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x1. Introduction

Harmonicanalysison R=Z that is to say the spectral theory of the translation invariant operator
D = d

dx on periodic functions, is an important �rst step in understanding the Riemann Zeta
Function. In moredetail, the PoissonSummationformula assertsthat if f 2 S(R) (that is a smooth

function which together with its derivatives is rapidly decreasing)and f̂ (� ) =
Z 1

�1
f (x)e(� � x)dx,

e(z) := e2� iz , then X

n2
�

f (n) =
X

m2
�

f̂ (m) : (1)

This is proven by expandingthe periodic function

F (x) =
X

n2
�

f (n + x) (2)

in a Fourier series.

Recall that the zeta function � (s) is de�ned for < (s) > 1 by

� (s) =
1X

n=1

n� s =
Y

p

(1 � p� s)� 1 : (3)

1Courant Institute of Math. Sciencesand Department of Mathematics, Princeton University.
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The product beingover the prime numbersand the identit y beingequivalent to uniquefactorization
of integersinto primes.

Applying Poissonsummation to
X

n2
�

f (nx) with f even and f (0) = f̂ (0) = 0, in the relation

1
2

Z 1

0

 
X

n2
�

f (nx)

!

xs dx
x

= � (s)
Z 1

0
f (x)xs dx

x

leads to Riemann's analytic continuation and functional equation for � (s) (see[Bo] for a recent
historical account). The functional equation is the identit y

�( s) := � � s=2 �
� s

2

�
� (s) = �(1 � s) (4)

where

�( s) =
Z 1

0
e� xxs dx

x
: (5)

The modern theory of automorphic forms is concernedin part with spectral problemsassociated
with quotients of moregeneral(nonabelian) groups,their homogeneousand symmetric spacesand
the formation of related zeta functions.

In these lectures we will only discussthe caseof the upper-half plane. This caseis plenty
interesting and challenging and still o�ers quite striking applications. However, it will become
clear that to fully understandeven this special casemore generalgroupsare neededand are used.
Let H = f z = x + iy jy > 0g be the upper half-plane. It comeswith a complex as well as a
Riemannianstructure. The line element being

ds =
jdzj
y

: (6)

The group G = SL(2; R) of 2 � 2 real matrices of determinant equal to 1, acts on H by linear
fractional transformations. For

g =
�
ab
cd

�
; z � ! gz =

az + b
cz + d

: (7)

This action preservesboth the complexandRiemannianstructureson H. With ds, H hascurvature
K � � 1 and is a hyperbolic surface(the universal such surfacewhich is simply connected). In
thesecoordinates the areaelement for (H; ds) takesthe form

dA(z) =
dxdy

y2
(8)



Peter Sarnak - Januar y 2003 3

and the Laplacian 4 := div grad, is given by

4 = y2

�
@2

@x2
+

@2

@y2

�
: (9)

4 commutes with the action of G, that is if Rgf (z) = f (gz) then

Rg 4 = 4 Rg; for g 2 G : (10)

Next, we need a discrete subgroup � of G. For us the most important subgroupsare the
modular group

SL(2; Z) =
��

ab
cd

�
2 G ja;b;c;d 2 Z

�
(11)

and its congruencesubgroups.For N � 1 the principal congruencesubgroupof level N is

�( N ) = f 
 2 SL(2; Z)j
 � I (mod N)g :

A congruencesubgroup � of �(1) is a subgroup for which there is M such that � � �( M ).
The modular surfaceX (N ) is de�ned as the quotient �( N )nH. It is a �nite area, non-compact,
hyperbolic surface.Of coursewith its complexstructure X (N ) is a Riemannsurface(or a curve as
an algebraicgeometerwould call it) whosegenus is roughly N 3 when N gets large. X (N ) is also
a parameterspace(moduli space)of elliptic curveswith suitable structures. All theserealizations
of X (N ) are important.

As a quotient spacethe modular surfaceX (1) = �(1) nH looks like

Figure 1.

This can be seenfrom the standard fundamental domain F (1) for the action of �(1).
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Figure 2.

To seethis, note that we may identify H with G=K through the association g � ! gi which has
stabilizer K = SO(2). Since �(1) is discrete in G and K is compact, �(1) acts on H without

limit points. Using the transformations T =
�

1 1
0 1

�
and S =

�
0 1
� 1 0

�
which generate�(1),

we can reduceany z 2 H to F (1) as follows: First use T m for suitable m 2 Z to move z to z0

with y(z0) = y(z) and � 1
2 � x(z0) < 1

2. If jz0j � 1 then z0 2 F (1), otherwise apply S. Then
y(Sz0) � y(z0) and repeat the above process.It must terminate after a �nite number of stepswith
z having being reducedto F (1), for otherwise�(1) z would have a limit point in H.

From Figure 2 and (8) it is clear that Area(X (1)) < 1 . In fact, using hyperbolic geometry
onehas

Area(X (1)) =
�
3

: (12)

We can now formulate the fundamental spectral problem. We seeknonzero,squareintegrable
solutions to

4 � + �� = 0
� (
 z) = � (z); 
 2 �( N )Z

X (N )
j� (z)j2 dA(z) < 1

9
>>=

>>;
(13)
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The numbers2 0 = � 0 < � 1 � � 2 � : : : for which (13) has a solution turn out to be discreteand
form the (discrete) spectrum of X (N ). The corresponding eigenfunctions� � (z) are also of much
interest. The only obvious eigenfunctionis the constant function for which � = � 0 = 0. We call
a solution to (13) a Maassform after Maasswho �rst introducedthem3. Their existenceis by no
meansobvious - seeSection2.

Intensive numerical investigations[He1][St] have determined the �rst 10,000eigenvalues for
X (1). The �rst few being: 0, 91.14: : :, 148.43: : :, 190.13: : :, 206.16: : : . They are respectively even,
odd, odd, even and odd, with respect to the symmetry about x = 0. The method usedto do these
computations is outlined in Appendix 7. The pro�les of the eigenfunctions� 1; � 10; � 17 and � 33

corresponding to � 1; � 10; � 17 and � 33 are pictured in Figure 3, they were computed in [G-S] and
[Str].

Why the interest in these special vibrating membranes? To answer this we describe some
applications of this spectral theory. We begin with algebraicnumber theory. Let K be a Galois
extensionof the rational number �eld Q. Let � : Gal(K =Q) � ! GL(2; C) be an irreducible two-
dimensional complex representation of the �nite group Gal(K =Q). To each prime p unrami�ed
in K one can associate a conjugacyclassFrobp in Gal(K =Q) - seeAppendix 2. Following Artin
de�ne the L-functions L(s; � ) by

L(s; � ) =
Y

p

det(I � � (Frobp)p� s)� 1

=
Y

p

(1 � trace� (Frobp)p� s + det � (Frobp)p� 2s)� 1

:=
1X

n=1

� � (n)n� s:

(14)

(care must be taken in de�ning the local Euler factors at rami�ed primes [Lan2]). Artin Conjec-
tured that L(s; � ) extends to an entire function of s. For our discussionlet's assumethat � is
unrami�ed over R (seeAppendix 1 for de�nitions) then it was shown very recently [Boo]4 that if
L(s; � ) is entire then

� (z) =
1X

n=1

� � (n)y1=2K 0(2� ny) cos(2� nx) (15)

is a Maassform for X (N ) with eigenvalue � � = 1
4! Here N is the conductor of � , (Appendix 2),

2An integration by parts shows that thesemust be non-negative.
3For N > 1 he gave someexplicit examples,seeAppendix 1
4this constitutes a strengthening of [Wei] in that no twists are needed.



Peter Sarnak - Januar y 2003 6

� 1 = 91:12: : :

� 10 = 379:90: : :

� 17 = 541:27: : :

� 33 = 916:52: : :

Figure 3

The 1st; 10th ; 17th and 33rd eigenfunctionsfor the modular group. They are all odd with respect
to the symmetry z � ! � �z.

and K 0(y) is the Besselfunction. The latter may be de�ned by

K � (y) =
Z 1

0
e� y cosht cosh(� t) dt (16)
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and it satis�es

K 00
� +

1
y

K 0
� +

�
1 �

� 2

y2

�
K � = 0: (17)

Observe that if

 (z) =
1X

n=1

a(n) y1=2 K it (2� ny) cos(2� nx) (18)

for any coe�cien ts a(n), then

4  +
�

1
4

+ t2

�
 (z) = 0: (19)

The important feature in (15) is the �( N ) invariance.

Thus, according to Artin's Conjecture even Galois representations (Appendix 2) give rise to
Maassforms with eigenvalue 1

4. Similarly, odd onesgive rise to holomorphic forms of weight 1,
see[Se]. If the imageof � in PGL(2; C) (which being �nite must accordingto Klein [Kl] be one
of the following; dihedral, tetrahedral,octahedral or icosahedral)is not icosahedral,then the Artin
Conjecture is true. The most di�cult casesbeing the tetrahedral and octahedral oneswhich were
establishedin [La1] and [Tu].5 The proof makescrucial useof the spectral theory via useof the
trace formula (Appendix 3) to establish cyclic basechange. The latter gives a preciserelation
between the automorphic (in particular Maass) spectrum over a number �eld L and that of a
cyclic extensionK of L.

It is believed that converselyany Maassform � with eigenvalue � � = 1
4 must correspond to an

even Galois representation as above. In [Sa1] it is shown that if � (z) is a Maassform for some
X (N ) and has integer coe�cien ts in its Fourier expansion(18) then in fact � � = 1

4 and � comes
from a Galois representation of dihedral or tetrahedral type. The proof of this result relies on
recent advances[K-S] on the functorial lifts sym3 : GL(2) � ! GL(4), seeAppendix 1.

We turn to someapplications of this spectral theory to problems in analytic number theory.
In theseit is the entire spectrum that usually enters. For example,let � � (n) be the coe�cien ts in
(14) or for that matter the coe�cien ts of any holomorphicor Maassform. For integers� 1; � 2; h � 1
considerthe Dirichlet series

5For recent progressfor � odd and icosahedral(see[B-D-S-T]).
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D(s; � 1; � 2; h) =
X

� 1n� � 2m= h

� � (n) � � (m) (� 1n + � 2m)� s (20)

The seriesconvergesabsolutely for < (s) > 1. As was �rst noted in [Sel2] and is explained in
Appendix 6, D hasan analytic continuation to < (s) � 1

2 with possiblepolesat s = 1
2 + it � where

0 6= � � = 1
4 + t2

� is an eigenvalue of 4 on X (� 1� 2N ). Notice that if � � � 1
4 (seeSection3) then

in fact D(s; � 1; � 2; h) is analytic in < (s) > 1
2 . The latter represents a substantial (\square root")

cancellationin the following smooth sums: If  2 C1
0 (0; 1 ) and � > 0 there is C�; such that

�
�
�
�
�

X

� 1n� � 2m= h

 
�

� 1n + � 2m
Y

�
� � (n) � � (m)

�
�
�
�
�

� C�; Y
1
2 + � ; as Y � ! 1 : (21)

Cancellation in such and related arithmetical sumsis at the heart of many of the applications of
the Maassform spectral theory. We mention a couple.

