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x1. Introduction

Harmonicanalysison R=Z that is to say the spectral theory of the translation invariant operator

D = % on periodic functions, is an important rst step in understanding the Riemann Zeta

Function. In moredetail, the PoissonSummationformula assertsthat if f 2 S(R) Sthat Isasmaoth

function which together with its derivativesis rapidly decreasing)and f’\( )= f(x)e( x)dx,
1
&(z) := € 7, then X X
f(ny= f(m): 1)
n2 m2
This is proven by expandingthe periodic function
X
F(x) = f(n+x) 2)

n2

in a Fourier series.

Recall that the zetafunction (s) is de ned for <(s) > 1 by

DS Y
(= n°= (@ p™" 3)

n=1 o]
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The product beingover the prime numbersandthe identit y beingequivalert to uniquefactorization
of integersinto primes.
X
Applying Poissonsummationto  f (nx) with f evenand f (0) = f(0) = 0, in the relation

n2
|

f (nx) xs(:(—x = (s)

0 n2 0

Z1 X Z1 dx

f (x)x® ~

leadsto Riemann's analytic cortinuation and functional equation for (s) (see[Bo] for a recen
historical accour). The functional equationis the idertity

(9= = 2 ©9=0 9 @

where Z,
—_ XS dX .
(s) = e x> —: 5)
0 X
The modern theory of automorphic forms is concernedin part with spectral problemsassaiated
with quotients of more general(nonabelian) groups,their homogeneousnd symmetric spacesand
the formation of related zeta functions.

In these lectures we will only discussthe caseof the upper-half plane. This caseis plenty
interesting and challenging and still o ers quite striking applications. Howeer, it will become
clearthat to fully understandewen this special casemore generalgroupsare neededand are used.
Let H = fz = x + iyjy > Og be the upper half-plane. It comeswith a complex as well as a
Riemannian structure. The line elemen being

ds = — (6)

The group G = SL(2;R) of 2 2 real matrices of determinart equalto 1, acts on H by linear
fractional transformations. For

_ab
g - Cd (7)

This action presenesboth the complexand RiemannianstructuresonH. With ds, H hascurvature
K 1 and is a hyperlolic surface(the universal sud surfacewhich is simply connected). In
thesecoordinatesthe areaelemen for (H; ds) takesthe form

dxd
yzy (8)

az+ b
cz+d’

1z |

dA(z) =
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and the Laplacian4 := div grad, is given by

4 = y? Q + @ (9)
@> @
4 comnutes with the action of G, that is if R4f (z) = f (g9z) then
Ry4 = 4 Ry, forg2 G: (10)

Next, we need a discrete subgroup of G. For us the most important subgroupsare the

modular group
ab
cd

and its congruencesubgroups.For N 1 the principal congruencesubgroupof level N is

SL(2;Z) = 2 Gjajb;c;d2 Z (11)

(N)=f 2SL(22)] | (modN)g:

A congruencesubgroup of (1) is a subgroup for which there is M sud that (M).
The modular surfaceX (N) is de ned asthe quotient ( N)nH. It is a nite area, non-compact,
hyperbolic surface. Of coursewith its complexstructure X (N) is a Riemannsurface(or a curve as
an algebraicgeometerwould call it) whosegerus is roughly N2 whenN getslarge. X (N) is also
a parameterspace(moduli space)of elliptic curveswith suitable structures. All theserealizations
of X (N) are important.

As a quotient spacethe modular surfaceX (1) = (1) nH lookslike

Figure 1.

This can be seenfrom the standard fundamenal domain F (1) for the action of (1).
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Figure 2.

To seethis, note that we may identify H with G=K through the assaiation g ! gi which has
stabilizer K = SO(2). Since (1) is discretein G and K is compact, (1) acts on H without
limit points. Using the transformations T = é i and S = 01 é which generate (1),

we can reduceany z 2 H to F (1) as follows: First use T™ for suitable m 2 Z to move z to z°
with y(z9 = y(z) and 1 x(z9 < 3. If jz§ 1then z°2 F(1), otherwiseapply S. Then
y(Sz%  y(z9 and repeat the above process.It must terminate after a nite number of stepswith

Z having beingreducedto F (1), for otherwise (1) z would have a limit point in H.

From Figure 2 and (8) it is clear that Area(X (1)) < 1 . In fact, using hyperbolic geometry
one has
Area(X (1)) = §: (12)
We can now formulate the fundamertal spectral problem. We seeknonzero,squareintegrable
solutionsto

j (2)i%dA(z) < 13

X (N)
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The numberg 0= < o ... for which (13) hasa solution turn out to be discrete and
form the (discrete) spectrum of X (N). The correspnding eigenfunctions (z) are also of much
interest. The only obvious eigenfunctionis the constart function for which = = 0. We call
a solution to (13) a Maassform after Maasswho rst introducedthem?®. Their existenceis by no
meansobvious - seeSection 2.

Intensive numerical investigations[Hel][St] have determined the rst 10,000eigervalues for
X (1). The rst fewbeing: 0,91.14::, 148.43::, 190.13::, 206.16:: . They arerespectively even,
odd, odd, even and odd, with respect to the symmetry about x = 0. The method usedto do these
computations is outlined in Appendix 7. The pro les of the eigenfunctions ;; 109; 17 and 33
correspndingto 1; 10; 17 and 33 are pictured in Figure 3, they were computedin [G-S] and
[Str].

Why the interest in these special vibrating menbranes? To answer this we descritke some
applications of this spectral theory. We begin with algebraicnumber theory. Let K be a Galois
extensionof the rational number eld Q. Let :Gal(K=Q) ! GL(2;C) be an irreducible two-
dimensional complex represetation of the nite group Gal(K=Q). To ead prime p unramied
in K one can asseiate a conjugacy classFrob, in Gal(K =Q) - seeAppendix 2. Following Artin
de ne the L-functions L(s; ) by

Y

L(s; ) det(I  (Frobp)p %) *
p

Y

(1 trace (Froby,)p ® + det (Frobp)p *) !
p

hS

(14)

(n)n °:
n=1
(care must be taken in de ning the local Euler factors at rami ed primes [Lan2]). Artin Conjec-
tured that L(s; ) extendsto an ertire function of s. For our discussionlet's assumethat is
unrami ed over R (seeAppendix 1 for de nitions) then it was shavn very recerly [Boo]* that if
L(s; ) is entire then

b3
(2) = (n)y*Ko(2 ny) cos(2 nx) (15)
n=1
is a Maassform for X (N) with eigervalue = %1! Here N is the conductor of , (Appendix 2),

2An integration by parts shows that these must be non-negative.
3For N > 1 he gave someexplicit examples,seeAppendix 1
4this constitutes a strengthening of [Wei] in that no twists are needed.
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1= 91:12:::
10 = 37990:::
17=54127:::
33 = 91652:::

Figure 3

The 1%t 10"; 17" and 33¢Y eigenfunctionsfor the modular group. They are all odd with respect
to the symmetry z ! z.

and K(y) is the Besselfunction. The latter may be de ned by
Z 1

K (y) = e Yoosht cosK( t) dt (16)
0
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and it satis es

2
K 90+ }K°+ 1 - K =o0: (17)
y y
Obsene that if
X —_
(2) = a(n)y™?Ki (2 ny) cog2 nx) (18)
n=1
for any coe cien ts a(n), then
1 2
4 + 21+t (z) = O (29)

The important featurein (15) isthe ( N) invariance.

Thus, accordingto Artin's Conjecture even Galois represetations (Appendix 2) give rise to
Maassforms with eigervalue %1. Similarly, odd onesgive rise to holomorphic forms of weight 1,
see[Se]. If the imageof in PGL(2;C) (which being nite must accordingto Klein [KI] be one
of the following; dihedral, tetrahedral,octahedral or icosahedral)is not icosahedral then the Artin
Conjectureis true. The mostdi cult casesbeingthe tetrahedral and octahedral oneswhich were
establishedin [Lal] and [Tu].> The proof makes crucial use of the spectral theory via use of the
trace formula (Appendix 3) to establish cyclic basechange. The latter gives a preciserelation
between the automorphic (in particular Maass) spectrum over a number eld L and that of a
cyclic extensionK of L.

It is believed that corverselyany Maassform with eigervalue = %1 must correspnd to an
even Galois represetation as above. In [Sal]it is showvn that if (z) is a Maassform for some
X (N) and hasinteger coe cien ts in its Fourier expansion(18) then in fact = %1 and comes
from a Galois represetation of dihedral or tetrahedral type. The proof of this result relies on
recert advances[K-S] on the functorial lifts synm?® : GL(2) ! GL(4), seeAppendix 1.

We turn to someapplications of this spectral theory to problemsin analytic number theory.
In theseit is the ertire spectrum that usually erters. For example,let  (n) bethe coe cients in
(14) or for that matter the coe cien ts of any holomorphicor Maassform. For integers 1; ,;h 1
considerthe Dirichlet series

SFor recert progressfor odd and icosahedral(see[B-D-S-T]).
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X
D(s; 1; 22h) = (n) (m)(in+ om)° (20)

1N 2m=h

The seriesconvergesabsolutely for <(s) > 1. As was rst noted in [Sel2]and is explainedin

Appendix 6, D hasan analytic cortinuation to <(s) 3 with possiblepolesat s= 1 + it where

06 = % + 12 is an eigervalue of 4 on X ( 1 »oN). Notice that if % (seeSection3) then
1

in fact D(s; 1; 2;h) is analytic in <(s) > 3. The latter represets a substartial (\square root")

cancellationin the following smooth sums:If 2 C} (0;1 ) and > Othereis C. sud that

X —_— 1
M () (m C. Y ;asY ! 1: 1)

1N zm:h

Cancellationin sudh and related arithmetical sumsis at the heart of many of the applications of
the Maassform spectral theory. We mertion a couple.

1. Equidistribution of roots:
Let f (x) 2 Z[x] be an irreducible polynomial over Q. If K is the splitting eld for f then
Frob, and (14) are concernedwith how f (x) factors mod p, for dierent primes p. Let
0 xj(p p 1,j=1L2:::; 5 p degf betherootsoff(x) O(p) if there are any.

