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Abstract

Let G be a digraph (without parallel edges)sudh that every directed cycle has length at least four;
let 3(G) denote the size of the smallest subset X C E(G) suc that G\ X has no directed cycles,
and let (G) be the number of unordered pairs {u, v} of verticessud that «, v are nonadjacert in G.
It is easyto seethat if v(G) = 0then g(G) = 0; what can we say about G(G) if v(G) is bounded?

We prove that in general 3(G) < ~v(G). We conjecturethat in fact 5(G) < %’y(G) (this would be
best possibleif true), and prove this conjecture in two special cases:

e when V(GQ) is the union of two cliques,

e when the vertices of G can be arranged in a circle sud that if distinct «, v, w are in clockwise
order and ww is a (directed) edge,then soare both uv, vw.



1 Introduction

We begin with someterminology. All digraphs in this paper are nite and have no parallel edges;
and for a digraph G, V(G) and E(G) denote its vertex- and edge-sets. The members of E(G) are
ordered pairs of vertices, and we abbreviate (u,v) by uv. For integer k > 0, let us say a digraph G
is k-free if there is no directed cycle of G with length at most k. A digraph is acyclic if it has no
directed cycle.

We are concernedhere with 3-free digraphs. It is easyto seethat ewvery 3-free tournament is
acyclic, and one might hope that ewvery 3-free digraph that is \almost" a tournament is \almost"
acyclic. That is the topic of this paper.

More exactly, for adigraph G, let v(G) be the number of unorderedpairs {u, v} of distinct vertices
u,v that are nonadjacen in G (that is, both wv,vu ¢ E(G)). Thus, every 2-freedigraph G can be
obtained from a tournament by deleting v(G) edges. Let 5(G) denote the minimum cardinality of
aset X C E(G) sudt that G\ X is acyclic. We already obsened that every 3-free digraph with
v(G) = O satises 5(G) = 0, and our rst result is an extension of this.

1.1 If G is a 3-free digraph then B(G) < ~(G).

Pro of. We proceedby induction on |V (G)|, and we may assumethat V(G) # 0. Let ussay a 2-path
is atriple (z,y, 2) sud that x,y, z € V(G) are distinct, and xy, yz € E(G), and x, z are nonadjacen.
For eat vertex v, let f(v) denote the number of 2-paths (z,y, z) with = = v, and let g(v) be the
number of 2-paths (z,y, z) with y = v. Since V(G) # 0 and Zvev(G) flw) = Zvev(G) g(v), there
existsv € V(G) sudh that f(v) < g(v). Choosesomesud vertex v, and let A, B, C' be the set of all
verticesu 7 v sud that vu € E(G), uv € E(G), and uv,vu ¢ E(G) respectively. Thus the four sets
A, B, C, {v} are pairwise disjoint and have union V(G). Let G1, G4 be the subdigraphs of G induced
on A and on B U C respectively. Since g(v) is the number of pairs (a,b) with a« € A and b € B
such that a,b are nonadjacen, it follows that v(G) > v(G1) + v(G2) + g(v). From the inductive
hypothesis, 5(G1) < v(G1) and 5(G2) < v(Gg); for i = 1,2, choose X; C E(G;) with |X;| < 6(G))
such that G; \ X; is acyclic. Let X3 be the set of all edgesac € E(G) with a € A and ¢ € C; thus
|X3| = f(v). Sincethereis no edgexzy € E(G) with x € Aandy € B (becauseG is 3-free), it follows
that every edgezy with x € A and y € {v} U BU C belongsto X3, and so G \ X is acyclic, where
X = X7 UX2UX3. Hence

B(G) < |X| = |Xa[ + [Xo| + |X5] = B(G1) + B(G2) + f(v) <(G1) + v(G2) + g(v) < A(G).
This proves1.1. |
But 1.1 doesnot seemto be sharp, and we believe that the following holds.

1.2 Conjecture. If G is a 3-free digraph then B(G) < %V(G).

If true, this is best possiblefor in nitely many valuesof +(G). For instance,let G be the digraph
with vertex set {vy,...,v4,}, and with edgeset as follows (reading subscripts modulo 4n):

e v;v; € B(G) forall 4,5,k with 1<k <4and(k—-1)n<i<j<kn

e v;v; € B(G) forall 4,5,k with 1<k <4and(k-1n<i<kn<j<(k+ n.



It is easyto seethat this digraph G is 3-free, and satis es 3(G) = n? (certainly 3(G) > n? sinceG
hasn? directed cyclesthat are pairwise edge-disjoirt), and ~(G) = 2n2.

The reasonfor our interest in 1.2 was originally its application to the Caccetta-Haggkvist con-
jecture [2]. A special caseof that conjecture assertsthe following:

1.3 Conjecture. If G is a 3-free digraph with n vertices, then some vertex has outdegree less than
n/3.

This is a challenging open question and has received a great deal of attention. Any counterexample
to 1.3 satis es (&) < 3|E(G)|, soour conjecture 1.2 would tell us that 3(G) < I|E(G)|, and this
would perhapsbe usefulinformation towards solving 1.3. Indeed, 1.1 itself has already beenusedto
prove new approximations for 1.3, by Hamburger, Haxell and Kostochka [3], and by Shen[5].