1. Equidistribution of r oots:
Let f (x) 2 Z[x] be an irreducible polynomial over Q. If K is the splitting �eld for f then
Frobp and (14) are concernedwith how f (x) factors mod p, for di�erent primes p. Let
0 � x j (p) � p � 1, j = 1; 2; : : : ; � p, � p � degf be the roots of f (x) � 0(p) if there are any.
Numerical experiments suggestthat f x j (p)=pg, j = 1; : : : ; � p, p � X becomeequidistributed
in [0; 1] as X � ! 1 . In [D-F-I] and [To] it is shown that this is indeedthe casewhen f is
of degree2. That is for 0 � � � � � 1,

# f p � X ; j � � pj x j (p)
p 2 [� ; �] g

# f p � X ; j � � pg
� ! � � � ; asX � ! 1 : (22)

2. Hilber t's eleventh pr oblem:
This asksabout the representations of integersin a number �eld K (respectively of elements
in K ) by an integral (respectively K rational) quadratic form F (x1; x2; : : : xn ) in n-variables.
For the caseof representabilit y of members of K by a form F with coe�cien ts in K this
was resolved by Hasse[Ha]. He showed that F (x) = n has a solution x 2 K n ; m 2 K
i� F (x) = m has a solution over K v for every completion K v of K . This is called a local
to global principle. The caseof integral representations is apparently more di�cult. After
works of Minkowski, Siegeland others, an appropriate local to global principle for intergral
forms in 4 or more variables was establishedin [Kne]. In the most interesting casethat
the form is de�nite then the local to global principle applies when m is large. For two
variables there is in generalno such local to global principle. The caseof 3 variables was
resolved recently in [Co-PS-S]wherea local to global principle is proven. There is an added
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caveat of the result being ine�ectiv e and that for 3 variables there may be a �nite number
of quadratic exceptionalsequences[D -SP], [SP]. An interesting application of the above is
the determination of which integersm in K are a sum of 3 squaresof integersof K . An
important ingredient in [Co-PS-S]is the analysisof the Maassform spectrum and especially
the low energyeigenvalues for Hilbert modular manifolds (for an exampleof theseseethe
end of Section4), which are the natural generalizationsof the X (N )'s for K .

We hope that the above examplesconvince you of the central role that the spectrum of X (N )
plays in number theory. In the analytic aspects it is the low energyspectrum that is critical. In
Section3 we discussthis aspect of the spectrum. The study of the large eigenvaluesfor a given X
is also of interest, especially as a problem in mathematical physics. The limit � � ! 1 is the so
calledsemi-classicallimit. In our caseof a hyperbolic surfaceX , wearedealingwith a quantization
of a classically chaotic Hamiltonian and for these (unlike the caseof a completely integrable
Hamiltonian) the relation in the semi-classicallimit betweenthe classicaland quantum mechanics
is not well understood. We discusstheseissuesas well as somerecent decisive breakthroughsfor
the surfacesX (N ), in Section4.

x2. Existence

We�rst recall a fundamental result of Weyl. Let 
 � R2 bea compactplanar Euclidian domain
with smooth boundary @
. The eigenvalue problem for the usual Laplacian 4 = @2

@x2 + @2

@y2 on 

with Dirichlet boundary conditions is

4 � (z) + �� (z) = 0 for z 2 


�
�
�
@


= 0:

Let N 
 (R) be the number of such eigenvalues � counted with multiplicit y, with � � R. Weyl's
result, known as Weyl's law assertsthat

N 
 (R) �
Area(
)

4�
R; as R � ! 1 :

The result hasbeengeneralizedto Riemannianmanifoldsof any dimension. For many, the favored
modern meansof proving this law is by analyzingthe small time asymptoticsof the heat kernelon
R � 
 [Mc-Si]. The sharpest forms of the remainder terms for such Weyl asymptotics are gotten
by analyzing the propogation of singularities for the wave kernel [Du-Gu].

We return to our setting of �nite area hyperbolic surfaces. Since the spacesX (N ) are not
compact it is not at all clear that there are any solutions to (13) with � > 0. The discrete
spectrum that we seeklies embeddedin the continuous spectrum making theseeigenvaluesvery
di�cult to isolate analytically. The theory of Eisensteinseriesand their analytic continuation
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developed in [Sel1]for a generalhyperbolic surfaceX � = � nH, furnishesthe continuousspectrum.
The latter consistsof the interval [1

4 ; 1 ) with multiplicit y the number of cuspsof X � . The constant
term in the Fourier expansionof the Eisensteinseries(see(43)), � � (s) (called the determinant of
the scattering matrix in [L-P] or the intertwining operator in [Sh]) is meromorphicin C. Its only
polesin < (s) � 1

2 are in ( 1
2; 1] and the residuesat thesepolesfurnish solutions to (13) called the

residual spectrum of X . The polesof � � (s) in < (s) < 1
2 yield resonancesfor the problem (13).

The orthogonalcomplement in L 2(X � ) of the continuousand residualspectrum is the cuspidal
spaceL2

cusp(X � ). It is invariant under 4 and the resolvent (� � 4 ) � 1 is compact when restricted
to L2

cusp(X � ). L2
cusp has a simple description in terms of periods of closedhorocyclesassociated

with the cuspsC1; : : : C` of X � .

Figure 3a.

For examplefor �(1) the modular group

L2
cusp(X (1)) =

�
f 2 L2(X (1))

�
�
�
�

Z 1

0
f (z) dx = 0 for almost all y > 0

�
(23)

A Maassform (as in (13)) which also lies in L 2
cusp is called a Maasscusp form. These are the

building blocks (the fundamental particles) of the theory of automorphic forms. Their existencein
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this setting is tied to the sizeof L 2
cusp(X (1)). Whether L 2

cusp(X ) 6= f 0g for a generalhyperbolic X
is by no meansobvious. An interesting discussionin terms of integral geometry is given in [Lax].

One of the early triumphs of the trace formula (Appendix 3) developed in [Sel1]was the proof
that the modular surfacesX (N ) carry an abundanceof Maasscusp forms. For thesesurfacesthe
functions � �( N ) (s) may be expressedin terms of Dirichlet L-functions (Appendix 1). For example
for �(1)

� �(1) (s) =
�(2 s � 1)

�(2 s)
(24)

with �( s) as in ( 4 ). In particular, � �( N ) (s) has no polesin
�

1
2; 1

�
so that in thesecasesthere is

no residual spectrum (besides� = 0) and any solution of (13) with � > 0 is automatically a cusp
form. For the generalX � , the trace formula provides a Weyl like law for counting asymptotically
the sum of the cuspidal spectrum and the continuous spectrum - the latter through the winding
of the unitary quantit y � � (s) for < (s) = 1

2 (Appendix 3). In the caseof a modular surfacethe
expressionof � �( N ) (s) in terms of L-functions allows one to show that the contribution of the
continuous spectrum to this Weyl law is negligible. That is, for X (N ) it is shown in [Sel1](see
Appendix 3) that

N cusp
�( N ) (� ) :=

X

0<� j � �

1 �
Area X (N )

4�
�; as � � ! 1 : (25)

Thus, solutions to (13) exist and in abundance! We call a surfaceX essentially cuspidal if (25)
holds.

It is interesting6 from many points of view to understand when solutions to (13) exist, for
the more generalhyperbolic surfaceX . Contrary to early beliefs it appears now that essential
cuspidality is limited to special arithmetic surfaces!We review brie
y thesedevelopments. In the
papers [P-S1],[P-S2],[P-S3],the behavior of the discretespectrum is studied when � undergoesa
deformation. Fix N and let T(�( N )) be the deformation space(Teichmuller space)of continuous
deformationsof �( N ) as a discretesubgroupof co�nite area in SL(2; R), that is as a hyperbolic
surface. The cotangent spaceto T(�( N )) at �( N ) may be naturally identi�ed with the spaceof
holomorphic quadratic di�erentials on X (N ) (here the analytic structure of X (N ) is exploited)
with suitable behavior at the punctures [Be]. Using the uniformization X (N ) = �( N )nH this
cotangent spacecan be realizedas the spaceof holomorphic cusp forms Q of weight 4 for �( N ).
That is:

6This is especially relevant in higher dimensions where the only understanding of � � (s) comesfrom spectral
theory [La3].
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� Q(z) is holomorphic in H

� Q
�

az+ b
cz+ d

�
= (cz + d)4 Q(z) for

�
a b
c d

�
2 �( N )

� Q vanishesat the cusps:

9
>>>>>>=

>>>>>>;

(26)

Unlike the issueof Maasscusp forms, the dimensionof the spaceof holomorphic cusp forms of
weight 4 on any surfaceX , is determinedpurely in terms of the topology of X via the Riemann-
Roch formula.

Let X t be a real analytic curve in T(�( N )) with X 0 = X (N ) and with tangent vector at t = 0
given by Q(z) as above. In order to investigate the behavior of the spectrum under deformation
de�ne the singular set � (X ), to be the numbers 1

2 + it j (with multiplicities) if � j = 1
4 + t2

j is an
eigenvalue of 4 on X � , together with the poles� j (again with order) of � � (s) in < (s) < 1

2. The
multiplicit y of the point s = 1

2 asa member of � (X ) requiresa special de�nition [P-S3]. Note that
� (X ) \ f sj< (s) � 1

2g consistsof points located in f< (s) = 1
2g [ (1=2; 1]. In [P-S3] it is shown that

� (X t ) is an algebroid function of t. That is, branches� j (t) may be chosenso as to be analytic in
t or at worst to have algebraicsingularities locally. Now, supposethat 1

2 + it j , t j > 0 is a simple
point in � (X (N )) corresponding to a Maassform � j . Let � j (t) be its corresponding deformation.
Either < (� j (t)) � 1

2 or � j (t) movesinto < (s) < 1
2 . In the latter casethe cusp form � j is dissolved

under the deformation into a poleof � � t (s). In [P-S3]the following \F ermi Goldenrule"7 is proven:

d2

dt2
< (� j (t))

�
�
�
�
t=0

= � c(t j )

�
�
�
� L

�
1
2

+ it j ; Q � � j

� �
�
�
�

2

: (27)

Here c(t j ) > 0 and L(s;Q � � j ) is the Rankin-Selberg L-function of Q and � j (seeAppendix 1
for a de�nition). The proof of (27) relies in a crucial way on the scattering theory (speci�cally
the semi-groupZ(t)) developed in [L-P]. A similar formula for the movement of sj = 1

2 (ie t j = 0
above), when movement to the right is alsopossible,is developed in [Pe].

The dissolvingcondition (27) boils down to a vanishingquestionabout a specialvalueof a zeta
function. Note that the special value is on the critical line for this function so that the vanishing
doesnot violate the corresponding Riemann Hypothesis(Appendix 1). Starting with [D-I] there
have been a seriesof results concerningthe non-vanishing of thesenumbers L( 1

2 + it j ; Q � � j ),
jt j j � T. In [Lu] it is shown that a positive proportion of thesenumbersarenot zero,asT � ! 1 .
Note that oncea Maassform � j is dissolved then it is a pole (or resonance)for all but countably

7See[Si] for a discussionof this terminology in the context of Helium-like atoms.
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many valuesof t. Thus generically in T(�( N )) it is dissolved into a pole. There is a technical
di�cult y in this analysisin the casethat 1

2 + it j is a multiple eigenvalue. Speci�cally degenerate
perturbation theory leadsto a much lesstractable (in terms of L-functions) formula for the Golden
Rule. This leadsus to the issueof the possiblemultiplicities of the eigenvaluesof X (N ). This has
proven to be an embarrassinglydi�cult problem - seeSection4. It is believed that the multiplicit y
m(� ) of an eigenvalue � of X (N ) should be uniformly bounded(here N is �xed). Assuming this
then the above analysis leads to the conclusion that for the generic � 2 T(�( N )), X � is not
essentially cuspidal. The dissolvingcondition (27) led to the following Conjectures[Sa2]:

Conjecture 1:

(a) The generic � in a givenTeichmuller space of �nite area hyperbolic surfaces is not essentially
cuspidal.

