THE TROPICAL VERTEX
M. GROSS, R. PANDHARIPANDE, AND B. SIEBERT

Abstract.  Elements of the tropical vertex group are formal families ofsymplecto-
morphisms of the 2-dimensional algebraic torus. We prove atered product factor-
izations in the tropical vertex group are equivalent to calaulations of certain genus
0 relative Gromov-Witten invariants of toric surfaces. The relative invariants which

arise have full tangency to a toric divisor at a single unspeiced point. The method

uses scattering diagrams, tropical curve counts, degenetian formulas, and exact
multiple cover calculations in orbifold Gromov-Witten the ory.
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Introduction

0.1. Automorphisms of the torus. The 2-dimensional complex torus has very few
automorphisms

as an algebraic group. Since 8 must take each component C to a 1-dimensional
subtorus,

Autd(C  C)=GLy(2).
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As a complex algebraic variety, C C has, in addition, only the automorphisms
obtained by the translation action on itself

1! C C! Autg(C C)! Autg(C C)! 1

A much richer algebraic structure appears if formal 1-parameter families of auto-
morphisms of C ~ C are considered,

A = Auteg(C - C  Spec(CI[t]])).
Let x and y be the coordinates of the two factors of C ~ C . Then,
C C =Spec(C[x,x Ly, y 1.
We may alternatively view A as a group of algebra automorphisms,
A = Auteg (Clx, x 1y, y MIIHD).

Nontrivial elements of A are easily found. Let (a,b) 2 Z? be a nonzero vector, and
let f 2 C[x,x 1,y,y [[t]] be a function of the form

f=1+0y" g(Y"1),  g(z 1) 2 CIZ[H.
We specify the values of an automorphism on x and y by

0.1) Bams ) =TF ° X, Baps ()=Fy .

The assignment (L)) extends uniquely to determine an element 8¢, ¢ 2 A with
1 —
e(a,b),f = B(ap).r 1-

0.2. Tropical vertex group. The tropical vertex group H A is the completion with
respect to the maximal ideal (t) C[[t]] of the subgroup generated by all elements of
the form 8., ¢. A more natural characterization of H via the associated Lie algebra
is reviewed in Section [l
The torus C  C has a standard holomorphic symplectic form given by
W= d_x A d_y
X Yy
Let S A be the subgroup of automorphisms preserving w,

S=f062Aj8 (0)=wag.
A direct calculation shows H S.

We leave the elementary proof to the reader. An argument can b found by using the characteri-
zation
o(z)= A z¥ A2ck2z
of all algebraic mapsg : C™¥ Cct!
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A slight variant of the tropical vertex group H first arose in the study of a [nel
structures by Kontsevich and Soibelman in [L3]. Further development, related to mirror
symmetry and tropical geometry, can be found in [L0]. Recently, the tropical vertex
group has played a role in wall-crossing formulas for counting invariants in derived
categories [14].

0.3. Commutators.  The first question we can ask about the tropical vertex group is
to find a formula for the commutators of the generators. The answer, the main result
of the paper, turns out to be surprisingly subtle. The commutator formula is expressed
in terms of the relative Gromov-Witten theories of toric surfaces.

Perhaps the simplest nontrivial case to consider is the commutator of the elements

Sm=010a+0om aNd Tz =0¢0 1) 1+ 1)

where [] [k1> 0. By an elementary result of [I3] reviewed in Section [[3, there exists
a unique factorization

—1
(0.2) Te Sw Tw Su = B fay
where the product on the right is over all primitive vectors (a,b) 2 Z?2 lying strictly in
the first quadrantH The order is determined by increasing slopes of the vectors (a, b).
The question is what are the functions f,, associated to the slopes?

0.4. Toric surfaces. Let (a,b) 2 Z2 be a primitive vector lying strictly in the first
quadrant. The rays generated by ( 1,0), (0, 1), and (a,b) determine a complete
rational fan in R?. Let X, be the associated toric surfacei with toric divisors

D11 D21 Dout xa,b
corresponding to the respective rays. Let
g,b xa,b

be the open surface obtained by removing the three toric fixed points. Let D2, D3, D3,
be the restrictions of the toric divisors to X3,.

We denote ordered partitions Q of length by g, + ... + q; Ordered partitions
di Cerl from usual partitions in two basic ways. First, the ordering of the parts matters.
Second, the parts g; are required only to be non-negative integers (0 is permitted). The
size jQj is the sum of the parts.

2A vector (a,b) is primitive if it is not divisible in  Z2. Primitivity implies ( a,b) & (0,0). Strict
inclusion in the rst quadrant is equivalentto a> 0 andb > 0.

3Xa,b is simply a weighted projective plane. Arbitrary toric surfaces will arise in the study of more
general commutators.
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Letk 1. LetP,=p;+...+pgand P, =p?+...+py, be ordered partitions of
size ak and bk respectively. Denote the pair by P = (P, Py). Let

v Xap[P]! Xap
be the blow-up of X, along [Gland [,Idistinct points of DY and D3. Let
XaplP1=V 1(X2p)-
Let Bk 2 Ho(Xap, Z) be the unique class with intersection numbers
B« Di=ak, Bk D2=0bk, Bx Dou =K.

Let E; and E; be the i"" and j™ exceptional divisors over D9 and D3. Let

I 1
Bc[P]=Vv (Bx) PilEil

i=1 j=1

| 3

1
PIEY 2 Ha(XaslP], 2).

By a parameter count, the moduli space M(xg,b[P]/ Dg,:) of genus 0 maps to X°[P]
in class Bx[P] with full contact order k at an unspecified point of Dg, is of virtual
dimension 0. In Section @, we will show the corresponding Gromov-Witten invariant

Nap[P]2 Q

is WeII-defined.H

0.5. Formula. Since the series f(, in (@Z) starts with 1, we may take the loga-
rithm. Homogeneity constraints determine the behavior of the variable t. We define

the coe Lciehts cX (L) 2 Q by

— I:kl ak bk
log fan = kcfp(l) (BO™ (ty)™

k 1

The function f,, is linked to Gromov-Witten theory by the following result.

Theorem 0.1. We have

cap( ) = I I NI[(P Pb)l
a,b a,b as b

jPaj=ak jPpj=bk

where the sums are over all ordered partitionB, of sizeak and length[land P, of
sizebk and length [;]

4The only issue to understand is the relative Gromov-Witten theory of the open geometry
Xap[P1/Dgy: - We will show there is su cient properness here to de ne Gromov-Witten invariants in
the usual way.
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Theorem [0 is the first in a series of results. A refinement of Theorem [Tl proven
in Section shows the invariants N,,[P] are determined by ordered product fac-
torizations of commutators in the tropical vertex group. In fact, the tropical vertex
group calculations are much simpler (and much more conceptually appealing) than the
alternative methods available for calculating N, ,[P].

Commutator formulas for arbitrary generators 8, ¢ and 6(aopo o Of the tropical
vertex group are proven in Section B For general functions f and f° orbifold blow-
ups of toric surfaces replace the ordinary blow-ups discussed above. As a result, the
relations between generators of the tropical vertex group are completely described in
terms of Gromov-Witten invariants.

The tropical vertex group was used in [I3] to construct rigid analytic K3 surfaces from
a [nel2-spheres with singularities. The group was similarly used in [I0] to construct
explicit degenerations of Calabi-Yau manifolds from integral a [nelmanifolds with sin-
gularities. The latter work gives a precise description of the B-model for Calabi-Yau
manifolds (as well as manifolds with e [edtive anti-canonical bundle). The commutator
formula of Theorem [Tl provides an interpretation of the tropical vertex group in terms
of curve counts on the A-model side. Hence, Theorem 0.1 should be viewed as a mirror
symmetry relation.

Special cases of commutators in the tropical vertex group have direct interpretation
in the wall-crossing work of [14), [23]. The

[F L= [

case of Theorem 0.1 is related to the quiver Qwith two vertices and [Carrows (in

the same direction). Reineke [23] has proven the functions f, are then determined

by the Euler characteristics of the moduli spaces of semistable representations of Q-
with dimension vectors along the ray generated by (a,b). Whether such alternative

interpretations hold for more general commutators is an interesting question.

0.6. Plan of the paper. We start with a formal discussion of the tropical vertex
group and the associated scattering diagrams for path oriented products in Section [
The scattering diagram expansions connect the commutators to tropical curve counts
explained in Section 2l The tropical counts are related to the enumeration of holomor-
phic curves in Section [ following [19, [20]. The Gromov-Witten theory of open toric
surfaces is discussed in Section @ The commutator formulas are proven in Section
via degeneration and exact Gromov-Witten calculations.

The Gromov-Witten invariants N, ,[P] which arise in Theorem [Tl are virtual counts
with complicated multiple cover contributions of excess dimension. The corresponding
(conjectural) BPS structure is discussed at the end of the paper in Section @ The
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method also applies to neighboring questions such as the enumeration of degree d
rational curves in P? with full tangency at a single point to a nonsingular elliptic curve
E P2 studied in [5, [Z5].

0.7. Acknowledgments. We thank J. Bryan, T. Graber, J. de Jong, J. Kollar, M.
Kontsevich, D. Maulik, Y. Soibelman, and N. Takahashi for many related comments
and discussions. M. G. was partially supported by NSF grant DMS-0805328 and the
DFG. R. P. was partially supported by NSF grant DMS-0500187 and the Clay foun-
dation.

1. Scattering

1.1. Tropical vertex group (again). We begin by reviewing ideas from [I0]. While
most of the material we need can be extracted from [I0], the development there is in
much greater generality than we need, and a number of points simplify in our context.
We will give a completely self-contained exposition.

We fix once and for all a lattice M = Z? with basis e; = (1,0) and e, = (0, 1). Let

N:Homz(M,Z), Mgr=M sR, NR=N zR.
Form2 M, let z™ 2 C[M] denote the corresponding element in the group ring. Let
x=z%, y=2z%,
Then, C[M] is simply the ring of Laurent polynomials in x and y.

In what follows, let R be an Artin local C-algebra or a complete local C-algebraﬁ
Let mr R be the maximal ideal. We define the module of log derivationsof

CIM]LeR = limC[M] ¢ R/mk
to be
O(C[M] LeR) = Hom(M, C[M] LeR) = (C[M] LeR) 2z N.
A log derivation & induces an ordinary derivation E_of C[M] LeR over R via the formula
E(z™) = g(m)yz™.
We will write ad, fora n 2 (C[M]LeR) ;N = 0(C[M] LeR) and for the associated
ordinary derivation,
(a0,)(z™) = abm, niz™.
Let gr = MrO(C[M] LeR). Given any & 2 gr, we obtain an element

exp(§) 2 Autr(C[M] LeR)

5In the introduction, we took R = C[[t]].
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of the group of ring automorphisms defined by

exp(€)(a) = ld(a) + T

i=1
The series makes sense by the assumptions on R.
In fact, gr is a Lie algebra under the natural bracket defined by

[270n, 2™ 0n)] = (Z™0n(Z™))0ne (2™ 0no(z™))dn
(1.1) = z™™(Mm°nidne h m,n949,)

0
m+m
z

ahno,ni n%h m,n%n-

By the Baker-Campbell-Hausdor Cfdrmula, the subset

Gr =fexp(§)j& 2 grg

of Autg(C[M] LeR) is a subgroup.

The subspace hg  gr defined by
L 1 ,
hg = z"(mg m?)
m2 Mnf Og

is closed under the Lie bracket, and hence via exponentiation defines a subgroup
VR GR

which we call the tropical vertex group The subgroup Vg is closed in the mg-adic
topology.

1.2. Scattering diagrams.  We will depict certain products of automorphisms of the
form (s )¢ @s introduced in the Introduction by diagrams in the plane Mg. Automor-
phisms of the form 6., ¢ in fact generate Vg, and this will give us a way of describing
elements in Vg.

De nition 1.1. A ray or line is a pair (d, fy) such that
d Mg is given by
d= mg +R omg
if dis a ray and
d=mj + Rmq
if d is a line, for some m3 2 Mg and my 2 M nf0g. The set d is called the
support of the line or ray. If d is a ray, mJ is called the initial point of the ray,
written as Init(d).

fy2 Clz™] R C[M] R,

fy 1 mod zMmg.
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De nition 1.2. A scattering diagramD is a set of lines and rays such that for every
power k > 0, there are only a finite number of (d, fy) 2 D with f46 1 mod m¥.

If D is a scattering diagram, we write
I 1 [ 1
Sing(D) = ad] d;\ do.

d2D - dg,dp
dim dq\ dp=0

Here ad = f Init(d)g if d is a ray, and is empty if d is a line.
We are using a di Lerknt sign convention than in [I0]. Here, we view a monomial z™
as propagating in the direction m, while in [I0], monomials propagate in the direction
m. The negative sign is necessary in [L0]. We do not need the sign for our purposes
here, so we dispense with it.