Numerical experimerts suggesthat fx; (p)=pg, ] = 1;:::; 5, p X becomeequidistributed
in[0;1]asX ! 1. In[D-F-I] and[To]it is shavn that this is indeedthe casewhenf is
of degree2. That is for 0 1,

#fp Xij H2®22[ ]9

. ! poasx 1 22
#fp  Xjj p9 (22)

2. Hilber t's eleventh problem:
This asksabout the represetations of integersin a number eld K (respectively of elemens
in K) by an integral (respectively K rational) quadratic form F (x1; X5; :::Xy) in n-variables.
For the caseof represemability of menbers of K by a form F with coe cients in K this
was resolhed by Hasse[Ha]. He shawved that F(x) = n hasa solution x 2 K";m 2 K
i F(x) = m hasa solution over K, for every completion K, of K. This is called a local
to global principle. The caseof integral represetations is apparertly more di cult.  After
works of Minkowski, Siegeland others, an appropriate local to global principle for intergral
forms in 4 or more variables was establishedin [Kne]. In the most interesting casethat
the form is de nite then the local to global principle applies when m is large. For two
variablesthere is in generalno sud local to global principle. The caseof 3 variables was
resohed recertly in [Co-PS-S]wherea local to global principle is proven. There is an added
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caveat of the result being ine ective and that for 3 variablesthere may be a nite number
of quadratic exceptionalsequence$D -SP], [SP]. An interesting application of the above is
the determination of which integersm in K are a sum of 3 squaresof integersof K. An
important ingrediert in [Co-PS-SJis the analysisof the Maassform spectrum and espgecially
the low energy eigervaluesfor Hilbert modular manifolds (for an example of these seethe
end of Section4), which are the natural generalizationsof the X (N)'s for K .

We hope that the above examplescorvince you of the certral role that the spectrum of X (N)
plays in number theory. In the analytic aspectsit is the low energyspectrum that is critical. In
Section3 we discussthis aspect of the spectrum. The study of the large eigervaluesfor a given X
is also of interest, especially as a problem in mathematical physics. The limit I 1 isthe so
calledsemi-classicalimit. In our caseof a hyperbolic surfaceX , we aredealingwith a quartization
of a classically chaotic Hamiltonian and for these (unlike the caseof a completely integrable
Hamiltonian) the relation in the semi-classicalimit betweenthe classicaland quartum medanics
is not well understood. We discusstheseissuesas well as somerecen decisive breakthroughsfor
the surfacesX (N), in Section4.

x2. Existence

We rst recallafundamenal result of Weyl. Let R? be a compactplanar Euclidian domain
with smooth boundary @. The eigervalue problem for the usual Laplacian4 = % + % on
with Dirichlet boundary conditionsis

4 (z)+ (=0 forz2

@ - 0:
Let N (R) be the number of sud eigervalues courted with multiplicit y, with R. Weyl's
result, known as Weyl's law assertsthat
A
N (R) %“)R; asR ! 1:

The result hasbeengeneralizedo Riemannianmanifolds of any dimension. For many, the favored
modern meansof proving this law is by analyzingthe small time asymptoticsof the heat kernelon
R [Mc-Si]. The sharpest forms of the remainderterms for such Weyl asymptotics are gotten
by analyzingthe propogation of singularities for the wave kernel [Du-Gul].

We return to our setting of nite area hyperbolic surfaces. Sincethe spacesX (N) are not
compact it is not at all clear that there are any solutions to (13) with > 0. The discrete
spectrum that we seeklies enbeddedin the cortinuous spectrum making these eigervaluesvery
dicult to isolate analytically. The theory of Eisensteinseriesand their analytic cortinuation
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deweloped in [Sell]for a generalhyperbolic surfaceX = nH, furnishesthe cortinuousspectrum.
The latter consistsof the interval [%; 1 ) with multiplicit y the number of cuspsof X . The constart
term in the Fourier expansionof the Eisensteinseries(see(43)), (s) (called the determinart of
the scattering matrix in [L-P] or the intertwining operator in [Sh]) is meromorphicin C. Its only
polesin <(s) % arein (%; 1] and the residuesat thesepolesfurnish solutionsto (13) called the
residual spectrum of X . The polesof (s) in <(s) < % yield resonancedor the problem (13).

The orthogonal complemen in L2(X ) of the cortinuousand residual spectrum is the cuspidal
spaceLgusp(X ). It isinvariant under 4 andthe resohert (4 ) ! is compactwhen restricted
to LZ,sp(X ). L& hasa simple description in terms of periods of closedhorocyclesassaiated
with the cuspsCy;:::C- of X .

Figure 3a.
For examplefor (1) the modular group
Z 1
Lasp(X (1) = f 2 L3(X (1)) f (z) dx = O for almostall y > 0 (23)

0

A Maassform (as in (13)) which also lies in Lgusp is called a Maasscusp form. These are the
building blocks (the fundamenal particles) of the theory of automorphic forms. Their existencein
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this setting is tied to the sizeof Lgusp(x (2)). Whether Lgusp(X) 6 fOg for a generalhyperbolic X
is by no meansobvious. An interesting discussionin terms of integral geometryis given in [Lax].

One of the early triumphs of the trace formula (App endix 3) dewloped in [Sell]wasthe proof
that the modular surfacesX (N) carry an abundanceof Maasscusp forms. For thesesurfacesthe
functions ( n)(s) may be expressedn terms of Dirichlet L-functions (Appendix 1). For example
for (1)

2s 1)

(2 s) (24)

@ (8) =

with ( s) asin ( 4). In particular, (n)(s) hasno polesin %;1 sothat in thesecaseshere is

no residual spectrum (besides = 0) and any solution of (13) with > 0 is automatically a cusp

form. For the generalX , the trace formula providesa Weyl like law for courting asymptotically

the sum of the cuspidal spectrum and the cortinuous spectrum - the latter through the winding

of the unitary quartity (s) for <(s) = % (Appendix 3). In the caseof a modular surfacethe

expressionof ( yy(s) in terms of L-functions allows one to shav that the cortribution of the

cortinuous spectrum to this Weyl law is negligible. That is, for X (N) it is shavn in [Sell](see
Appendix 3) that

X Area X (N)
NTR () = 1 =

0< j

as ! 1: (25)

Thus, solutionsto (13) exist and in abundance! We call a surfaceX essetially cuspidalif (25)
holds.

It is interesting® from mary points of view to understand when solutions to (13) exist, for
the more generalhyperbolic surfaceX . Contrary to early beliefsit appearsnow that essetial
cuspidality is limited to special arithmetic surfaces!We review brie y thesedewlopmerts. In the
papers [P-S1],[P-S2],[P-S3]the behavior of the discrete spectrum is studied when undergeesa
deformation. Fix N andlet T(( N)) be the deformation space(Teichmuller space)of cortinuous
deformationsof ( N) asa discrete subgroupof co nite areain SL(2;R), that is asa hyperbolic
surface. The cotangert spaceto T(( N)) at ( N) may be naturally iderntied with the spaceof
holomorphic quadratic di erentials on X (N) (here the analytic structure of X (N) is exploited)
with suitable behavior at the punctures [Be]. Using the uniformization X (N) = ( N)nH this
cotangen spacecan be realizedas the spaceof holomorphic cuspforms Q of weight 4 for ( N).
That is:

5This is especially relevant in higher dimensions where the only understanding of  (s) comesfrom spectral
theory [La3].
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Q(z) is holomorphicin H

NN/ O

azth = (cz+ d)*Q(z) for 23 2 (N) (26)

cz+d %
)

Unlike the issueof Maasscusp forms, the dimension of the spaceof holomorphic cusp forms of
weight 4 on any surfaceX, is determinedpurely in terms of the topology of X via the Riemann-
Roch formula.

Q vanishesat the cusps

Let X, be areal analytic curvein T(( N)) with Xy = X(N) and with tangert vectoratt = 0
given by Q(z) asabove. In order to investigate the behavior of the spectrum under deformation
de ne the singular set (X), to be the numbers % + it; (with multiplicities) if ; = %1+ tj2 is an
eigervalue of 4 on X , together with the poles ; (again with order) of (s) in <(s) < % The
multiplicit y of the point s = % asa member of (X) requiresa specialde nition [P-S3]. Note that

(X)\ fsj<(s) %g consistsof points locatedin f< (s) = %g[ (1=2;1]. In [P-S3]it is shawvn that
(Xt) is an algebroidfunction of t. That is, branches | (t) may be chosensoasto be analytic in
t or at worst to have algebraicsingularities locally. Now, supposethat %+ itj, t; > Ois a simple
point in (X (N)) correspnding to a Maassform ;. Let ;(t) beits correspnding deformation.
Either <( (1)) % or ;(t) movesinto <(s) < 3. In the latter casethe cuspform ; is dissohed

2
under the deformationinto a poleof (s). In [P-S3]the following \F ermi Goldenrule"’ is proven:

d? 1 .
@<(j(t))t=0= ot) L s+ i;Q 5 ¢ (27)

Here c(t;) > 0 and L(s;Q i) is the Rankin-Sellerg L-function of Q and ; (seeAppendix 1
for a de nition). The proof of (27) reliesin a crucial way on the scattering theory (speci cally
the semi-groupZ (t)) deweloped in [L-P]. A similar formula for the movemen of s; = % (et =0
above), when movemer to the right is alsopossible,is deweloped in [Pe].

The dissolvingcondition (27) boils down to a vanishing questionabout a special value of a zeta
function. Note that the special value is on the critical line for this function sothat the vanishing
doesnot violate the correspnding Riemann Hypothesis (Appendix 1). Starting with [D-1] there
have beena seriesof results concerningthe non-vanishing of these numbers L(% +it;;Q i)
jtji  T. In[Lu] it is shown that a positive proportion of thesenumbersarenot zero,asT ! 1.
Note that oncea Maassform ; is dissoled then it is a pole (or resonance)or all but courtably

’See[Si] for a discussionof this terminology in the context of Helium-lik e atoms.
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marny valuesof t. Thus genericallyin T(( N)) it is dissohed into a pole. There is a technical

di cult y in this analysisin the casethat % + it; is a multiple eigervalue. Speci cally degenerate
perturbation theory leadsto a much lesstractable (in terms of L -functions) formula for the Golden

Rule. This leadsus to the issueof the possiblemultiplicities of the eigervaluesof X (N). This has
provento be an enbarrassinglydi cult problem- seeSection4. It is believed that the multiplicit y

m( ) of an eigervalue of X (N) should be uniformly bounded (here N is xed). Assumingthis

then the above analysis leadsto the conclusionthat for the generic 2 T(( N)), X is not

essetially cuspidal. The dissolving condition (27) led to the following Conjectures[SaZ2]:

Conjecture  1:

(@) The generic in a givenTeichmuler space of nite area hyperholic surfacesis not essentialy
cuspidal.