(b) Except for the Teichmuller space of the once punctured torus, the generic � has only a �nite
number of discrete eigenvalues.

The reasonfor omitting the oncepunctured torus is that this Teichmuller spacehasa persistent
symmetry of order 2 which leavesthe continuousspectrum invariant. The functions which are odd
with respect to this symmetry constitute half of L 2(X � ) and thesefunctions are all cuspidal. In
the context of deformingX � in the in�nite dimensionalspaceof all Riemannianmetrics which are
conformal to X � , part (b) is known and was establishedin [Co2].

Remarkablefurther progresson the aboveConjecturewasmadein the seriesof papers[Wo1][Wo2].
Insteadof consideringregulardeformationsin T(�) hefollowsspecialdeformations� t to the bound-
ary of T(�). This is a formidable task, beingan analysisof eigenvaluesembeddedin the continuum
for a very singular perturbation. The payo� of going to the boundary is well worth it. The point
being that the key dissolving condition (27) takes a similar form with L

�
1
2 + it j ; Q � � j

�
being

replacedby L
�

1
2 + it j ; E4 � � j

�
, whereE4 is the Eisensteinseries:

E4(z) =
X


 2 � 1n �( N )

(cz + d) � 4

� 1 =
� �

1 N m
0 1

� �
�
�
�m 2 Z

�
:

(28)

This holomorphic weight 4 Eisenstein seriesgeneratesa singular deformation at the boundary
of T. The theory of such singular deformations (of in�nite energy) was developed in [W]. The
advantage of E4 over Q is that the degree4 L-function L(s;E4 � � j ) factors into the two degree
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2 L-functions (Appendix 1) L(s + 1; � j ) L(s � 1; � j ). Thus evaluation at s = 1
2 + it j ensures

the non-vanishing of this product since L-functions can only vanish in 0 < < (s) < 1 or at the
trivial zeroes! Unfortunately, there is still the caveat of the multiplicit y issue. In fact, the analysis
neededto handle this very singular perturbation requires the strongest multiplicit y Conjecture
(seeSection4).

Theorem 1 [Wo2]:

Assumethat the cuspidalMaassspectrum (of newand old forms) for X (2) is simple, then part
(a) of Conjecture 1 is true.

One may ask if there is a characterization of those � which have many Maasscusp forms?
In [Sa2]the question of the relation to arithmeticit y is raised. The simplest caseto explain this
phenomenonis for a hyperbolic triangle.

Figure 4.

The conjecture is that there will be in�nitely many solutions to 4 u + �u = 0, u 2 L 2(F q),

@nu

�
�
�
�
@F q

= 0 (that is Neumannboundary conditions) i� q = 3; 4 or 6. q = 3 corresponds to even

Maasscusp forms for �(1) = SL(2; Z), q = 4 and 6 correspond to other congruencesubgroups
of SL(2; Z). All other integer values of q give via re
ections in the sidesof the triangle, non-
arithmetic subgroupsof SL(2; R) [Ta]. If q =2 Z then re
ections in the sidesof F q do not generate
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a discrete subgroup of SL(2; R) but the above eigenvalue problem for the triangle makes sense.
This conjecture about these triangles has been checked numerically in [He2]. For example for
q = 5; 7 and 8 no eigenvalueswere found for 0 < � < 3600. In [Ju] the dissolvingcondition (26)
at \ q = 1 " is developed using a similar singular perturbation method to [Wo1]. He shows that
subject to the samehypothesisas in Theorem1, F q hasonly a �nite number of eigenvaluesfor all
but a countable set of q.

By looking at moregeneralsurfacesX � wehave learnedsomethingabout the Maassforms � for
X (N ). They are very fragile and special objects and even their existenceis tied to the arithmetic
of �( N ). We end this Sectionby pointing out that somehigher rank casesof essential cuspidality
have been establishedrecently. For X = SL(3; Z)nSL(3; R)=SO(3) in [Mi] and for the general
congruencequotient of SL(n; R)=SO(n) in [Mu].

x3. Low Energy Spectrum

We mentioned in Section 1 in connectionwith Galois representations the importance of the
eigenvalue� = 1

4 for X (N ). It wasalsonotedthat in analytic applicationsan eigenvalue0 < � � < 1
4

would have a drastic impact on the cancellationsin the sums(21). The question of the smallest
non-zeroeigenvalue for these surfacesis one of the major problems in the subject. Let � 1(X )
denotethe next to smallest(the smallest is � 0 = 0) eigenvalue of 4 on L 2(X ).

Conjecture 2 [Sel1]: For N � 1, � 1(X (N )) � 1
4 .

We call this the Selberg-Ramanujan Conjecture since it was �rst formulated in [Sel1]but today
we understandit aspart of the generalRamanujan Conjectures[La2].

Comments:

1. As noted in Section2 there is no residualspectrum for X (N ) sowe could take for � 1(X (N ))
the smallest eigenvalue of a Maasscusp form for X (N ). The continuous spectrum is the
interval [1

4; 1 ), so we may also formulate the conjecturevariationally as follows:

For any f 2 C1
0 (X (N )), that is smooth and compactly supported and for which

Z

X (N )
f (z) dA(z) = 0

we have

Z

X (N )
jOH f (z)j2 dA(z) �

1
4

Z

X (N )
jf (z)j2 dA(z): (29)
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2. Another reasonfor the relevanceof the number 1
4 is that the spectrum of 4 on the universal

covering L2(H) is [1
4; 1 ). To seethat � 0(H) � 1

4 let f 2 C1
0 (H). Following [Mc] we have

1
2

Z 1

0
f 2(z)

dy
y2

=
Z 1

0
f y(z) f (z)

dy
y

�
� Z 1

0
(f y(z))2 dy

� 1=2 � Z 1

0
f 2(z)

dy
y2

� 1=2

:

Hence

1
4

Z 1

0
f 2(z)

dy
y2

�
Z 1

0
j f y(z)j2 dy �

Z 1

0
jOf j2 dy:

Integrating with respect to x yields

1
4

Z

�

f 2(z) dA(z) �
Z

�

jOf j2 dxdy =
Z

�

jOH f j2 dA(z):

3. It is not di�cult to show that the cuspidal spectrum of 4 becomesdensein [ 1
4; 1 ) as

N � ! 1 . Thus Conjecture 2 if true is sharp.

4. Conjecture2 is somewhatsurprising. After all the surfacesX (N ) have their areaand genus
going to in�nit y with N . This might lead one to expect that the low \overtone" � 1(X (N ))
should go to zero. That this is not the caseis combinatorially very powerful. The optimally
highly connectedbut sparse,Ramanujan Graphs[L-P-S] and [M], areconstructedvia similar
congruencequotients of the p-adic groupsPGL(2; Qp).

5. The assumptionthat � is a congruencesubgroupof SL(2; Z) cannot be dropped. In [Sel1]
it is shown that given � > 0 there is a cyclic cover X � 0 of X (2) for which � 1(X � 0) < � . In
view of the results below towards Conjecture 2 it follows that for � small � 0 cannot contain
�( M ) for any M . These� 0 are �nite index subgroupsof SL(2; Z) which are not congruence
subgroups.

6. Conjecture 2 is known for N � 17 [Hu]. The combinational topological method usedthere
when successfulestablishesthat � cusp

1 (X (N )) > 1
4 . In view of the presenceof Galois repre-

sentations this method breaksdown for large N .

In [Sel2]the bound � 1(X (N )) � 3
16 was established.It is already very useful in many applica-

tions. By a completely di�erent method[Ge-Ja] showed that � 1(X (N )) > 3
16. Their approach is

basedon the symmetricsquaresym2 : GL(2) � ! GL(3) functorial lift (seeAppendix 1). They then
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invoke local representation theoretic boundsconcerninggenericrepresentations of GL(3; R), [Ja-
Sh]. In [L-R-S] global boundstowards the generalRamanujan Conjectureson GL(m; A � ) m � 2,
are establishedusing families of L-functions. Combining this for the caseof GL(3) together with
sym2 as above leads to � 1(X (N )) � 21

100. Recently, the functorial lifts sym3 : GL(2) � ! GL(4)
and sym4 : GL(2) � ! GL(5) were established[K-S][K]. Combining thesewith the methods from
families of L-functions oneobtains

Theorem 2 [Ki-Sa]: � 1(X (N )) � 975
4096 = 0:238: : :

This is getting closeto 1
4 but it is also closeto the limit of thesemethods. The functorial lifts

sym3 and sym4 are basedon the continuous spectrum (Eisenstein series)on exceptional groups
including E8. What can be donethis way terminateswith the �nite list of exceptionalgroups. We
seeclearly herethat other groupsand symmetric spacesplay a central role in understandingGL(2)
(that is essentially the upper half-plane). We note that if the generalFunctorialit y Conjectures
concerningthe automorphic lifts symk : GL(2) � ! GL(k + 1); k � 1 arevalid then sois Conjecture
2 [La2].

Conjecture2 is concernedwith the bottom of the spectrum of the Laplacian4 on L 2
cusp(X (N )),

that is the spectrum at the \archimedean"place. There is a similar conjecturefor each prime p for
the corresponding Hecke operator Tp. The surfacesX (N ) carry algebraiccorrespondenceswhich
give rise to the family of Hecke operators. For (n; N ) = 1 de�ne Tn by

Tn f (z) =
1

p
n

X

ad = n
b mod d

f
�

az + b
d

�
: (30)

Theseare closelyrelated to the cosetsof the �nite index subgroups
�

n 0
01

�
�( N )

�
n 0
01

� � 1

\ �( N )

of �( N ). The linear transformation Tn mapsL2(X (N )) � ! L2(X (N )).

The Tn 's are normal, they commute with each other and with 4 and leave L 2
cusp(X (N ))

invariant. (31).
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The Ramanujan Conjecturesfor theseTp's assertsthe following








 Tp

�
�
�
�
L 2

cusp (X (N ))








 � 2: (32)

One can show that the above norm is at least 2 so that (32) is equivalent k TpjL 2
cusp (X (N )) k= 2.

The trivial bound (from (29)) for k Tp k is

k Tp k � p
1
2 + p� 1

2 : (33)

The functorial techniques[K] apply to these�nite placesas well and if one combines them with
the L-function techniquesof [Du-Iw] oneobtains the following very useful bounds[Ki-Sa]

k TpjL 2
cusp (X (N )) k � p

7
64 + p� 7

64 : (34)

A uni�cation and clari�cation of the theory of the spectrum of 4 and of Tp is provided by the
representation theoretic descriptionof the subject. That is the spectral decomposition of the right
regular action of GL(2; A � ) on GL(2; Q)nGL(2; A � ) whereA � is the adelegroup of Q [Ge]. This
languageis indispensablefor many purposes.We have avoided it in order to keepour discussion
asself-contained and elementary aspossible.A recent discussionof theseadelic spectral problems
for more generalgroupscan be found in [Cl].

x4. High Energy Spectrum

In this Sectionwe examinethe solutions(13) for � large. For this limit the caseof X (1) already
contains the key featuressofor the most part we will concentrate on X (1). Probably the simplest
and most basic question concerningthe eigenvalues of X (1) was raised in [Ca] where the �rst
attempts to numerically compute the eigenvalueswere carried out.