We have not beenable to prove 1.2 in general, and in this paper we prove two partial results,
that 1.2 holds for every 3-freedigraph G sud that either

e V(@) is the union of two cliques, or

e the vertices of G can be arrangedin a circle such that if distinct u,v,w are in clockwise order
and vw € E(G), then uv,vw € E(G).

The rst result is proved in 3.1, and the secondin 5.1. Incidentally, Kostochka and Stiebitz [4]
provedthat in any minimal counterexampleto 1.2, every vertex is nonadjacen to at leastthree other
vertices, and the conjecture is true for all digraphs with at most eight vertices.

In the proof of 1.1we nd a partition of the vertex set of G into two nonempty sets X, Y, with
the property that the number of edgeswith tail in X and head in Y is at most the number of
nonadjacert pairs (z,y) with x € X and y € Y; and given such a partition, the result follows by
applying the inductive hypothesisto G|X and G|Y. Bruce Reed (private communication) asked
whether the analogousstrengthening of 1.2 was true, that is:

1.4 Conjecture. If G is a 3-free digraph with |V (G)| > 2, then there is a partition (X,Y) of V(G)
with X, Y #Z 0, such that the number of edges with tail in X and head in'Y is at most half the number
of nonadjacent pairs (x,y) withx € X andy €Y.

We have not beenable to decidethis, even in the two caseswhen we can prove 1.2.

2 A distant relative of the four functions theorem

In this section we prove a result that we apply in the next section. We begin with an elemenary
lemma. (R denotesthe set of nonnegative real numbers.)

2.1 Ifay,as,c1,c0,d1,do € Ry and ai < cpdy, for k= 1,2, then (a1 + a2)? < (c1 + di)(c2 + do).
Pro of. If say ¢; = 0, then sincea? < c1dy, it follows that a; = 0, and so

(a1 + a2)? = a3 < cady < (1 + c2)(dy + da)



asrequired. We may therefore assumethat ¢y, co are nonzero. Now

(c1+ c2)(dy + do) cidy + cidy + cady + cado

> af + ci(a3/co) + ca(ai/er) + a3
= (a1 + a2)*+ cica(az/ca — a1 /c1)?
> (a1 + az)?
This proves2.1. |

Before the main result of this section we must set up somenotation. Let m,n > 1 be integers,
and let P denotethe set of all pairs (7, j) of integerswith 1 <i<mand1<j<n.If f:P—->R_,
and X C P, wede ne f(X)tomean)  _y f(x). For (i,5), (i, ;") € P, wesa that (i, ;') dominates
(i,7) if i <4 and j < j'. Let a,b: P — R befunctions. We sa that b dominates a if

° a(P) = b(P)

e for all XY C P, if a(X) + b(Y) > a(P) then there exist x € X and y € Y sud that y
dominates .

The main result of this sectionis the following. (It is reminiscert of the \four functions" theorem
of Ahlswedeand Daykin [1], but we were not able to derive it from that theorem.)

2.2 Letm,n > 1 be integers, let P be as above, and let a,b, c,d be functions from P to R 1, satisfying
the following:

1. a(i,5)b(i',7") < (i, 7)d(i,5") for L<i<i <mand 1< j<j' <n, and
2. b dominates a.

Then a(P)b(P) < ¢(P)d(P).

Pro of. We proceedby induction on m+ n. Let Q be the set of all quadruples(a, b, ¢, d) of functions
from P to R that satisfy conditions 1 and 2 above. We sa& that (a,b,c,d) € Q is good if

a(P)b(P) < c(P)d(P).

Thus, we needto show that every member of Q is good. Certainly if m = 1 or n = 1 then condition
2 implies that a(P) = b(P) = 0, and therefore (a, b, ¢, d) is good; sowe may assumethat m,n > 2.

Q) If (a,b,c,d) € Q then b(i,1) = 0 for 1 <i <m, and a(m,j) = 0 for L < j < n.

For let X = P, and let Y be the set of all pairs (i,1) with 1 < ¢ < m. There do not exist x € X
and y € Y sud that y dominates x, and since b dominates a it follows that a(X) + b(Y) < a(P).
Sincea(X) = a(P) we deducethat b(Y) = 0. This provesthe rst statemert, and the secondfollows

similarly. This proves(1).

(2) If (a,b,c,d) € Q and a(i,1) = O for alli € {1,...,m} then (a,b,c,d) is good.



This follows from (1) and the inductiv e hypothesisapplied to the restriction of a, b, ¢, d to the set of
all (¢,5) € P with j > 1 (relabeling appropriately).

For (a,b,c,d) € Q, let us de ne its margin to be the number of pairs (i, j) sud that either j = 1
and a(i,j) > 0, or i = m and b(i,j) > 0. For xed m,n we proceedby induction on the margin.
Thus, we assumethat ¢ > 0 is an integer, and ewery (a,b,c,d) € @ with margin smaller than ¢ is
good. We must show that every (a,b,c,d) € @ with margin ¢ is good.

(3) Let (a,b,c,d) € Q with margin t, and suppose that there exist X,Y C P such that
o a(X)+ b(Y) = a(P)
e there do not exist t € X and y € Y such that y dominates x

e there exists i € {1,...,m} such that (i,1) ¢ X and a(i,1) > O, and there exists j € {1,...,n}
such that (m,j) ¢ Y and b(m,j) > 0.