(b) Except for the Teichmuler space of the once punctured torus, the generic  hasonly a nite
numker of discrete eigenvalues.

The reasonfor omitting the oncepunctured torus is that this Teichmuller spacehasa persistert
symmetry of order 2 which leavesthe cortinuousspectrum invariant. The functions which are odd
with respect to this symmetry constitute half of L2(X ) and thesefunctions are all cuspidal. In
the corntext of deforming X in the in nite dimensionalspaceof all Riemannianmetrics which are
conformalto X , part (b) is known and was establishedin [Co2].

Remarlablefurther progressonthe above Conjecturewasmadein the seriesof papers[Wo1][Wo2].
Instead of consideringregular deformationsin T() hefollowsspecialdeformations ; to the bound-
ary of T(). This isaformidabletask, beingan analysisof eigervaluesenmbeddedin the cortinuum
for a very singular perturbation. The payo of goingto the boundary is well worth it. The point

being that the key dissolving condition (27) takes a similar form with L %+ it;;Q ; being
replacedby L %+ itj;Es  , whereE, is the Eisensteinseries:
X
E4(z) = (cz+d) *
2 1n (N)
(28)
_ 1 Nm
1 = 0 1 m2Z

This holomorphic weight 4 Eisenstein seriesgeneratesa singular deformation at the boundary
of T. The theory of sudh singular deformations (of in nite energy) was deweloped in [W]. The
advantage of E, over Q is that the degree4 L-function L(s;E4 ;) factorsinto the two degree



Peter Sarnak - Januar y 2003 14

2 L-functions (Appendix 1) L(s+ 1; ;) L(s 1; j). Thus ewaluation at s = %+ itj ensures
the non-vanishing of this product since L-functions can only vanishin 0 < <(s) < 1 or at the
trivial zerces! Unfortunately, there is still the caveat of the multiplicit y issue. In fact, the analysis
neededto handle this very singular perturbation requiresthe strongest multiplicit y Conjecture

(seeSection4).

Theorem 1 [Wo02]:

Assumethat the cuspidalMaassspectrum (of newand old forms) for X (2) is simple, then part
(a) of Conjecture 1 is true.

One may ask if there is a characterization of those which have many Maass cusp forms?
In [Sa2]the question of the relation to arithmeticity is raised. The simplest caseto explain this
phenomenonis for a hyperbolic triangle.

Figure 4.

The conjecture is that there will be in nitely many solutionsto 4u+ u = 0, u 2 L?(Fy),

@Qu = 0 (that is Neumannboundary conditions)i q= 3;4 or 6. q= 3 correspndsto ewven
@
Maassqcuspforms for (1) = SL(2;Z), g = 4 and 6 correspnd to other congruencesubgroups

of SL(2;Z). All other integer values of q give via re ections in the sidesof the triangle, non-
arithmetic subgroupsof SL(2;R) [Ta]. If g2 Z then re ections in the sidesof F, do not generate



Peter Sarnak - Januar y 2003 15

a discrete subgroup of SL(2; R) but the above eigervalue problem for the triangle makes sense.
This conjecture about these triangles has been cheked numerically in [He2]. For example for

g = 5;7 and 8 no eigervalueswere found for 0 < < 3600. In [Ju] the dissolving condition (26)

at\qg= 1" is deweloped using a similar singular perturbation method to [Wol]. He shows that

subject to the samehypothesisasin Theorem1, F, hasonly a nite number of eigervaluesfor all

but a countable set of g.

By looking at more generalsurfacesX we have learnedsomethingabout the Maassforms  for
X (N). They are very fragile and special objects and even their existenceis tied to the arithmetic
of ( N). We endthis Sectionby pointing out that somehigher rank casesof essetial cuspidality
have beenestablishedrecenrly. For X = SL(3;Z)nSL(3;R)=SO(3) in [Mi] and for the general
congruencequotient of SL(n; R)=SO(n) in [Mul].

x3. Low Energy Spectrum

We mertioned in Section1 in connectionwith Galois represetations the importance of the
eigervalue = %for X (N). It wasalsonotedthat in analytic applicationsaneigervalue0< < %
would have a drastic impact on the cancellationsin the sums(21). The question of the smallest
non-zero eigervalue for these surfacesis one of the major problemsin the subject. Let ;(X)
denotethe next to smallest(the smallestis o = 0) eigervalue of 4 on L?(X).

Conjecture 2 [Sell]: ForN 1, (X(N)) 1.

We call this the Selberg-Ramamjan Conjecture sinceit was rst formulated in [Sell]but today
we understandit as part of the generalRamarujan Conjectures[La2].

Comments:

1. As notedin Section2 there is no residual spectrum for X (N) sowe could take for (X (N))
the smallest eigervalue of a Maasscusp form for X (N). The cortinuous spectrum is the
interval [%1; 1 ), sowe may alsoformulate the conjecturevariationally asfollows:

Forany f 2 C3 (X (N)), that is smooth and compactly supported and for which
Z

f(z)dA(z) = 0
X (N)
we have

Z Z
jOnf (2)i*dA(2)

X (N)

if (2)i* dA(2): (29)

X (N)

N
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2. Another reasonfor the relevanceof the number % is that the spectrum of 4 on the universal
covering L%(H) is [$;1 ). Toseethat o(H) £ letf 2 C§ (H). Following [Mc] we have

Z Z,

! dy dy
1 f2(z) =2 = fu(2)f (z2) =2
2 ( )y2 . y(2) T (2) y
Z 1 1=2 Z 1 1=2
d
(fy(2))? dy f2(2) <
0 0 y
Hence
Z Z Z
171 d o . oo
= iy (2)i? dy jOf j2dy:
4 4 y 0 0
Integrating with respectto x yields
1Z Z Z
; @dA@ jOf 2dxdy =  jOufj2dA(2):

3. It is not dicult to show that the cuspidal spectrum of 4 becomesdensein [%1;1 ) as
N ! 1. ThusConjecture?2 if true is sharp.

4. Conjecture 2 is somewhatsurprising. After all the surfacesX (N) have their areaand gerus
goingto in nit y with N. This might lead oneto expect that the low \overtone" (X (N))
shouldgoto zero. That this is not the caseis conbinatorially very powerful. The optimally
highly connectedbut sparse,Ramarujan Graphs[L-P-S]and [M], are constructedvia similar
congruencequotients of the p-adic groupsP GL (2; Qp).

5. The assumptionthat is a congruencesubgroupof SL(2;Z) cannot be dropped. In [Sell]
it is shovn that given > O there is a cyclic cover X o of X (2) for which (X o) < . In
view of the results below towards Conjecture 2 it follows that for small °cannot cortain
( M) for any M. These Care nite index subgroupsof SL(2;Z) which are not congruence
subgroups.

6. Conjecture 2 is known for N 17 [Hu]. The combinational topological method usedthere
when successfubstablishesthat  {**P (X (N)) > 1. In view of the presenceof Galois repre-

serations this method breaksdown for large N .

In [Sel2]the bound (X (N)) % was established.It is already very usefulin many applica-
tions. By a completely di erent method[Ge-Ja] shaved that (X (N)) > % Their approad is
basedon the symmetricsquaresyn? : GL(2) ! GL(3) functorial lift (seeAppendix 1). They then
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invoke local represetation theoretic bounds concerninggenericrepresetations of GL(3; R), [Ja-
Sh]. In [L-R-S] global boundstowards the generalRamarujan Conjectureson GL(m;A ) m 2,
are establishedusing families of L-functions. Combining this for the caseof GL (3) together with
syn? as above leadsto (X (N)) 2. Recetlly, the functorial lifts sym® : GL(2) ! GL(4)
and sym* : GL(2) ! GL(5) were established[K-S][K]. Combining thesewith the methods from

families of L -functions one obtains

Theorem 2 [Ki-Sa]: 1(X(N)) 22 = 0:238:::

This is getting closeto % but it is also closeto the limit of these methods. The functorial lifts
syn® and synt* are basedon the cortinuous spectrum (Eisenstein series)on exceptional groups
including Eg. What can be donethis way terminateswith the nite list of exceptionalgroups. We
seeclearly herethat other groupsand symmetric spacegplay a certral role in understandingGL (2)
(that is essetially the upper half-plane). We note that if the general Functoriality Conjectures
concerningthe automorphic lifts sym¢ : GL(2) ! GL(k+ 1);k 1 arevalid then sois Conjecture

2 [La2].

Conjecture?2 is concernedwith the bottom of the spectrum of the Laplacian4 on Lgusp(x (N)),
that is the spectrum at the \archimedean" place. Thereis a similar conjecturefor eat prime p for
the correspnding Hede operator T,. The surfacesX (N) carry algebraiccorrespndenceswhich
give rise to the family of Hede operators. For (n;N) = 1 de ne T, by

1 X +
i@ = P f azd b (30)
b%hod d
1
Theseare closelyrelated to the cosetsof the nite index subgroups 81 (N) gg \' (N)

of ( N). The linear transformation T, mapsL?(X (N)) ! L2(X(N)).