Conjecture 3 [Ca]: The (cuspidal) spectrum of 4 on X (1) is simple.

The main evidencefor this are the numerical computations [St] which con�rm the Conjecture
for the �rst 10,000eigenvalues. Let mX (1) (� ) be the multiplicit y of the eigenvalue � . The best
known boundsfor m(� ) are rather poor. They arederived from the trace formula by analyzingthe
remainder term in the Weyl asymptotics (25). The di�cult y in all questionsinvolving the large
� limit is that when localizing a test function in the trace formula (Appendix 3) near � one is
facedon the dual side(via Fourier Transform) with an exponential in � number of terms involving
closedgeodesics.It is then very problematic to establishsuitable cancellationsin thesesumsover
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the closedgeodesics.All that seemspossibleis to treat thesesumstrivially and after optimizing
the choiceof test functions oneobtains a bound for mX (� ) for the generalhyperbolic surfaceX .

lim
� � !1

mX (� ) log�
p

�
�

Area(X )
2

: (35)

For X (1) onecan obtain squareroot cancellationin the relevant sumsby using the relative trace
formula [Ku] which involvesKloostermansumsinsteadof closedgeodesics.This leadsto a modest
improvement over (35) for X (1) [Sa3];

lim
� � !1

mX (1) (� ) log�
p

�
�

Area(X (1))
4

=
�
12

: (36)

It is an important problem to improve this bound (36). In my youth I would have beenimpressed

with the bound mX (1) (� ) = 0(�
1
2 � � ) for some� > 0. Today mX (1) (� ) = o

� p
� =log�

�
looksgood.

An interesting phenomenologicalfact about the spectrum of X (1) was noted in [St]. Consider
the numbers~� j = � j =12where� j arethe eigenvaluesof X (1). Accordingto (25) the meanspacings
between the numbers ~� j is 1. The numerical experiments in [St] suggestthat the consecutive
spacingsand for that matter any local spacingstatistic behaves like random numbers would, or
as is often said - the local spacingsstatistics are \P oissonian". More precisely, the consecutive
spacingsapparently obey the following law: For 0 � � < � < 1 ,

As N � ! 1 ;
# f j � N j~� j +1 � ~� j 2 [� ; �] g

N
� !

Z �

�
e� xdx : (37?)

This random behavior of the eigenvalues of X (1) is unexpected. To explain why so we recall
the interest that the spectrum of a hyperbolic surfacehas generatedin mathematical physics.
Given x 2 X and � 2 Tx (X ) a unit tangent vector and t 2 R let (x(t); � (t)), � (t) 2 Tx(t) (X ),
be the position and tangent vector after 
o wing for arc-length t from x in the direction � along
the corresponding geodesic. This 
o w Gt : S(X ) � ! S(X ) on the unit circle bundle to X is the
geodesic 
o w. It is a Hamilton 
o w. In terms of the uniformization X = � nH we can identify
S(X ) with � nG, G = PSL(2; R) and Gt takesthe form

� g Gt�! � g
�

et=2 0
0 e� t=2

�
: (38)

Gt clearly preservesthe Haar measuredg.
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It is well known that the geodesic
o w of a manifold of negative curvature is ergodic,8 Anosov,
haspositive Lyapunov exponents : : : . In short, it is a \chaotic" Hamiltonian. Now the eigenvalue
problem for 4 on X � correspondsto a quantization of this classicallychaotic dynamics. The large
� limit for this quantization is the sameasthe semi-classicallimit (} � ! 0) of the quantum system.
Unlike the caseof the quantization of a completely integrable Hamiltonian where the impact of
classicalinvariant torri on the spectrum in the semi-classicallimit is well understood [Laz], very
little can be said analytically in the chaotic case.The study of the semi-classicallimit, speci�cally
the relation betweenthe classicaland quantum mechanicsof a classicallychaotic Hamiltonian goes
by the nameof Quantum Chaos.

Oneof the interesting suggestionsthat hasemergedfrom many numerical investigationsis that
the local spacingstatistics of the eigenvaluesof the quantization of a classicallychaotic Hamiltonian
are modeledby the local spacinglaws of the eigenvaluesof a random matrix in a suitable matrix
ensemble. These laws are very di�erent from the Poissonianlaws that the spectrum of X (1)
exhibits. This then is the sensein which the spectrum of X (1) hasunexpectedstatistics. No doubt
the reasonfor this anomaly is that 4 commutes with the geometrically de�ned Hecke operators
Tn in (30) (seealso [Sa4]). Indeed, for the spectrum for the Dirichlet problem (which hasdiscrete
spectrum only) for the triangles F q in Figure 4, it is found numerically that for q 6= 3; 4; 6 (in
which casethere are no Hecke operators) the local spacingsfollow the local \GOE laws" [B-S].
GOE stands for the GaussianOrthogonal Ensemble and is concernedwith the eigenvalues of a
random real symmetric matrix of large size [Me]. For example, the scaledconsecutive spacing
distribution for the latter is depicted in Figure 5.

Figure 5.

8The �rst caseto be studied was in fact X (1), by Artin [Ar].



Peter Sarnak - Januar y 2003 21

The density of the GOE consecutive spacinglaw vanishesto �rst order at x = 0 indicating that
the eigenvaluesof a random matrix repel each other and that the corresponding spectrum is rigid.
In contrast there are near degeneraciesin the Poissonianlaws. This phenomenologyabout the
spectrum of X (1) is fascinating but very little can be proven.

We turn to the behavior of the eigenfunctions� � for X (1) for which much is now known.
The basic issue is whether as � � ! 1 these eigenstatescan localize or do they spread out
evenly? For reasonssimilar to thosementioned above in connectionthe questionof multiplicities,
it is very di�cult to analyzethe high energyeigenstatesof the quantization of a classicallychaotic
Hamiltonian. We next state the basicConjecturesassertingthe non-localization of � � for a general
hyperbolic X (possiblycompact) as � � ! 1 .

Conjecture 4: [I-S1]:

Fix X , K � X a compact (nice set) 9, 2 < p � 1 and � > 0. There is c = c(p;K ; � ) suchthat

� Z

K
j� � (z)jp dA(z)

� 1
p

� c� �

� Z

K
j� � (z)j2 dA(z)

� 1
2

:

Remarks:

1. This Conjecture assertsthat the L p norm on a nice compact set K � X (if X is compact
then take K = X ) grow slower than any power of � times the L 2 norm. It quanti�es the
lack of localization of � � . For the caseof p = 1 this Conjecture, if true, is quite deepsince
it implies the classicalLindelof Hypothesis for the Riemann Zeta Function (Appendix 1).
Also, for p = 1 it implies that mX (� ) = O� (� � ).

2. The � � factor is necessarywhen p = 1 since in [I-S1] it is shown that k � � k1 is not
uniformly bounded for certain compact X . Here (and henceforth) we will normalize � � so
that k � � k2= 1.

There are somegeneralinterpolation boundsfor the L p normsof eigenfunctions� � on a (�xed)
generalcompact RiemanniansurfaceX . In [So] it is shown that

k � � kp � � � (p) ; (39)

where � (p) = 1
4 � 1

p , for 6 � p � 1 and � (p) = 1
8 � 1

4p ; for 2 � p � 6: The proof of (39) uses
a construction of a parametrix for the wave equation via Fourier Integral Operators, combined

9for exampleK could be the closureof a nonempty geodesicball.
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with ideasfrom restriction theoremsin Fourier Analysis [Ste]. The bound (39) is local in that it
is derived on piecesof X directly. The global aspects of the geodesicmotion do not enter. As a
local bound (39) cannot be improved sinceit is sharp on S2 with the round metric [So].

Another meansto analyzethe localization question is to examinethe probability measures

� � = j� � (z)j2 dA(z) : (40)

Quantum mechanically this givesthe probability distribution on X associated to being in the state
� � . One can form a probability measure� � on � nG, the micro-local lift of � � to S(X ), (Appendix
4) which projects to � � and measureshow � � is distributed in phasespace. For a 2 C1 (� nG)
� � (a) measuresthe quantum observable Op(a) (seeAppendix 4) when in the state � .

Conjecture 5: [R-S] Quantum Unique Er godicity

The measures � � become equidistributed with respect to dg as � � ! 1 . Precisely, if f 2 C0(� nG)
then

lim
� � !1

Z

� nG
f (g) d� � (g) =

Z

� nG
f (g) dg := �f

where dg is Haar measure on G normalized so that Vol(� nG) = 1.

Comments:

1. While this Conjecture seemsreasonableenough,we point out that it contradicts somesug-
gestionsthat eigenstatesin chaotic quantizations might concentrate on unstable periodic
orbits, a phenomenoncalled scarring [Hel].

2. The name quantum unique ergodicity stems from there being in this context an analogue
at the quantum level of ergodicity. Let � j be any orthonormal basisof L 2(X ) (if X is not
compact then we assumethat X = X (N ) and that � j is an orthonormal basisof L 2

cusp(X )).
In [Sh][Co][Ze]it is shown that if f 2 C1

0 (� nSL(2; R)) then as � � ! 1

X

� j � �

j� � j (f ) � �f j2 = o

0

@
X

� j � �

1

1

A : (41)

In particular it follows that almost all, in the senseof density of the number of eigenvalues,of
the � � 's becomeequidistributed as� j � ! 1 . Recall that Gt beingergodic meansthat almost
all orbits of the 
o w becomeequidistributed as t � ! 1 . Thus the above is the quantum
analogueof the geodesic 
o w Gt being ergodic. For Gt however there are many singular
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invariant measures(the most singular being arclength on an unstableperiodic orbit). Thus,
Conjecture5 assertsthat at the quantum level things arequite di�erent in that all eigenstates
becomeequidistributed (a 
o w for which all orbits becomeequidistributed is calleduniquely
ergodic).

3. We call any weak limit of the measures� � � , a quantum limit. Using somestandard results
about propagation of singularities in the theory of Fourier Integral Operators onecan show
that any quantum limit is Gt invariant - seeAppendix 4. Conjecture 5 is equivalent to the
statement that the only quantum limit is dg.

For the generalhyperbolic surfaceX little hasbeenproven towards Conjectures4 and 5. However
for X (1) or moregenerallyX (N ) there hasbeensomedecisive progress.We restrict our discussion
to X (1). In view of (30) we can simultaneously diagonalize4 and the operators Tn , n � 1.
Henceforthwe assumethat our � � is alsoa Hecke eigenform:

Tn � � = � � (n) � � : (42)

Note that if Conjecture3 is true then (42) is automatic. In any caseit is the Maass-Heckeeigenform
that is of interest.

All thesequestionsabout the � � 's for X (1) make sensefor the continuous spectrum as well.
Explicitly the EisensteinseriesE(z; s) for X (1) is de�ned as

E(z; s) =
X


 2 � 1n �(1)

(y(
 z)) s for < (s) > 1: (43)

E(z; s) extendsmeromorphically to C and is analytic on < (s) = 1
2. The continuous spectrum for

X (1) is furnished by the generalizedeigenfunctionsE(z; 1
2 + it ), t � 0.