Then (a,b,c,d) is good.

Let 44 = X and A, = P\ X. Let By = P\Y and B, = Y. For k = 12, let C; be the
set of all pairs (7/,7) € P such that there exist 7,j’ with i < i and j < 5/ and (i,j) € Ay and
(7',7) € By; and let Dy, be the set of all pairs (7, ;') such that there exist i, j with « <4’ and j < j
and (i,7) € A and (¢, j') € B,. Weobsene rst that C;NCy = 0; for supposethat (i/,5) € C1NCs.
Since (7', j) € C4, there exists i < i’ suc that (4,7) € X; and since(i’,j) € Cs, there exists 7/ > j
such that (¢/,5’) € Y. But then (¢, /) € Y dominates (i, j) € X, cortradicting the secondhypothesis
about X,Y. This provesthat C; N Cy = (, and similarly Dy N Dy = (. For k= 1,2, and z € P,
de ne ag(x) = a(x) if x € Ag, and ag(x) = 0 otherwise. De ne by(x), cx(x), dr(x) similarly. Since
a1(P) + a2(P),b1(P) + b2(P) and a1 (P) + by(P) all equal a(P), it follows that a{(P) = b1(P) and
as(P) = by(P). We claim that (ay, by, ck,di) € Q for k = 1,2. To seethis, let i« < ¢ and j < j/;
we must show rst that ag(i,5)br(i',5") < ci(?, 5)di(4,5'). Hencewe may assumethat a.(z, ) and
bi(7',7") # 0, and therefore (i, ) € A, and (¢, 5) € Bi. From the de nition of Cj, Dy, it follows that
(7',7) € Cy and (i,5') € Dy. Henceay(i,j) = a(i,j), and bi(i, j') = b(7',7"), and cx (7', 5) = (7', 7),
and dy(i,7’) = d(i,5'); and since a(i, j)b(i’, 7') < c(i,7)d(i, '), this provesthe claim. Second,we
must show that b, dominates a;. We have already seenthat a.(P) = bx(P). Let X', Y' C P
with ag(X’) + b(Y'") > ap(P); we must shav that there exist x € X’ and y € Y’ such that y
dominates z. From the symmetry we may assumethat & = 1. Now a(X N X') = ax(X’), and
b(YUY') = b(Y)+ br(Y'), and so

a(X N X))+ Y UY") = ap(X') + b(Y) + b(Y") > ap(P) + b(Y) = a(X) + b(Y) = a(P).

Sinceb dominates a, there exist z € X N X’ and y € Y UY’ such that y dominates z. No vertex in
Y dominates a vertex in X, from the choice of X,Y’, and it follows that y € Y’, asrequired. This
provesthat b, dominates a, and consequetly (ag, by, ck,di) € @, for k= 1,2.

We claim that for k£ = 1,2, the margin of (ag,bx,ck,di) is lessthan ¢. For from the third
hypothesisabout X,Y’, there existsi € {1,...,m} sud that a(i,1) > 0 and (i,1) ¢ X (and hence
a1(i,1) = 0); this shows that the margin of (a1, b1, ¢1,d;) is lessthan that of (a,b,c,d), and so less
than ¢. Also, there exists j € {1,...,n} sud that b(m,j) > 0 and (m,j) ¢ Y; and so similarly the
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margin of (aq, b2, co, d2) is lessthan t. Hencefrom the secondinductiv e hypothesis, we deducethat
arp(P)bi(P) < cp(P)di(P) for k= 1,2. But ar(P) = bi(P) for k = 1,2; thus CL].C(P)2 < ci(P)di(P)
for k = 1,2. Sincea,(P)+ az(P) = a(P) = b(P) andsincec(P) > c1(P)+ co(P) (becauseC NCy = 1),
and similarly d(P) > d(P) + ds(P), it suces to showv that

(a1(P) + ax(P))? < (e1(P) + c2(P))(dr(P) + da(P)),
and this follows from 2.1. This proves(3).

(4) If (a,b,c,d) € Q with margin t, and there exists j > 3 such that b(m,j) > 0, then (a,b,c,d)
18 good.

For let e satisfy0 < e < 1. For 1 <i <m, dene

ai(i,1) = (1 —e€)a(i,1)

a1(i,2) = ea(i,1) + a(i,2)
ai1(i,j) = a(i,j) for3<j<n
c(i,1) = (A —e)c(s,1)

c1(,2) = ec(i, 1)+ (i,2)
cai(i,7) = i, j) for3<j <n.

