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Abstract

A seagull in a graph is an induced three-vertex path. When does a graph G have k pairwise vertex-
disjoint seagulls? This is NP-complete in general, but for graphs with no stable set of size three we
give a complete solution. This case is of special interest because of a connection with Hadwiger’s
conjecture which was the motivation for this research; and we deduce a unification and strengthening
of two theorems of Blasiak [2] concerned with Hadwiger’s conjecture.

Our main result is that a graph G (different from the five-wheel) with no three-vertex stable set
contains k disjoint seagulls if and only if

e |V(G)| >3k
e (G is k-connected,

e for every clique C of G, if D denotes the set of vertices in V(G) \ C that have both a neighbour
and a non-neighbour in C' then |D|+ |V(G) \ C| > 2k, and

e the complement graph of G has a matching with k edges.

We also address the analogous fractional and half-integral packing questions, and give a polyno-
mial time algorithm to test whether there are k disjoint seagulls.



1 Hadwiger’s conjecture and seagulls

Hadwiger’s conjecture from 1943 asserts [5] that every graph with chromatic number ¢ contains K
as a minor. (All graphs in this paper are finite and have no loops or parallel edges.) One special
case is when we restrict to graphs G with a(G) < 2 (we denote by a(G) the cardinality of the largest
stable set of vertices). Since the chromatic number for such graphs is at least half the number of
vertices, Hadwiger’s conjecture implies:

1.1 Conjecture. Let G be a graph with o(G) < 2, and let t = [|V(G)|/2]; then G contains K,
as a minor.

This conjecture remains open, and seems to be very challenging, and perhaps false. (Note that if
the conjecture 1.1 is true for all graphs G with a(G) < 2, then Hadwiger’s conjecture is also true for
these graphs. For a proof see [6].)

For graphs G with a(G) < 2, we are looking for ¢ pairwise disjoint connected subgraphs (where
t = [|[V(G)|/2]) that pairwise touch (two disjoint subgraphs or subsets touch if there is an edge
between them), to give a Ky minor. Perhaps even more is true; that there exist ¢ such subgraphs,
each with either one or two vertices. We call this the matching version of 1.1.

In an attempt to make some progress, Jonah Blasiak [2] added more hypotheses. He proved:

1.2 Let G be a graph with o(G) < 2 and with |V (G)| even. If either

e V(QG) is the union of three cliques, or

e there is a list of k cliques such that every vertex belongs to strictly more than k/3 of them
then G satisfies 1.1, and indeed satisfies the matching version of 1.1.

But what if |[V(G)| is odd (and G still satisfies the other hypotheses of 1.2, and in particular
|[V(G)| =2t —1)? In this case 1.1 implies that there is a K; minor, but Blasiak’s method only yields
a K;_1 minor, and trying to gain the missing +1 has been the focus of a fair amount of effort. For
the matching version of 1.1, gaining the missing +1 is still open; but in this paper we prove 1.1 itself
under a common generalization of Blasiak’s alternative extra hypotheses. We prove the following.

1.3 Let G be a graph with a(G) < 2, and let t = [|V(G)|/2]. If some clique in G has cardinality at
least |V (QG)|/3, then G has a K; minor.

To prove this we use the next result, which has been proved independently by several authors
(see [6]):

1.4 Let G be a graph with o(G) < 2, and let t = [|V(G)|/2]. If G is not t-connected then G satisfies
1.1, and indeed satisfies the matching version of 1.1.

A seagull in G is a subset S C V(G) with |S| = 3 such that exactly one pair of vertices in S are
nonadjacent in G, and a singleton in G is a subset of V(G) with cardinality one. Then 1.3 follows
immediately from 1.4 and the next result, proved in section 2.

1.5 Let G be a graph with o(G) < 2, let t = [|V(G)|/2], and let G be t-connected. If the largest
clique Z in G satisfies |V (G)|/3 < |Z| < t, then there are t—|Z| pairwise disjoint seagulls in V(G)\ Z,
and consequently G has a K; minor.