4 E
�

z;
1
2

+ it
�

+
�

1
4

+ t2

�
E

�
z;

1
2

+ it
�

= 0 (44)

and of course
E(
 z; s) = E(z; s) for 
 2 �(1) :

ConcerningConjecture 4 for the casep = 1 a sub-convex (or sub-interpolation) bound for
X (1) is establishedin [I-S1]
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k � � k1 � � 5=24 : (45)

A similar bound for E(z; 1
2 + it ) is alsoproven.

In [L-S1] and [Ja] Conjecture5 is proven for the continuousspectrum of X (1). Precisely, let � t be
the corresponding measure(of in�nite mass)

� t = jE
�

z;
1
2

+ it
� �

�
�
�

2

dA(z) : (46)

Let � t be its micro-local lift to �(1) nG. Then for K 1 and K 2 (nice) compactsubsetsof �(1) nG we
have that

lim
t � !1

� t (K 2)
� t (K 2)

=
Voldg(K 1)
Voldg(K 2)

: (47)

For the measures� � , Conjecture5 hasproven to be much more di�cult to attack via the methods
of [L-S1]. In [R-S] it is shown that any quantum limit � on �(1) nG cannot be supported on a �nite
union of closedgeodesics. In particular this strong form of scarring is not possiblefor X (1). In
[B-L] a signi�cant extensionof this is given. They show that if � is a quantum limit then it must
have positive entropy for the geodesic
o w Gt .

An identit y is derived in [Wa] which allows oneto unify and make explicit the relation between
triple products and special valuesof L-functions [H-K], [L-S1]. This allows one to convert some
of thesequestionsconcerningeigenfunctionsto onesconcerningthe sizeof L-functions at special
points on their critical lines. The preciseidentit y is as follows:

Let � 1; � 2; � 3 be three Maass (Hecke) eigenforms on X (1) normalized as before so that
k � j k2= 1. Then [Wa];

216�

�
�
�
�

Z

X (1)
� 1(z) � 2(z) � 3(z) dA(z)

�
�
�
�

2

=
� 4 � �

�
1
2; � 1 � � 2 � � 3

�

�(1 ; sym2� 1) � (1; sym2� 2) � (1; sym2� 3)
(48)

Here�( s; � 1 � � 2 � � 3) is the (completed)degree8 L-function associated with � 1; � 2; � 3 and s = 1
2

is its central value [Appendix 1]. �( s;sym2� ) is the degree3 L-function (Appendix 1) and s = 1
is at the edgeof the critical strip.

Using(48) onecanreformulate Conjecture5 in terms of estimatesfor L-functions. For example
the Lindelof Hypothesis(see[I-S2] and Appendix 1), which is a consequenceof the Generalized
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RiemannHypothesisfor thesedegree8 L-functions, implies the following strong form of Conjecture
5: For a �xed f 2 C1

0 (�(1) nG) and � > 0

j� � � (f ) � �f j �
�;f

� � 1=4+ � : (49)

In fact, a \sub-convex" (Appendix1) estimatefor theseL-functionswould alreadyestablishConjec-
ture 5. While there hasbeenmuch progresson the generalsub-convexity problem for L-functions,
the generalcaseat hand remainsout of reach at the present time. We alsonote that the Lindelof
Hypothesisfor thesedegree8 L-functions implies Conjecture 4 with p = 4.

Recently, there have beena seriesof breakthroughswhich lead to the solution of parts of the
Conjectures4 and 5. Theseresultsare still being written up sothat they shouldbe regardedwith
appropriate caution until they have beenindependently con�rmed.

Theorem 3 ([Sa-Wa], [Sp]):]

Fix � > 0, then

(a) 10 k � � k4 �
�

� � .

(b) For K � X (1) compact

 Z

K

�
�
�
�E

�
z;

1
2

+ it
� �

�
�
�

4

dA(z)

! 1=4

�
�;K

(1 + jtj) �

 Z

K

�
�
�
�E

�
z;

1
2

+ it
� �

�
�
�

2

dA(z)

! 1=2

:

These establish Conjecture 4 for X (1) for 2 < p � 4, for both the discrete and continuous
spectrum. Combining thesesharpL p boundswith (45) and interpolating yields subconvex bounds
for all 2 � p � 1 . In Figure 6 the exponent � (p) of � in theseboundsis graphedagainst1=p. The
solid linescorrespondsto the convex bound (39) and the dashedlines to the subconvex bounds. A
random wave model for the eigenfunctionsof the quantization of a classicallychaotic Hamiltonian
is put forth in [Be]. In [H-R] this is tested numerically for X (1) as far as the behavior of the
value distribution of � � (z) and E(z; 1

2 + it ) as the energygoesto in�nit y. In particular they �nd
a Gaussianbehavior. Thus we expect that the odd moments of � � and E to go to zero and the
even moments (at least in the form (b)) to remain bounded. For special � � 's (the dihedral ones)
on X (N ) onecan prove this uniform boundednessof the L 4 norms. Moreover, (48) applied to the
case� 1 = � 2 = � 3 = � � together with known sub-convexity boundsfor degree2 L-functions [Iw1]

show that the third moment
Z

X (1)
� 3

� dA, goesto zeroas � � ! 1 [Wa].

10At present the proof of (a) which is involved usesConjecture 2 and (32) freely. We expect in the end to get
around this.
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Figure 6.

Theorem 4 [Li1]:

Let � be a quantumlimit for the � � 's on �(1) nG, then � = c:dg with 0 � c � 1.

This essentially establishesConjecture 5 for X (1). The only missing point is that c may be less
than 1 if for examplethe massof the � � 's escape into the cusp of X (1) as � � ! 1 . In the case
of a compact arithmetic quotient X � of H (and � � an eigenfunctionof the corresponding Hecke
operators) the last di�cult y doesnot ariseand Conjecture5 is completelyestablishedfor X � [Li1].

Finally, for X (1) onecan determinethe main term for the asymptotics in the quantum ergod-
icity sums(introducedin [Ze]) of equation (41).
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Theorem 5 [L - S2]:

There is quadratic form B(f ) on C1
0 (�(1) nH) suchthat

(a)
X

� j � �

j� � j (f ) � �f j2 = B(f )
p

� + o
� p

�
�

as � � ! 1 .

(b) The polarization of B satis�es

B(f 1; 4 f 2) = B(4 f 1; f 2)

(c) De�ning the operator A by
hAf 1; f 2i = B(f 1; f 2) :

A extendsto a non-negativeself-adjoint operator whichcommuteswith 4 and is diagonalized
by the E(z; 1

2 + it ) and � � 's. Moreover, the eigenvalueof A corresponding to � � is essentially
L( 1

2 ; � � ), where L(s; � ) is the standard L-function associated with � (Appendix 1).

Thus the form B providesa non-negative self-adjoint operator on a Hilbert spacewhoseeigen-
values are special values of a family of L-functions! In particular, L( 1

2 ; � ) � 0 a fact that was
known by other means,(see[L-R] for the most generalsuch non-negativity result). Since it is
known that many of the values L( 1

2 ; � ) are non-zero it follows that for most f , B (f ) > 0. In
particular, this shows that the decay rate for Conjecture 1 predicted by the Lindelof Hypothesis
in (49) is sharp (at least up to the exponent � ). In Appendix 5 we give a comparisonof (a) with
the variation of f along the geodesic 
o w. The discrepancybetween the classicaland quantum

uctuations is given by the arithmetic factor L

�
1
2; �

�
!

We make somebrief comments about the methods usedto prove theserecent results. Theorem
3 is approached by using Parseval's identit y to expressk � � k4

4 as follows:

k � � k4
4 =

X

j

�
�h� 2

� ; � j i
�
�2

+ similar term from continuousspectrum: (50)

Now apply (48) to the terms h� 2
� ; � j i which converts the j sum to a sum of degree8 L-functions.

The recent advancesin the theory of familiesof L-functions (see[I-S2]) and especially the methods
for averaging over such families using various trace formulae can be applied. However being of
degree8, there are a number of new di�culties that needto be overcome. One useful technical
devicethat we mention and which is used,is the recent GL(3) Voronoi SummationFormula [M-S].
In any case,su�ce it to say that the key techniquesused to prove Theorems3 and 5 are those
from the theory of L-functions.
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The approach in [Li1] to Theorem4 is very di�erent. We know that � is Gt invariant but that
this is far from su�cien t to identify � . The idea is to try usethat the � � 's are alsoeigenfunctions
of the Hecke operators Tp. Rather than describe the caseof X (1) considera higher dimensional
casewhich is conceptuallysimpler. Let � � G � G be an irreducible lattice such as SL(2; Z[

p
2])

embeddeddiagonally in G � G via 
 � ! (
 ; 
 0), 
 0 being the Galois conjugateof 
 . There is a
similar theory of Maasscusp forms � � 1 ;� 2 (z1; z2) on the Hilbert modular manifold X = � nH � H.
Such a form is an eigenfunction of 4 zj with eigenvalue � j ; j = 1; 2. The Laplacian on X is
4 z1 + 4 z2 . One can construct a micro-local lift � � on � nG � G, of j� (z1; z2)j2 dv(z1; z2), see[Li2].
Being an eigenfunctionof both 4 z, and 4 z2 (which commute) onecanshow that a quantum limit,
that is a weak limit of the � � 's, is invariant under the two parameterCartan action on � nG � G;

� g � ! � g
��

et1=2 0
0 e� t1=2

�
;
�

et2=2 0
0 e� t2=2

��
: (51)

Unlike the caseof the geodesic 
o w Gt there are much fewer measuresinvariant under such two
(or higher parameter) actions. This is the so-calledmeasurerigidit y phenomenonthat has seen
many advancesrecently[Ru], [Ka-Sp], [E-K]. The 
o w (51) doesnot fall into the setting of these
works and in [Li1] a substitute theory is developed. One point worth noting is that progresson
thesemeasurerigidit y questionshas only beenpossibleassumingthat such an ergodic invariant
measurehas positive entropy. As mentioned earlier for X (1) any quantum limit has beenshown
to have positive entropy.

It is interesting that the problemsdiscussedin thesenotescan be approachedby such di�erent
points of view. Moreover, having recast the problem in di�erent terms (for examplethe Hilbert
problem on page11 asa sub-convexity problem for automorphic L-functions see[I-S2], or Conjec-
ture 5 asa measurerigidit y problem) one�nds that solution demandsa signi�cant advancein the
corresponding theory. Thus both sidesare enriched.

To end, we point the reader to books [Ve], [He2] and [Iw2] which treat the basic material
concerninghyperbolic surfaces,the trace formula and Eisensteinseries. Also, the books [Lan1]
and [Bor] give introductions to the approach via representation theory of SL(2; R) and [L-P], via
scattering theory for the corresponding wave equation. An earlier review article of someof the
material discussedin the lecturescan be found in [Sa4].
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Appendices

Theseappendicesare meant to give brief descriptionsand de�nitions of various objects that
were mentioned in the text. Detailed treatments can be found in the references.