Sinceb dominates a, by compactnesswe may choosee < 1 maximum such that b dominatesa;.
We claim that (ai,b,c1,d) € Q; for let : < ¢/ and j < j. We must chedk that aq(z,)b(7, 7)) <
c1 (7, 7)d(, 5"). If j= 1, then

al(ivj)b(ilaj/) = (1 - 6)a’(ia 1)b(Z/7.7/)

and
Cl(i,7j)d(iaj,) = (1 - 6)C(ia 1)d(27,7/)7

and since a(i, 1)b(7’, j') < (i, 1)d(i,7’) it follows that ai(7,5)b(i’, j") < c1(7', 5)d(i,5') asrequired. If
j = 2,then

a1 (i, )b’ j') = (eali, 1) + a(i, 2))b(i’, ')
and

Cl(ilaj)d(ivj/) = (EC(i, 1) + C(i, 2))d(l7],)7
and sincea(z, 1)b(i’, j') < c(i,1)d(d’, 7') and a(i, 2)b(¢’, ') < c(i,2)d(i’, j'), it followsthat ay(i, 7)b(7', 5') <
c1(4',7)d(4, j') asrequired. Finally, if ;7 > 2 the claim is clear, sincea1(7,j) = a(i,j) and (7', 7) =
c(i', 7). This provesthat (a1,b,c1,d) € Q.

We claim that (ai,b,c1,d) is good. If e = 1, then a1(i,1) = 0 for 1 < j < m, and therefore

(a1,b,c1,d) is good by (2). We may therefore assumethat ¢ < 1. From the maximality of ¢, there
exist X, Y C P sud that

e there doesnot exist x € X and y € Y such that y dominates z

e a1(X) + b(Y) = a1(P)



e for somei with 1 <i <m, (i,1) ¢ X and and (¢,2) € X and a(i,1) > O.

(The third statemert follows from the fact that increasinge will causea(X) strictly to increase.)
Now we recall that there exists j > 3 sudh that b(m, j) > 0. Since(i,2) € X is dominated by (m, j)
(for i < m by (1), sincea(i,2) > 0), it follows that (m,j) ¢ Y. But then (a1,b,c1,d) satis es the
hypothesesof (3), and therefore (a1, b, c¢1,d) is good. This provesthe claim.

Sinceaq(P) = a(P) and ¢1(P) = ¢(P), we deducethat (a,b,c,d) is good. This proves(4).

Now let (a,b,c,d) € @ with margin ¢; we shall prove that it is good. By (4) we may assume
that b(m,j) = 0for 3 < 5 < m, and similarly that a(i,1) = Ofor 1 < i < m — 2. Sincea(m,1) =
b(m,1) = 0 by (1), it follows that a(i,1) # Oonly if i = m — 1, and b(m,j) # O only if j = 2. Let
X = {(m—11)} and let Y bethe setof all (i,5) € P with ¢« < m; then there do not exist x € X
and y € Y sud that y dominates z. Consequetly a(X) + b(Y) < a(P). But a(X) = a(m —1,1)
and b(Y) > a(P) — b(m, 2), and soa(m — 1,1) < b(m, 2). Similarly the reverseinequality holds, and
soa(m — 1,1) = b(m,2). For (i,5) € P, if eitheri= m or j= 1, dene

al(iaj) = bl(%]) = Cl(iaj) = dl(%]) =0.

If i <mandj > 1let a(i,5) = a(i,7),b1(i,7) = b(,5), and c1(7, §) = (i, 5); andlet d1(i, j) = d(i, j)
exceptthat di(m — 1,2) = 0. We claim that (ay,b1,c1,d1) € Q. Forlet i < i and j < j'. We must
chedk that a(i,7)b1(7,5") < e1(?,5)d1(i,5"). If &/ <m and 5 > 1then ay(4,5) = a(i,j) and soon,
and the claim is clear. If i’ = m or j = 1then a(¢,5)b1(¢,j’) = 0 and again the claim is clear. Thus
ay(4,7)b1(7', 5") < e1(d', 5)d1(4, 7). Next we must ched that b; dominatesa;. Certainly

a1(P) = a(P) — a(m — 1,1) = b(P) — b(m, 2) = b1(P).

Let X,Y C P sud that a1(X) + b1(Y) > a1(P). We must shov that there existz € X andy € Y
such that y dominates . We may therefore assumethat a(x) > 0 for all z € X, and b1(y) > 0
for all y € Y. In particular, sincea;(m —1,1) = b;(m,2) = 0, it follows that (m —1,1) ¢ X and
(m,2) ¢ Y. Let X' = X U{(m —1,1)}. Then a(X’) = a1(X) + a(m — 1,1), and so

a(X) + oY) = ai(X)+ a(m —1,1)+ b(Y) > ai1(P) + a(m — 1,1) = a(P).

Hencethere exist x € X’ and y € Y sud that y dominatesz. If z = (m — 1,1), then y = (m, )
for some; > 1, and therefore b;(y) = 0, a cortradiction, sinceb;(y) > O for all y € Y. Thus
xz# (m—1,1), and sox € X, asrequired. This provesthat b; dominatesa;.

By (2), (a1, b1,c1,dy) is good, and soa1(P)b1(P) < ¢1(P)di(P). Moreover,

a(m — 1,1)b(m, 2) < ¢(m, 1)d(m — 1,2)
and b(m, 2) = a(m — 1,1), and soa(m — 1,1)? < c(m, 1)d(m — 1,2). Hence2.1 implies that

(ar(P) + a(m — 1,1))> < (c1(P) + ¢(m, 1))(d1(P) + d(m — 1,2)).
But a(P) = ai(P)+ a(m—1,1) = b(P), and ¢(P) > c1(P)+ c(m, 1), and d(P) > dy(P) + d(m —1,2);

and it follows that (a, b, c,d) is good. This completesthe inductiv e proof that every member of Q) is
good, and so proves2.2. |



3 The two cliques result

In this section we prove the following.

