-Shatah, [CS]. A di! erert proof in
Minkowski space, allowing for initial data with only Pnite energy, was given by
Klai nerman-Machedon [KM].

All of the above approacheswere manifestly non-covariant; asthey required a choice
of a gaugecondition for the connection A. The approach of Eardley-Moncrief was
basedon the fundamental solution for a scalar wave equation in Minkowski space
(Kircho! formula) and made use of Cronstr em gauges For any point p the connec
tion X can be chosento satisfy the condition

(P—a) M(9)=0
The work of Chrusicd-Shatah relied on the FriedlanderOsepresertati on of the fun-
damental solution of a salar wave equation in a curved spacetime and a local
analog of the Cronstrem gauge. Finally, Klai nerman-MachedonOsroof was based

on a Fourier representation of the fundamental solution of a scalar wave equation
in Minkowski space, bilinear egi mates and the use of the Coulomb gauge

ON=0

Below we present a new simple gaugeindependert proof of the global existence and
uniqueness reault for the 3+ 1-dimensional Yang-Mill s equations. The main new
ingrediert is the use of a gauge covariant brst order Kircho!- Sobolev paramer ix
desaibed in Theorem 4.1.

Dileren tiati ng the Bianchi idertities Dy " 447 = 0 and using the equations we infer
that the curvature " is a solution of a covariant gaugewave equation
LS = 20'% " gyl + 2Rgo 4" ¥+ Rug "% + Ry %

For simplicit y we consider the problemin Min kowski space although our results can
easly be extended to the generalcas of a globally hyperbolic smooth Lorentzian
manifold, asin [CS]. The equations then simplify,

! (I )Il "# = 2[" $. , n $#] (58)
Reall that the curvature " can be decomposed into its eledric and magnetic parts
E ="¢ and H; = ™ o;. We also recall that the total energy

& = / (|EP?+ |H[?).

is conseved. Moreover, adaptin g the energy identit y to to the pag 7' (p) of a point
p € &* we also get a bound on the Rux of energy along A" (p). More precisdy we
derive,

Fy < &.

2l hig requires space-time M to be globally hyperbolic.
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where the badckward null energy Rux ]—"‘!J is defned with the help of a null frame
(L,L,eq) centered at p. Without lossof generality we may assumethat p = (¢,0)
and denoter = |y|. ThenL = 9 — &, L = —0; — O and e, is a frame on a standard
sphere S;. With these notations

2
f’; - / ||| |_|_7|2 + Z ||| |_a|2
N 7(p) a=1

As in the original approach of Eardley-Moncrief the key element of the proof of
global existenceis a pointwisebound on curvature”. Oncethis bound is established
the remaining stepsconcerning existence, propagation of regularity and uniqueness
are very standard and will be omitted. The predse statement concening an L%
bound on" is asfollows:

Lemma 4.4. There exists 7 > 0 dependert only on & such that for any point
p = (t,0) we have

|"( p)l < Cy +s
where the constant C}, ., dependsonly on the solution " on a hypersurface & +, .

Remark 4.5. Iteration s of Lemma 4.4 leads to a pointwise bound on the curvature
" in terms of the initial data.

Pro of : We bx 1 > 0, whoseis to be determined later, and apply the represen-
tation formula (56) in the domain) = 7' (p) N J* (& +.),

4r <"(p),d > —2/ o(u) <A",T > —%/ o(u) <['LL,AL" >

+

/5(u) <%MDA " >

+

[ (<MD" > - <DrAsw)." > (69)
S,

Here J is an arbitr ary G valued anti-symmetric 2-tensor on R3! | A is a G valued
2-form on R3*! verifying the equation??

DA+ 1A =0, (rA)|r=o = J

and <, > denotes a positive debrite scalar product on" ?(R31) ® G. The last term
in (59) depends only on the solution " on & +, and thereforeis consistent with
the claim of Lemma 4.4. We now obseve that for a,b € " 2(R%!) ® G we have

| <a,b>]<lallb,

where |a| denotes the absolute value of an elemert in " 2(R*) @ G relative to the
postive debrite salar product?®. In what follows all the norms will be understood
to involve the absolute value | - | on " 2(R*) ® G. We denote by N (p) the null

22Recall that L = 8, — 0y, D, = 8y — O¢ + [AL, ] and r = |y|.
23R4 here stands for the Euclidean 4-dimensional space.
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boundary of ) to the future of &.,. Then