1.3. Path ordered products.  Consider a smooth immersion
y:[0,1]!' MgrnSing(D)

with endpoints not contained in the scattering diagram D. If all intersections of y with
the rays and lines of D are transverse, we can define 8, p 2 Vg, the y-ordered product
of D as follows.

For each power k > 0, we can find numbers

o<ty ¢t <1
and elements d; 2 D with fg, 6 1 mod mf such that
y(ti) 2 di,
di & d; if t; =t; and 1 & J, and s taken as large as possible. For each i, define 84, to be

B; = exp(log(fe;)0n,)
where ng 2 N is primitive, annihilates the tangent space to d;, and is uniquely deter-
mined by the sign convention
o, yAt;)i > 0.
We define
95,0 = B4 B4, -
If tj = tisy, then y(t;) 2 d;\ di.1. Hence, dimd;\ dis; = 1. The elements 64, and 8y,,,

are easily seen to commute. Therefore, the product does not depend on any choices.
Let

S

8, p = lim 0%, .
yb Ty b
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d;

d>

Figure 1.1.

Example 1.3. A basic example for us is given by the scattering diagram
D= f (d]_, fl)! (d21 f2)g!

where dy, d, are transverse lines through the origin. A suitably chosen loop y around
the origin produces a commutator:

where the elements 6, and 6, are obtained from d; and d, respectively, see Figure [

The following result was obtained by Kontsevich and Soibelman in [I3] with a number
of variants proved in [I0]. Since the proof is so simple, we reproduce it here.

Theorem 1.4. Let D be a scattering diagram. Then, there exists a scattering diam
S(D) containing D such thatS(D) nD consists only of rays, and such tha, spy = Id
for any closed loopy for which 6, sy is de ned.

Proof. We proceed inductively on k, showing that there exists a Dy such that

k+1
Oyp. Id mod mg

for all closed loops y for which 6, p, is defined. We take Do = D. To obtain Dy from
Dy 1, we proceed as follows. Let DY , consist of those rays and lines d in Dy ; with
f46 1 mod m&™. This is a finite set, so Sing(D? ,) is finite also. Let p 2 Sing(D{ ,).
Let y, be a closed simple loop around p, small enough so it contains no other points
of Sing(D? ,). Certainly,

Kk+1
Byo.0k 1 eyp,Dﬁ ) mod mg~.
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By the inductive assumption we can write uniquely

1
Byp.00 = exp( Ciz™dn,)
i=1

with m; 2 M nf0g, n; 2 m? primitive and ¢; 2 mk. Let
Dlp]=f(p+R om;,1 ciz™)ji=1,...,s0.

The sign is chosen in each ray so that its contribution to 8, ppy is exp( ¢iz™dy,;)

modulo mi™. Since ¢iz™dy, is in the center of hy, .1, We see
R

Byp0x 2( D = Id  mod mS.

Similarly, any automorphism coming from D[p] commutes with any automorphism

coming from Dy ; modulo m‘gl, and hence

1
Dk=Dx 1[ Dlp]

p
has the desired properties.

We take S(D) to be the (non-disjoint) union of the Dy’s. The diagram S(D) will
usually have infinitely many rays even if D has finitely many. L1

The scattering diagram S(D) is not unique. There are always trivial changes which
can be made to scattering diagrams.

De nition 1.5.  Two scattering diagrams D, D%over a ring R are equivalentif
ey’D = ey’DO
for every curve y for which both sides are defined.

Every scattering diagram D is equivalent to a unique minimal scattering diagram
which does not have two rays or lines with the same support and contains no trivial
rays or lines — rays or lines (d, fq) with f3 = 1. In fact, if (dy, 1), (dp, f2) 2 D with
d; = d,, then we can replace these two rays or lines with the single ray or line (d;, f115)
without aledting any automorphism 6, p. In addition we can remove any trivial ray
or line. The diagram S(D) is easily seen to be unique up to equivalence. We will often
assume (D) is minimal.

The operation S is functorial in the following sense. If ¢ : R! R%is a ring homo-
morphism, and

(D) =f(d d(fa))j(d fa) 2 Dy,
then ¢(S(D)) is equivalent to S(¢p(D)).
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X 7! x/(1+ tay)
y7ly X 7! x/(1+ titoxy)

y 7'y + titoxy)

X 7! X X 7! X
y B y/(1+ t1x) y 7! y(l+ t1x)

X 7' xX(1+ toy)
yy

Figure 1.2. S(D) for [J= 1, 1= 1. Here the automorphisms are given
explicitly, and the identity 8, sp) is just the composition of the given
automorphisms.

Example 1.6. Let R = C[[ty, t;]] and consider for [] 1> 0 the diagram
D =f(R(1,0), (1 + t:x)™), (R(0, 1), (1 + toy) ).

Here, x = z* and y = z®? as before. Theorem [L.4l produces a scattering diagram S(D).
We will later see that all elements of S(D) n D lie in the first quadrant. However,
S(D) nD can be very complicatedH
If J= 1= 1, then (D) requires only a single additional ray,
S(D)nD =f(R(1,1),1+ tytxy)g,
as can be easily checked by hand. See Figure [L2
If [L= [x1= 2, then the following is found:

SD)nD = f(R(M+1,n), 1+ )" (Ly)))in2Z,n 1g
[ f R(N,N+1), 1+ 0X)"(Ly)"™))n2Z,n 1g
[ f RALD, I ttxy) Yg.

If LJ= [1= 3, then computer experiments (the algorithm given in the proof of
Theorem [L4] is easily implemented) suggest the following behavior for (D). First, as
noticed by Kontsevich, S(D) has a certain periodicity. Namely,

(R o(my, mz),f(z(ml'mZ))) 2 8(D)

5The behavior of these scattering diagrams has also been stigtl by Kontsevich.
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if and only if
(R o(3m;  my,my), F(zEM m2my) 2 §(D),

provided that m;, m, and 3m; m, are all positive. In addition, there are rays with
support R o(3,1) and R (1, 3), hence by the periodicity, there are also rays with
support

R 0(8, 3), R 0(21,8), ... and R 0(3, 8), R 0(8, 21),
which converge to the rays of slope (3 :plg)/ﬁprresponding to the two distinct

. : . 3 1 I
eigenspaces of the linear transformation 10 On the other hand, inside the cone

generated by the rays of slope (3 P 5)/2, it appears that every rational slope occurs.
The function attached to the line of slope 1 appears to be

C 1 o1
4n n n
e I N30
n=0
1.4. Asymptotic diagrams and factorization. A scattering diagram D viewed

from a great distance yields an asymptotic diagram.

De nition 1.7.  The asymptotic scattering diagramD . is obtained from D by replac-
ing each ray (m3+ R omo, f) with the ray (R ¢mo, f) emanating from the origin, and
replacing each line (m3 + Rmy, f) with the line (Rmy, f) passing through the origin.

If y is a su Lciehtly large simple loop around the origin containing all points of
Sing(D), then

ey,D = ey,DaS.

We can often understand scattering diagrams using a deformation technique as fol-
lows. Suppose D consists of a number of lines (d;, fj) through the orjgin, and we wish
to understand S(D). Assume that each f; can be factored as f; =  f;;. We replace
each line (d;, ;) with the collection of lines f (m?j + d, ij)g, where m?j 2 Mg is chosen
generally. Thus each line is split up into a number of parallel lines. Calling this new
scattering diagram D--we can now apply Theorem [ to obtain a scattering diagram
(DY Then (DY satisfies the conclusion of Theorem [ when applied to D, since
for a large simple loop around the origin, 6, 5, = Id.

For example, in Example [LY, we can split the two lines in D into [{]and [:1parallel
lines respectively.

Denition 1.8. If m 2 M nf0g, the index of m is a positive integer w such that
m =wm°for m°2 M primitive.
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The following simple calculation is closely related to the notion of multiplicity in
tropical geometry.

Lemma 1.9. Let R = C[ty, t,J/(t2,12), and let
D =f(Rmy, 1+ cit;2"*™), (Rm,, 1 + c,ot,2"2M2)g

wherem,, m, 2 M are primitive with m; *» m, & 0, wy, W, are positive integers and
€1,C2 2 C. The scattering diagramS(D) of Theorem[T:4 is obtained by adding the
single ray

]
1.2) R o(Wimy +Wpmy), 1+ C1CotataWoujmy A majz"ma* W2ms

-

wherejm; * m,j denotes the absolute value af; » m; 2 M = Z, and wy, IS the

index of wimj; + wom,.

If wym; +w,m, =0 in [LZ), no ray is added. The associated function then is just
1 since then m; A m, = 0.

Proof. Labelling the two rays d; and d, respectively, choose a loop y as depicted in
Figure [}, so that
6y.0 = 0,0, '6,0;,
where
0;i = exp(citiz""™Mdy,)
with n; 2 N primitive, orthogonal to m;, n; negative on m, and n, positive on m;.
The commutator is easily seen from (L) or direct computation to be

(13) exp(ClC2t1t22W1ml+ Wam2 awl nlhnl,nzi Wznzh’nz,nli )

Thus S(D) needs to include exactly one additional ray, (R o(wim; + w,m,), ), with
T chosen so the corresponding automorphism determined by the crossing of y is the
inverse of ([L3).

First assume the basis my, m, of Mg is positively oriented, as in Figure [ If we
write m; = (mjy, M;,) in some fixed basis of M, we can take n; = (m;j>, m;1) in the
dual basis. Then,

hmy, nai = h mg, nii = mMyMz; MMy = jmy A myj
because of the positive orientation. So
winihmg, noi - wonohmy, nii = jmy A moj(Waimgp + WoMze,  WiMip  WoMps)
= jmll\ ijWout Nout
where nyy is a primitive element of N pointing in the same direction as

winihmq, nai wonohmy, Nyl
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The automorphism we wish to attach to the new ray is

eXp(C1CatitaWoyejmy A myjz Mt Wemzg )
Noting that ng is positive on m,, we see that we can take

f=1+ C1C2t1t2W0utj mqy A mszW1m1+W2m2.

as claimed.
If my, m, is negatively oriented, the argument is similar. Or, we can reduce to the
positively oriented case by switching labels. 1

In fact, using factorization and deformation, Lemma [LH is enough to understand a
scattering diagram to any order. We will demonstrate the method for the scattering
diagrams we require for the remainder of the paper, so the notation introduced here
will be used throughout.

De nition 1.10. A standard scattering diagram D = f(d;,f;)j1 i1 ng over the
ring R = C[[ty, ..., ta]] consists of a number of lines through the origin. We assume
di = Rm; with m; primitiveﬂ
t;j is the only power series variable occurring in fj, so

fi 2 C[z™] LeC[[ti]] -

We give here a method of computing S(D) to kth order for a standard diagram D.
We work over the ring
Cl[ts, ..., ta]]
(tH Lty

Let ax : R! Ry be the projection, and define
() = S(ak(D))

Rk:

= o(S(D)).
We view S¢(D) as S(D) to kth order.
A crucial role is played by the ring
] Clfujjl i n, 1 j kg
hgjl ionl j ki C

via the basic inclusion Ry I Ft;biven by t; 7! j;:1 uijj. While the f;’s may not factor
over Ry, there is a natural factorization of f; over Rbbtained as follows. We expand

"We do not assume them; are distinct. Repetition is allowed.
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log f; in a Taylor series in t;,

111 _
log f; = waijwz" ™Mt 2 Ry,
j=1 w 1
with ajjw, 2 C. For any given i anii;;iﬂijw = 0 for all but a finite number of w. We
then make the substitution t; =  ;_, uj; and expand, getting a sum of monomials
each having a coe [cieht in ReWwhose square is zero. We find
| S 1
log f; = Jwaijwz™
j=1 #J=jw 1 12J
where J runs over subsets of f1, ..., kg. Taking the exponential gives us a factorization
of f; as
fi = 1 '|'j!Wa.ij\,\,Zwmi Ui -
j=l#J=jw 1 12J

We can now apply the deformation technique to the factorization to pull apart the
lines di. We obtain the scattering diagram

-
D= digw, 1+#I)Waig 5ywz"™ Ui i nw 1,3 f 1,...,kg# 1

123
with di;, a line parallel to d; and chosen generally.

We now describe rather concretely a process for producing S(fbJ. We usually only
considered S(Ib+J as an equivalence class of scattering diagrams. However, in Section 2,
we will use the representative of the equivalence class produced by the procedure given
here.