3.1 Let G be a 3-free digraph and let M, N be a partition of V(G) such that M, N are both cliques
of G. Then there is a set X C E(G) such that every member of X has one end in M and one end
in N, and |X| < %’y(G), and G\ X is acyclic. In particular, B(G) < %’y(G).

Pro of. The secondassertion follows immediately from the rst, sowe just prove the rst. Since
the restriction of G to M is a 3-free tournament, we can number M = {uj,...,u,} sud that
w;uy € E(G) for 1 < i < i <m. The sameholds for N, but it is conveniert to number its members
in reverseorder; thus we assumethat N = {vy,...,v,}, wherev;v; € E(G) for 1< j < j' <n. Let
P bethe setof all pairs (z,7) with 1<i<mand1<j<n. Fora= (i,j) € Pand b= (i,5) € P,
let us say that (a,b) is a cross if vju;,upvy € E(G)and1<i<i <mandl<j<j <n. Let
Ag be the set of all edgesof G from N to M, and By the set of all edgesfrom M to N. Let k£ be
the minimum cardinality of a subsetX C Ay U B, suc that G\ X is acyclic. (Such a number exists
sinceG \ (Ao U By) is acyclic.)

(1) There are k crosses (a1,b1),...,(ag,br) such that ay,...,ax,b1,...,b, are all distinct.

For supposenot. Let H be the bipartite graph with vertex set Ay U By, in which vju; € Ag
and u;yvy € By are adjacen if ((4,7),(:’,j)) is a cross. Then H hasno k-edgematching, and so by
Konig's theorem, there exists X C Ay U By with | X| < k meeting every edgeof H; that is, sud that
for every cross((, ), (¢, j')), X cortains at least one of the edgesv;u;, u;vy. We claim that G\ X
is acyclic. For supposethat C'is a directed cycle of G\ X, with verticescy,...,¢; in order, say. We
shall shav that sometwo edgesof C' correspond to a cross, cortradicting the choice of X. We may
assumethat c¢; = v; sa, and none of vq,...,v;_; are verticesof C. Thusc; € M, s& ¢ = u;. If
c2 € N, s&y ¢ = vy, then j/ > j and so cac; € E(G); but then the vertices ¢, ¢1, ¢2 are the vertices
of a directed cycle of G, cortradicting that G is 3-free. Thuscy, € M. Sincec; ¢ M, we may chooses
with 3 < s < ¢, minimum sud that ¢, € N. Let ¢, = vy, and c,_1 = uy S&. Sincecy,...,c1 € M
and form a directed path in this order, and the restriction of G to M is acyclic, it follows that " > .
Also, since none of vy, ...,v;_; are vertices of C, it follows that j* > j. If j/ = j then s = ¢t and
ci—1,ct, ¢ are the vertices of a directed cycle, a cortradiction; so ;' > j. Hence((, ), (¢, 7)) is a
cross,and X cortains neither of the edgesv;u;, uyv;/, a contradiction. Thus G'\ X is acyclic. This
proves(1).

Let (ay,b1),...,(ak, bx) be crossesasin (1). Let A = {ay,...,ar}, and B = {by,...,bx}. Let
C be the set of all (i’,j) € P suc that there exist 7,7’ with 1 <i </ <mandl1<j<j <n
satisfying (i, j) € A and (¢/,5') € B; and let D be the setof all (i,;') € P such that there exist 7/, j
with 1 <i <4 <mand1<j<j <n satisfying (i,5) € A and (/,5') € B.

2 CcnD=0, and |C|+ |D| <~(G).
For suppose rst that (i,j5) € C N D. Since(i,j) € C, there exists j/ > j suc that (i,j') € B;
and since (i,j) € D, there exists j” < j sud that (i,;"”) € A. But then vjv;» € E(G) since

J" < j<j' and vjnu; € E(G) since (i,5") € A; and u;vjy € E(G) since(i,j') € B, cortradicting
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that G is 3-free. This provesthat C N D = (. Moreover, if (i/,j) € C, we claim that uy,v; are
nonadjacer. For choosei,;’ with 1 < i < <mand1< j < j < n sud that (i,j) € A and
(7,5') € B. Since{v;,u;,u;y} is not the vertex set of a directied cycle, it follows that u;v; ¢ E(G);
and since {u;,v;,v;} is also not the vertex set of a directed cycle, vjuy ¢ E(G). This provesthat
uy,v; are nonadjacert. Similarly w;,v;; are nonadjacert for all (i,5) € D. SinceCnND = 0, it
follows that |C| + |D| < v(G). This proves(2).