The T,'s are normal, they commnute with ead other and with 4 and leave Lgusp(X(N))
invariant. (32).
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The Ramarujan Conjecturesfor theseT,'s assertsthe following

T, 2: (32)
L2usp (X (N))

One can show that the above norm is at least 2 so that (32) is equivalert k Tpjiz, (x(n) k= 2.
The trivial bound (from (29)) for k T, k is

KT,k p2+p?: (33)

The functorial techniques[K] apply to these nite placesaswell and if one conbinesthem with
the L-function techniquesof [Du-lw] one obtains the following very useful bounds[Ki-Sa]

K oLz, (xny K P37+ p 3 (34)

A uni cation and clari cation of the theory of the spectrum of 4 and of T, is provided by the
represeation theoretic description of the subject. That is the spectral decompsition of the right
regular action of GL(2; A ) on GL(2; Q)nGL(2;A ) whereA s the adelegroup of Q [Ge]. This
languageis indispensablefor many purposes.We have avoided it in order to keepour discussion
asself-conained and elememary aspossible.A recen discussionof theseadelic spectral problems
for more generalgroupscan be found in [CI].

x4. High Energy Spectrum

In this Sectionwe examinethe solutions(13) for large. For this limit the caseof X (1) already
cortains the key featuressofor the most part we will concetrate on X (1). Probably the simplest
and most basic question concerningthe eigervalues of X (1) was raised in [Ca] where the rst
attempts to numerically compute the eigervalueswere carried out.

Conjecture 3 [Ca]: The (cuspidal) spectrum of 4 on X (1) is simple.

The main evidencefor this are the numerical computations [St] which con rm the Conjecture
for the rst 10,000eigervalues. Let my 1)( ) be the multiplicit y of the eigervalue . The best
known boundsfor m( ) arerather poor. They are derived from the trace formula by analyzingthe
remainder term in the Weyl asymptotics (25). The dicult y in all questionsinvolving the large

limit is that when localizing a test function in the trace formula (Appendix 3) near oneis
facedon the dual side(via Fourier Transform) with an exponertial in  number of terms involving
closedgedlesics.lt is then very problematic to establishsuitable cancellationsin thesesumsover
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the closedgealesics. All that seemspossibleis to treat thesesumstrivially and after optimizing
the choice of test functions one obtains a bound for my ( ) for the generalhyperbolic surfaceX .

T Mx (p)_log Are;(x ).

(35)
For X (1) one can obtain squareroot cancellationin the relevant sumsby using the relative trace

formula [Ku] which involvesKlo ostermansumsinstead of closedgealesics.This leadsto a modest
improvemen over (35) for X (1) [Sa3];

i My @) )09 Area(X (1)) _ |
1 v 4 12°

(36)

It is animportant problemto improve this bound (36). In my youth | would have beenimpressed
with the bound my () = O( 2 ) forsome > 0. Today mx () = 0 “=log looksgood.

An interesting phenomenologicafact about the spectrum of X (1) was noted in [St]. Consider
the numbers™; = ;=12where ; arethe eigervaluesof X (1). Accordingto (25) the meanspacings
between the numbers ~; is 1. The numerical experimerts in [St] suggestthat the consecutie
spacingsand for that matter any local spacingstatistic behaves like random numbers would, or
as is often said - the local spacingsstatistics are \P oissonian". More precisely the consecutie
spacingsapparertly obey the following law: For O < <1,

z

A1 NiGa 520319 e *dx: (377)

AsN | 1:
S N

This random behavior of the eigervalues of X (1) is unexpected. To explain why so we recall
the interest that the spectrum of a hyperbolic surface has generatedin mathematical physics.
Givenx 2 X and 2 Ty(X) aunit tangert vector andt 2 R let (x(t); (1)), (t) 2 Txp(X),
be the position and tangert vector after owing for arc-lengtht from x in the direction along
the correspnding gealesic. This ow G : S(X) ! S(X) onthe unit circle bundleto X is the
geaesic ow. It is a Hamilton ow. In terms of the uniformization X = nH we can identify
S(X) with nG, G = PSL(2;R) and G takesthe form

=2 O

o 2 (38)

f
g’ g9 g

G clearly presenesthe Haar measuredg.
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It is well known that the geadesic o w of a manifold of negative curvature is ergadic,2 Anosov,
has positive Lyapunos exponerts ::: . In short, it is a\chaotic" Hamiltonian. Now the eigervalue
problemfor 4 on X correspndsto a quartization of this classicallychaotic dynamics. The large

limit for this quartization is the sameasthe semi-classicalimit (} ! 0) ofthe quantum system.
Unlike the caseof the quartization of a completely integrable Hamiltonian where the impact of
classicalinvariant torri on the spectrum in the semi-classicalimit is well understood [Laz], very
little can be said analytically in the chaotic case.The study of the semi-classicalimit, speci cally
the relation betweenthe classicaland quantum medanicsof a classicallychaotic Hamiltonian goes
by the name of Quantum Chaos.

One of the interesting suggestionghat hasemergedirom many numerical investigationsis that
the local spacingstatistics of the eigervaluesof the quartization of a classicallychaotic Hamiltonian
are modeled by the local spacinglaws of the eigervaluesof a random matrix in a suitable matrix
ensenble. These laws are very dierent from the Poissonianlaws that the spectrum of X (1)
exhibits. This then is the sensdn which the spectrum of X (1) hasunexpectedstatistics. No doubt
the reasonfor this anomaly is that 4 commutes with the geometrically de ned Hede operators
T, in (30) (seealso[Sa4]). Indeed, for the spectrum for the Dirichlet problem (which hasdiscrete
spectrum only) for the triangles F, in Figure 4, it is found numerically that for g 6 3;4;6 (in
which casethere are no Hede operators) the local spacingsfollow the local \GOE laws" [B-S].
GOE standsfor the GaussianOrthogonal Ensenble and is concernedwith the eigervaluesof a
random real symmetric matrix of large size [Me]. For example, the scaledconsecutie spacing
distribution for the latter is depictedin Figure 5.

Figure 5.
8The rst caseto be studied wasin fact X (1), by Artin [Ar].
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The density of the GOE consecutie spacinglaw vanishesto rst order at x = 0 indicating that
the eigervaluesof a random matrix repel ead other and that the correspnding spectrum is rigid.
In contrast there are near degeneraciesn the Poissonianlaws. This phenomenologyabout the
spectrum of X (1) is fascinating but very little can be proven.

We turn to the behavior of the eigenfunctions  for X (1) for which much is now known.
The basic issueis whether as I 1 these eigenstatescan localize or do they spread out
evenly? For reasonssimilar to those mertioned above in connectionthe question of multiplicities,
it isvery dicult to analyzethe high energyeigenstatesof the quartization of a classicallychaotic
Hamiltonian. We next state the basicConjecturesassertingthe non-localizationof  for a general
hyperbolic X (possiblycompact)yas ! 1.

Conjecture  4: [I-S1]:

Fix X, K X acompact (niceset)®, 2<p 1 and > 0. Thereis c= ¢(p;K; ) suchthat

Z Z

i (9IPdA(2) c i (2i*dA(2)

K K

Tl
N

Remarks:

1. This Conjecture assertsthat the LP norm on a nice compactsetK X (if X is compact
then take K = X) grow slower than any power of times the L? norm. It quarti es the
lack of localization of . For the caseof p= 1 this Conjecture,if true, is quite deepsince
it implies the classicalLindelof Hypothesisfor the Riemann Zeta Function (Appendix 1).
Also, for p= 1 it impliesthat my( )= O ( ).

2. The  factor is necessarywhenp = 1 sincein [I-S1] it is shovn that k k; is not
uniformly boundedfor certain compact X . Here (and henceforth) we will normalize  so
that k k= 1.

There are somegeneralinterpolation boundsfor the LP normsof eigenfunctions ona ( xed)
generalcompact RiemanniansurfaceX . In [So]it is shavn that

Kk OF (39)

where (p) = ; ,for6 p 1 and (p)= 3 4 for2 p 6 The proof of (39) uses
a construction of a parametrix for the wave equation via Fourier Integral Operators, conbined

%for example K could be the closure of a nonempty geadesicball.
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with ideasfrom restriction theoremsin Fourier Analysis [Ste]. The bound (39) is local in that it
is derived on piecesof X directly. The global aspects of the geadesicmotion do not erter. As a
local bound (39) cannot be improved sinceit is sharp on S? with the round metric [So].

Another meansto analyzethe localization questionis to examinethe probability measures

= (2i°dA®2): (40)

Quantum medanically this givesthe probability distribution on X assaiatedto beingin the state
. Onecanform a probability measure on nG, the micro-local lift of to S(X), (Appendix

4) which projects to and measureshow s distributed in phasespace. For a 2 C! ( nG)
(a) measureghe quantum obsenable Op(a) (seeAppendix 4) whenin the state

Conjecture  5: [R-S]Quantum Unique Er godicity

The measures  become equidistributed with resgct to dgas ! 1 . Precisely,if f 2 Co( nG)
then Z Z

lim f(gd (9) = f(g)dg:= f

nG nG

wheee dg is Haar measure on G normalized so that Vol( nG) = 1.

Comments:

1. While this Conjecture seemsreasonableenough,we point out that it cortradicts somesug-
gestionsthat eigenstatesin chaotic quartizations might concetrate on unstable periodic
orbits, a phenomenoncalled scarring [Hel].

2. The name quantum unique ergadicity stemsfrom there being in this cortext an analogue
at the quartum level of ergadicity. Let ; be any orthonormal basisof L?(X) (if X is not
compactthen we assumethat X = X (N) andthat ; is an orthonormal basisof Lgusp(x )).

In [Sh][Co][Ze]it is shown that if f 2 C} ( nSL(2;R)) thenas ! 1
0 1
X X
j () fiz=0@ 1A ; (41)

j j

In particular it followsthat almostall, in the senseof density of the number of eigervalues,of
the 'sbecomeequidistributedas ; ! 1 . Recallthat G beingergadic meansthat almost
all orbits of the ow becomeequidistributed ast ! 1 . Thus the above is the quartum
analogueof the gealesic ow G being ergadic. For G howewer there are many singular
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invariant measuregthe most singular being arclength on an unstable periodic orbit). Thus,
Conjecture5 assertgthat at the quantum level things are quite di erent in that all eigenstates
becomeequidistributed (a o w for which all orbits becomeequidistributed is called uniquely
ergadic).

3. We call any weak limit of the measures , a quartum limit. Using somestandard results
about propagation of singularities in the theory of Fourier Integral Operators one can shav
that any quantum limit is G invariant - seeAppendix 4. Conjecture 5 is equivalert to the
statemert that the only quartum limit is dg.