[ 8 <AL > 1< 1A e I T

RIS

|/ 6(u) <['LiL,AL" >[<|IrA HL°°(N~;(p)) ||7’! b L|—,||L1(Nu:(p)) 1" |

L>o(N-(p))’
[ 80 <O > < I s o IO A s
It is eay to see, seee.qg. [EM2] that
2
< ( wl+yr La|>
a=1
and therefore
1 1
I s oy < 78I ez oy (Fp)?
Similarly,
I dn < 2 f! %
[[r LL,HLl(NQ(p)) < 7% ( p)
To prove Lemma 4.4 it would be su$ cient to show that
3 1
[rA HLoo(N.;(p)) AR ||%! A|||_1(N..;(p)) " J] (Tf (.7-';, )2 + 7'$~7:;!) ) (60)

and then choosers << (1+ &)' * as 7, < &.

To prove (60) we introduce a new G valued 2-form B = rA sothat
DLBIO, B|r:0:J.

Considering the components of the 2-form B it su$ces to assume that B isa G
valued function on R3*!, in fact on NV, (p).

Commuting®* the transport equation D B = 0 with 72%(') we obtain
DL(r*%")B) = r2[" %, VGBI + r2 VIO 2, B]
We also have the equation
DL (rV§'B) = r[" La,B]
We combine these equations into the system:
DB = 0, (61)
DL (rV{)B) = r[" La,B],
DL(rP%')B) = 22" 2, V{)B]+ r?[V{)" 2, B].
The brst equation immediately implies that
sup (B <[J],

N~ (p)

24Recall that VOV is a gauge covariant derivative acting on sections S, — P X 44 G and A}
is the corresponding gauge Laplace-Beltrami operator on a standard sphere S, of radius r.
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asthe covariant derivative D = o+ + [A.-] is compatible with a scalar product on
G. We infer from the semnd equation that

1
r 2
IVEBLzs,) <191 D /(/ |"La|2d0s> dp
0 Sy

a=1,2

where dos is the are element of a 2-dimensional sphere S of radius p.

To treat the last equation in (61) we neal to worry about the term [Vg I 2,B]
which contains derivatives of ". Recall that the Bux only allows us to egimate
the tangential components of " and none if its derivatives We get around this
di$ culty by expressing the Yang -Mills equations D" " -4 = O relative to the null
frameL,L,eq,es. In particular, D" |, + D" (L = 0. Thisin turn implies that

1 1
(!)u a— *D n + = )
Va " SDLUT L

Thus 1
Dy (r*%")B — Sr*[" 1, B]) = 2% [, VL 'B]
Therefore,
1 2
1 ' ’
1964 B [lL1s,y < 19 PLE O, > / / " Lal?dos | dp
a=1,270 S

Integrating with resped to r we obtain

! " 3 " 2
H%(I )BHLl(Nn_*(p)) 9] <T$2 | LL,HLZ(N”;(p)) t T Z [ La|L2(N,—*(p))> .

a=1,2

and the result follows. [ |

5. APPLICATIONS TO GENERAL RELATIVITY

In this section we specialize our results to Einstein vacuum spacetimes (M , g):
1
Ry — éR gs =0 (62)

Equations (62) combined with the Bianchi identities imply that the Riemann cur-
vature tensor R4 4o Of an Einstein vacuum metric g satisbesa covariant wave
equation

PR pow= (R xR).y H9%>
where the quadratic term R x R is obtained by a cortraction
tensor R« .9 With itself.

25 of the curvature

25These contractions result in a special structure of the quadratic term, crucial to the analysis
in [KI-Ro5] where we investigate a breakdown criterion in General Relativity. The structure of
this term is somewhat analogous to the corresponding term in the Yang-Mills theory, see previous
section.
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Theorem 5.1. Let p be a point to the future of a space-like hypersurface & in
an Einstein vacuwum space-time (M, g). We assume that assunptions A1 ,A2 are
veribed at p. Let A be a 4-tensor verifying,

1
DLA+§Atrx= 0, sA(p)=Jp on u=0

where J, is a bxed 4-tensor at p. Then the curvature tensor R4 0, Of g can be
representa by the following formula at point p with ) = 7' (p) N J* (&),

arg(R(p). Jp) —/6(u)g(A,R*R) 63)

%/5(U)R(.,-,L,L)# R#A +/5(u)g((%A + .DaA)R)

+

> | snaa R+ [ (@Asw).D7R) - gD (Asw) R)

where # denotesa contraction operation between tensors. The last term represents
the contribution of the initial data on &.