This is a consequence of our main result, which we explain next. If X, Y C V(@) are disjoint,
we say that X is complete to Y if every vertex in X is adjacent to every vertex in Y, and X is
anticomplete to Y if no vertex in X has a neighbour in Y. We say a vertex v is complete (or
anticomplete) to a set Y if {v} is, and v is mized on Y if v € V(G) \'Y and v is neither complete nor
anticomplete to Y. If C' is a nonempty clique in G, let A, B, D be the sets of vertices in V(G) \ C
that are complete to C, anticomplete to C, and mixed on C respectively. Thus (A, B,C,D) is a
partition of V(G), called the associated partition of C. We define the capacity cap(C) of C to be
|D| + |AU B|/2. A five-wheel is a six-vertex graph obtained from a cycle of length five by adding
one new vertex adjacent to every vertex of the cycle. An antimatching in G is a matching in the
complement graph G of G. Our main result is the following.

1.6 Let G be a graph with o(G) < 2, and let k > 0 be an integer, such that if k = 2 then G is not
a five-wheel. Then G has k pairwise disjoint seagulls if and only if

o |V(G)| > 3k

o (G is k-connected,

o cvery clique of G has capacity at least k, and
e G admits an antimatching of cardinality k.

Proof of 1.5, assuming 1.6. Let n = |V(G)| and ¢t = [n/2]; thus |Z] > n/3, and we may assume
that |Z| < t, and so |Z| <n/2. Let k =t — |Z|, and H = G\ Z. We claim that there are k disjoint
seagulls in H.

To see this, we verify the hypotheses of 1.6. Since G is t-connected, it follows that H is k-
connected. Now

V(H) =n—|Z] =2(n+1-2t)+3(2| —n/3) +4(t — |Z]) — 2> 4(t — |Z|) — 2 = 4k — 2

since 2t < n+ 1 and |Z| > n/3. Suppose that |V (H)| < 3k; then 4k — 2 < 3k, and so k = 1, and
since |V(H)| > (n+1)/2 it follows that n < 3 and |Z| = 1, contradicting that Z is the largest clique
in G. Thus |V(H)| > 3k.

Suppose that C is a clique of H, with capacity (in H) less than k. Let its associated partition
be (A,B,C,D) (so (A,B,C,D,Z) is a partition of V(G)). Thus |D|+|AUB|/2 <k —1/2, and so
|A| + |B| + 2|D| < 2k — 1. Consequently

9%t —1+|D| < |V(G)|+|D| = |A|+|B|+|C|+2|D|+|2Z| < 2k—1+|C|+|Z| < 2k —1+2|Z| = 2t —1,

and so we have equality throughout; and in particular D = () and |C| = |Z|. Thus C' is a largest
clique in G, and hence A = () (since if v € A then C' U {v} is a clique); and since there are no edges
between B and C, and H is k-connected, it follows that B = (). Thus C U Z = V(G), which is
impossible since |C| < |Z| < n/2. This proves that every clique of H has capacity at least k.

We claim that H has an antimatching of cardinality at least k. For suppose not, and let M be a
maximal antimatching in H of cardinality at most k — 1. Hence there are at least |V(H)| —2(k —1)
vertices in H not incident with any edge of M, and the maximality of M implies that these vertices
are pairwise adjacent in H. Consequently H has a clique of cardinality at least |V (H)| —2(k — 1),



and the maximality of |Z| implies that |[V(H)| —2(k—1) < |Z], and son < 2|Z|+2(k —1) = 2t — 2,
a contradiction. This proves that H has an antimatching of cardinality at least k.

Finally, suppose that k£ = 2 and H is a 5-wheel. Then n = |Z| + 6, and since t — |Z| = k = 2, it
follows that n = t+4. Since 2t —1 < n < 2t, we deduce that 2t —1 < t+4 < 2¢, that is, 4 <t <5. If
t = 4 then n = 8 and |Z| = 2, contradicting that |Z| > n/3. Thust =5 and n =9, and |Z| = 3. Let
D be the induced cycle of length five in H. Since Z is a maximum clique of G, it follows that G has
no K4 subgraph; and so for each edge uv of D, at most one member of Z is adjacent to both u,v.
Since D has only five edges, there exists z € Z such that {z,u,v} is a clique for at most one edge uv
of D. But then there are two nonadjacent vertices of D both nonadjacent to z, contradicting that
a(G) < 2.