Appendix 1: L-Functions

The analytic continuation and functional equation for the Riemann Zeta Function was men-
tioned in (3) and (4). The key tool used there, that is PoissonSummation, can also be used
to analytically continue Dirichlet's L functions L(s; � ) and their generalizationsto number �elds
Hecke's L-functions, L(s; � ). A Dirichlet character � is a function from Z into C which is periodic
of (minimal) period q � 1 and which satis�es � (mn) = � (m)� (n); � (1) = 1 and � (m) = 0 if
(m; q) > 1. The corresponding L-function is de�ned to be

L(s; � ) =
1X

n=1

� (n)n� s = �
p

(1 � � (p)p� s)� 1 : (1)

The completedL-function �( s; � ) is de�ned by:

�( s; � ) = � � (s+ a� )=2 �
�

s + a�

2

�
L(s; � ); (2)

wherea� = 1� � (� 1)
2 . �( s; � ) is entire (if � 6= 1) and satis�es the functional equation [Da]

�( s; � ) =
� (� )

ia(� )q1=2
q

1
2 � s �(1 � s; �� ) (3)

where� (� ) is the Gausssum. q is called the conductor of � .

The Hecke L-functions are de�ned in a similar way [Hec1];

L(s; � ) =
X

A6=0

� (A )N (A ) � s = �
P

(1 � � (P)N (P) � s)� 1 (4)

where � is a suitable character on the ideals of a number �eld K , A rangesover the non-zero
integral ideals,P over the prime idealsand N (A) is the norm of A . For us an interesting example
is K = Q(

p
2) = f � = a + b

p
2ja;b 2 Qg. The ring of integers of K , OK is simply equal to

f a + b
p

2ja;b 2 Zg. The units in Ok are generatedby � 0 = 1 +
p

2. For � 2 K let � 0 denote
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its Galois conjugate. OK happensto have classnumber one, that is every ideal is principal. For
0 6= m 2 Z set

� m (� ) =
�
�
�
�
� 0

�
�
�

i� m
log � 0 (5)

Clearly, � m (�� ) = � m (� ) for any unit � . So � is a character on the idealsof OK . It is an example
of a \Gr•ossencharakter" of Hecke in that the valuesassumedby � as � varies are densein the
circle. Maass[Mas] showed how thesemay be usedto construct Maassforms. If

� m (z) =
X

A6=0

� m (A )y1=2 K it m (2� N (A )y) cos(2� N (A )x) (6)

with tm = � m
log � 0

, then � m satis�ed (13) for 
 2 �(4) and with eigenvalue � m = 1
4 + t2

m . In particular,
X (4) has this explicit subsequenceof eigenvalues(no explicit eigenvaluesare known or expected
for X (1)).

The Dirichlet L-functions are Euler products of degree1 (over Q) while the Hecke L-functions
L(s; � ) are Euler products of degree1 over K . Euler products of higher degreeare constructed
from modular forms, with modularit y replacing PoissonSummation in the proof of the analytic
continuation. To illustrate this, let � be a Maass-Hecke eigenformas described in (30) and (13),
for X (1). That is, � 2 L 2

cusp(X (1)) and

4 � +
�

1
4 + t2

�

�
� = 0

Tn � = � � (n) �

9
=

;
(7)

(note wechangedto a moreconvenient parametert � where� � = 1
4 + t2

� ). The (standard) L-function
associated to � is denotedby L(s; � ) and is de�ned for < (s) large by

L(s; � ) =
1X

n=1

� � (n)n� s = �
p

(1 � � � (p)p� s + p� 2s)� 1 : (8)

The sum to product formula follows from a similar relation that is satis�ed by the Tn 's [Hec2]. It
is convenient to introducethe roots � (1)

� (p) and � (2)
� (p) which are determinedby

� (1)
� (p) � (2)

� (p) = 1; � (1)
� (p) + � (2)

� (p) = � � (p) : (9)
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Thus (8) is the degree2 Euler product

L(s; � ) = �
p

h
(1 � � (1)

� (p) p� s) (1 � � (2)
� p� s)

i � 1
(10)

The modularit y of � (z) is equivalent to L(s; � ) extending to an entire function and satisfying the
functional equation

�( s; � ) := � � s �
�

s+ it �

2

�
�

�
s� it �

2

�
L(s; � )

= �(1 � s; � )

(11)

(we have assumedherethat � is unrami�ed at 1 that is that � is even with respect to the isometry
of X (1), z � ! � �z).

Thus theseMaassforms give Euler products of degree2 over Q. Note that L(s; � m ) = L(s; � m )
in (4) (5) and (6) above, that is, the degree1 Euler product over the quadratic extensionK of Q is
a degree2 Euler product over Q and correspondsto a modular form. In general,any automorphic
form � on GL2(AK ) givesan Euler product of degree2 over K which hasan analytic continuation
and functional equationrelating s to 1� s and � to its contragredient ~� ([Go-Ja]). More generally,
if � is automorphic and cuspidal on GLn (AK ) its standard L-function L(s; � ) is of degreen and
is entire [Go-Ja]. In fact, oneof the main interestsin theseautomorphic cuspforms � is that it is
believed that all L-functions (for exampleHasse-Weil L-functions, Artin L-functions : : :) can be
expressedas �nite products and quotients of such standard L-functions.

Next we discussthe formation of tensor power L-functions from these� 's. For thesemuch less
is known. We restrict to the � 's in (7). Let � 1; : : : � ` be ` such Maassforms. De�ne the degree2`

tensor power function, L(s; � 1 � � 2 � � � � � ` ) by

L(s; � 1 � � 2 � � � � � ` ) = �
p

Lp(s; � 1 � � 2 � � � � � `) (12)

where

Lp(s; � 1 � � � � � � `) =
Y

� j 2f 1;2g
j =1 ; ��� ;`

�
1 � � (� 1)

� 1
(p) � (� 2)

� 2
(p) � � � � (� ` )

� `
(p) p� s

� � 1
(13)
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The completedL-function �( s; � 1 � � 2 � � � � � ` ) is de�ned asusualby tacking on the corresponding
product of 2` Gammafactorsasin (11). It is believed that these�( s; � 1 � � 2 � � � � � ` ) have analytic
continuations (except for possiblepolesat s = 0 and 1) and functional equations. This is known
to be valid for ` = 2 and 3. The case` = 2 is known as the Rankin-Selberg L-function and its
value for s on the critical line (that is < (s) = 1

2) arosein (27) (though in (27) one of the forms
is holomorphic rather than a Maassform but the theory is the same). The analytic continuation
and functional equation for ` = 3 is due to [Ga] and [PS-R]. The special value at s = 1

2 of these
L-functions is at the heart of the identit y (48).

If � 1 = � 2 = � � � = � ` one is led to form the symmetric tensor power L-functions. De�ne the
degree` + 1, L-function L(s; �; sym` ), as follows:

L(s; �; sym` ) = �
p

Lp(s; �; sym` ) (14)

where

Lp(s; �; sym` ) = � `
k=0 (1 � (� (1)

� (p)) j (� (2)
� (p)) ` � j p� s)� 1 : (15)

As before,oneforms the corresponding completedfunction, �( s; �; sym` ). Again, it is conjectured
that thesehave analytic continuations and functional equations. The meromorphic continuation
and functional equation is known for thesefor ` � 9 [Sh]. The recent developments [K] and [K-S]
mentioned in Sections1 and 2, establish that �( s; �; sym` ) is entire (except perhapsfor polesat
s = 0 and 1) for ` = 3 and 4 (the case` = 2 is due to [Shi].) Moreover, they show in these
casesthat there is an automorphic form � ` on GL `+1 (A � ) whoseL-function, L(s; � ` ) is equal to
L(s; � ; sym` ). This correspondence(� ; sym` ) � ! � ` is the sym` : GL(2) � ! GL(` + 1) functorial
lift. It is a special, but quite striking and useful instanceof the generalfunctorialit y conjecture
[La2].

It is the analytic properties of the L-functions such as their sizeon < (s) = 1
2 that is of most

use to us. In this connection the Grand Riemann HypothesisGRH, is decisive. It assertsthat
the zeroes of any of the functions �( s; � ) mentioned above (here we are thinking of � being an
automorphic form on GLn ) are on the line < (s) = 1

2. A particular consequenceof GRH is the
Grand Lindel•of HypothesisGLH, which assertsthat for � of �xed degreen say and � > 0

L
�

1
2

+ it; �
�

�
�;n

(C(� ; t)) � ; (16)

whereC(� ; t) is the \analytic conductor" de�ned in [I-S]. For example,for our Maassforms � on



Peter Sarnak - Januar y 2003 33

X (1) with eigenvalue � � = 1
4 + t2

� , C(�; 0) = � � . For a Dirichlet L-function L(s; � ), C(�; t) = (jtj +
1)(q+ 1) while for the L-functionsL(s; � � � � � � � ) with � �xed and � � ! 1 , C(� � � � � � �; 0) = � 2

� .
If the Ramanujan Conjectures (32) and their generalizationsare true then for � > 0, L(s; � )
uniformly bounded for < (s) � 1 + � . This will not continue to hold even on < (s) = 1, however
the GLH assertsthat it is almost true up to < (s) = 1

2 . That is, all L-functions are boundedby an
arbitrary small power of their conductor in < (s) � 1

2 . It is this technical looking feature that is
very useful in the study of the eigenfunctions.In general,the only bound we have is the convexity
bound (see[Har])

L
�

1
2

+ it; �
�

�
�

[C(� ; t)]
1
4 + � : (17)

A number of the problemsdiscussedin thesenotesareresolvedby establishingsubconvex estimates
for a suitable family of � 's. That is, a � > 0 is producedso that

L
�

1
2

; �
�

� (C(� ; 0))
1
4 � � ; (18)

for � in the family. See[F], [I-S2] for recent reviews.

Appendix 2: FrobeniusAutomorphisms

We review the de�nition of the Frobenius element. Details can be found in standard books
on algebraicnumber theory, for example[Lan2] and [C-F]. Let K be a �nite Galois extensionof
Q and G the corresponding Galois group. The ring of integersof K denotedOK , is a Dedekind
domain. Let p be a rational prime. The principal ideal (p) factors into a product of prime ideals
(p) = (� 1� 2 : : : � r )e. The integer e is the rami�cation index of p and is equal to 1 for all primes
p not dividing the discriminant of K . We restrict attention to such unrami�ed primes. If � jp
and � 2 G then � (�) jp and in fact G acts transitively on the primes � dividing p. For such �
the decomposition group G� is the corresponding stabilizer of �, that is f � 2 Gj� (�) = � g. The
di�erent decomposition groups for � jp are conjugate in G. Now G� acts in the obvious way as
automorphismsof the �nite �eld OK =� all of which �x the sub�eld Z=pZ. Denote the degreeof
the �eld extension(OK =�) =(Z=pZ) by f . Sincewe are assumingthat e = 1, f r = deg(K =Q) = n.
Also, since e = 1, G� is isomorphic to Gal((OK =�) =(Z=pZ)). By the theory of �nite �elds the
latter is cyclic of order f and is generatedby the Frobenius automorphism x � ! xp. We call
the corresponding element of G� , Frob� . It satis�es the relation Frob� (� ) � � p mod �, for all
� 2 OK . The di�erent elements Frob� 2 G for � jp are conjugate in G. In this way we obtain
for each unrami�ed prime p a conjugacy classFrobp in G. If p is rami�ed in K we can still
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de�ne Frobenuis elements Frob� in G� but they are only determinedup to the subgroupof inertia;
ker : G� � ! Gal((OK =�) =(Z=pZ)).

Frobp tells us how (p) factors in OK . For example,if Frobp = f 1g in G then (p) = � 1� 2 : : : � n

and OK =� j
�= Z=pZ, that is p splits completely. If K is the splitting �eld of f (x) 2 Z[x] then in

this casef splits into linear factors over Z=pZ.