Let a: P — R, bedened by a(z) = 1if x € A, and a(x) = 0if z € P\ A; thus, a is the
characteristic function of A. Similarly let b, ¢, d be the characteristic functions of B, C, D respectively.
We claim that the hypothesesof 2.2 are satised. Forif 1 <i < i <mandl1l<j < j <mn, and
a(i,7)b(i’',7') > 0O, then (i,7) € A and (¢, j') € B; hencev;u;,uyvj € E(G), and so (i, j) € C and
(i,5') € D from the de nitions of C, D; and therefore condition 1 of 2.2 holds. For condition 2,
note rst that a(P) = k = b(P). Let X, Y C P with a(X) + b(Y) > a(P) = k. We recall that
A= {ay,...,ar} and B = {by,...,bx} where(a;,b;) isacrossfor 1 <i < k. Thus,a(X) = [ANX] is
the number of valuesof h € {1,...,k} such that a;, € X, and similarly b(Y") is the number of & with
b, € Y. Sincea(X) + b(Y) > k, there exists h such that a;, € X and b, € Y, and so b, dominates
ap. This provesthat b dominates a, and therefore the hypothesesof 2.2 are satis ed.

From 2.2, it follows that a(P)b(P) < ¢(P)d(P), and so|A||B| < |C||D|. But |A| = |B| = k, and
so |C||D| > k2. Consequetly |C|+ |D| > 2k, and henceby (2), k < %’y(G). This proves3.1. |

4 A lemma for the second theorem

Now we turn to the secondspecial caseof 1.2 that we can prove. The proof is in the next section,
and in this section we prove a lemma which is the main step of the proof. First we need some
notation. Let ¢ > 1 be anintegerand let s = 3t + 1. If n is an integer, n mod s denotesthe integer
n’ with 0 < n/ < s such that n — n’ is a multiple of s. If 0 <i,j < s and i,; are distinct, let ¢ > 0
be minimum sud that (i + gy mod s = j(soqg= j—iif j >4, andg=j—i+ sif j <i). We
dene Dy(ij) = {(i+ p) mod s : 0 < p < ¢}. Let E; denote the set of all ordered pairs ij with
0<i,j7 <sandj#isud that |Ds(ij)| <t, and let F be the set of all unordered pairs {7, j} suc
that 0<i,j <sandj ¥ iandijji ¢ Es. For 0 <k < s, let C4(k) be the setof all pairs ij € Ej
such that &k € D(iy).
The lemma assertsthe following.

4.1 Lett > 0 be an integer, let s= 3t+ 1, and for 0 <i < s let n; € R.. Then there exists k with
0 < k < s such that 1
ij€Cs (k) {i,j}€Fs

Pro of. Let Q, bethe setofall sequence$ny,...,ns_1) of membersof R .. Wesay that (ng,...,ns—1) €
Qs is good if there exists k with 0 < k < s sud that

Z nmJS% Z nmj.

ij€Cs (k) {i,j}€Fs



Thus we must shaw that every member of @), is good. We prove this by induction on ¢.
(1) Ift = 1 then every member of Q4 is good.

For supposethat ¢ = 1. Let (ng,ni,n2,n3) € Qs; we must shav that there exists k£ with 0 < k£ < 3
such that NNk < %(nong + ning). But

min(noni, nans)® < ngningng < noningng + %(nonz —nyng)® = %(nonz + ning)?
and the claim follows. This proves(1).
Henceforth we assumethat ¢ > 1.
(2) If (ng,...,ns_1) € Qs and some n; = 0 then (ng,...,ns_1) is good.

For we may assumethat ng = 0, from the symmetry. De ne m; for 0 < ¢ < 3t — 3 asfollows.

mo = N3t
m; = mn;forl<i<i¢-—1;
me = ngt Ny,
m; = mngqfort+ 1<q<2t—2;
Mmot—1 = Nart Nagy1;
m; = m4ofor2t <i<3t—3
From the inductiv e hypothesis and sincet > 1, the sequence(my,...,ms:_3) € Q,_3 Satis es the

theorem, and so there exists k£’ with 0 < k' < s — 3 sud that

Z mgim; < = Z ms;mg;.

ij€Cs_3(k") {i,j}€Fs—3

NI P

fFO<K <t/ letk=FkK;ift<k<2t—1letk=FK+ 1;andif 2t —1< k' <3t—-3,let k=K + 2.
Sinceng = 0, in ead caseit follows easily (we leave cheding this to the reader) that

Z nin; < Z mgmg;.
ijeCs(k) ijeCs_3(k’)

But

E mym; = E nng — NNgpr1 < E n;n;j,

{7/7]}er73 {Zvj}eFé {7’7]}€F-5

aswe can ched by rewriting the left sidein terms of the n;'s and expanding and using that ng = 0.
Consequetly,

=

Z n;n; < Z MM < — Z m;m; < % Z nin;,

1j€Cs (k) ij€Cs—_3(k") {i,j}€Fs_3 {i,j}€Fs

N



and so(ng,...,ns_1) is good. This proves(2).

(3) Let (ng,...,ns_1) € Qs, such that
Z nin; < Z nin;
ij€Cs(3t) ijeCs (k)
for all k with 0 < k < 3t. Then
) 1
Z (t — i) (n3t—; + n;) < Et Z ng.
0<i<t 0<i<s

Forlet0<k<t—1 For0<i;<kE, dene

a; = E n; — E n;.