From 1.6, we deduce that there are k disjoint seagulls in H. These, together with the singletons
of Z, form a K; minor (note that they pairwise touch since every vertex has a neighbour in every
seagull, because a(G) < 2). This proves 1.5. |

In the final section, we prove a result analogous to 1.6 for packing seagulls fractionally, and
derive a polynomial time algorithm to test whether G has k disjoint seagulls (for graphs G with no
three-vertex stable set). What about the problem of deciding whether a general graph has k disjoint
seagulls? If G is the line graph of some graph H, and |E(H)| = 3k, then deciding whether G has
k disjoint seagulls is the same as deciding whether the edges of H can be partitioned into paths
of length three; and the latter was shown to be NP-complete by Dor and Tarsi [3]. Consequently
the problem of deciding whether a general graph has k disjoint seagulls is also NP-complete, and
therefore there is no analogue of 1.6 for general graphs unless NP = co-NP.

2 Finding disjoint seagulls

In this section we prove 1.6. The “only if” half is easy and we leave it to the reader. To prove the
“if” half, suppose that it is false, and choose G, k that fail to satisfy 1.6, with |V (G)| + k minimum.
Throughout this section G,k are fixed with these properties, which we summarize for convenient
reference:

2.1 G is a graph with o(G) <2, and k > 0 is an integer, such that

~

- V(@] = 3E,

2. G is k-connected,

3. every clique of G has capacity at least k,

4. G admits an antimatching of cardinality k,

5. there do not exist k seagulls in G, pairwise disjoint, and

6. every pair G', K with |V(G")| + K < |V(G)| + k satisfies 1.6.

We prove a series of results about G, k that will eventually lead to a contradiction.
Let A, B be disjoint subsets of V(H), where H is a graph. A matching between A and B is a
set of edges of G, each with one end in A and the other in B, and pairwise with no common ends.



A matching of A into B is a matching between A and B of cardinality |Al; and if such a matching
exists, we say that A can be matched into B. We use similar terminology for antimatchings. (An
antiedge means an edge of G.) We need the following lemma.

2.2 Let H be a graph, and let A, B C V(H) be disjoint. Let p,q > 0 be integers such that p+q < | B|
and p,q < |A|. Suppose that either ¢ = |A| or there is a matching between A and B of cardinality
p, and either p = |A| or there is an antimatching between A, B of cardinality q. Suppose also that
for every nonempty subset Y C B, the number of vertices in A that are mized on Y is at least
|Y|+p+q—|A|—|B|. Then there exist disjoint P,Q C B, with |P| = p and |Q| = q, such that there
is a matching of P into A and an antimatching of Q) into A.

Proof. We claim that there is a matching between A and B of cardinality p. If ¢ < |A| then this
is a hypothesis of the theorem, so we assume that ¢ = |A|. To show the desired matching exists, it
suffices by Konig’s theorem to show that for every X C AUB, if A\ X is anticomplete to B\ X then
|X| >p. Let Y = B\ X. If Y = () then | X| > |B| > p as required, so we may assume that Y # 0.
Every vertex in A mixed on Y belongs to XN A, and so by hypothesis [ X NA| > |Y|+p+q—|A|—|B],
that is, | X| > p as required. This proves our claim that there is a matching between A and B of
cardinality p. Similarly there is an antimatching of cardinality q.

Let M; be the set of all subsets of B that can be matched into A, and let My be the set of
all subsets of B that can be antimatched into A. Thus M;, My are matroids (regarded as a set of
independent subsets), of ranks at least p, g respectively. For Y C B, let N1(Y), No(Y') be the sets
of all vertices in A with a neighbour in Y and with a nonneighbour in Y, respectively. Thus from
Konig’s theorem, for ¢ = 1,2 the rank function r; of M; is given by r;(X) = minycx |N;(Y)|+]| X\ Y.