We produce a sequence of scattering diagrams

5= 67 6 67 ..

which eventually stabilizes, and we take S(Ib) = Bilfor i su [ciehtly large. We will
assume inductively:

(1) Each ray or line in BDilis of the form

(d, 1+ cquygz™),
. L1 .
with ¢g 2 C and Uy@) = (;jy21(q) Yij, for some index set
Id f 1,...,ng f 1,...,ko.

(2) For each p 2 Sing((b), there is no set of rays D[p] IﬁL'of cardinality 3
such that p 2 d for each d 2 D[p] and 1(d;)\ 1(dy) = ; for any two distinct
d;, d; 2 D[p]. Note that two rays di, d, only produce a non-trivial new ray via
Lemma L3 if 1(dy)\ 1(dy) =;.

L1
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Both of these conditions already hold for Iﬁﬁ' In particular, for general choice of Iﬁﬁ'
each singular point of Iiﬁ'is contained in only two lines.
To pass from Iﬂ,L” to IﬁL' we simply look at every pair of elements d,d, 2 IﬁL”
satisfying
(i) fdy,dog 6 B,
(if) di\ d; consists of one point mg, which is neither the boundary of d; nor d,,
(i) 1(d)\ 1(d2) = ;.
Writing
fdi =1+ CiU|(di)ZWimi

with m; primitive, we follow Lemma [[9 and set

(1.4) d(di, dp) =
L]

Mo + R o(Wimy + Womy), 1+ C1CoUy (gy)[ 1(dy)WoutjMy N Mpjz*¥imirwemz
We then take
BDil= DI [f d(d,, dy)jdy, d; satisfies (i)-(iii) aboveg.

Of course @satisfies the inductive hypothesis (1), but we need to check condition
(2). To do so, we introduce some notation we shall also need later.
For any ray of the form d = d(d,, d,), define Parents(d) = fd;,d,g. If dis a line,

then we set Parents(d) = ;. Define recursively
—1
Ancestors(d) =fdg | Ancestors(d%

do%2 Parents( d)
and
Leaves(d) = fd°2 Ancestors(d)jd®is a lineg.

If any element d°2 Leaves(d) is moved slightly by replacing d®= m+Rm; by m°+Rm;
withm m°mall and m mP62Rm;, then d s replaced by some m°%d for m°small and
m%62Rmy. Now if there is a point p 2 Sing(DJ with D[p] D LViolating condition (2),
we note Leaves(d;)\ Leaves(dy,) =; for all di,d, 2 D[p], since 1(dy)\ 1(dy) =;. Thus
by deforming the lines in ﬁﬁ' the rays in D[p] can be deformed in an independent
manner. Thus if p violates (2), then Eﬁ'has not been chosen generally. Thus for
general choice of Iﬁﬁ' the inductive hypothesis (2) holds.

The process is easily seen to terminate as at each step the sets 1(d) for new rays d
increase in cardinality, and the cardinality of these sets is bounded by nk. Furthermore,
since automorphisms associated to rays d;, d, with 1(d;)\ 1(dy) & ; commute, we
obtain from Lemma [[Y that evaL = Id for i > nk and y, a small loop around any

singular point of 1]
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We have proven (i) = L] where stabilization occurs in the superscript for i > nk.
Then
— 1
S(D) = (D )as.

As we will see in the next section, we will use the above procedure to reduce the
computation of S¢(D) to a tropical calculation.

Example 1.11. We apply the above procedure to Example [LH with 1= 1= 1 and
f1:l+t1X, f2:1+t2y.

For k = 2, we write

t2x?
log f; = t1x 17 + = Up X+ UpX  UpgUpX?

and factor f; as

fi= (1 +up)(L+upx)(l  UUppx?).
Similarly,

fo = (L+upy)(L+ Uzy)(1  UpUzy?).
Applying the above procedure gives the complicated scattering diagram depicted in
Figure L3

In the scattering diagram, there are four rays of slope 2, eight of slope 1, and four

of slope 1/2. That the asymptotic form of the diagram agrees with Figure appears
miraculous. To see the agreement, we calculate the functions attached to the various

rays in Figure using Lemma [LY For example, the rays of slope 2 have attached
functions, taken in a clockwise order,

2 2 2 2
1+ ug1Uz1U2oXY <, 1+ UpoUoiU2oXY<, 1 UgqU2iU2oXYS, 1 UgoUoqUgoXy© .

The product of these four functions is 1, so the ray in the asymptotic diagram associated
to this diagram has the attached function 1, and hence can be omitted. The same
happens to the rays of slope 1/2. For the rays of slope 1, again in clockwise order,
again using Lemma L9, we have the attached functions

2.2
1+ ug1U21Xy, 1+ UgqU2oXY, 1+ 4Uq1U12Un1U20X Y%, 1+ UgpUoiXY, 1+ UgaUzoXYy,

2.2 2.2 2.2
1 4ujpUpUn1UzeXys, 1 4u1UioUnqUgoX7YS, 1+ 2U51U10U01Up0X Y < .

Taking the product of these eight functions gives 1 + (Uy; + Uy5)(Up1 + Upp)Xy. All the
terms involving x2y? cancel.
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1+ uprXx

1+ upX

1 uppux;x?

1+ uz2z1y 1+ uny 1 uzugzy?
Figure 1.3.

2. Tropical curves

2.1. De nitions.  We relate here the calculations involving scattering diagrams in Sec-
tion [[4 to tropical curve counts. We first recall the definition of a parameterized tropi-
cal curve in Mg from [T9]. Let T be a weighted, connected finite graph without divalent
vertices. Denote the set of vertices and edges by ™ and ™ respectively, and let

w—: T N nfOg

be the weight function. An edge E 2 ™ has adjacent vertices 0E = fVy,V,g. Let
™ T be the set of 1-valent vertices. We set

r=rnry
Denote the set of vertices and edges of I" as %, 'Y and let
w 1 Nnfog

be the weight function. Some edges of I' are now non-compact — these are called
unbounded edged et MM ' be the set of unbounded edges.
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De nition 2.1. A parameterized tropical curvein Mg is a proper map h : ' Mg
satisfying the following conditions.
(1) For every edge E T, the restriction hjg is an embedding with image h(E)
contained in an a [nelline with rational slope.
(2) For every vertex V 2 I, the following balancing conditionholds. Let

Ei...,En 2 I

be the edges adjacent to V, and let m; 2 M be the primitive integral vector
emanating from h(V) in the direction of h(E;). Then

™ 1
w (Ej)mj =0.

j=1
An isomorphism of parameterized tropical curves h : ! Mg and h®: %! Mg
is a homeomorphism ® : T | [0 respecting the weights of the edges and such that
h=h° ®. A tropical curve is an isomorphism class of parameterized tropical curves.
The genusof a tropical curve h : I'! Mg is the first Betti number of I'. A rational
tropical curve is a tropical curve of genus zero.

De nition 2.2. Leth:I'! Mg be a tropical curve such that r only has vertices of
valency one and three. The multiplicity of a vertex V 2 % in h is

Multy (h) = wiwzjmg A myj = wiwgjmg A mgj = Wowzjmy N mgj,

where E;, E,, E5 2 T are the edges containing V, w; = w (E;), and m; 2 M is a
primitive integral vector emanating from h(V) in the direction of h(E;). The equality
of the three expressions follows from the balancing condition.

De nition 2.3.  The multiplicity of the tropical curve h is
1
Mult(h) = Multy (h).
v2 [

2.2. Scattering diagrams. Let D = f (Rm;, fj)g be a standard scattering diagram of
Definition IO We follow the notation of Section [LZ4 with scattering diagrams Band

S(bx) = By

constructed from D.

Theorem 2.4. For general choice ofth] there is a bijective correspondence between
elements(d, fy) 2 S(BJ and rational tropical curvesh : ! Mg with the following
properties:

(i) There is an edgeEqy 2 M with h(Eoy) = d.
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(ii) If E 2 T nfEqug or if Egy is the only edge of and E = Eqy, then h(E) is
contained in somed;;,, Where

1 i n J f1..,kg, w L

Furthermore, if E & E,, the unbounded direction oh(E) is given by m;.
(i) If E,E°2 T’ nfEowg and h(E)  diyw and h(E)  dijawo, then J\ JO= ;.
(iv) If E 2 rn fEoug or if Eqy IS the only edge of and E = E,, and h(E)
dijw, we havew (E) =w.

Furthermore, if d is a ray, the corresponding curvén is trivalent and

—
(21) fd =1+ Wuy MUlt(h) (#J)!ai(# J)w Uij ZMout ,
i,J,w j23

where thei, J, w run over all indices for whichdi;,, 2 Leaves(d),
1

Moyt = wm;,

i,J,w

and Mgyt = Weum?,. for mP

out out 2 M primitive and wg; the index ofmgy;.

Proof. The bijective correspondence is constructed as follows. First, the elements of
bJare all lines and are clearly in one-to-one correspondence with tropical curves h :
! Mg in which I consists of just one edge satisfying properties (i)-(iv). So we just
need to worry about elements of S(B+J n D« all of which are rays.

Givenaray d2 , define the graph Iy by

M = fd%d°2 Ancestors(d) and d°a rayg
M = Ancestors(d)

as abstract sets, writing the edge corresponding to d° as Eg and the vertex V. If
d® 2 Ancestors(d) n fdg, then d®is parent to a unique ray in Ancestors(d), which we
write as Child(d®. If d is itself a line, then we are in a degenerate case, and 4 is just
a line (an edge with no vertices). If d is a ray, then to define Iy, we specify that for
d®2 Ancestors(d), either

d°6 d and d°is a ray, in which case the vertices of Eq are Vg and Venig( ao-

d°=d, in which case E is an unbounded edge with vertex V.

dis a line, in which case Eq is an unbounded edge with vertex Venig( o -

We next define the weight function w , as follows. For any d°2 Ancestors(d), . takes
the form 1 + cgpz™<° for some cq 2 ﬁk and mgp 2 M nf0g. We define w ,(Eg) to be
the index of mg, with m% given by

Mgp =W , (Edo)mgo.
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Finally, we define h in the obvious way, mapping E in the respective cases to the line
segment joining Init(d® and Init(Child(d%), d, and the ray R ¢mg + Init(Child(d9).

Since I is a tree, the genus 0 condition is clearly satisfied. We need to check the
balancing condition at every vertex V. = Vg. Let Parents(d® = fdy, d»g. From (T3),
we see

Mg = Mg, + Myg,,
or equivalently
w d(Edo)mgO =W d(Edl)mgl +w d(Edz)m82'
which is the balancing condition at V, keeping in mind that mgl and mfj2 point towards
V and m% points away from V. By the generality condition on b Iy has at most
trivalent vertices.

Next, we check the expression given for 4 inductively. If d is a line, then I" is just a
line, and Mult(h) = 1 since there are no trivalent vertices whatsoever. Formula (1)
is correct by the definition of the original deformed scattering diagram bJin Section
L4

Suppose dis a ray and 1)) holds for both Parents(d) = fd,, d,g. Let h; and h, be
the tropical curves corresponding to the respective parents. By (L4),

fa=1+w ,(Eq) Mult(h)w ,(Eq,) Mult(hy)

. = !
WoutjMg, ~ Mg, j (#I)'ai@ gyw  Uij zM
i,Jw j2J
where the first product is over all indices i,J,w for which di;, 2 Leaves(d). The
coe Lcieht in front of the product is just

Mult(h:) Mult(h,) Multy, (N)Wou = Mult(h)Wou.

The derivation of 1) is complete.
Finally, by unravelling the definitions, each rational tropical curve satisfying condi-
tions (i)-(iv) is easily seen to correspond to a unique element of . 1

As we shall see, Theorem [Z4] implies that the scattering diagrams are computing a
tropical enumerative invariant. We shall relate the tropical enumerations which arise
first to holomorphic enumerations and then to relative Gromov-Witten invariants.

Example 2.5. Returning to the situation of Example [L I, consider the ray of slope
1 which is the third one from the upper left in Figure [L3 Figure Z71 shows the corre-
sponding tropical curve with the outgoing edge of weight two labelled. The multiplicity
of the curve is 2, and the function attached to the outgoing ray is 1+4u11U;2Uz1U2oX?Y2.
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Figure 2.1.

2.3. Tropical counts. Let my,...,m, 2 M be primitive elements, and let
m = (My,...,My,)
denote the n-tuple. Let the lines
dij = mj; + Rm;, m;; 2 Mg
be chosen generally forl 1 nandl1 j |
Let w; = (Wig, ..., W;,) be weight vectorswith
0O<wi; Wp Wi, Wij 2 Z.