E4+1<5<i+t i+2t+1<5<3t
Then
Z nin; — Z nin; = Z a;n;.
ijeCs (k) 15€Cs(3t) 1<i<k

Sincethe left side of this is nonnegative, and ag < a; < --- < ay, it follows that a; > 0, that is,
> M- ), m=z0
k+1<j<k+t k42t4+1<5<3t

Similarly, for 2t + 1+ k < < 3t let

b; = Z n; — Z M5,

i—t<j<2t+k 0<5<i—2t—-1
then
Z nin; — Z n;n; = Z bmz
ij€Cs(2t+k) ij€C5(3t) 2t+1+k<i<3t

Sincebs; < bgi—1 < -+ < bogrq4k, We deducesimilarly that bo; 1. > 0, that is,

Z nj—anEO.

t+1+k<j<2t+k 0<j<k
Hence
E n; — E n; + E n; — E n; = 0,
k+1<j<k+t k+2t+1<5<3t kt+t+1<j<k+2t 0<j<k
that is,
E n; + E n; < E nj.
k42t+1<5<3t 0<j<k E+1<j<k+2t

But the sum of the left and right sidesof this inequality equals N, where N = Zogiggt n;, and so
the left sideis at most %N. Summing over all & with 0 < k <t — 1, we deducethat

3" (¢t~ s+ no) < N

0<i<t
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This proves (3).

Now to complete the proof, let (ng,...,ns_1) € Qs. Chooseh with 0 < h < s such that n; <n;
forall iwith 0<i < s. Letn, = z,andfor0<i < s,dene m; = n;—x. Thus(mg,...,ms_1) € Qs.
We may assumethat

Z mimj S Z mimj
ij€C;s(3t) ij€Cs (k)
for all £ with 0 < k < 3t, by cyclically permuting ng,...,ns:. By (2), (mg,...,ms_1) iS good, since
mp, = 0. Hence L
ij€Cs(3t) {i,j}€Fs

But

Z nn; = Z (m; + x)(m; + x)

ij€Cs(3t) ij€Cs(3t)
=Y mmy+ Y a(t— k) (mag + my) + |Cs(30)]a
1j€Cs(3t) 0<k<t

IN

1 1
Z m;m; + Ea:tM+ Et(“- 1)z2,
ij€C4(3t)

by (3), where M = 3,3, m;. Moreover,

% Z nin; = ! Z (m; + x)(m; + x)

{i,j}€Fs {i,7}€Fs

1 1 5
Z m;m; + Eath+ Zstm
{i,J}EFs

1 1 5
Z m;m; + srtM + —stw
ijECS(3t) 2 4

Y
NI NI

v

1 1 1 1
Z ning — (FotM + St(t+ 1)z?) + (ZatM + =stz?)
i5E€Cs (3t) 2 2 2 4

E nin;.

ij€Cs(3t)

v

It follows that (ng,...,ns:) is good. This completesthe proof of 4.1. |

5 Circular interval digraphs

We say that a digraph G is a circular interval digraph if its vertices can be arrangedin a circle such
that for ewvery triple u, v, w of distinct vertices, if u, v, w arein clockwise order and uw € E(G), then
uv,vw € E(G). This is equivalent to saying that the vertex set of G can be numberedaswvq,...,v,
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such that for 1 < ¢ < n, the set of outneighbours of v; is {v;+1, ..., v} fOr somea > 0, and the set
of inneighbours of v; is {v;_y,...,v;—1} for someb > 0, reading subscripts modulo n. The examples
given earlier to show that conjecture 1.2 is tight in nitely often are circular interval digraphs. The
main result of this sectionis:

51 8(G) < %’y(G) for every 3-free circular interval digraph.

First we needa couple of lemmas. Here is a special kind of circular interval graph. Let ¢t > 1 be
an integer, let ng,...,n3 > 0 beintegers,and let n = > .5, n;. Let Ny, ..., N3, be disjoint sets
of cardinalities ny, ..., ns; respectively, and let N = NyU---U N3;. Let N = {vq,...,v,}, where

Ni=A{vj tmo+ i+ -+ ng <j<mo+mni+ -+ ni1+n
Let G be a digraph with vertex set N and adjacencyas follows.
o for 0 <k <3t if i < jand v;,v; € Ny then v;v; € E(G)

efor0O< h<3tandk € {(h+ i) modn;1l<i<t} ewryvertex in Ny, is adjacert to every
vertex in Ng.

In this caseG is a circular interval graph, and we denoteit by G(ng,...,ns:). We obsene
5.2 For allt > 1 and all choices of ng,...,n3 >0, if G = G(ng,...,n3) then B(G) < %’y(G).

Pro of. By 4.1, there exists £ with 0 < k < 3t sud that

Z nmJS% Z nmj,

Z]eca(k) {ivj}eFS

with notation asin 4.1. But the left side of this is at least 5(G), since every directed cycle of G
contains an edgewv with v € V; and v € IV; for someij € Cs(k); and the right side equals %’y(G).
This proves5.2. |

Let us say a 3-free circular interval digraph is maximal if there is no pair u,v of nonadjacert
distinct vertices sud that adding the edgeuw results in a 3-free circular interval digraph.

5.3 Let G be a mazximal 3-free circular interval graph. Then either G is a transitive tournament,
or G is isomorphic to G(ng,...,ns) for some choice of t,ng,...,n3;.