Representati on (63) opens the possibility of proving a pointwise bound on the cur-
vature tensor in terms of initial data on & and, asin the Yang-Mills case,the Bux
of curvature along the null boundary A" (p) of the set ). Howewer, as opposel
to the Yang-Mills eguations on Minkowski badkground, where the curvature Bux is
bounded by the L?-norm of the curvature of initial data, no such a priori bounds
are available for the Einstein vacuum equations. This suggess the use of the L2
based curvature norms to deduce a breakdown criteria in General Relativity, i.e.
to show that the spacetime can be continued aslong as sudh norms remain Pnite.
For the Yang-Mills problem in Minkowski space the underlying reason for having
an a- priori bounds on the RBux of curvature is due to the presence of the Killi ng
vedorbeld 0; = . In the case of the Yang-Mills equations on a smooth curved
badkground, such asin [CS], the result remains true even though 0 is no longer
Killing; it su$c esthat its deformation tensor is bounded. We call such a vectorbeld
approximately Kil ling.

These considerations suggestthe following question. Assume that the space-time
(M, g) posss=s an approximately Kil ling, unit, vedorpbeld T, orthogonal to a
spacelike Cauchy hypersurface &, with deformation tensor 7(X,Y) = g(Dx T,Y).
We also assumethat the slices&; obtained by following integral curvesof T from
&o have constant mean curvature. Can the spacetime be extended aslong as «
remains Pnite in the uniform norm?

The bniteness of the deformation tensor 7 allows oneto control, via energyedimates
basedon the Bel-Robinson tensor, both the L? norms of the curvature R along &
and the Rux of curvature along the null boundaries N* (p). The key step in the
remaining analysis is to derive a pointwise curvature basel on the representation
formula (63). In [KI-R05] we give an a$rmativ e answer to the question raised above
by showing that the size of the region of validity of the formula (63) depends only
on the assimed L% - bounds on 7 and reasonable assumptions on the initial data
on &. Such estimates follow from our work in [KI-Ro4]. More precisly we show
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that for a spacetime metric g in the form
g= —nldt*+ i da'dat |

where n is the lapse function of the ¢ foliation and the vectorbeld T is orthogonal
to &¢, the following result holds true.

Theorem 5.2. Assume that (M ,g) is a glokally hyperbolic Einstein vacuum space-
time with &g a Cauchy hypersurface. Let the lapsefunction n and the deformation
tensor  of T satisfy

Ny ' <n< N, [7llL= < Ko

Assume also that M contains a future, compact setD C M such that for any point
q € D° the radius of injectivity of N (q) is at least o > 0.

Let & be one of the slices of the ¢ foliation. Then assunptions A1, A2 of this paper
are satisbal for all points p at distance < dg from &, where 65 dependsonly on the
Cauchy data on &g, Ny, Ko and dp. In particular, the representation formula (63)
holds for all such points.

6. OPEN QUESTIONS

All the reaults of this paper have been derived under assumption A2 which re-
quiresthat, for any point p, the boundary N (p) of the causal pagt 7' (p) remains
smooth at lead until it reacdhesthe spacelike hypersurface &. It isonly under this
assumption that we can guarantee that the Kir cho! -Soholev parametrix of Theo-
rem 3.11 givesa faithful represertation of a solution of the wave equation. We have
already discussed the two obstr uctions to smoothness of N (p): conjugate points
of the congruence of pag directed null gealesics from p and intersection of two
distinct pag directed null geadesicsfrom p. The second obstruction can be easily
demonstrated on a spacetime M = RxT® or M = Rx' , basedon a Rat torus T®
or aBat cylinder' 5 of width a. In thosecases, howewer, an (exact) parametrix can
be easily constructed by liftin g the problem to the covering space R x R3. On the
other hand, the examplesabove are very special. Conjugate points can not be re-
moved by a simple?® liftin g and the quantit y tr y, which features prominently in our
representation formulas divergesto —oc at a conjugate point. However, the same
focusing phenomenon shrinks the volume of a conjugate point region thus leaving
open a possibilit y that, perhaps,with someaddition al assumptiors on the structure
and strength of conjugate points, the integral quantiti es appearing in our represe-
tati on formulas remain Pnite. It may thus be that the Kircho!-Sobolev parametr ix
remains valid even beyond the region of formation of conjugate points. A good
place to start invedigating this issue would be product manifolds M = R x M
with metrics of the form g = —dt? + g; dz'dxl . A particularly interesting classto
considerare product manifolds with M collapsing in the senseof Cheeger-Gromov.

26Conjugate points can be desingularized however by lifting to the cotangent space
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