The weight vector w; has lengthl; and size
| I |

jwij = Wij .
j=1
Denote the n-tuple of weight vectors by w = (wq,...,wp). We only consider weight

vectors for which
1

Mout = jwijm; & 0.
i=1
De nition 2.6.  Let NP (w) be the number of rational tropical curves h: "'! Mg
counted with the multiplicity of Definition 22 where

M=fE;jl i nl1 j Lg[f Eoug
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with
h(Ej;) d;j and m; pointing in the unbounded direction of h(E;;),
w (Eij) = wij,
h(Eout) pointing in the direction of mgy;.

Note that w (Eoyt), the weight of E,, coincides with the index of mqy

Proposition 2.7.  The numbersN " (w) do not depend on the (generic) choice of the
vectors mi; .

Proof. The result follows from standard tropical arguments — for example the method
of [6] su [ced. Alternatively, we will later show that these tropical invariants agree with

holomorphic counts which are independent of any choices. L1
Let D = f(dj, fi)j1l i ng be a standard scattering diagram over the ring
C[[ty, . .., ta]] consisting of a number of lines through the origin. Let d; = Rm; with m;

primitive. Since t; is the only power series variable occurring in fj, we can write the

logarithm as
111 )
log f; = wajjwz" ™t
j=1w 1
with dijw 2 C.
Let S(D) be the associated scattering diagram. We assume §(D) has at most one
ray in any given direction.

Theorem 2.8. Let (d,fy) 2 S(D)nD be a ra\t/. Then,
T Fgrbw)Nier (w)

L1

P
Kij 7 wiimi

(2.2) log fq = v i Aut(w, K)j o aikijWijti
14 4
where
The m is over all n-tuples of weight vectorsv = (wq,...,wy) satisfying
06 ;jwijm; 2 d. Let I; = length(w;).
The second sum is over alh-tuples of vectorsk = (kq,...,k,) where

Ki = (Kig, - - -, kiry)
for positive integersk;; satisfying
Kij  Kigsn 1T Wij = Wigj+) .
ngth(k;) = length(w;).

JWiimi = Woue (W)m3,, with m8,, 2 M primitive.
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Aut(wj, kj) denotes the subgroup of the permutation grodp, stabilizing the
data

((Wig, Kiz), - . ., (Wi, Kiiy))
] Aut(wji, kj)j denotes the order, and

1
JAut(w,k)j = jAut(wj, kj)j .

i=1
Proof. We will prove @2) modulo the ideal I, = (<", ..., t*!) and let k ! 1
Modulo Iy, the diagram S(D) is equivalent to (f as. Thus modulo I,
(2.3) logfy = log fepo,

qo
where the sum is over rays d°2 parallel to d.
Theorem [Z4] gives a correspondence between such rays and tropical curves

h:T! Mg.

Consider one such ray d®and the corresponding tropical curve h : ! Mg. Then,
there are weight vectors wy(h),...,wn(h) of lengths I, ..., I, and sets

Jij(h) f 1,...,kg, 1 J li
with Ji;(h), ..., i, (h) pairwise disjoint, such that we can write
Leaves(do) = fdiJij(h)Wij(h)j 1 i n,1 J ||g

and
M=fE;jl i nl1 j Lg[f Eoug
with h(Eij)  dig;;(hyws;ny- Moreover, the contribution from d°to ([Z3) is
1 —
log foo = w (Eour) Mult(h) (#Ji5 (") @i 355 (hywi () uy z I

1 i .
i 12i5 (h)

The contribution from all tropical curves h giving rise to the same weight vectors wj
and the same sets Jj; with ki = #J;; defining vectors Ky, ..., Ky, is then
Wout (W)NP (W) Kij! ikgwy, Ui Z WA
Ll " 12J;

We first keep both w and k fixed and choose sets Jq,...,Jdn f 1,...,kg with
#J; = jkij. We then sum over all pos%ways of writing J; as a disjoint union of sets
Jij with #J;; = Kij. There are jk;j!/ i kij! ways of writing J; as such a disjoint union.
However, we have overcounted curves. If 0 2 Aut(wj, k), we have

f(1, Jij, wij)jil  J  length(wi)g = f (i, Jio(j), Wisj))i1  J  length(wi)g.
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Thus the contribution from a choice of the sets J; is

Wout(W)NrtTI;Op (W) I:‘——l;l":l I:Illikll I ﬁ

- - Kij! Qik;iw;: WM

JAUt(Wyk)J 1 i n 1§ ki ! H J ij'|23i
Summing over possible J;’s, we get

NtoP () LI 1 1 e
Wout (W)NRP (W) el Pwijmi
Aut(W k) aikijWij Jklj uj Z 1! .
] Kl 1in 1jl Ji 12 J;
# Jij= jKijj
But
= Jkij! Ui,
Ji 12 Jj
# Jj=]Kjj

from which we find the total contribution from curves with given w; and k; is
—1
Wout (W)N,EQOP (w) I:'I:I P

Kij 7 iwiimi
j Aut(w, k)j '

Qikijwi; L
1in
1 I

giving the desired result. 1

3. From tropical to holomorphic counts

3.1. Holomorphic counts.  We now describe the holomorphic analogue of NP (w).
Following the notation of Section 23, let

m = (my,...,mMy)

be an n-tuple of primitive vectors of M. Let w = (w4, ...,wp,) be an n-tuple of weight
vectors

Wi = (Wi, ..., Wij;)
with
1 0
06 Moy = JWiJmi, Moyt = Wout Mgyt

i=1
for m8,, 2 M primitive.

To match the conventions set for standard scattering diagrams in Definition [LIO, we
do not require the my, ..., m, to be distinct. However, we will only treat the distinct
case since the multiplicities here will not matter (and complicate the notation). A more
subtle issue concerns mq;. Either the ray generated by mg is distinct from the rays
generated by mgy,..., my, or not. We will present a treatment of the former case.
The discussion in the degenerate case where the ray generated by mg, coincides with
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a ray generated by my is almost identical. We state the results there and leave the
details to the reader.
So we assume the ray generated by mg is distinct from the rays generated by the
m;. Let Z denote the complete rational fan in Mg whose rays are generated by

My, ..., Mp, Moy.
Let X denote the corresponding toric surface over C. Let
Di,...,Dn,Dout X

be the toric divisors corresponding to the given rays. Let X° be the complement of the
0-dimensional torus orbits in X, and let

D° = D;\ X° D2, = Doy \ X°.

Let By 2 H>(X, Z) be the homology class defined by the conditions

Di Bw =jwij, Dout Bw = Wou-
Define the open subspace

M(X°wW) Moz Pn (X, Bw)
of the moduli space of genus 0 stable maps represented by maps of the form

¢: (P, Qu, .., Quyr---,Qnty -+, Qnip Q)T X
satisfying the following properties:
(1) ¢(Qjj) 2 DY and ¢ (t;) has a zero of order wj; at Qj; for a local defining
equation t; for D;.
(i) (Q) 2 DY, and ¢ (tou) has a zero of order wy, at Q for a local defining
equation toy; for Doy.
Since all the intersections of ¢ with the toric divisors of X are accounted for, there
is a factorization
¢:PHI X° X,
We may equivalently view M (X°, w) as an open subspace of the moduli space of genus
0 stable maps to X° of class B, relative to the divisors DY, ..., D2, Doy with relative

conditions specified by w and wy,;. The relative perspective will be pursued in Sections
A and B

De nition 3.1.  There is an evaluation map

(3.1) ev:M (X w)! (D?)"

i=1
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If the evaluation map is generically finite, then we define N/°'(w) to be the degree.
Otherwise we define N°' (w) to be 0.

The count N°'(w) is invariant under refinement of the fan =. The curves which
appear in M (X°,w) are disjoint from the 0-dimensional torus orbits of X, and hence
lift to any toric blow-up of X. Conversely, any curve on a toric blow-up of X disjoint
from the exceptional divisors is the lifting of a curve on X. As a consequence, we can
always assume that X is nonsingular by adding additional vectors m; with associated
weight vectors of length 0.

By the following result, the dimensions of the domain and the target of the evaluation
map (EI) coincide.

Pﬁagsition 3.2. M (X°w) is a nonsingular Deligne-Mumford stack of dimension
|
iz length(w;).

Proof. We first review the standard quotient presentation of X, which we assume to
be non-singular. Let T be the free abelian group generated by >, the set of rays of
2. Let
Tce=T zC.
We may view T¢ as an a [nelspace,
Tc = SpecC[fzPjp 2 =Mg].

Given a subset S S define A(S) to be the subspace of Tc determined by the
equations fzP =0jp 2 Sg. Set 1

Z= A(S)

S

where the union is over all subsets S  >!* which are not the rays of some cone in .
Set

U=TcnZ
There is a natural map r : T ! M taking a generator p 2 = of T to m, 2 M, the
primitive generator of the ray M. This yields an exact sequence

ol K! T!" M! o0
The algebraic torus K 7 C acts on T¢, and we have
X=U/K ;C.

Because X is nonsingular, the K ; C action on U is free.

We write the coordinates on T¢ as zy, . . ., Zn, Zout COrresponding to the rays generated
by mg,..., mpandmgy,. These are our homogeneous coordinates on X. The divisor
D; is given by z; = 0 and the divisor Dy is given by zy,,; = 0.
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A parameterized map ¢ : Pt ! X with image of class B yields (up to an action of
K  C ) homogeneous polynomials ¢y, ..., dn, doy in the coordinate ring Clu, v] of P*
with deg ¢; = jw;j which avoid Z. Conversely, such polynomials ¢ = (¢4, ..., dn, dout)
determine a unique parameterized map.

If ¢ 2 M (X° w), we can always apply an element of PGL(P') so that

Q=(1:0)2P.
Then, we must have
() ¢i =c; h (u ajjv)"u for somec; 2 C ,a;; 2 C
O 1) i y dij .
(“) q)out = Cout VWU, Cout 2 C .

Furthermore, such a choice of ¢, doy gives rise to ¢ 2 M (X°,w) if and only if all the
a;j’s are distinct. The space of choices of ¢, ¢ou: is therefore an open subset of

r— 1
(C )n+1 Clength(wi).
i=1
We then have to divide out by the action of K C , which is of dimension (n+1) 2,
as well as the 2-dimensional subgroup of PGL(P!) keeping (1 : 0) fixed (to remove
the parameterization). Since these actions have at finite stabilizers, we obtain a
nonsingular Deligne-Mumford stack of dimension 2, length(w;). L1

We will need later a dimension bound for the same toric geometry X°, but with
di Lerent curve classes. Let By 2 H>(X°, Z) be a class defined by the conditions

Di Bw =M4l] Dowt Bw =0
for weight vectors Wi = (Mzgl. . . iz,) satisfying

—
VGN; = 0.

i=1
Then, the proof of Proposition immediately yields the following result.

Proposition, 3.3. M (X°,W)lis a nonsingular Deligne-Mumford stack of dimension
1+ 1, length(Mz)l

3.2. Equivalence. The following result relating the holomorphic and tropical counts
will play a crucial role for us.

Theorem 3.4. N{P(w) = Nf'(w) L, 0, wij .

Tropical counting of holomorphic curves on toric varieties with incidence conditions
occurs in [I9, [20]. The latter reference already includes higher order tangency con-
ditions with the toric boundary. The only dilerknce between [20] and the present
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situation is the treatment of point conditions — here we impose point conditions on
the toric boundary instead of in the big cell. Very little has be to added to [20] to
obtain Theorem 34 The required modifications are straightforward. A more detailed
discussion is presented in the Appendix.

3.3. Degenerate case. Suppose the ray generated by mgy coincides with the ray
generated by my. Let X denote the complete rational fan in Mr whose rays are
generated by

my,..., My.

Let X denote the corresponding toric surface over C. Let
D4,...,Dnp X

be the toric divisors corresponding to the given rays and let Dy = Dy.
Let Bw 2 H2(X, Z) be the homology class defined by the conditions

Di Bw =jwij fori&k,  Di Bw =jwij + Wou.

We define moduli spaces M (X°, w) of maps of class B, evaluation maps, and invariants
Nf°'(w) in exactly the same manner as before. The only di[erence is the contact point
Q of

¢:(P,Qi,...,Qu,.,Qn1, .-, Qi Q) ! X
shares a divisor with Qxg, ..., Q. The rest is straightforward. All the parallel results
hold including Theorem B4

4. Gromov-Witten theory

4.1. Overview. We will now connect the holomorphic counts N°'(w) defined in Def-
inition B to Gromov-Witten theory. Usually, the latter subject is studied for compact
geometries. For us, the open target consisting of X° relative to the disjoint divisors
D3,...,Dg, Dy, 1s much more natural. In order to define relative invariants for our
open geometries, properness of the associated evaluations maps will be proven. We
will obtain another equivalence

(4.1) Np' (w) = Ng'(w)

where the term on the right is a relative Gromov-Witten count for X°.