We claim that there exist X7 € M; and X9 € My with | X7 U Xa| > p+ ¢. To see this, it suffices
from the matroid union theorem [4] to show that for all X C B, r1(X) +ro(X) +|B\ X| > p+ ¢;
that is, for all X C B and all Y71,Y> C X,

IN1(YD)[ + [X A\ Y1+ [Na(Y2)[ + [X \ Yo + [B\ X[ = p+gq,

which can be rewritten as | Ny (Y1)|+|Na(Ya)|+|X|—|Y1|—|Y2| > p+¢q—|B|. Let Y = Y1NY>3; then the
left side of the previous inequality is at least |[N1(Y)|+|N2(Y)| — Y|, since | X| — |Y7| — |Y2| > —|Y].
It therefore suffices to show that [Ny (Y)| + |[No(Y)| = Y| > p+q—|B|forallY C B. If Y = ()
this is true, since |B| > p + ¢, and so we may assume that Y # 0; and so N1(Y) + No(Y) = A. Let
M (Y) be the set of vertices in A that are mixed on Y then |[N1(Y)| + |[No(Y)| = |[A] + |[M(Y)|. We
must therefore show that |A| + |M(Y)| — |Y| > p+ ¢ — |B| for all nonempty ¥ C B. But this is a
hypothesis of the theorem. This proves our claim.

Let Xy € M; and Xy € My with | X7 U X3| > p+ ¢. Since the matroids have ranks at least p and
at least ¢ respectively, we may choose X7, Xy with | X7 U Xo| > p+ ¢, and | X1| > p, and | X3| > g.
But now we can choose P C X7 and ) C X5 to satisfy the theorem. This proves 2.2. |

We also frequently need the following.

2.3 Let H be a graph and let n > 0 be an integer, with |V (H)| > 2n. Then either H has a matching
with cardinality n, or there exists X C V(H) such that:

e H\ X has exactly | X| + |V (H)| — 2n + 2 components



e for every component C of H\ X, and every vertex v € V(C), C \ {v} has a perfect matching
(and consequently |V (C)| is odd, and if |V (C)| > 1 then C is not bipartite), and

o | X|<n-—1.

Proof. Suppose that the matching does not exist. By the “Tutte-Berge formula” [1], there exists
X C V(H) such that H \ X has more than |X| + |V (H)| — 2n odd components, where an “odd”
component means a component with an odd number of vertices. Choose such a set X maximal.

Since the number of odd components of H\ X has the same parity as |V (H)|+|X]|, it follows that
H\ X has at least | X|+|V (H)|—2n+2 odd components. If H\ X has more than | X |+|V (H)|—2n+2
odd components, then since |V (H)| > 2n it follows that H \ X has at least one odd component C,
and choosing v € V(C') and replacing X by X U{v} contradicts the maximality of X. Consequently
H \ X has exactly | X|+ |V(H)| — 2n + 2 odd components.

Let C be a component of H\ X. Let v € V(C), and suppose that C'\ {v} has no perfect matching.
By Tutte’s theorem, there exists Y C V(C) \ {v} such that C'\ (Y U {v}) has at least |Y| + 1 odd
components; but then H \ (X UY U {v}) has at least (| X|+ |V(H)| —2n+2) =1+ (|Y|+ 1) odd
components, and so more than | X UY U {v}| + |V (H)| — 2n, contrary to the maximality of X. This
proves that C'\ {v} has a perfect matching. Consequently C' is odd, and if |V (C)| > 1 then C' is not
bipartite.