For the generalhyperbolic surfaceX little hasbeenproventowards Conjectures4 and 5. Howewer
for X (1) or moregenerallyX (N) there hasbeensomedecisiwe progress.We restrict our discussion
to X (1). In view of (30) we can simultaneously diagonalize4 and the operators T,, n 1.
Henceforthwe assumethat our is alsoa Hede eigenform:

Tn = () (42)

Note that if Conjecture3istrue then (42) is automatic. In any caseit is the Maass-Heke eigenform
that is of interest.

All thesequestionsabout the 's for X (1) make sensefor the cortinuous spectrum as well.
Explicitly the Eisensteinseriesk(z;s) for X (1) is de ned as

X
E(z;s) = (y( 2))° for<(s)> 1: (43)
2 1n (1)

E (z;s) extendsmeromorphicallyto C and is analytic on <(s) = % The continuous spectrum for
X (1) is furnished by the generalizedeigenfunctionsk (z; % +it),t O.

1 1 1
4E z;-+it + S+t* E z-+it = 44
z,2 i 7 2,2 [ 0 (44)

and of course
E( z;s) = E(z;s) for 2 (1) :

Concerning Conjecture 4 for the casep = 1 a sub-corvex (or sub-interpolation) bound for
X (1) is establishedin [I-S1]
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kK ki 5=24 . (45)

A similar bound for E(z; % + it) is alsoproven.

In [L-S1]and [Ja] Conjecture5 is proven for the cortinuous spectrum of X (1). Precisely let ; be
the correspnding measure(of in nite  mass)

2
t = JE z;%+ it dA(z) : (46)

Let  beits micro-local lift to (1) nG. Then for K; and K, (hice) compactsubsetsof (1) nG we
have that

i (K2 Volug(Ky)

t 11 (K Volgg(K2) 47)

For the measures , Conjecture5 hasprovento be much moredi cult to attack via the methods
of [L-S1]. In [R-S]it is shovn that any quartum limit  on (1) nG cannotbe supported on a nite
union of closedgedlesics. In particular this strong form of scarring is not possiblefor X (1). In
[B-L] a signi cant extensionof this is given. They show that if is a quartum limit then it must
have positive ertropy for the gealesic ow G.

An identity is derived in [Wa] which allows oneto unify and make explicit the relation between
triple products and special valuesof L-functions [H-K], [L-S1]. This allows oneto corvert some
of these questionsconcerningeigenfunctionsto onesconcerningthe size of L-functions at special
points on their critical lines. The preciseidertity is asfollows:

Let 1; 5; 3 be three Maass (Hedke) eigenformson X (1) normalized as before so that
k j ko= 1. Then [Wa];

Z 2 4

1.
216 1(2) 2(2) 3(2)dA) = 2 * 2

X (1) (1 ;syn? 1) (L;syn? ) (1;syn? 3) (48)

NI

Here (s; 1 2 3)isthe (completed)degree8 L-function ass@iatedwith ;; ,; zands=
is its certral value [Appendix 1]. ( s;syn? ) is the degree3 L-function (Appendix 1) ands = 1
is at the edgeof the critical strip.

Using (48) onecanreformulate Conjecture5 in terms of estimatesfor L-functions. For example
the Lindelof Hypothesis(see[l-S2] and Appendix 1), which is a consequenc®f the Generalized



Peter Sarnak - Januar y 2003 25

RiemannHypothesisfor thesedegree8 L -functions, implies the following strong form of Conjecture
5: Fora xed f 2 C3 ((1) nG) and > 0

o SR (49)

In fact, a\sub-convex" (App endix 1) estimatefor theselL -functionswould alreadyestablishConjec-
ture 5. While there hasbeenmuch progresson the generalsub-corvexity problem for L-functions,
the generalcaseat hand remainsout of read at the presen time. We alsonote that the Lindelof
Hypothesisfor thesedegree8 L -functions implies Conjecture 4 with p = 4.

Recertly, there have beena seriesof breakthroughswhich lead to the solution of parts of the
Conjectures4 and 5. Theseresultsare still beingwritten up sothat they should be regardedwith
appropriate caution until they have beenindependerly con rmed.

Theorem 3 ([Sa-Wa], [Sp]):]

Fix > 0O, then
(@ *° k kg

(b) For K X(1) compact

Z 4 b 1= Z 2 i

E z % + it dA(z) « a+jt)) E z % + it dA(z)

K K

These establish Conjecture 4 for X (1) for 2 < p 4, for both the discrete and cortinuous
spectrum. Combining thesesharpLP boundswith (45) and interpolating yields subcorvex bounds
forall2 p 1. InFigure6the exponert (p) of intheseboundsis graphedagainstl=p. The
solid lines correspndsto the corvex bound (39) and the dashedlinesto the subcorvex bounds. A
random wave model for the eigenfunctionsof the quantization of a classicallychaotic Hamiltonian
is put forth in [Be]. In [H-R] this is tested numerically for X (1) as far as the behavior of the
value distribution of (z) and E(z; % + it) asthe energygoesto in nit y. In particular they nd
a Gaussianbehavior. Thus we expect that the odd momerts of and E to goto zeroand the
even momerns (at leastin the form (b)) to remain bounded. For special 's (the dihedral ones)
on X (N) onecan prove this uniform boundednes®f the L, norms. Moreover, (48) applied to the
case 1= 2= 3= togetherwith known sub-corvexity boundsfor degree?2 L-functions [Iw1]

show that the third momen 3dA, goesto zeroas ! 1 [Wal).
X (1)

10At present the proof of (a) which is involved usesConjecture 2 and (32) freely. We expect in the end to get
around this.
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Figure 6.

Theorem 4 [Li1]:

Let beaquantumlimit for the 'son (1) nG, then = c:dgwithO c¢ 1.

This essetially establishesConjecture 5 for X (1). The only missingpoint is that ¢ may be less
than 1 if for examplethe massof the 's escag into the cuspof X(1) as ! 1. In the case
of a compact arithmetic quotient X of H (and an eigenfunction of the correspnding Hedke
operators) the last di cult y doesnot ariseand Conjecture5 is completelyestablishedfor X [Li1].

Finally, for X (1) onecandeterminethe main term for the asymptoticsin the quantum ergad-
icity sums(introducedin [Ze]) of equation (41).
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Theorem 5 [L - S2]:

There is quadatic form B(f) on C3 ( (1) nH) suchthat

X p_ p_
(®) j () fj2 = B(f) + 0 as ! 1.

(b) The polarization of B satis es

B(f1;4f,) = B(4f;f))

(c) De ning the operator A by
hAf 1;f2i = B(fl,fz)

A extendsto a non-negative self-adjoint operator which commuteswith 4 andis diagonalizel
by the E (z; %+ it) and 's. Moreover, the eigenvalueof A correspndingto  is essentialy
L(%; ), where L(s; ) is the standad L-function asseiated with  (Appendix 1).

Thusthe form B providesa non-negatiwe self-adjoirt operator on a Hilb ert spacewhoseeigen-
values are special values of a family of L-functions! In particular, L(%; ) 0 afact that was
known by other means, (see[L-R] for the most generalsud non-negativity result). Sinceit is
known that many of the values L(%; ) are non-zeroit follows that for most f, B(f) > 0. In
particular, this shows that the deca rate for Conjecture 1 predicted by the Lindelof Hypothesis
in (49) is sharp (at leastup to the exponert ). In Appendix 5 we give a comparisonof (a) with
the variation of f along the gealesic ow. The discrepancybetweenthe classicaland quantum
uctuations is given by the arithmetic factor L %; !

We make somebrief commens about the methods usedto prove theserecer results. Theorem
3 is approated by using Parsewl's idertity to expressk  kj asfollows:

k ki= h2 ,i?+ similar term from cortinuous spectrum: (50)
j

Now apply (48) to the terms h 2; ;i which corverts the j sumto a sum of degree8 L-functions.
The recen advancesin the theory of families of L -functions (see[I-S2]) and especially the methods
for averaging over sudh families using various trace formulae can be applied. Howewer being of
degree8, there are a number of new di culties that needto be overcome. One useful technical
devicethat we mertion and which is used,is the recent GL(3) Voronoi Summation Formula [M-S].
In any case,su ce it to say that the key techniquesusedto prove Theorems3 and 5 are those
from the theory of L-functions.
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The approad in [Lil] to Theorem4 is very di erent. We know that is G invariant but that
this is far from su cient to identify . The ideaisto try usethat the 's are alsoeigenfunctions

of the Hedke operators T,. Rather than descrite the caseof X (1) considera higher dimenstpnal

casewhich is conceptually simpler. Let G G beanirreducible lattice sud asSL(2;Z[ 2))
enmbeddeddiagonally in G G via I (; 9, °beingthe Galois conjugateof . Thereis a
similar theory of Maasscuspforms . ,(z;;2;) on the Hilbert modular manifold X = nH H.

Sud a form is an eigenfunctionof 4 , with eigervalue ;;j = 1;2. The Laplacian on X is
4 , + 4 ,,. Onecanconstruct a micro-local lift ~on nG G, ofj (z1;22)j?dv(zs;25), see[Li2].
Being an eigenfunctionof both 4 ,, and 4 ,, (which commnute) onecanshaow that a quartum limit,
that is a weaklimit of the s, is invariant under the two parameter Cartan actionon nG G;

1=2 2=2

ot oo o %L 50 (51)
Unlike the caseof the gealesic ow G there are much fewer measuresinvariant under sud two
(or higher parameter) actions. This is the so-calledmeasurerigidity phenomenonthat has seen
many advancesrecernly[Ru], [Ka-Sp], [E-K]. The ow (51) doesnot fall into the setting of these
works and in [Lil] a substitute theory is dewloped. One point worth noting is that progresson
these measurerigidity questionshas only beenpossibleassumingthat sud an ergadic invariant
measurehas positive ertropy. As mertioned earlier for X (1) any quartum limit has beenshown
to have positive ertropy.

It is interesting that the problemsdiscussedn thesenotescan be approadied by sud di erent
points of view. Moreover, having recastthe problem in di erent terms (for examplethe Hilbert
problem on pagell asa sub-corvexity problem for automorphic L -functions seg[l-S2], or Conjec-
ture 5 asa measurerigidity problem) one nds that solution demandsa signi cant advancein the
correspnding theory. Thus both sidesare enriched.