In fact, Gromov-Witten theory provides a direct interpretation of the entire sum-
mation of Theorem Z8. We will find log f4 is simply a summation of genus 0 Gromov-
Witten invariants of blow-ups of X° relative to Dg,. The result will be proven in
Section B from Theorem by the equivalences, the degeneration formula, and exact
multiple cover calculations in Gromov-Witten theory.
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4.2. Desingularization.  Following the notation of Section 23, let

m = (my,...,My)
be an n-tuple of primitive vectors of M. Let w = (wq,...,wWy,) be a n-tuple of weight
vectors
WI - (Wi11 1WI|i)
with
06 My, = JWilmi, Moy = Wout Mgyt

i=1
for mJ,, 2 M primitive. We again treat the nondegenerate case where the ray generated
by mgy is distinct from the rays generated by m;.
Let > be the fan with rays generated by

m11 oy mn’ mOUt .

Let X be the toric surface over C associated to Z with toric divisors Dy, ..., Dn, Dout-
Let £ He a refinement of = satisfying the following two properties:

(i) the toric surface Ydssociated to £ nonsingular,
(i) the proper transforms of Dy, ..., Dy, Doyt under the birational toric morphism
Yt X are pairwise disjoint.

Let Dol..., Drlod  Ydenote the respective proper transforms of the divisors.

Let B, 2 Ho(XZ) be as in X3 The class B, is determined by intersection numbers
with toric divisors,

I:%;IBW = jwij, I%‘ Bw = Wout

and D B, =0if D 62 ..., DaiDsdg. The full toric boundary B X —+epresents
the anticanonical class of Y—Hence
L] —
Cl(Tk) = ]W|J + Wout -
Bw i=1

Let X° be the complement of the 0-dimensional torus orbits in X, or equivalently,

1
X°=>4d D,

D

where the union is over all toric divisors D of X—ith D 62 fb. .., DriDstg. Every
map

q):(PllQlll"'1Ql|11"'lQﬂl!"'lan!Q)! XO
in M (X°, w) yields a divisor $(P*)\ D; on each D;.
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Lemma 4.1. The n divisors

o(PH\ D; Dy, ..., ¢(P)\ D, D,
determine ¢(Q) 2 Dy Up to Wy Choices.

Proof. The full toric boundary

;B ]
is a simple loop of P*’s each meeting two others. Hence, B has arithmetic genus 1 and
Pico(B) = C . We have

I‘:ll _
¢(P)\ Di +wour ¢(Q) =1 (Bw) 2 Pic(B),
i=1
where B,, here is considered an element of Pic(P0- We conclude $(Q) is a Wou;-root of

 —
U (Bw) ®(PH)\ D

i=1

in Pic(B). There are exactly wo, possibilities for ¢(Q) in Doy . 1

4.3. Stable relative maps. We first describe a partial compactification by stable
relative maps,
M(X°%w) M(X°w).

equipped with an evaluation morphism

r 1
ev:M (X% w)! (DP)ength(wi)

i=1
Consider the geometry of X—klative to the union of the divisors

(4.2) Dl .., DlDd ]

Since Yk nonsingular and the nonsingular divisors @2) are disjoint, the moduli
space of stable relative maps to the geometry is a well-defined Deligne-Mumford stack
[T, 15, [L7].

Let M (OW) denote the moduli space of stable relative maps of genus O curves
representing the class ,, with tangency conditionﬁ given by

the weight vector w; along b/
full tangency of order wey at a single point along Dol .

8The relative conditions speci ed here are simply the ordersof the tangencies at the marked points.
The order of the tangency is the local intersection number. @der 1 is transverse intersection, order 2
is usual tangency, and so on. The locations of the tangenciemn the relative divisors are not speci ed
yet.
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The moduli space M (W) parameterizes maps ¢ from connected curves C of arith-
metic genus 0 with at worst nodal singularities to destabilizationsﬁ n of X-dlong the
relative divisors,

(43) (C,Qll,...,Q1|l,...,in,.__,inn’Q) |¢ )@[ )C|

The relative conditions require ¢ to be tangent to I%l at Q with order wy, and
tangent to D&t Q;; with order w;;.

Let M (X°,w) be the open Deligne-Mumford substack of genus 0 stable relative maps
to X° X. More precisely, M (X°, w) consists of maps @3) for which the composition
m ¢ has image contained in X°. Evaluation maps

_ r 1
(4.4) ev:M(X°w)! (D))
i=1
are naturally obtained. The moduli space M (X°, w) defined in Section Bl is an open
substack of M (X°, w).
While M (X°, w) is typically not a proper stack, the evaluation maps (32 are proper
morphisms.

Proposition 4.2. The evaluation mapev is proper.

Proof. We use the valuative criterion for properness, so let R be a valuation ring with
residue field K, and suppose we are given the left-hand square in the following diagram:

T:%K ! W) 0 W)

S =SpecR ! 'E{Df)'i 0 I;—T'[E

where elZib the corresponding evaluation map. Since M (X2W) is proper, elzib certainly
proper. Thus, we obtain a unique family of stable relative maps

E¢ %!”S X
s 1 s

where Xglis a destabilization of X S relative to the divisor T, D+ Dol . We will
show ¢ is in fact a family of stable relative maps to X°.

9A destabilization along a relative divisor is obtained by attaching a nite number of bubbles each
of which is a P*-bundle over the divisor. We refer the reader to Section 1 off[d] for an introduction
to the destabilizations required for stable relative maps. Li uses the term expanded degeneration for
our destabilizations.
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Let 02 S be the closed point, and consider the morphism
T (I)o . Co ! )CI

The marked points of G all map to X°. Suppose modo(G) intersects a toric divisor
D >didta point of D nX°. Since the intersection number of G with D is accounted
for in X°, there must be an irreducible component of G dominating D.

If My ¢ does not factor through X° [ Y ve have shown that there must be an
irreducible component ¢-df G dominating a toric divisor D of YL et

cé a¥ s

be the Stein factorization of s ¢, so that & has connected fibers and ( is finite. Let
CO = £(&) Since &—dominated D, & cannot contract &—JHence C%is an irreducible
component of G.

Let E; and E, be the two distinct toric divisors of )Ghtersecting D only at two
distinct toric fixed points of D. We will now show that there are irreducible components

cdcd ¢

intersecting C°and dominating E; and E, respectively.

For i 2 f1,2g, let L; be the line bundle on X S corresponding to the divisor
Ei S. Lets; 2 I'(L;) be a global section vanishing on E; S. If ¢ (s;) vanishes on
an irreducible component @ of C°, then the generic fiber ()7 of Q! S dominates
Ei T, contradicting the assumption that the generic fiber G of C! S maps to X°.
Hence, ¥ (si) must define an e [edtive Cartier divisor E? on C°. The support of ¢ (s;)
is codimension 1 in C°and intersects C°

By assumption, all points of  Y(E; T) must be the images under & of a marked
point of G;. Hence, the closure of i _*(E; T) in C°consis images of marked points.
Since the evaluation map S ! D;' factors through (D?)" by assumption]@ the
closure of  X(E; T) in C°cannot intersect C°% Thus E? must contain an irreducible
component C? of @ intersecting C% Then, ¢(CY)  E;. Since Y is finite, C? must
dominate E;.

By applying the above argument repeatedly, replacing C° with C?9 or C2, we find
that either G has an infinite number of components or G contains a cycle of compo-
nents dominating the union of toric divisors of YXJThe first possibility is absurd. In
the second case, the genus of G would have to be at least 1. Since &jg, : G ! C

10The assumption covers all the marked points excepQ. However, the image ofQ is constrained
by the images of the other marked points by LemmdZll and ther®re cannot intersectCeven in the
closure.
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has connected fibers, G would also have genus at least 1, contradicting the genus 0
assumption.

We have shown by contradiction that ¢ : C ! XgImust in fact be a family of stable
relative maps to X°. 1

Maps parameterized by M (X°, w) have a rather simple structure. Let

(4.5) (C,Q11,. ., Quyy ey Qnty -, Qi Q) 1P XO1™ XO

be an element of M (X°,w). Then, the irreducible components P C are of exactly
two distinct types

() m ¢jp : P! XO°is a constant map, or

(i) T ¢jp : P! XO°is an element of M (X°,wP") for possibly dilerent weight

vectors wP = (wf,...,wF), with not all wf =;.
The possibilities are restricted to (i) and (ii) because no components of C may both
map to a destabilizing component and surject onto the corresponding relative divisor.
The following result shows the domain C is irreducible if the locations of the relative

conditions are specified generically.

Proposition 4.3. The general ber of

r 1
ev:M (X% w)! (DP)tength(wi)
i=1

is contained in M (X°, w).

Proof. Let C 1® X° 1" X° be an element of the general fiber of the evaluation map.
Consider first the component P C containing the point Q. Suppose P is of type (i).
Let

B:1,B,,...,B,  X°

be the destabilizing components over Dy, with

X%\ B]_&,

and
Bi\ Bis1 &, 1 i r 1.

Each B; is a P! bundle over D¢, relative to two disjoint sections. Since P contains Q,

O
the image of P lies in B,. By the definition of a stable relative map, we conclude
(@) The intersection of the image of C with [ [_, Bk is a single chain of P*-fibers
which intersects X° at a point x 2 Dg,,.

(b) There are at least two type (ii) components of C intersecting D3, at Xx.
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The conclusion (b) follows from the stability assumption on the maps of components
of C to [ y-; Bk.

Let P;,P, C be two components of type (ii) intersecting DJ; at x. The restrictions
of m ¢ to P, and P, determines elements of M (X°, wP1) and M (X°, wP2) respectively.
By the genericity assumption, both restrictions lie in the general fibers of the evaluation
maps

o 1 Py

ev:M(X°w™) | (Dp)yenonwi™),
i=1

NA /O P2 |I:ollength( wh2)

ev:M(X°w2) I (B?) i),

i=1

But the incidence point x for the two restrictions is easily seen not to agree for elements
of general fibers of the evaluation maps by Lemma E1

We have shown the component P containing Q must be of type (ii) and no destabi-
lization occurs over DS,.. Any other component P® C of type (ii) cannot intersect
Dy, since all intersection have been accounted for. But by Proposition and the
genericity statement, no such curves P exist. Hence, P is the unique type (ii) compo-
nent.

There are now only two possibilities for type (i) components B— C. First, B—buld
be contracted to a point of X° away from the toric divisors. However, then B—dould
have to intersect P in an least three points, violating the genus condition on C. Second,
B-ebuld be contracted to a point of D?. Then, let

B!,B.,...,B! X°

S

be the destabilizing components over D;. The component B—distinguishes a chain of
P-fibers of [ $_, B} which intersect X° at a pointy 2 D?. Let By-] C be a component
which maps to the last element of the chain in B!. By the genericity of the fiber of the
evaluation map, Py unique. The components of C mapping to the chain connect By
with P. These components must themselves be a chain by the genus 0 condition on C.
The last argument applies to everycomponent A—f type (i) mapping to D?. Hence,
we conclude the stability of relative map is violated over DY. Therefore, C has a single
type (ii) component and no type (i) components. 1

4.4. Gromov-Witten theory for X°. The moduli space M (X°,w) carries a perfect
obstruction theory and a virtual class

[M(X°,w)]"'" 2 A (M (X°,w), Q)
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of dimension
] 11 r— 1
C1(Txo) 1 (Wij 1) (Wouw 1)=  length(w;),
B(w) i=1 j=1 i=1
see [11l, 15, [I7].

Since M (X°,w) is not a proper Deligne-Mumford stack, obtaining numerical in-
variants from the virtual class is not always possible. However, the properness of the
evaluation map

o .
(4.6) ev:M(X°%w)! (D7)
i=1
proven in Propositio&gl may be used to define the invariants we will need.
Select a point of ., (D?)", and let

1
y : Spec(C) ! (DO)"
i=1
be the associated inclusion map. The properness of (&) implies

F(y) = Spec(C) 2, (peys M (X°,w)
is a proper Deligne-Mumford stack. DI%fine the relative Gromov-Witten invariant

(4.7) N (w) = Y (M (X°, W)™
F(v)

where integration is given as usual by proper push-forward to a point.

Since the codimension of the inclusion y equals the virtual dimension of M (X°, w),
definition (X is sensible. The properness of the evaluation map @&) implies N/ (w)
is independentof the point vy.

The invariant N[®(w) is the virtual count of genus 0 maps to X° of class B, with
tangency conditions w; at speci ed points of DY and a tangency condition wg,; at
an unspecified point of DJ,. The actual moduli spaces of such maps may vary with
di Lerknt choices of the locations of the tangency conditions. For example, dimensions
may jump. But the virtual count N®(w) does not change.

Theorem 4.4. N/ (w) = N!®'(w).