Pro of. Let the vertices of G be v4,...,v,, numbered as in the de nition of a circular interval
digraph, and throughout we read these subscripts modulo n. For ead vertex v, let N (v), N~ (v)
denote the set of outneighbours and inneighbours of v, respectively.

(1) If N~ (v) = 0 or N*(v) = 0 for some vertex v, then G is a transitive tournament.
For supposethat N~ (v) = @ for some vertex v, s&y vi. If vyv; € E(G) for some j,k with
1<j <k <n,then j > 1 and vy,vj,v;, are in clockwise order, and therefore viv; € E(G), a

contradiction. Thus G is acyclic; supposeit is not a tournament. Choosei,j with 1 <i < j <n
with j — ¢ minimum such that v;v; ¢ E(G), and let G’ be obtained from G by adding the edgev;v;.
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Then G’ is a 3-free circular interval digraph, a cortradiction. Thus G is a tournament, and hence
a transitiv e tournament since it is 3-free. Similarly if N*(v) = 0 for somevertex v, then G is a
transitiv e tournament. This proves(1).

We may therefore assumethat v;v;,.1 € E(G) for 1 < i < n. Let ussay that X C V(G) is
a cluster if X is nonempty, every two vertices in X are adjacert, X can be written in the form
{Va,Vas1,--.,vp} fOr somea,b, and for every vertex v ¢ X, either X C N*(v), or X C N~ (v), or
X N(NT(v) UN~(v) = 0.

(2) For 1 <i<mn, if {vi,viy1} s not a cluster, then N*(viy1) € N1 (v;) and N~ (v;) € N~ (vit1)-

For certainly v;v;11 € E(G). Let N*(v;) = {vit1,...,Vita}, Wherea > 1. Supposethat N (v; 1) C
N*t(v;). Then N*(vi+1) = {vit2,...,vi+q}. Let the set of inneighbours of v; be {v;_4,...,vi_1},
whereb > 1, and let the setof inneighbours of v; 1 be {v;_.,...,v;}. Thusc < b; supposethat ¢ < b.
Then v;_.—1v;41 ¢ E(G), and alsov;11v;—.—1 ¢ E(G) sinceG is 3-freeand v;_._1v;, v;v;+1 € E(G).
Sincevi_c_lvi,vi_cviﬂ € E(G), it follows that Vi—c—1Uh, UpVi41 € E(G) forall h € {(Z—/{?) mod n0 <
k < c}. Consequetly, the digraph G’ obtained from G by adding the edge v;_._1v;+1 is a cir-
cular interval digraph. From the maximality of G, G’ is not 3-free, and so there exists u €
N7T(viy1) N N~ (vi—e—1); and therefore u € N (v;) N N~ (v;_._1), Which is impossible since G is
3-free. This provesthat ¢ = b, and so {v;,v;+1} is a cluster. Similarly if N~ (v;) € N~ (v;+1) then
{vi,viy1} is @ cluster. This proves(2).

If X,Y areclusterswith X NY # (), it follows easilythat X UY is a cluster. Consequetly every
two maximal clustersare disjoint. Since{v} is a cluster for every vertex v, it followsthat the maximal
clustersform a partition of V(G). Let the maximal clustersbe Ny, ..., Ns_; sa, numberedin their
natural circular order, and let |N;| = n; for 0 < i < s. From the de nition of a cluster, if X,Y are
disjoint clusters and there exists zy € F(G) with x € X and y € Y, then zy € E(G) for all z € X
and y € Y; we denotethis by X — Y. For 0 < h < s, let T}, bethe setofall k € {0,...,s —1}\ {h}
such that N, — Ni; then T, = {(h+ i) mod s : 1< i <t} sa, for somet;, > 0. Chooseh with
0 < h < s, and choosei sudh that v; € N, and v;+1 € Npy1. Since{v;, v;41} is not a cluster (because
maximal clusters are disjoint), it follows from (2) that N *(v; 1) € N*(v;), and sot; ;1 > t;. Since
this holds for all choicesof i, and tg > t;_1, we deducethat to = t; = --- = t;_1 = t sa&. We claim
that s = 3t+ 1. For s > 3t + 1 since G is 3-free;let us prove the reverseinequality. Let i = ny and
j=mnot+ -+ ng+ 1;thusv; € No,vip1 € Ny, vj—1 € Ny and v; € Nyi1. SinceG is maximal and so
adding the edgewv;v; doesnot result in a 3-free circular interval digraph, it follows that there exists
k sudh that v, vpv; € E(G), and therefore there exists ¢ sudh that ¢ € T, and 0 € 7,. Hence
g—(t+1) <tands—qg<t;andsos < 3t+ 1. This provesthat s = 3t+ 1, and so G is isomorphic
to G(ng,...,ns). This proves5.3. |

Pro of of 5.1. We proceedby induction on «(G). Supposethat G is not a maximal 3-free circular
interval graph. Then we can add an edgeto G forming a 3-free circular interval graph G’; and
Y(G') = ¥(G) — 1,50 B(G’) < 2+4(G") from the inductiv e hypothesis. Then
, 1, 1
B(G) < A(E) < 57(G") < 57(C)

asrequired.
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Thus we may assumethat G is maximal, and we may assumethat G is not a transitiv e tourna-
ment. From 5.3 and 5.2, this proves5.1. |
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