Finally, since H \ X has |X|+ |V(H)| — 2n + 2 components, it follows that H \ X has at least
| X| + |[V(H)| — 2n + 2 vertices, and so |V (H)| — |X| > | X|+ |V(H)| — 2n + 2, that is, | X| <n — 1.
This proves 2.3. |

2.4 G is (k+ 1)-connected.

Proof. Suppose not; then since G is k-connected by 2.1.2, there is a partition (L, M, R) of V(QG)
such that L, R # 0, and L is anticomplete to R, and |M| = k. If |L|,|R| > k, then there are k
vertex-disjoint paths between L and R, and each includes a seagull, contrary to 2.1.5. Thus we may
assume that |L| = k — z say, where 1 < x < k — 1. Since |V(G)| > 3k by 2.1.1, it follows that
|R| > k+x. Since G is k-connected, there is a matching of cardinality k& between M and R. Suppose
that there is a nonempty subset C' C R such that fewer than |C'|+ k+x — |M| —|R| vertices in M are
mixed on C. Then C' is a clique; let the associated partition be (A, B,C, D) say. Thus R\ C C A,
and L C B, and D C M, and |D| < |C|+k+a — |M| — |R|. But C has capacity

IDI2+ VG CI/2 < (ICl +k+z— M| —[R|)/2+ (L] + M|+ |R| - |C])/2 = k

since |L| = k — x, contrary to 2.1.2. Thus from 2.2, there exist disjoint P,Q C R with |P| = k and
|@Q| = x, such that P is matchable into M and @ is antimatchable into M. Let M = {mq,...,my},
and let P = {p1,...,pr} and Q@ = {q1,...,q:}, where p;m; is an edge for 1 < i < k, and ¢;m; is an
antiedge for 1 < i < z. Since G is k-connected, we may number L as {l1,...,lp_,} such that [;m,;
is an edge for 1 < i < k — z. But then

are k disjoint seagulls, a contradiction. This proves 2.4. |



2.5 Ewvery clique of G has capacity at least k+1/2, and if |V (G)| > 3k then every clique has capacity
at least k+ 1.

Proof. Suppose that C is a clique with 2 cap(C) < |V(G)| — k and with cap(C) < k + 1/2, chosen
with cap(C) minimum. Let (A, B,C,D) be the associated partition; thus |D| + (JA| + |B|)/2 =
cap(C), and |D| < k. Since 2|D| + |A| + |B| = 2 cap(C), and |A| + |B| + |C| + |D| = |[V(G)], it
follows that |C| = |D| + |V (G)| — 2 cap(C) > |D| + k.

(1) There are |D| pairwise disjoint seagulls included in C' U D, each with exactly one vertex in
D.

Suppose that there exists a nonempty subset Y C C such that fewer than Y|+ |D| — |C] ver-
tices in D are mixed on Y. Since the only vertices mixed on Y belong to D, it follows that
2cap(Y) < (Y| + |D| = |C|) + ([V(G)| = |Y]). But |C| = |D| + |[V(G)|] — 2 cap(C), and so
cap(Y) < cap(C), a contradiction. Thus there is no such Y. Moreover, since |C| > |D| + k
and |D| < k, it follows that |C| > 2|D|. Hence the claim follows from 2.2, taking p = ¢ = |D|. This
proves (1).

Let H be the graph with vertex set A U B, in which distinct u, v are adjacent if either u,v € A
and u, v are nonadjacent in G, or exactly one of u,v is in A and u,v are adjacent in G.

(2) There is a matching in H of cardinality k — |D|.

For suppose not. Since |A| + |B| > 2(k — |D|), 2.3 implies that there exists X C V(H) with
|X| < k—|D| —1 such that H\ X has |X|+ |V(H)| — 2(k — |D| — 1) odd components; and every
component of H\ X is odd, and every component of H \ X with more than one vertex is not bipartite.
Since | X| < k — |D| — 1, it follows that |D U X| < k, and since G is k-connected, we deduce that
G\ (DU X) is connected.