Proof. We can compute N®(w) for a general point

1
y : Spec(C) ! (D).
i=1
By Proposition B3, the fiber product F(y) embeds in M (X° w). By Proposition
B2 M (X°w) is a nonsingular Deligne-Mumford stack of the expected dimension.
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Hence, the virtual class of M (X°,w) is the usual fundamental class. By Bertini, the
fiber product F (y) is a finite set of reduced points. By definition, N!®'(w) equals the
cardinality of F (y). On the other hand, the cardinality of F (y) is simply the degree of

r 1
ev: M (X% w)! (D?)"

i=1

which is N°'(w). —1

5. Formulas in the tropical vertex group

5.1. Simple blow-ups. Let P = (Py,...,P,) be an n-tuple of ordered partitions
where

Pi=pir+...+pip
We continue to treat the nondegenerate case where the ray generated by

— 0
06 Moy = JPijmi, Mgy = Pout Mgyt
i=1
is distinct from the rays generated by m;. Following the notation of Section &2, let
X° be the corresponding open toric surface with divisors D3, ..., D2, D3,;.
Select distinct points Xy, ..., Xi;2 D} corresponding to the parts of P;. Let

viHP]
be the blow-up of X-dlong all the points x;;, and let
X°[P]=v }(XO).

Let E;; JP] be the exceptional divisor over x;;. Let B 2 Hy(>Z) be determined
by intersection numbers with toric divisors,

DB =jPi, Do B = Pou
and D B=0if D62 .., DlDodg. Let

rF11
Br =Vv (B) pii[Eii] 2 H(OkP], 2).
i=1 j=1
Let M (O&fP]/Dogl) be the moduli of stable relative maps of genus 0 curves repre-
senting the class Bp with full tangency of order poy at an unspecified point of Dygl.
Let

M (X°[PV/Dgy) M OP /Do)
be the open subspace of maps which avoid XJP]nX°[P]. Unlike the theories considered
in Section B, the geometry X°[P]/Dg is relative to a singleirreducible divisor.
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5.2. Gromov-Witten theory. The virtual dimension of M (X°[P]/Dg,,) is calculated
by unwinding the definitions,

1
virdime¢ M (X°[P]/DS,) = C1(Txop) 1 (Pour 1)
Bp
L1 L ¥FI11
= JP i) pij + Pout 1 (pout 1)
i=1 i=1 j=1
= 0.

Proposition 5.1. M (X°[P]/DS,,) is proper overSpec(C).
Proof. The argument exactly follows the proof of Proposition 2. Let
(€. Q" X[P]!" X°[P]

be an element of M (X°[P]/Dg,). Here, X°[P] is a destabilization of X°[P] along the
relative divisor DJ;. If we consider the composition

v m o$:Cl X°
then the intersections with all the toric divisors of X—are specified — occurring at

the points x;; in DY and the image of Q in DY,. The limits in M (OYP]/Dgyl) of
1-parameter families of elements of M (X°[P]/DS,) cannot meet points of

YXJP1n X°[P].

Otherwise, an entire strict transform of a toric divisor of YX~dould lie in the image of
the limit, and the loop construction of the proof of Proposition can be made. [

We define the Gromov-Witten invari%'lt Nm [P] by the usual integral,

Nm[P]= L
[M (X°[P]/Dg, IV'*
The properness Proposition holds relatively as the centers x;; 2 D} of the blow-ups
of X—dre moved along D;. Hence, the integral N, [P] is independentof the locations
of the distinct points X;; 2 D?.

5.3. Degeneration. Let C be the a [nelline. Let

(5.1) X° C! C
be the trivial family over C. The standard degeneration of X° relative to D?, ..., Dp, Dy
over C,

(5.2) CF ! C,
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is obtained by blowing-up the loci DY, ... D2, Dy, over 0 2 Cin (&1). After blowing-up
the sections of Cdorresponding to the points X;;, we obtain

(5.3) l: F[P]! C.
For & & 0, we have [I(§) = X°[P]. The special fiber has a di[efent form

r 1
HO)=X°[ B[P,

i=1

where B°[P;] is the blow-up of P(Ope  Normxo,pe) at the limits
Xi1y -+ Xip

of the points x;;.

The moduli spaces of stable relative maps to the fibers of [rlover ¢ & 0 are canonically
isomorphic to M (X°[P]/DS,,). The limits of stable relative maps to [F(€) as&! 0
are well-understood in relative Gromov-Witten theory [LT), 15, [I7]. The limit is a union
of stable maps to the relative geometries determined by the components of the special
fiber over 0. A priori, the limit may leave the open subspaces we are considering.
However, the properness argument (used twice already) easily shows the limit is a
union of stable maps to the following n + 1 open relative geometries

X°/DS[ ...D2[ D%, , B°[P./D? ..., B°[P./DS,

with matching conditions along the common relative divisors.
Relative maps to B°[P;]/D? are simple to describe. Let E;;  B°[P;] be the excep-
tional divisor of
BO[P|]I P(OD? Normxo/D?)
over Xj. Let Cj;  B°[P;] be the strict transform to B°[P;] of the unique fiber of
P(OD? Normxo/D?) I D?

containing X;j. A relative map to B°[P;]/D; with a connected domain and class d[Cj;]
must be a d-fold multiple cover of C;;.

We can calculate all the invariants of B°[P;] relative to D} which we will require.
Let

M (B°[Pi]/Dy, d);

be the moduli space of genus 0 relative maps of class d[C;;] with full tangency of order
d along D?. Let M (C;;/1 ,d) be the moduli space of genus 0 relative maps of degree
d with ramification of order d over 1 = C;; \ Dy. As spaces,

(54) V(BO[P i]/D?, d)J = M(CU/]. ; d) .
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However, the two moduli spaces (&4) carry obstruction theories which di[er by
H'(C, ¢ (Normgerp ;1/ci;));

at the moduli point [¢ : C! C;;]. The virtual dimension of M (B°[P;]/D?, d); is easily
seen to be 0. Let .|
Rd = 1.
[M (B°[P]/Dg,d);]vir

. _ ( 1)d 1
Proposition 5.2. Ry ="*—5%—.

Proof. The integral Ry is

Ra = e(H*(C, ¢ (Normgopp 1/c;;)))
(H(Cy/1 A
= e(H*(C, ¢ (Op( 1))))

[M(PL/1 ,d)vir
( 1)d 1
dz

In the first and second lines, e(V) denotes the Euler class (top Chern class) of the
vector bundle on the moduli space of stable relative maps with fibers defined by V.
The evaluation in the last equality is the genus 0 par of Theorem 5.1 of [2]. L1

An n-tuple w of weight vectors is of the same type as an n-tuple P of ordered
partitions if jw;j = jP;j for all i. A set partition of w; compatiblewith P; is a disjoint
unio

Il[ [ Im:fl,,hg

satisfying

L 1
Pij = Wir
r2lj
for all j. Let
C¥ 11
RPijWi = RWij
Ij=1

where the sum is over all set partitions I of w; compatible with P;.

1 The local Gromov-Witten theory of curves is proven in [3] to determine a TQFT. As such, the
entire theory is speci ed by values on the cap, the tube, and he pair of pants. The integral Ry arises
in the genus 0 part of the cap contribution. In fact, the full genusg cap is computed in [2] by Hodge
integral techniques.

12Recall the length ofw; is I; and the length of P; is [l The set I; is allowed to be empty if p;; = 0.
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The degeneration formula for relative Gromov-Witten theory applied to our setting
yields the following result.

Proposition 5.3. We have

Nm[P] = N (w) —g=1 Wi Ro .
e, _, JAut(wyj T

where the sum is over alh-tuples of weight vectorsv of the same type a$.

Proof. We simply apply the degeneration formula of relative Gromov-Witten theory
[IT, 15, [I7] to the family [g] of (&33). Our properness results show the formula both
makes sense and is valid in the open geometry at hand. The left term N/®'(w) is the
contribution of X°. The numerator

r¥F11
Wij
i=1 j=1
is the standard multiplicity in the degeneration formula. The ratio
Rep ijw;
JAut(w;)j
is exactly the correct automorphism weighted contribution of the component B°[P;].
1
5.4. First commutator formulas. We can now prove our first formulas in the tropi-

cal vertex group. Let d; & d, be two lines through the origin in Mg. Let m = (my, m,)
be the two associated primitive vectors. Let

2N
(55) fdl = (1 + SEZml), fdz = (l + tEZmz)
&=1 &=1
be functions over the complete ring C[[Sy, ..., S t1, - .., t]]. Consider the scattering
diagram
(5.6) D = f(dy, fq,), (da, T,)g .

Let S(D) be the unique minimal scattering diagram (obtained by adding rays to D)
for which the path ordered product around the origin is trivial. Let m3, 2 M be a
primitive vector. What is the associated function fo0 ?

We may write the scattering diagram (&8) equivalently with [LH [:lines,

D =f(dy, 1+ 51z2™), ..., (ch, 1 +Sc2™), (dp, 1 + t:2™), ..., (Cp, 1 + t5z™)g .

Then, D is standard by Definition [0, and Theorem determines fiyo ~in terms of
tropical geometry. There are three possibilities
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(i) My Z Q omy +Q omy,
(i) m8, =m; or m8,, = my,
(i) mg,; 2 Q=omy + Qsomy,
The outcomes in cases (i) and (ii) are straightforward. By Theorem 28, fo = 1in
case (i) and fryo, equals either fy or fy, respectively. The interesting case is (iii).

For ordered partitions P; = py; + ...+ pypand P, = pay + ... + pog let

P — P1g P, P2g
st= s, 2= t
13 3
&=1 &=1

be the corresponding monomials.

Theorem 5.4. If mS, 2 Q=om; + Q-om,, then

| — — ;
k N [P] sP* tP2 zKMou

log o

out

k=1 P=(P1,P2)

where the sum is over all ordered partition®; of length [[Jsatisfying
jPljml +jP2jm2 = kmgut.
Proof. To apply Theorem [Z8, we first calculate the Taylor series
| E |1 d 1
d 7(1)2 z0™sg,

d=1

log(1 + s:z™) =

may — 1)d ! dmy 4d
log(1 + t:z"™) = d P Ak e
d=1
In both of the above cases, the a coe Lciehts of Theorem match the relative invari-
ants Ry computed in Proposition B2,

1 d 1
Agd = Rq = ( d)2
By Theorems 28, B4}, and £,
1
1 ! . 3 =1 Wij 0
Iog fmgut k Nrrne (W) # RpijWi Spl tPZ kaout ,
k=1 P=(P1YP2) w i=1 J u (Wl)J

where the second sum is over all ordered partitions P = (P4, P,) of lengths ([] 1)
satisfying

jP1jmy; + jPojm, = km8,,
and the third sum is over all weight vectors w = (wy, w,) of the same type as P. The
result then follows from Proposition B3 1
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Theorem computes the commutators of Odl,fdl and Gdz,fdz via slope ordered prod-
ucts in the tropical vertex group in the form discussed in Section 4l Theorem
specializes to Theorem [0, but is a much better statement. By working over the ring
C[[s1,.--,Sm t1, ..., tz]], we see computing the commutator is precisely equivalentto
calculating all the Gromov-Witten invariants N, [(P 1, P )] for ordered partitions P; of
length [

Of course, functions f; and T, may not be in the form specified by (&X). The general
commutator formula is expressed in terms of orbifold blow-ups of toric surfaces.

5.5. Orbifold blow-ups. Let D S be a nonsingular divisor contained in a surface.
Let p2 D. Let p; be the unique length r subscheme of D with support p. Let

Ss! S

be the blow-up of S along py. Of course, S; is the usual blow-up of S along p. For
r 2, S, has a unique A, j;-singularity. Hence, S, admits a unique structure as a
nonsingular Deligne-Mumford stack S, ! S,. We call the composition

o :S ! S

the r-orbifold blow-upof S along (p, D)
The exceptional divisor E S | of §, is a P* with a single r-fold stack point lying
above the original A, i-singularity. The self-intersection is

1
EF= .

A gradedpartition consists of a finite sequence (P*, P?,...,PY) of ordered partitions
for which everypart of P" is divisible by r. The length of I:gjjded partition is given
by a d-tuple (..., [). The size of a graded partitionis |_, JP"j.