Using Brauer's theorem on characters of �nite groups [Br] together with class �eld theory
one can show (Artin) that the Artin L-function de�ned in (14) can be expressedas a ratio of
products of the Hecke L-functions L(s; � ), for suitable �nite order characters � on suitable �eld
extensions.In particular, this yields the meromorphicity and exact functional equation for L(s; � )
after completing it with an appropriate archimedian factor. The possiblearchimedian factors in
this 2-dimensionalcaseare (2� ) � s�( s), (� � s=2�( s=2))2 or (� � (s+1) =2�( s+1

2 ))2. In the �rst case� is
called odd while in the secondand third casesit is called even. The casesodd or even can be
characterizedby whether det � (c) is � 1 or 1 where c is a complex conjugation in Gal(Q=Q). It
is the even � which give rise to Maassforms with eigenvalue 1

4. The fully unrami�ed archimedian
factor is the secondcaseabove and it correspondsto a cosineseriesin (15). The integerappearing
in the functional equationof L(s; � ) (in the sameway asq appearsin (3) of Appendix 1 for L(s; � ))
is called the conductor of � and it can be computed in terms of local rami�cation [C-F].

Appendix 3: TraceFormula

The trace formula for X (1) readsasfollows [Sel2]. Let g 2 C1
0 (R) be an even smooth function

of compactsupport and let h(� ) = ĝ(� =2� ). Note that h is an entire function.

X

t �

h(t � ) �
1

2�

Z 1

�1
h(t)

� 0
�(1)

� �(1)

�
1
2

+ it
�

dt

=
Area(X (1))

2�

Z 1

�1
tan h(� t) th(t)dt �

1
�

Z 1

�1
h(t)

� 0

�
(1 + it ) dt

� 2 log2g(0) + h(0)

+
X

f Rg

X

1� � � m� 1

2
m sin � �

m

Z 1

�1

h(r )e� � �
m r

1 + e� 2� r
dr

+ 2
X

f P g

1X

k=1

logN (P)
N (P)k=2 � N (P) � k=2

g(k logN (P)) (1)

The t � 's run through the discrete spectrum of X (1) (� � = 1
4 + t2

� ). The continuous spectrum
contribution is through the winding number integral involving � �(1) (s) which is given explicitly in
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(24). The sum f Pg is over primitiv e hyperbolic conjugacyclassesof �(1). 
 2 � is primitiv e if

 6= 
 �

1 for any 
 1 2 � and j� j � 2. 
 is hyperbolic if jtrace(
 )j > 2. A hyperbolic 
 2 SL(2; R)

can be conjugated(in SL(2; R)) into the form �
�

(N (
 ))1=2 0
0 N (
 ) � 1=2

�
with N (
 ) > 1. 
 �xes a

unique geodesic` in H and ` modulo 
 has length logN (
 ). In this way the set f Pg corresponds
to the set of primitiv e closedgeodesicon X (1). The sum f Rg is over elliptic conjugacyclassesof
which there are two, oneof order m = 2 (in PSL(2; Z)) and the other of order m = 3.

The left-hand sideof (1) is the spectral sideof the trace formula being a sum over the discrete
and continuousspectrum. The right-hand sidebeingover the closedgeodesicsis calledthe geomet-
ric side(or the orbital integral sidesincein the derivation of the formula theseterms ariseasorbital
integrals). The geometricside which in the most generalsetting [A] can be very complicated is
neverthelessquite explicit. For the caseat hand, the lengths of the primitiv e closedgeodesicsare
preciselythe numbers 2log� d, where0 < d � 0 or 1 mod (4) is square-freeand � d is the funda-
mental solution t0+

p
du0

2 to the Pell equation t2 � du2 = 4, with multiplicit y the classnumber h(d)
of integral binary quadratic forms of discriminant d. The fact that the geometricsideis explicit is
at the heart of many modern applications of the generaltrace formula. One strategy being that
onecomputesexplicitly the geometricsidesfor quotients � nG and � 0nG0 of di�erent (adele)groups
G and G0. In somespecial but striking casesone can match the corresponding geometricsides.
This leadsto correspondencesbetweenthe spectral sideswhich then typically establishesa form
of a functorial correspondence[La4]. The cyclic basechangetheorem for GL 2 mentioned in the
introduction is proved this way using a Galois twisted versionof the trace formula.

Returning to the caseof X (1), we apply (1) with hT (t) = H
�

t
T

�
for a �xed H and let T � ! 1 .

For T large enoughthe contribution to the hyperbolic conjugacyclassesis zeroand hencefor any
such H we have

X

�

H
�

t �

T

�
�

1
2�

Z 1

�1
H

�
t
T

� � 0
�(1)

� �(1)

�
1
2

+ it
�

dt

�
Area(X (1))

2�

Z 1

�1
H

�
t
T

�
tan h(� t) tdt

By an approximation argument this leadsto

X

j t � j� T

1 �
1

2�

Z T

� T

� 0
�(1)

� �(1)

�
1
2

+ it
�

dt �
Area(X (1))

2�
T2 : (2)
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In view of the expressionof � �(1) (s) in terms of �( s) (24) and in particular the fact that �( s) is
an entire function of order 1, oneconcludesthat for X (1)

X

j t � j� T

1 �
Area(X (1))

2�
T2 as T � ! 1 : (3)

This proves(25), that is that X (1) is essentially cuspidal.

Appendix 4: Microlocal lifts

We give the construction for a generalcompactRiemannianmanifold X . Let 4 be the Lapla-
cian on functions on X and � � a normalizedeigenfunction.

4 � � + �� � = 0

Z

X
(� � (x))2 dv(x) = 1

9
>>=

>>;
(1)

The probability measure� � on X corresponding to the state � is given by d� � = � 2(x)dv(x).
We want to de�ne a microlocal lift � � of � � to the unit cospherebundle S� X . To do so let
a(x; � ) 2 C1 (S� X ) which we can think of as a symbol homogeneousof degree0 in � , on the
cotangent bundle T � X . Let A be a zeroth order pseudodi�erential operator with principal symbol
� A = a(x; � ). Usinga Frederichssymmetrizationonecanadjust A by a lower orderoperator to geta
zerothorderpseudodi�erential operator Op(a), with principal symbol a, such that hOp(a) ;  i � 0
whenever a � 0 and  2 C1 (X ) [Ze]. In this way the Wigner distribution on C1 (S� X ) de�ned
by

a � ! hOp(a)� � ; � � i (2)

is positive and hencede�nes a positive measureon S� X . We denote it by � � � . If a(x; � ) = a(x)
then

� � � (a) =
Z

X
a(x) d� � � + o(1) as � � ! 1 : (3)

Hence,for the purposesof studying the large� limits of � � � weseethat � � � projectsasymptotically
to � � � . We call � � � a microlocal lift of � � � to S� X . In the casethat we are discussingin these
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notes, that is X = � nH and S� X = � nPSL(2; R), one can give a canonical de�nition of this
microlocal lift [Ze].

Fix t 2 R, then we have

� � � (a) := hOp(a)� � ; � � i = he� i
p

4 t Op(a)ei
p

4 t � � ; � � i : (4)

By the propagation of singularities theoremfor the wave equation[Eg]we have that the last inner
product equals

hOp(aoGt ) � � ; � � i + o(1) as � � ! 1 : (5)

HereGt is the geodesic
o w on S� X which is the bicharacteristic 
o w for the wave equation. Hence

� � � (a) = � � � (aoGt ) + o(1) as � � ! 1 : (6)

It follows that if � is a quantum limit on S� X , that is to say a weak limit of the � � � 's, then � is
Gt invariant.

Appendix 5: Quantum versusclassical
uctuations

This appendix is an outgrowth of discussionswith Z. Rudnick who pointed me to the physics
literature and in particular to references[F-P] and [E-F-K-A-M-M]. In these, it is suggestedand
partially con�rmed with somenumerical experimentations, that for strongly chaotic Hamiltonians
the variance of the quantum observableshOp(a)� � ; � � i should be the sameas the variance of a
alonga typical orbit of the classical
o w. For our caseof X = � nG=K , G = SL(2; R), K = SO(2)

and S� X = � nG this classicalvarianceis (we assumethat �a =
Z

� nG
a(g)dg = 0)

V(T; a) =
Z

� nG

�
�
�
�

Z T

0
a(gGt ) dt

�
�
�
�

2

dg: (1)

As T � ! 1 we have V(T; a) � V (a)T, where

V(a) =
Z 1

�1

Z

� nG
a(gGt ) a(g)dgdt: (2)
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The geodesic 
o w on such a hyperbolic surfaceis rapidly mixing and hencethe t-integral in (2)
convergesabsolutely. We may polarize the form V to get a bilinear form on smooth functions of
meanzeroon � nG;

V(a;b) =
Z 1

�1
hU(t)a;bi dt (3)

whereU(t)a(g) = a(gGt ) and h; i is the inner-product on L 2(� nG). Clearly V satis�es

(i) V (a;a) � 0,
(ii) V (U(t1)a;U(t2)b) = V(a;b),
(iii) V (Da;b) = V(a;Db).

Here D is the Casimir element in the center of enveloping algebraof Lie(G). In particular V
is diagonalizedby the decomposition of L 2(� nG) into irreducibles under the right regular repre-
sentation of G. In this notation the \conjectured" leading term in (41), that is for the quantum

varianceis: X

� j � �

�
�hOp(a)� � j ; � � j i

�
�2

� V(a)
p

� as � � ! 1 [F � P]: (4)

Certainly (4) does not hold in general. For example, if X has a re
ection symmetry about
a geodesic (such as X (1) which has the symmetry z � ! � �z in Figure 2) then the eigenfunc-
tions � � can be chosento be even or odd with respect to this symmetry. Hence� 2

� is even and
so if  is a function on X which is odd with respect to this symmetry then hOp( )� � ; � � i =Z

X
 (z)� 2

� (z)dA(z) = 0. On the other hand, for such a  , V( ) 6= 0 so that (4) cannot hold.

We comparethe quantum variancederived in Theorem5 whenX = X (1), with the suggestion
(4). Firstly, the order of magnitude

p
� is indeedcorrect. Secondly, for a =  a function on X (1),

both of the quadratic forms V( ) and B( ) are diagonalizedby the Maass-Hecke eigenfunctions
� � themselves! It thereforesu�ces to compareV and B on such an L 2-normalized� � . In this case
the function h� � ; U(g)� � i on G is a sphericalfunction (that is a K -biinvariant eigenfunctionof D)
and it hasvalue 1 at g = e. As such it is uniquely determinedby the eigenvalue � � = 1

4 + t2
� . One

can then calculate

V(� � ) =
Z 1

�1
h� � ; U

��
et=2 0
0 e� t=2

� �
� � i dt =

�
�
� �

�
1
4 � it �

2

� �
�
�
4

4�
�
� �

�
1
2 � it �

� �
�2 : (5)

With this evaluation one �nds that the more detailed versionof Theorem5(c) reads:

B(� � ) = L
�

1
2

; � �

�
V(� � ) : (6)
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Thus by inserting the arithmetical factor L
�

1
2; �

�
asa correctionto the classicalvariancewe obtain

the correct quantum variance! Note that if � is odd with respect to the symmetry z � ! � �z then
�( s; � ) is odd under s � ! 1 � s, so that L

�
1
2 ; �

�
= 0 and henceB(� ) = 0, as it must be. The

pleasingrelation (6) betweenthe quantum and classicalvarianceswhen X is arithmetic, suggest
that perhaps (4) is true for the generic hyperbolic surface in Teichmuller space. It would be
interesting to check this numerically.