To end, we point the readerto books [Ve], [He2] and [Iw2] which treat the basic material
concerninghyperbolic surfaces,the trace formula and Eisensteinseries. Also, the books [Lanl]
and [Bor] give introductions to the approad via represemation theory of SL(2;R) and [L-P], via
scattering theory for the correspnding wave equation. An earlier review article of someof the
material discussedn the lecturescan be found in [Sa4].
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Appendices

Theseappendicesare meart to give brief descriptionsand de nitions of various objects that
were mertioned in the text. Detailed treatments can be found in the references.

Appendix 1:  L-Functions

The analytic cortinuation and functional equation for the Riemann Zeta Function was men-
tioned in (3) and (4). The key tool usedthere, that is Poisson Summation, can also be used
to analytically cortinue Dirichlet's L functions L(s; ) and their generalizationsto number elds
Hede's L-functions, L(s; ). A Dirichlet character is afunction from Z into C which is periodic
of (minimal) period g 1 and which satises (mn) = (m) (n); (1) = 1and (m) = O if
(m;g) > 1. The correspnding L-function is de ned to be

R
L(s; ) = (mn*= "1 (®pr) t @)

n=1

The completedL -function (' s; ) is de ned by:

(s; )= (2= —s+2a L(s; ); (2)
wherea = 212 ('s; )isertre (if 6 1) and satis es the functional equation [Da]
N O .
(s )= qus(l S; ) 3

where () is the Gausssum. q is called the conductor of

The Hede L-functions are de ned in a similar way [Hecl];

X
L(s; ) = (AN(A) == (1 (PIN(P) ) * (4)
AG0

where is a suitable character on the ideals of a number eld K, A rangesover the non-zero
integral ideﬁxl§, P over the prim&i_dealsand N (A) is the norm of A. For us an interesting example
isK =5 Q( 2)=f =a+b 2jajb2 Qg. The ring of integer%o_f K, Ok is simply equal to
fa+ b 2ja;b2 Zg. The units in O, are generatedby o= 1+ 2. For 2 K let ©°denote
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its Galois conjugate. Ok happensto have classnumber one, that is ewery ideal is principal. For
06 m2 Z set

"()= 5 (5)

Clearlyy, ™( )= ™( ) forany unit . So is a characteron the idealsof Ok . It is an example
of a \Greossenbarakter" of Hede in that the valuesassumedby as varies are densein the
circle. Maass[Mas] shaved how thesemay be usedto construct Maassforms. If

X
m(2) = "(A)yKi, (2 N(A)y) cog2 N(A)x) (6)

AG0

with t, = Iog—mo then ., satised (13)for 2 (4) andwith eigervalue |, = %+ t2 . In particular,

X (4) hasthis explicit subsequencef eigervalues(no explicit eigervaluesare known or expected
for X (1)).

The Dirichlet L-functions are Euler products of degreel (over Q) while the Hede L -functions
L(s; ) are Euler products of degreel over K. Euler products of higher degreeare constructed
from modular forms, with modularity replacing PoissonSummation in the proof of the analytic
cortinuation. To illustrate this, let be a Maass-Heke eigenformas descriked in (30) and (13),
for X (1). That is, 2 LZ,,(X (1)) and

9
4 + 2+t? = 0=
. (7)
T = (n) '
(note we changedto a morecorveniert parametert where = %+t2). The (standard) L-function
assaiatedto is denotedby L(s; ) andis de ned for <(s) large by
R 2 1
L(s; ) = (Mn * = ;& (PP “+p %) (8)
n=1

The sumto product formula follows from a similar relation that is satis ed by the T,'s [Hec2]. It
is corveniert to introducethe roots (1)(p) and (2)(p) which are determined by

Yp Pm=1 P+ Y@= (O: (9)
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Thus (8) is the degree2 Euler product
h i
Lss)= @ Yepa “p9 (10)

The modularity of (z) is equivalert to L(s; ) extendingto an ertire function and satisfying the
functional equation

(S; ) = s st+it s it L(S; )
(11)

= (1 s;)

(we have assumecdherethat isunramied at 1 that isthat isevwenwith respectto the isometry
of X (1),z ! 2).

Thus theseMaassforms give Euler products of degree2 over Q. Notethat L(s; ) = L(s; ™)
in (4) (5) and (6) above, that is, the degreel Euler product over the quadratic extensionK of Q is
a degree2 Euler product over Q and correspndsto a modular form. In general,any automorphic
form on GL,(Ak) givesan Euler product of degree2 over K which hasan analytic cortinuation
and functional equationrelatingsto 1 sand to its cortragrediert ~ ([Go-Ja]). More generally
if is automorphic and cuspidal on GL,(Ak ) its standard L-function L(s; ) is of degreen and
is ertire [Go-Ja]. In fact, one of the main interestsin theseautomorphic cuspforms is that it is
beliewved that all L-functions (for example Hasse-Véil L-functions, Artin L-functions :::) can be
expresseds nite products and quotients of sud standard L -functions.

Next we discussthe formation of tensor power L-functions from these 's. For thesemuch less

is known. We restrict to the 'sin (7). Let q;::: - be  sud Maassforms. De ne the degree2
tensor power function, L(s; 1 2 -) by

L(s; 1 2 ) = . Lo(s; 1 2 2) (12)
where

: N = (D (2 () s 1
Lo(s; 1 ) = 1 7m M (PP (13)
j2f 1,29
=1 7
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The completedL-function ('s; 1 > -) is de ned asusual by tacking on the correspnding
product of 2 Gammafactorsasin (11). It is believedthat these ('s; 1 > -) have analytic
corntinuations (except for possiblepolesat s = 0 and 1) and functional equations. This is known
to be valid for * = 2 and 3. The case” = 2 is known as the Rankin-Selterg L-function and its
value for s on the critical line (that is <(s) = %) arosein (27) (though in (27) one of the forms
is holomorphic rather than a Maassform but the theory is the same). The analytic cortinuation
and functional equationfor * = 3 is due to [Ga] and [PS-R]. The special value at s = % of these
L-functions is at the heart of the idertity (48).

If 1= »,= = . oneis led to form the symmetric tensor power L-functions. De ne the
degree’ + 1, L-function L(s; ; sym), asfollows:

L(s;; sym) = Lp(s;; sym) (14)
p
where

Lo(sissym) = o @ ( P ( @) Tpo) L (15)

As before,oneforms the correspnding completedfunction, ( s; ; sym). Again, it is conjectured
that thesehave analytic cortinuations and functional equations. The meromorphic cortinuation
and functional equationis known for thesefor = 9 [Sh]. The recen dewlopmerts [K] and [K-S]
mertioned in Sectionsl and 2, establishthat ( s; ; sym) is ertire (except perhapsfor polesat

s=0and1l) for = 3 and4 (the case” = 2 is due to [Shi].) Moreover, they show in these
casesthat there is an automorphic form - on GL-,; (A ) whoseL-function, L(s; -) is equalto
L(s; ;sym). This correspndence( ;sym) ! -isthesym :GL(2) ! GL( + 1) functorial

lift. It is a special, but quite striking and useful instance of the generalfunctoriality conjecture
[La2].

It is the analytic properties of the L-functions sud astheir sizeon <(s) = % that is of most
useto us. In this connectionthe Grand Riemann HypothesisGRH, is decisie. It assertsthat
the zercesof any of the functions ( s; ) mertioned above (here we are thinking of being an
automorphic form on GL,) are on the line <(s) = A patrticular consequencef GRH is the
Grand Lindelef HypothesisGLH, which assertsthat for of xed degreen say and > 0

N[

N CEDE (16

where C( ;t) is the \analytic conductor” de ned in [I-S]. For example,for our Maassforms on
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X (1) with eigervalue = %1+ t2, C(; 0)= . For aDirichlet L-function L(s; ), C(; t) = (jtj+
1)(g+ 1) while for the L-functionsL (s; )with- xedand ! 1 ,C( ;0)= 2.
If the Ramarujan Conjectures(32) and their generalizationsare true then for > 0, L(s; )
uniformly boundedfor <(s) 1+ . This will not cortinue to hold even on <(s) = 1, howewer
the GLH assertsthat it is almosttrue up to <(s) = % That is, all L-functions are boundedby an
arbitrary small power of their conductorin <(s) % It is this technical looking feature that is
very usefulin the study of the eigenfunctions.In general,the only bound we have is the convexity

bound (see[Har])
1 . 1,
L S+t [C( ]+ : 17)

A number of the problemsdiscussedn thesenotesareresolhed by establishingsubconvex estimates
for a suitable family of 's. That is,a > 0is producedso that

L 3 (C(;0)7 ; (18)

for in the family. See[F], [I-S2]for recen reviews.

Appendix 2:  Frobenius Automorphisms

We review the de nition of the Frobenius elemen. Details can be found in standard books
on algebraicnumber theory, for example[Lan2] and [C-F]. Let K be a nite Galois extensionof
Q and G the correspnding Galois group. The ring of integersof K denoted O, is a Dedekind
domain. Let p be a rational prime. The principal ideal (p) factorsinto a product of prime ideals
(P) = (1 2::: )% The integer e is the rami cation index of p and is equalto 1 for all primes
p not dividing the discriminant of K. We restrict attention to sud unramied primes. If jp
and 2 G then ()jp andin fact G acts transitively on the primes dividing p. For suth
the decompsition group G is the correspnding stabilizer of , that isf 2 Gj () = g. The
di erent decompsition groups for jp are conjugatein G. Now G actsin the obvious way as
automorphismsof the nite eld Ox= all of which x the subeld Z=pZ. Denote the degreeof
the eld extension(Ox =) =(Z=pZ) by f. Sincewe are assumingthat e= 1, fr = degK=Q) = n.
Also, sincee = 1, G is isomorphicto Gal((Ox =) =(Z=pZ)). By the theory of nite elds the
latter is cyclic of order f and is generatedby the Frobenius automorphismx ! xP. We call
the correspnding elemem of G , Frob . It satis es the relation Frob ( ) P mod , for all

2 Ok. The dierent elemets Frob 2 G for jp are conjugatein G. In this way we obtain
for ead unramied prime p a conjugacy classFrob, in G. If pis ramied in K we can still
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de ne Froberuis elemerts Frob in G but they are only determinedup to the subgroupof inertia;
ker:G ! Gal((Ok=)=(Z=p2)).