Let G = (Gy4,...,Gp) be an n-tuple of graded partitions,

G;i=(PL,P2...,PM),

We treat the nondegenerate case where the ray generated by

L 0
06 Moy = 1Giimi, Moyt = Jout Mgyt
i=1
is distinct from the rays generated by m;. Let X° be the corresponding open toric
surface with divisors D?, ..., D3, Dg-

Select a distinct point xj; of DY for each part of pj; of P{. Let

viXga]r
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be obtained from X-By taking r-orbifold blow-ups along (xj;, D7) forall i, r, j. Let
X°[G]=v 1(XO).
Let Ef,  Xf&] be the exceptional divisor over x!;. Let B 2 H,(X-2Z) be determined
by intersection numbers with toric divisors,

DB =iGii, Do B=dou
andD B=0if D621 .., DDy Let
[ O | S |
Be =V (B) p5IES] 2 H (048], 2).

i=1 r=1 j=1

Let M (& 1/Dogl ) be the moduli of stable relative maps of genus 0 curves represent-
ing the class B with full tangency of order go at an unspecified point of Dgl. The
moduli space of stable maps to orbifold targets is defined in [I, 4]. Since the relative
divisor Dol does not meet the orbifold points of XJ&], there is no di Cculty in defining
the moduli space of relative maps Let

M(X°[G]/D;) M (S ]/od)

be the open subspace of maps which avoids Xf&]n X°[G].
Since the curve class Bg accounts for all the intersections of the image of the map
in Xthe argument for properness is still valid.

Proposition 5.5. M (X°[G]/DS,) is proper overSpec(C).

The virtual dimension of M (X°[G]/Dg,,) is 0. Define the orbifold Gromov-Witten
invariant as before 1

Nm[G] = 1.
[M(X°[G1/Dg, NVir

The integral Ni, [G] is independentof the locations of the distinct points xj; 2 D?.

5.6. Full commutator formulas. Let d; & d, be two lines through the origin in Mg.
Let m = (my, m,) be the two associated primitive vectors. Let

T S - € F1
(5.7) fq, = (L+sz'™), fy, = (1+tz"™)

r=1 &=1 r=1 &=1

over the complete ring C[[s ,t ]] in all the variables s, t;.

130rbifold stable maps are allowed also to have nontrivial precribed orbifold structure on the
domain. Our maps to Xf&] have no such prescribed orbifold structure.
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For graded partitions G, = (P1,...,P{) and G, = (P},...,P%), let
o EFET L e
vt = (sp)r, t°2= (tg)
r=1 &=1 r=1 &=1
be the corresponding monomials.
Again, we consider the unique minimal scattering diagram S(D) associated to

D = f(dy, fy,), (d2, Tg,)g .

Theorem 5.6. If mS, 2 Qs=om; + Q=om,

| 1 1 .
k Nm[G] st 162 zKMou

log fino

out

k=1 G=(G1,G2)

where the sum is over all graded partition§ ; of length (&J.. ., I‘;“'El) and G, of length
(). .., [99) satisfying

jG 1jm1 + jG zjmz = kmgut.

Pﬁ‘jﬁl We Eggfv the proof of Theorem B4l After factoring the diagram D into
=1 i 2, Gllines, we will match the formula for log fro  from Theorem Z8with a

degeneration calculation of the orbifold Gromov-Witten invariants of X°[(G 1, G,)]/Dg,-
The geometric setting here is just as before. First, the degeneration

IF! C
defined in 2) is taken. The points X}, 2 D} and x3; 2 D3 specialize to points of
(5.8) P(Ope Normxo,pe) and P(Opg  Normxo,ps)

respectively. The projective bundles (&28) each contain two distinguished sections. The
first section is the limit in F of the divisor D} and carries the limits of the x{;. The
second section meets X°. There is no di Cculity in taking the r-orbifold blow-ups relative
to [JThe underlying coarse space is obtained by blowing-up the families of canonically
defined nilpotent subschemes, and the stack structure is uniquely determined. The
resulting family,

&:F[G]! C,

has orbifold structure in the total space F [G] with support disjoint from the relative
divisors in the special fiber @1(0). Therefore, the usual degeneration formulas in
relative Gromov-Witten theory hold unchanged.

A crucial fact used in Theorem is the surprising match between the a coe [ciehts
and the multiple cover contributions Ry of Proposition B2 We need to be even luckier
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now. Since
l)d 1

rLrmsa —
log(1 +szz"™) dr —=F

d=1

1 d 1
1

Zdrml (Sg)d’

log(1+tgz™™) =

()",
the a coe [ciehts in both cases are

(1)d1

A grd = T

These exactly match the orbifold multiple cover calculation in Proposition below.
The remaining steps are identical to those taken in the proof of Theorem The
formula of Theorem matches exactly the degeneration computation. 1

Let P be the fiber of the projective bundle
P(Ope  Normxoepe) ! DY

containing the limit Xj;. Let Cj; be the strict transform of P after taking the r-orbifold
blow-up along (X, DY). Then,

= PYr, 1]

with a single orbifold point of order r at 0. The normal bundle of Cj; in the r-orbifold
blow-up is simply Ociré( [0]/Z,) of degree 1 For any ma‘ from a genus 0 curve

$:C! Ci,
the degree of ¢ must be a multiple of r. Let
1

Rq

e(H*(C, ¢ (Ocr,( [01/Z1)))),

[M(P[r,2]/1 ,rdyVir

where M (P[r, 1]/1 , rd) is the moduli space of genus 0 stable relative maps of degree
rd with full ramification rd over 1 .

Proposition 5.7. R} ={ 14 2

Trd?

Proof. There is a C action on PY[r, 1] with tangent weights [%, 1] at the fixed points
[0,1 ]. The orbifold line bundle OC&( [0]/Z;) is canonically linearized with fiber
weights [ % 0] over the respective fixed points.

We compute the integral R} via the induced C action on M (P*[r, 1]/1 , rd) and the
Bott residue formula. There are many C -fixed loci in the moduli space. However, the

1%We mean here a representable map. The domaif has no stack structure.
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above linearization leads to the vanishin of all contributions except for the single
C -fixed Galois cover

d:C! PYr1]
of degree rd. The product of the weights of C on H(C, ¢ (OC&( [07Z,))) are
a1
L
The product of the weights of C on the tangent space to [¢] in M (PY[r, 1]/1 , rd) is
P P
i=1 rd

where the bottom factor is obtained from reparameterization over 0 2 P[r,1]. The

above weight calculations, obtained from the C -equivariant geometry of basic orbifold

line bundle on PY[r, 1], are standard. See Section 2.2 of [T7] for a detailed treatment.
By the Bott residue formula, R} equals the ratio of the above weights together with

a stack automorphism factor of %

Rr:i LJ2=1 _rd ('t
d d ?:1 7d rd?2
v
Our calculation is just a minor modification of Theorem 5.1 of [Z]. 1

Consider the tropical vertex group over the ring C[[t]]. A function
f=1+tz" g™ t) g2 Cz"[t]]
attached to the ray with primitive m can always be factored as
(5.9) f=1+siz™A+s222M)(L+s323). ..
for s§ 2 t"C[[t]] with
limn,=1.
r'l

To any finite order in t, a suitable finite truncation of the factorization (&3) su [ced
for any calculation. Therefore, we view Theorem as an ordered product formula
for an arbitrary commutator in the tropical vertex group.

We have written Theorem for functions (&) in slightly more complicated form
than (&9) to capture all of the possible Gromov-Witten invariants which arise.

15see the proof of Theorem 5.1 in(J2] where the same vanishing éxplained.
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5.7. Ordered product formulas. Let D be a scattering diagram with n lines through
the origin,
D=f(dfi)jl i ng.

Let S(D) be the unique minimal scattering diagram obtained by adding rays to D
for which the path ordered product around the origin is trivial. Let mS, 2 M be
a primitive vector. The function e is determined by the method used to prove
Theorems and B8

Let my,...,m, be the primitives corresponding to the lines of D. Either m9, is

(0]
distinct from the m; or m3,, = my for some k. Consider the n = 3 case with functions

fl(s )1 fZ(t )1 f3(u )

of the form @&). If m8,, is distinct, then

| — .
(5.10) log fmo, = kK N [G] s®t t62 uCs zKMou

k=1 G=(G1,G2,G3)

where the sum is over all graded partitions G; of lengths (1J..., [ﬁ) satisfying

0
out "

jG1jmy +Gojm; + jG3jmz = km

The same result holds for all n.
For the degenerate case m2, = my, the definition of the invariant N, [G] must be
changed slightly. The only di[erknce is the outgoing contact point Q is placed on the
divisor Dy instead of DY, (as discussed in Section B33). Then, equation (&I0) holds

as written. We leave the straightforward details in the degenerate case to reader

5.8. Higher genus. The higher genus analogues of the genus 0 invariants N, [G] are
not hard to construct. Let M 4(X°[G]/Dg,) be the moduli space of genus g stable
relative maps representing the class B¢ defined as in the genus 0 case. There are now
two di Cculiies:

(i) M4(X°[G]/DY,) is not proper,

(i) M4(X°[G]/DS,) is of virtual dimension g.
The issues are resolved simultaneousl_l_yI by defining

NR[Gl= (1)
[Mg(X°[G]/Dg, NV'*

where Aq is the top Chern class of the Hodge bundle Limits out of the moduli space
M ¢(X°[G]/Dg,) lead to loops in the domain curve by the proof of Proposition

18For the commutator formulas of Theorem[52 and(&®, nontrivial degenerate cases do not appear.
The full arguments have been given there.
17see [[1B] for a parallel de nition of higher genus invariantsin the case ofK 3 surfaces.
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However, the class Ay vanishes on the locus of curves with loops. Hence, N3 [G] is
well-defined. A very interesting question is whether the relative invariants Ng [G] can
be related to the tropical vertex group.

6. BPS state counts

6.1. Log Calabi-Yau. Let S be a nonsingular surface and let D S be a nonsingular
divisor. The pair (S, D) is log Calabi-Yauwith respect to 0 & 3 2 H,(S, Z) if

D B=cu(S) B.
Two basic examples are:

(X°[P], Dg,), constructed in Section B.1], is log Calabi-Yau with respect to the
class Bp.
(P?, E), where E is a nonsingular cubic, is log Calabi-Yau with respect to every
class B 2 Hy(P?, 2).
The moduli space M (S/D,w) of genus 0 stable relative maps to S/D of class B
and full tangency of order w = D [3 at a single unspecified point of D is of virtual
dimension 0. Let

Ns[w] 2 Q
be the associated relative Gromov-Witten invariant. If

(6.1) t:P! S

is a rigid element of M (S/D, w), we can ask what is the contribution of d-fold multiple
covers of P to the Gromov-Witten invariant Ns[dw] in class df3?

6.2. Multiple cover contributions. We pursue here multiple cover calculations and
BPS state count definitions following the perspective of [21), Z2]. In particular, we
assume the map t of &) is as well-behaved as possible.

Let 12 P be the point of contact with D. Let

M(P/1 ,d) M (S/D,dw)
be the locus of genus 0 stable relative maps
(C,Q! P/1! S/D

which factor as d-fold covers of P. The moduli space M (P/1 ,d) is a nonsingular
Deligne-Mumford stack of dimension d 1. The superscript is used since the locus
diLerk slightly from the standard moduli space of stable relative maps M (P/1 ,d).
The reason is the w-tangency of P with D forces the ramification orders of maps over
the destabilizations to all be divisible by w. We leave the details here for the reader.
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The contribution Mp[d] of d-fold mull%le covers of P to Ns[dw] is defined by
Mp[d]= e(Ba)
[M(P/1 d) ]

where By is the obstruction bundle of rank d 1. On the open locus of M (P/1 ,d)
consisting of maps

¢:(C,Q! P/1
with no destabilizations of the target, the obstruction space is
(I (I
(6.2) H' C,¢ (Normssp)( (dw d)Q) .

By adjunction, the degree of the normal bundle Normg,p isw 2. Hence, the degree
of @ (Normssp)( (dw d)Q)is d and the obstruction space (&2) hasrankd 1. A
description of the obstruction space for relative maps can be found in [9].

Proposition 6.1. We have

L1
Mo [d] = iITT(IW 1) 1
PRT e d o1 '
Ifw=1then 3 =( 1)° * by definition and the contribution
1 d 1
Mol = -

specializes to the genus 0 cap of [Z].

Proof. The C -action on P fixing 1 lifts to a C -action on the moduli space M (P/1 ,d) .
Once the lifting of C to Norms/p is chosen, a lifting of C to the obstruction bundle
By is determined by the characterization of the obstruction space [9]. Let [1, 1] be
the tangent weights of C at the fixed points 0,1 2 P. We chose a lifting of C to
Norms,/p by specifying fiber weights [w 2, 0] over the respective fixed points.

We compute the integral Mp[d] via the Bott residue formula. There are many C -
fixed loci in the moduli space M (P/1 ,d) . However, the above linearization leads to
the vanishing of all contributions except for the single C -fixed Galois cover

(6.3) b:(C,Q)! P/1

of degree d. If w =1, the vanishing is the same as in the proof of Theorem 5.1 of [Z].
If w> 1, a dilerknt argument is needed. Consider a C -fixed locus of

L M(P/1,d)
for which the target is destabilized. For
:(C,Q! P/1]2L,
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let CCC%° C be the subcurves mapped by ¢ to the original and destabilizing com-
ponents of the target respectively. The C -action on the pull-back to C°of Normg/p is
nontrivial. However, since w > 1,

HY(C® ¢ (Normsp)) = 0.