The samephysics papers above go on to conjecture that after normalization by the variance
the observables hOp(a)� � ; � � i becomesGaussianas � � ! 1 (the numerics for this are quite
convincing). For the classicalmotion such a central limit theorem is valid [Ra]. However, for
X (1) such a Gaussianbehavior for the quantum observablesis unlikely to be true. At least such a
behavior would violate certain conjectures.Consideragain the casethat Op(a) is a multiplication
operator by a �xed evenHecke-Maassform � on X (1), for which L

�
1
2; �

�
6= 0 (which is expectedto

be the casefor all such � ). Then accordingto (48) the distribution questionis essentially oneabout
the distribution of L

�
1
2; sym2� � � �

�
as � � ! 1 . Now the set of L-functions L(s;sym2� � � � ),

� j � � is a family of L-functions in the senseof [Ka-Sa]. It has a SO(even) symmetry (one
can check this by examining the 1-level density of low-lying zeroswhich follow WSO(even) density
[Ka-Sa], at least for a restricted set of test functions). Now if we invoke the Conjectures [Ke-
Sn] concerningthe moments of the special value at s = 1

2 for this family, then we concludethat
distribution of L

�
1
2; sym2� � � �

�
cannot be Gaussian. The point is that L

�
1
2 ; sym2� � � �

�
is

large too often rendering the moments to be in�nite. On the other hand, by analogy with the
distribution of log

�
��

�
1
2 + it

� �
� ast � ! 1 [Sel3]and random matrix considerations[Ke-Sn]for this

family onemight expect that for X (1)

log
�
jh� 2

� ; � ij � 1=4
�

(log log� )1=2

becomesGaussianabout a drifting meanas � � ! 1 .

Appendix 6: Cancellation in shifted sums

We describe the connectionbetweenthe sums(21) and the spectrum of X (N ). For de�niteness

weconsiderthe congruencesurfacesX 0(N ) = � 0(N )nH where� 0(N ) =
�


 =
�

a b
c d

�
2 �(1) : N jc

�
.

For this group the subgroupstabilizing 1 is � 1 =
�

�
�

1 m
0 1

�
jm 2 Z

�
. Let f be a �xed holo-

morphic cusp form of even integral weight k for � 0(N ). The de�nition of such forms being as in
(26) except that the weight 4 is allowed to be any positive even integer k and �( N ) is replacedby
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� 0(N ). We may expandf in a Fourier series

f (z) =
1X

n=1

af (n)e(nz) : (1)

Let
� f (n) := af (n)n(1� k)=2 : (2)

With this normalization the classicalRamanujan Conjecture (which is equivalent to the bound
(33) for the Hecke operators in this setting) which was proved in [De], assertsthat for any � > 0

� f (n) = O� (n� ) : (3)

Fix � 1; � 2; h positive integersand set

D f (s; � 1; � 2; h) =
X

� 1m� � 2n= h

� f (m)� f (n)
� p

mn� 1� 2

m� 1 + n� 2

� k� 1

(m� 1 + n� 2)� s (4)

In view of (3) this convergesabsolutelyfor < (s) > 1. In order to investigatethe analytic properties
of D(s) de�ne the PoincareseriesUh(z; s) as follows

Uh(z; s) =
X


 2 � 1 n� 0 (� 1 � 2N )

y(
 z)s e(� hx(
 z)) : (5)

The series(5) convergesabsolutely for < (s) > 1 and since yse(� hx) is invariant under � 1 it
follows that Uh(
 z; s) = Uh(z; s) for 
 2 � 0(N � 1� 2). Moreover, a direct calculation shows that

4 (yse(� hx)) + s(1 � s) (yse(� hx)) = � 4� 2h2ys+2 e(� hx) : (6)

Hence
4 Uh(z; s) + s(1 � s) Uh(z; s) = � 4� 2h2Uh(z; s + 2) : (7)

Inverting this relation using the resolvent gives

Uh(z; s) = (4 + s(1 � s)) � 1 Uh(z; s + 2) (8)

(There is a technical issuethat Uh(�; s) is not in L2(X 0(N � 1� 2)) but this di�cult y can easily be
overcomein what follows). From (8) we seethat since the seriesUh(z; s + 2) is holomorphic in
< (s) > 0, Uh(z; s) is meromorphic in < (s) > 1

2 with possiblepoles at s(1 � s) = � � where � �

is an eigenvalue of 4 on X 0(� 1� 2N ). For < (s) > 1
2 only eigenvalues � � < 1

4 are relevant. The
eigenvalue � � = 0 does not contribute a pole since hUh(z; s); 1)i = 0 (at least formally). Thus
the main conjectureabout the low energyspectrum, that is Conjecture 2 implies that Uh(z; s) is
analytic in < (s) > 1

2 . Theorem2 ensuresthat in any caseUh(z; s) is analytic in < (s) > 39
64.
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To connectthis with D f (s) let V(z) = f (� 1z)f (� 2z)yk . V is � 0(N � 1� 2) invariant and is rapidly
decreasingas z approachesthe cuspsof X 0(� 1� 2N ). Consider

I = hUh; V i =
Z

X 0 (N � 1 � 2)
Uh(z; s) V(z)dA(z) : (9)

Unfolding this integral accordingto the de�nition of Uh and the invarianceof V yields

I =
Z 1

0

Z 1

0
V(z)ys e(� hx)

dxdy
y2

: (10)

Now do the x-integral �rst and use(1) and then do the y-integral to get

I = (2� ) � (s+ k� 1) �( s + k � 1) (� 1� 2)
1� k

2 D f (s; � 1; � 2; h) : (11)

That is

D f (s; � 1; � 2; h) =
(2� )s+ k� 1 (� 1� 2)

k � 1
2

�( s + k � 1)
hUh(�; s); V i : (12)

From this and the previousdiscussionwe may deducethat D f (s) is meromorphicin < (s) > 1
2 and

if Conjecture 2 is true that D f (s) is analytic in < (s) > 1
2 . With quite a bit more e�ort [Sa5]one

can establishpolynomial bounds for the growth of D f (s) in < (s) > 1
2 when j= (s)j � ! 1 . With

this onecan useMellin inversionand standard contour shifts to deducethe cancellationsclaimed
in (21), see[Sa5].

Appendix 7: Numerical Methods

The �rst attempts at the numerical computation of the spectrum of X (1) were carried out in
[C]. Their method yields the �rst few odd eigenfunctionsbut it wasnot successfulin picking up the
elusive even eigenfunctions.There followed computations by others and in onesuch computation
the zerosof the Riemann Zeta Function appeared among the number 1

2 + it � (where as usual
� � = 1

4 + t2
� )! Eventually the reasonfor this was discovered in [He2]. The numerical method

was faulty in that it allowed the eigenfunctionsto have logarithmic singularities. These fake
eigenfunctionswere the onesthat gave rise to eigenvalueswhich correspond to the zerosof � (s).

The method developed in [He1] to compute the spectrum is known as \collo cation." The
eigenfunctions� (cusp forms) in questionhave Fourier developments as in (18)

� + (z) =
1X

n=1

� � (n)y1=2 K it � (2� ny) cos(2� nx) ;

� � (z) =
1X

n=1

� � (n)y1=2 K it � (2� ny) sin(2� nx) :

(1)
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Here � + (z) is even and � � (z) is odd. The numbers t � and � � (n) are what we want to compute.
Note that the Besselfunction K it � (y) is exponentially decreasingfor y � jt � j, so that the series

(1) is approximated to an accuracyof O(e� 2� M ) for y �
p

3
2 , when truncating the seriesat n � M

(here we are thinking of t � being of moderate size). What is lacking to ensurethat � (z) is a cusp
form is the relation � (� 1=z) = � (z).

The �rst method which is good to get eigenvalues of X (1) with � � � 250000is as follows.
Truncate (1) at n � M and choosepoints z1; : : : ; zM 2 H which are evenly distributed in F (1).
The equationsfor the truncated series� (M ) (z);

� (M ) (zj ) = � M )(� 1=zj ) (2)

yield a homogeneouslinear systemof M equationswith M unknowns. They are of the form

MX

n=1

� (n) I n (zj ; t) = 0 (3)

where
I n (z; t) =

p
y� K it (2� ny� ) cos(2� nx � ) �

p
y K it (2� ny) cos(2� nx) (4)

and z� = � 1=z.

One way to proceedat this point is to seeksolutions t � T of

det(I n (zj ; t)) n = 1; : : : M
j = 1; : : : M

= 0: (5)

However, it is more expedient to choosea secondset of points w2; : : : ; wM and to solve the linear
equations(by ellimination and setting � (1) = 1)

� I 1(zj ; t) =
MX

n=2

� (z) (n) I n (zj ; t)

� I 1(wj ; t) =
MX

n=2

� (w) (n)I n (wj ; t)

9
>>>>>>=

>>>>>>;

(6)

for j = 2; : : : M .

For a genuine eigenvalue t = t � we will have

� (z) (n) = � (w)(n); n = 2; : : : M : (7)
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Soonedeterminesthe t's for which (7) is valid (actually oneminimizesa related functional). This
works well for T � 500. For larger T the systemof linear equationsbecomesill conditioned.

In order to deal with larger valuesof t, a somewhatdi�erent approach (inspired by [Sta]) is
taken. The series(1) is truncated at say M � 5T (with t � T) and yields a good approximation
of � for z 2 F (1). On other hand, for y small

� (n)y1=2 K it (2� ny) =
Z 1

0
� + (x + iy ) cos(2� nx) dx : (8)

Replacingthe integral by a sum (with Q large), we have

� (n)y1=2 K it (2� ny) �=
1
Q

QX

j =1

� +

�
j
Q

+ iy
�

cos
�

2� n
Q

�
: (9)

By transforming the points j
Q + iy into F (1) we canevaluate the right hand sideof (9) with our M

term truncation. This yields (for a given y) a systemof linear equationsfor � (n), n � M (and once
these are determined many more coe�cien ts can be computed from (8)). Proceedingas before
with this linear system,set � (1) = 1 and solve for the coe�cien ts with y and y0. Then choosethe
t's soasto minimize j� (y) (n) � � (y0)(n)j. Theselinear equationsturn out to be well conditionedfor
T as large as11000[He3]. To carry this out onealsoneedsa fast routine to computeK it (y) with
t large.

An excellent test as to whether the t � 's and � � (n)'s are accurate is that if the spectrum is
simple then the coe�cien ts must inherit the relations satis�ed by the Hecke operators (30). That

is � � (n)� � (m) =
X

dj(n;m )

� �

� nm
d2

�
must hold. Sincetheserelations were not imposed,their truth is

convincing evidencethat genuine cuspformsarebeingpickedup. By examiningaveragedeviations
in the Weyl count jf j j� j � � gj (see[St] for example)onecanbeconvincedthat no t � 's wereomitted
in the above calculations. The approach described above works equally well for computing the
spectra of nonarithmetic triangle groups[He2].

The method used in [G-S] to obtain the plots in Figure 3 is quite di�erent. They use the
trace formula in Appendix 3 together with the explicit knowledgeof the length spectrum for X (1).
While this method only givesthe �rst few eigenvaluesit can be applied quite easily to X (N ) with
(N moderate) as well.
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