Frob, tells us how (p) factorsin Ok . For example,if Frob, = f1gin G then (p) = 1 2:::
and Ox = ; = Z=pZ, that is p splits completely If K is the splitting eld of f (x) 2 Z[x] then in
this casef splits into linear factors over Z=pZ.

Using Brauer's theorem on characters of nite groups [Br] together with class eld theory
one can showv (Artin) that the Artin L-function de ned in (14) can be expressedas a ratio of
products of the Hedke L-functions L(s; ), for suitable nite order characters on suitable eld
extensions.In particular, this yieldsthe meromorphicity and exact functional equationfor L(s; )
after completing it with an appropriate archimedian factor. The possiblearchimedian factors in
this 2-dimensionalcaseare (2 ) S(s), ( S2(s=2))?or( ™M= ( 5tL))2 In the rst case is
called odd while in the secondand third casesit is called even. The casesodd or even can be
characterizedby whether det (c) is 1 or 1 wherec is a complex conjugation in Gal(Q=Q). It
is the even  which give rise to Maassforms with eigervalue %1. The fully unrami ed archimedian
factor is the secondcaseabove and it correspndsto a cosineseriesin (15). The integer appearing
in the functional equationof L(s; ) (in the sameway asqappearsin (3) of Appendix 1 for L(s; ))
is called the conductorof and it canbe computedin terms of local rami cation [C-F].

Appendix 3:  TraceFormula

The trace formula for X (1) readsasfollows [Sel2].Let g 2 C¢ (R) be an even smooth function
of compactsupport and let h( ) = §( =2 ). Note that h is an ertire function.

Z
X 171 % 1

ht) =—  ht)—2 Z+it dt
. 2 W 2

Z 1 Z 1 0
= w tanh( thdt = h(t) — (1+ it) dt
1 1
2log2g(0) + h(0)
X X 1 =
, L
Rg1 m 1 MSNF e
X X logN (P)
+2 NP2 NP = g(k logN (P)) Q)
fPg k=1
The t 's run through the discrete spectrum of X (1) ( = %1 + t2). The cortinuous spectrum

cortribution is through the winding number integral involving 3y (s) which is given explicitly in
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(24). The sum fPg is over primitiv e hyperbolic conjugacyclassesof (1). 2 is primitiv e if
6 ,forany 12 andjj 2. ishyperbolicif jtrace( )j > 2. A hyperbolic 2 SL(2;R)
1=2
canbe conjugated(in SL(2; R)) into the form (N(O)) N ( ()) 1= With N( )>1. xesa
unique gealesic” in H and ® modulo haslength logN ( ). In this way the setf P g correspnds
to the set of primitiv e closedgealesicon X (1). The sumfRg is over elliptic conjugacyclasseof
which there are two, one of orderm = 2 (in PSL(2;Z)) and the other of orderm = 3.

The left-hand side of (1) is the spectral side of the trace formula being a sum over the discrete
and cortinuousspectrum. The right-hand sidebeingover the closedgeaesicss calledthe geomet-
ric side(or the orbital integral sidesincein the derivation of the formula theseterms ariseasorbital
integrals). The geometricside which in the most generalsetting [A] can be very complicatedis
newerthelessquite explicit. For the caseat hand, the lengths of the primitiv e closedgealesicsare
preciselythe numbgrsZIog 4 Where0< d Oorl mod (4) is square-freeand 4 is the funda-
mertal solution 2*—2% to the Pell equationt? du? = 4, with multiplicit y the classnumber h(d)
of integral binary quadratic forms of discriminant d. The fact that the geometricsideis explicit is
at the heart of many modern applications of the generaltrace formula. One strategy being that
onecomputesexplicitly the geometricsidesfor quotients nG and %GPof di erent (adele)groups
G and G°% In somespecial but striking casesone can match the correspnding geometric sides.
This leadsto correspndencesbetweenthe spectral sideswhich then typically establishesa form
of a functorial corresppndence[La4]. The cyclic basechangetheorem for GL, mertioned in the
introduction is proved this way using a Galois twisted version of the trace formula.

Returning to the caseof X (1), we apply (1) with h(t) = H % fora xed H andletT | 1.
For T large enoughthe cortribution to the hyperbolic conjugacyclassess zeroand hencefor any
suh H we have

X

1 1
H = H - 9 4t at
> |

t
T
Area(X (1)) 21 t
APV 4 2 tanh( t)tdt
2 1 T

By an approximation argumert this leadsto

Z
X 17 9 1 Area(X (1
1 2_ @) Z+it dt MTZ:

T (1) 2 2

(2)
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In view of the expressionof (1) (s) in terms of ( s) (24) and in particular the fact that ( s) is
an ertire function of order 1, one concludesthat for X (1)

X Area(X (1)) _,

1 T ! 1: 3
> as (3)

ity T

This proves(25), that is that X (1) is essehally cuspidal.

Appendix 4:  Microlocal lifts

We give the construction for a generalcompact Riemannianmanifold X . Let 4 be the Lapla-
cian on functionson X and a normalizedeigenfunction.

4+ =0

Z (1)
( ())2dv(x) = 13
X

IW ©

The probability measure on X correspnding to the state is givenby d = 2(x)dv(x).
We want to de ne a microlocal lift of to the unit cospherebundle S X. To do so let
a(x; ) 2 C! (S X) which we can think of as a symbol homogeneouf degree0 in , on the
cotangen bundle T X. Let A bea zerothorder pseudodi erential operator with principal symbol

A = a(x; ). UsingaFrederidhs symmetrizationonecanadjust A by alower order operator to geta
zerothorder pseudodi erential operator Op(a), with principal symbol a, sudhhthat lOp(a) ; i O
wheneera Oand 2 C! (X) [Ze]. In this way the Wigner distribution on C! (S X) de ned

by

a ! Op(a) ; | 2)
is positive and hencede nes a positive measureon S X. We denoteit by . If a(x; ) = a(x)
then
z
(a) = a(x)d + 01 as ! 1: (3)

X

Hence for the purposesof studying the large limits of we seethat projects asymptotically
to . We call a microlocal lift of to S X. In the casethat we are discussingin these
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notes, that is X = nH and S X
microlocal lift [Ze].

NP SL (2; R), one can give a canonical de nition of this

Fix t 2 R, then we have

(@) = tOp(a) ; i=te Top@e T ; i *)

By the propagation of singularities theoremfor the wave equation[Eg]we have that the last inner
product equals

hOp(a,G) ; i+ 01) as ! 1: (5)

Here G isthe geadesic ow on'S X which is the bicharacteristic o w for the wave equation. Hence

(@ = (aG)+ol) as ! 1: (6)

It follows that if isa quantum limit on S X, that is to say a weaklimit of the 's, then is
G invariant.

Appendix 5: Quantum versusclassical uctuations

This appendix is an outgrowth of discussionswith Z. Rudnick who pointed me to the physics
literature and in particular to referencedF-P] and [E-F-K-A-M-M]. In these,it is suggestedand
partially con rmed with somenumerical experimertations, that for strongly chaotic Hamiltonians
the variance of the quantum obsenableshOp(a) ; i should be the sameas the variance of a
alonga typical orbit of the classical ow. For our caseof X = #G=K, G = SL(2;R), K = SO(2)
and S X = nG this classicalvarianceis (we assumethat a = a(g)dg= 0)

nG
Z Z 2
V(T;a) = a(gG) dt dg: 1)

nG O

AsT ! 1 wehaveV(T;a) V(aT, where
Z,Z L
V(a) = a(9G) a(g)dgdt: (2)

1 nG
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The gealesic ow on sud a hyperbolic surfaceis rapidly mixing and hencethe t-integral in (2)
convergesabsolutely We may polarize the form V to get a bilinear form on smooth functions of
meanzeroon nG; Z .,

V(a;b) = hU(t)a; b dt (3)

1

whereU(t)a(g) = a(gG) and h; i is the inner-product on L2( nG). Clearly V satis es

(i) V(aa) 0,
(i) V(U(tdaU(tz)b = V(ajb),
(i) V(Da;b) = V(a;Db).

Here D is the Casimir elemen in the certer of erveloping algebraof Lie(G). In particular V
is diagonalizedby the decommsition of L2( nG) into irreducibles under the right regular repre-
sertation of G. In this notation the \conjectured” leadingterm in (41), that is for the quantum

varianceis: X

hop(a) i 2 V(a)p_ as ! 1 [F P (4)

it
]

Certainly (4) doesnot hold in general. For example,if X has a re ection symmetry about
a gedaesic (sudh as X (1) which has the symmetry z ! z in Figure 2) then the eigenfunc-
tions  can be chosento be even or odd with respect to this symmetry. Hence 2 is even and
soif is a function on X which is odd with respect to this symmetry then FOp( ) ; i =

(z) %(2)dA(z) = 0. On the other hand, for such a , V( ) 6 0 sothat (4) cannot hold.
X

We comparethe quantum varianﬁe_derived in Theorem5 whenX = X (1), with the suggestion
(4). Firstly, the order of magnitude is indeedcorrect. Secondlyfor a= afunction on X (1),
both of the quadratic forms V( ) and B( ) are diagonalizedby the Maass-Heke eigenfunctions

themseles! It thereforesu ces to compareV and B on sud an L?-normalized . In this case
the function h ;U(g) i on G is a sphericalfunction (that is a K -biinvariant eigenfunctionof D)
and it hasvaluel at g= e. As sud it is uniquely determinedby the eigervalue = %1+ t2. One
can then calculate

Z, _ it

e=? 0 . i 2

V( ) = h ;U - idt = : (5)
1 0 e 2 4 % it °

With this ewaluation one nds that the more detailed version of Theorem 5(c) reads:
1

BC )=L 5 V() (6)
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Thus by inserting the arithmetical factor L %; asa correctionto the classicalvariancewe obtain
the correct quartum variance! Note that if is odd with respect to the symmetryz !  z then
(s; )isoddunders ! 1 s,sothat L %; = 0 and henceB( ) = 0, asit must be. The
pleasingrelation (6) betweenthe quartum and classicalvarianceswhen X is arithmetic, suggest
that perhaps (4) is true for the generic hyperbolic surfacein Teichmuller space. It would be

interesting to ched this numerically.