The C -action on the pull-back to C°of Normg,p is trivial by our choice of lifting.
The C -action on the destabilizing components of the target is trivial. The point Q
must map to a destabilizing component of the target, hence the C -action on Oc( Q)
is trivial. By examining the obstruction space [9], we conclude the C -action on By is
trivial over L. By dimension considerations, the contribution of L vanishes in the Bott
residue formula — specifically the Euler class e(Bq) is 0 when restricted to L. The
Galois cover (£33 is the unique C -fixed locus for which the target is not destabilized.

We compute the contribution of the Galois cover to the Bott residue formula. The
weights of C on the fibers of @ (Norms,p)( (dw QP) over the respective fixed pﬁts
onCare[w 2,w 1]. The weights of C on H* C,¢ (Normgsp)( (dw d)Q) are

Cgwd d i

d

i=1
The weights of C on the tangent space to [¢] in M (P/1 ,d) are
—

i=1
1

="

o

where the bottom factor is obtained from reparameterization over 0 2 P. By the Bott
residue formula, Mp[d] equals the ratio of the above weights,

Iﬂdw d i I:I
1 Trwdio g gw 1) 1
'V'P[d]:——'_éqiid:—z%l )
d i=1 d d d l
d

together with a stack automorphism factor of % 1

6.3. Conjectures. Let (S,D) be a log Calabi-Yau pair with respect to a primitive
class p & 0. Let w =D [ as before. Consider the generating series

—1
NS = NS[kW] qk.
k=1
Using the multiple cover calculation, we can write
1
1 - ﬂw ) 1 4
(6.4) Ns = Ns[kw] o2 d 1 q
k=1 d=1

for unique numbers ng[kw] 2 Q. Equation (&4) de nes the ng[kw].
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Conjecture 6.2. The ng[kw] are integers for allk 1.

Extracting integers from genus 0 Gromov-Witten theory by removing multiple cover
contributions is a basic idea in the subject — first pursued in the study of genus 0 curves
on the quintic 3-fold. By the string theoretic work of Gopakumar and Vafa [/, 8], the
resulting integers can often be interpreted as BPS state counts in related theories. \We
interpret ns[kw] here as the associated BPS count. Unfortunately, in almost every
case, integrality statements of the form of Conjecture are not provable by existing
techniques

Conjecture applies to the geometries (X°[P], Dg,) associated to the functions
frmo, in Theorem Kontsevich and Soibelman conjectured [14] an equivalent inte-
grali for the functions 0 associated to such commutators, and a proof via quiver
techniques has been recently provided in [24]. Conjecture applies to other quite
di Lerknt situations as well. The most interesting case is perhaps the log Calabi-Yau
pair (P?,E) studied in [5, Z5]. In all the examples we have considered, there is good
numerical evidence supporting Conjecture B2

Conjecture does not apply as stated to the orbifold geometries (X°[G]/Dg,) of
Theorem B8 The orbifold structure leads to more complicated multiple cover contri-
butions which we have not yet calculated.

6.4. Examples. Consider the 1= [L1= 3 case of the commutator ({I.2) of the Intro-
duction. The corresponding scattering diagram is discussed in Example [LH of Section
Focus on the function attached to the line of slope 1. By direct calculation in the
tropical vertex group, we find

100 Four = I(tatoxy) +2 2 (ttpxy)’ +3 55(tatoxy)’

4095 4 100947
+ _— +

(tatoxy)® +
Consider P? with the coordinate axes D1, D, and Dy, and pick points

X11, X12, X13 2 D1, Xa1,X22, X232 D3 .

180ne exception is the Fano 3-fold case settled i [26]. Calabfau cases such as ours here are more
di cult.

19This conjecture, in our language, would posit a multiple cower contribution of the form ( 1)4—1/d?2
independent of w. As we have seen, the multiple cover contributions are more ubtle (and depend
upon w). But, the associated integrality is the same.
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Sums of the relative Gromov-Witten invariants N, [(P 1, P,)] are determined by The-

orem 5.4. For example,
1
Nm[(P1,P2)] = 9.

jP1j=1, jP2j=1
We can easily interpret the answer in the following way. Given a choice of one of the
three points on D; and one of the three points on D5, there is precisely one line through
these two points, which of course is maximally tangent to Dyy. There are nine such
configurations, hence the correct answer is 9.
The next coe Lcieht of f,,; yields

63
Nm[(P1,P2)] = T
jP1j=2, jP2j=2

The double covers of the lines mentioned above count for 974, leaving a contribution
of 63/4 +9/4 = 18 from conics passing through two of the three points on D; and two
of the three points on D,. Indeed, given any choice of two points each on D; and D5,
there are two conics through these four points tangent to Doy .

The third coe [cieht is more interesting. We have

 —
Nm [(P1, P2)] = 55.

jP1j=3, jP2j=3

The contribution from triple covers of the lines is 9/32 = 1, hence we expect 54 non-
multiply covered cubics. A refined scattering diagram calculation reveals more specif-
ically the following numbers:

Nm[l+1+1,1+1+1] = 18
Nm[2+1+0,1+1+1] = 3

The first number can be interpreted as the number of nodal cubics passing through
all six of the chosen points and maximally tangent to Do, while the second number
can be interpreted as the number of nodal cubics passing through x;; twice (so that
the node is at X;1), passing through Xi,, X»1, X2> and X3 once, and again maximally
tangent to Do. There are a total of 12 partitions P = (P4, P ;) involving the numbers
2,1,0,1,1,1 of this sort, so the total accounting is

54=18+12 3.

In the above cases, the Gromov-Witten invariants (corrected for multiple covers) solve
straight counting problems.
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Appendix: Tropical/holomorphic counts

The purpose of this Appendix is to discuss the modifications of [20] necessary to
obtain a proof of Theorem B4 We do not try to be self-contained and rather just
indicate what has to be changed.

First, some conventions of [20] conflict with the notation adopted in the present
paper. Most importantly, the roles of M and N are reversed. The reason is that fans
and tropical curves traditionally live in N, but the tropical vertex group naturally acts
on polyomial rings with exponents on the dual lattice M. Moreover, n denotes the
rank of N in [20], while now we work in dimension 2 and n denotes the number of
incoming directions. In [20], our toric variety X is written X (%) and X denotes the
total space of a toric degeneration. Another irrelevant dilerknce is that in [20] we do
tropical geometry over Q while here we work over R. In the Appendix, we follow the
notation of [20] except for swapping N and M.

The degree of the tropical curves to be considered is fixed by the number and direc-
tions of the incomming edges. Rather than imposing incidence of a marked edge with
an a [nelsubspace as in Definition 1.3 of [20], we constrain the incoming unbounded
edge Ejj by the choice of an element m;; 2 Mq/Qm;. The latter is equivalent to the
condition

h(Ej;) dij = mj; +Qm
of Definition Z& The tuple A = (m;;) with m;; 2 Mo/Qm; determines a constraint.
A marked tropical curve (I, (Ejj), h) matchesthe constraint A if for all i, j

h(Eij) =f m;;g in MQ/Qmi.
The finiteness and transversality results in Section 2 of [20] carry over without di [culity,
but are partly already contained in Theorem [ZZ. The gluing map(4) in [20] now reads
1 1
(O Map(r[o], MQ) ! MQ/QU(@ E.E) MQ/Qmi,
(6.5) E2 [p [ ij
L1 1]
h 7! (h(@"E) h(@ E))e,h(@ Ej) myj .

In Section 3 of [[20] we need to adapt the treatment of incidence points, which in the
present situation lie on the toric boundary. Let

m:X=XEH! Al

be the toric degeneration defined by an integral polyhedral decomposition P of Mg,
and let X; =m (t). Let D X be the union of those toric divisors of X not contained
in Xo, that is, corresponding to rays of £l contained in Mg f 0g. The intersection
D = D\ X; for t & 0 is the toric boundary of X;, while Dy  Xj is the union of
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those 1-codimensional toric strata not contained in the singular locus of Xy. We thus
consider Dg as the toric boundary of X.

The asymptotic fan > of P is the fan defining X, forany t & 0. Thusifw =Q o u
is a ray of =p, then w f 0Ogis a ray of £5l The fan describing the associated toric
divisor Dgd D consists of the images under the projection

Mg Q! (Mg/Qu) Q

of the cones 0 2 £l containing @ f 0g. This is again a fan of cones over the cells of
a polyhedral decomposition P, now of Mq/Qu. The associated toric degeneration is
Mjp,- The vertices of P, or equivalently the irreducible components of

D, := D Xo,

are in bijective correspondence with the unbounded edges of P in direction w. If &3
such an unbounded edge and Dg D, the corresponding irreducible component, the
linear space generated by @ F 1gin (Mg/Qu) Q defines a 1-dimensional subtorus
Ge of G((M/Zu)  Z), the stabilizer of Dg g By Corollary 3.8 of [20], given a
closed point Q 2 Dy for t & 0 and assuming P integral, the closure of the orbit G, Q

is a section O-df

by Al
with (’9\_—b(0 De. Summarizing, the choice of I; unbounded edges in directionu = m;
in a polyhedral decomposition with asymptotic fan > readily defines a degeneration
of our incidence points Qjs, ..., Qj, to points Q?j 2 Xp on disjoint toric strata of Iiw,l
wi = Q om;, the degeneration of the toric divisor D; X = X ().

For a general constraint A, the a[nelmap @&X) is an isomorphism. If D 2 N is
the index of the corresponding inclusion of lattices, Proposition 5.7 of [20] about the
existence of exactly D isomorphism classes of maximally degenerate curves matching
the incidence conditions on X, works as before. The only dilerknce is that the ij-th
incidence condition is now a torsor under G(M/Zm;).

In the deformation theory of Section 7 of [20], the discussion of the situation at
the toric boundary is somewhat hidden. In the notation of [20], the above discussion
provides the degeneration of toric boundaries D  X. Now there are functions on X
vanishing along D, but not on Xo. These force the introduction of special (marked)
points in the log-structure of Co, and the order of tangency of ¢ with D at such a
point x 2 Cy is fixed by the induced map of ghost sheaves

PoMx! Mg,

In fact, M_x@(x) has a direct summand N generated by a local equation for D, and
similarly M ¢, x has a direct summand N coming from a local equation for the marked
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point. The map on these direct summands is multiplication with the order of tangency.
Log deformation theory preserves this map and hence considers deformations with fixed
tangency conditions from the outset. Thus there is nothing to be changed here.

The only di Lerknce is again the discussion of the incidence conditions via the transver-
sality argument in Proposition 7.3 of [2Z0]. In our situation, the point is to show sur-
jectivity of the evaluation map

0 L1 1
(6.6) H (N g,) ! Txsat go(xij) DPo(Tcoroo,xi;)s
ij
just as in (9) of [20]. This is the same as the second component
1
Map(r® M) ! M/Qm;

1]
of (X)), tensored with C, so is surjective for tropical curves that are general in the
sense of Definition 2.3 of [20].
Therefore, fixing A general, the arguments of Section 8 of [20] produce a bijective
correspondence between holomorphic curves contributing to Nf°'(w) in X, for small t
and certain stable log-maps to Xy, for a fixed degeneration

X1 Al

Each stable log map yields a tropical curve contributing to NP (w), computed with the
asymptotics provided by A. Conversely, a tropical curve (I',E,h) has D(I", E,h) w(I")
stable log maps associated to it. Here D (I, E, h) is the lattice index associated to (EX]),
and w(I) is the product of all weights of bounded edges. Thus (I', E, h) contributes

w(l) D(I,E,h)

to N/°'(w). Now D(I, E, h) is the same as the lattice index D(I", E, h,P) of [20] for
imposing pointwise incidence conditions P = (P;j;) on h(E;j). Proposition 8.8 of [20]
thus implies —
w(l,E) D(I',E,h) = Multy (h),
v2 O —1
where we used the notation of Definition and w(l',E) = w(IN) ij Wij in the
present case.@ Hence,

I I trop
Nl (w) = Multy (h) = N@V‘Q,
1 Vil (e mgy2 o ij
finishing the proof of Theorem B4l 1

20The statement of Proposition 8.8 of [Z0] with w() rather than w( ,E) is wrong, and in fact,
w( ,E) is also needed there for the claimed equivalence with the ntiiplicity of [19]l. The problem
is an incorrect veri cation of the base case of the induction The rest of the proof remains the same.
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