The samephysics papers above go on to conjecturethat after normalization by the variance
the obsenableshOp(a) ; i becomesGaussianas I 1 (the numerics for this are quite
corvincing). For the classicalmotion sudh a certral limit theoremis valid [Ra]. Howewer, for
X (1) sudh a Gaussianbehavior for the quartum obsenablesis unlikely to be true. At leastsud a
behavior would violate certain conjectures. Consideragainthe casethat Op(a) is a multiplication
operator by a xed evenHedke-Maassform on X (1), for which L %; 6 0 (which is expectedto
bethe casefor all sudr ). Then accordingto (48) the distribution questionis essehally oneabout
the distribution of L %;sym2 as ! 1. Now the setof L-functions L(s;syn? ),

i is a family of L-functions in the senseof [Ka-Sa]. It has a SO(even) symmetry (one
can ched this by examining the 1-level density of low-lying zeroswhich follow Wsoeveny density
[Ka-Sa], at least for a restricted set of test functions). Now if we invoke the Conjectures[Ke-
Sn] concerningthe momerts of the special value at s = % for this family, then we concludethat
distribution of L %;sym2 cannot be Gaussian. The point is that L %;sym2 is
large too often rendering the momerts to be in nite. On the other hand, by analogy with the
distribution of log %+ it ast ! 1 [Sel3]andrandom matrix considerationgKe-Sn]for this
family one might expect that for X (1)

log jh 2; ij ¥
(loglog )2
becomesGaussianabout a drifting meanas ! 1.

Appendix 6: Cancellationin shifted sums

We descrile the connectionbetweenthe sums(21) and the spectrum of X (N). For de niteness

we considerthe congruencesurfacesXo(N) = o(N)nH where o(N) = = 3 g 2 (1) : Njc .
For this group the subgroupstabilizing1 is ; = é rln jm2 Z . Letf bea xed holo-

morphic cuspform of even integral weight k for (N). The de nition of sud forms being asin
(26) exceptthat the weight 4 is allowed to be any positive evenintegerk and ( N) is replacedby
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o(N). We may expandf in a Fourier series

b3
f(z) =  a(n)e(nz): 1)
n=1
Let
i(n) = a (n)n® V7 (2)
With this normalization the classicalRamarujan Conjecture (which is equivalert to the bound
(33) for the Hedke operatorsin this setting) which was proved in [De], assertsthat for any > 0

t(n) = O(n): (3)
Fix 1; »;h positive integersand set
X Prom— k1
D . . h — 12 S 4
(s 2 2ih) (M () s (matng) (4)

1m zn:h

In view of (3) this convergesabsolutelyfor <(s) > 1. In orderto investigatethe analytic properties
of D(s) de ne the PoincareseriesU;(z; s) asfollows

X
Un(z;s) = y( 2)°e( hx( 2)): ()

2 1no(12N)

The series(5) cornvergesabsolutely for <(s) > 1 and sincey®¢( hx) is invariant under ; it
follows that Un( z;s) = Un(z;s) for 2 o(N 1 ). Moreover, a direct calculation shows that

4 (ye( hx)) +s(l s)(y°e( hx)) = 4 *h%y*? e hx): (6)

Hence
4 Un(z;9)+s(I S)Un(z;s) = 4 ?h?Un(z;s+ 2): (7)

Inverting this relation using the resohent gives
Un(z;s) = (4 +s(1 ) "Un(z;s+ 2) (8)

(There is a technical issuethat Uy( ;s) is not in L2(Xo(N 1 »)) but this dicult y can easily be

overcomein what follows). From (8) we seethat sincethe seriesU(z;s + 2) is holomorphic in

<(s) > 0, Uy(z;s) is meromorphicin <(s) > % with possiblepolesat s(1 s) = where

is an eigervalue of 4 on Xo( 1 2N). For <(s) > % only eigervalues < % are relevant. The

eigervalue = 0 doesnot cortribute a pole since U, (z;s);1)i = 0 (at least formally). Thus

the main conjecture about the low energyspectrum, that is Conjecture 2 implies that Uy(z;s) is
39

analytic in <(s) > % Theorem2 ensuresthat in any caseU(z;s) is analytic in <(s) > .
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To connectthis with D; (s) let V(2) = f ( 12)f ( 2.2)y*. Vis o(N 1 ) invariant and is rapidly
decreasingas z approadesthe cuspsof XZO( 1 2N). Consider

| = hUy; Vi = Un(z;s) V(2)dA(2) : (9)
Xo(N 1 2)
Unfolding this integral accordingto the de nition of U, and the invarianceof V yields
212, dxd
| = V(@)yse( hx) ==Y (10)
0 o0 y
Now do the x-integral rst and use(1) and then do the y-integral to get
=) D (s+k 1(12)7 Di(s; 1 2h): (12)
That is C
stk 1 =
Di(s 1 hy = S L1 Py gy (12)

(s+k 1)

From this and the previousdiscussionwe may deducethat D¢ (s) is meromorphicin <(s) > % and
if Conjecture 2 is true that D¢ (s) is analytic in <(s) > % With quite a bit more e ort [Sa5]one
can establishpolynomial boundsfor the growth of D¢ (s) in <(s) > % whenj=(s)] ! 1. With
this one can useMellin inversionand standard corntour shifts to deducethe cancellationsclaimed

in (21), see[Sa5].

Appendix 7:  Numerical Methods

The rst attempts at the numerical computation of the spectrum of X (1) were carried out in
[C]. Their method yieldsthe rst fewodd eigenfunctionsbut it wasnot successfuin picking up the
elusive even eigenfunctions. There followed computations by othersand in one suc computation
the zerosof the Riemann Zeta Function appeared amongthe number % + it (where as usual

= %+ t2)! Evertually the reasonfor this was discovered in [He2]. The numerical method
was faulty in that it allowed the eigenfunctionsto have logarithmic singularities. These fake
eigenfunctionswere the onesthat gave rise to eigervalueswhich correspnd to the zerosof (s).

The method deweloped in [Hel] to compute the spectrum is known as \collocation." The
eigenfunctions (cusp forms) in questionhave Fourier developmerts asin (18)

*(2) = (N)y* Ky (2 ny) cos(2 nx);

(1)
(Ny¥2Ki (2 ny) sin(2 nx):

(2)
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Here *(z) isewenand (2) isodd. The numberst and (n) are what we want to compute.
Note that the Besselfunction Kj; (y) is exponertially dgcreasingfor y jt |, sothat the series

(1) is appraximated to an accuracyof O(e 2 M) fory ; whentruncating the seriesatn M
(here we are thinking of t being of moderate size). What is lacking to ensurethat (z) is a cusp
form is the relation ( 1=2) = (2).

The rst method which is good to get eigervalues of X (1) with 250000is as follows.
Truncate (1) at n M and choosepoints z;;:::;zy 2 H which are ewvenly distributed in F (1).
The equationsfor the truncated series M)(2);

M(z)= M( 1=7) (2)
yield a homogeneoudinear systemof M equationswith M unknowns. They are of the form
(MIn(z:t) = 0 3)
n=1

where 0
In(Zz) =" Y Ky ny)cos@@nx ) PyKy(@ ny) cos(2 nx) (4)

andz = 1=z

Oneway to proceedat this point is to seeksolutionst T of

det(In(z;1)) 1.:::M ~ 0: (5)
j=1:::M

equations(by ellimination and setting (1) = 1)

@) 1n(z1)
n=2

11(z ;1)

INRAN/ ©

(6)
W)l (w5 t) %

)
n=2

lo(w;;t)
forj = 2,:::M.

For a geruine eigervaluet = t we will have

@)= M);n=2:::M: (7)
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Soonedeterminesthe t's for which (7) is valid (actually one minimizesa related functional). This
works well for T 500. For larger T the systemof linear equationsbecomesll conditioned.

In order to deal with larger valuesof t, a somewhatdi erent approad (inspired by [Sta]) is
taken. The series(1) is truncated at sy M 5T (with t T) and yields a good approximation
of forz2 F(1). On other hand, for y small

Z 1
Ny K (2 ny) = *(x + iy) cos(2 nx) dx: (8)
0

Replacingthe integral by a sum (with Q large), we have

_ 1 X jo. 2n
1=2 1 . - - + 1 .
(NyKit (2 ny) 9 . 9 + 1y cos —Q : 9)

J

By transforming the points j6+ iy into F (1) we canewaluate the right hand side of (9) with our M

term truncation. This yields (for a giveny) a systemof linear equationsfor (n), n M (and once
these are determined many more coe cien ts can be computed from (8)). Proceedingas before
with this linear system,set (1) = 1 and solwe for the coe cien ts with y and y°. Then choosethe
t's soasto minimizej ®(n)  ¥9(n)j. Theselinear equationsturn out to be well conditioned for
T aslarge as11000[He3]. To carry this out one also needsa fast routine to compute K j; (y) with
t large.

An excellen test asto whetherthe t 's and (n)'s are accurateis that if the spectrum is
simple then the cqe cien ts must inherit the relations satis ed by the Hede operators (30). That

. nm . . . . .

is (n) (m)= g must hold. Sincetheserelations were not imposed,their truth is
dj(n;m)

convincing evidencethat geruine cuspformsare being pickedup. By examiningaveragedeviations

in the Weylcourt jf jj ; 0j (see€[St] for example)onecanbe corvincedthat not 's wereomitted

in the above calculations. The approad descriked above works equally well for computing the
spectra of nonarithmetic triangle groups[He2].

The method usedin [G-S] to obtain the plots in Figure 3 is quite di erent. They usethe
trace formula in Appendix 3 togetherwith the explicit knowledgeof the length spectrum for X (1).
While this method only givesthe rst few eigervaluesit can be applied quite easilyto X (N) with
(N moderate) as well.
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