Suppose that some component P of H \ X contains a vertex in B. Since a(G) < 3, no other
component contains two vertices of A that are nonadjacent in G; and so every other component of
H \ X is bipartite, and therefore has only one vertex. Since G \ (D U X) is connected, some vertex
in A belongs to the union of all components of H \ X that contain a vertex in B; and so P has
more than one vertex. Consequently P is not bipartite, and so contains two vertices of A that are
nonadjacent in G; and therefore no other component has a vertex in B. Thus B C V(P)U X. Since
H\ X has |[X|+|V(H)| — 2(k — |D] — 1) odd components, it follows that

AN (XU P)| = X[+ [V(H)| = 2(k - [D]-1) - L
Let C'=CU(A\ (X UP)). Then
IC'| > |C|+ |X|+|V(H)| —2(k—|D|—1) = 1=|V(G)| + |X| — 2k + 1+ |D|
The only vertices mixed on C’ belong to X U D, and so
2 cap(C') < [ X UD|+[V(G)| - |C'| < X UD|+ [V(G)] = (V(G)| + |X| -2k + 1+ |D]) = 2k — 1,

a contradiction.



Thus no component of H\ X meets B, and so B C X. Since G has an antimatching of cardinality
k, there is an antimatching of cardinality at least k —|D|—|X|in G\ (DUX). Since C is complete to
all other vertices of G\ (DU X), it follows that there is an antimatching of cardinality k£ — |D| — | X]|
in G\ (CUDUX). Hence at least 2(k — |D| — |X]|) vertices are incident with antiedges in this
antimatching; but for every odd component of H \ X, at least one vertex is not incident with an
antiedge of the antimatching. Consequently

[AN X[ = 2(k — [D] = |X]) + [ X[ + [V(H)[ = 2(k - [D] = 1),
that is, |[A\ X| > —|X| + |A| + |B| + 2, which is impossible. This proves (2).

Let Xj, ..., Xj_|p| be the vertex sets of the edges of the matching in H given by (2). Let Si,...,S|p|
be the |D| seagulls in (1). Since |C| > |D| + k = 2|D| + (k — |D|), there are at least k — | D| vertices
in C that do not belong to these seagulls, say cy,...,c,_p|. But then

Sty Spp X U{eit (1< i<k —|[DJ)

are k disjoint seagulls, a contradiction. This proves 2.5. |

2.6 G admits an antimatching of cardinality k + 1.

Proof. Suppose not; then by 2.3, there exists X C V(G) with |X| < k such that G\ X has m odd
components, say C1,...,Cy,, where m = [V(G)| + | X| — 2k, and for 1 <1i <m, |[V(C;)| is odd, and
either |V(C;)| = 1 or Cj is not bipartite, and for every vertex v of C;, C;\ {v} has a perfect matching.
Let X = {z1,...,2¢}.

(1) There exist distinct i1,...,%¢,91,---,Jt € {1,...,m} such that for 1 < h <t, x, has a neighbour
in C;, and has a nonneighbour in Cj, .

Let M; be the set of all subsets Y C {1,...,¢} such that there is an injective function f:Y — X
satisfying that f(y) has a neighbour in Cy for each y € Y; and let M3 be the set of all Y C {1,...,t}
such that there is an injective function f : Y — X satisfying that f(y) has a nonneighbour in C,,
for each y € Y. We need to show that there exist a member of M; and a member of My with union
of cardinality 2¢. For Y C {1,...,m}, let C(Y) denote [J,cy V(Cy), and let N1(Y), N2(Y) denote
respectively the set of all vertices in X with a neighbour in C(Y’), and the set of all vertices in X
with a nonneighbour in C'(Y). As in the proof of 2.2, it suffices to show that for all Y C {1,...,m},

IN1(Y)| + [N2(Y)| — Y] > 2t — m.

If Y = 0, the claim holds since m > 2t (because t < k and |V(G)| > 3k). Thus we may assume that
Y £ (), and so |[N1(Y)| + |[No(Y)| = | X| + |[M(Y)|, where M (Y') denotes the set of all vertices in X
with a neighbour and a nonneighbour in C(Y’). Hence we must show that |Y| — |M(Y)| <m —t =
|V (G)| — 2k for all nonempty subsets Y C {1,...,m}.

Suppose first that C'(Y) is not a clique of G. Then no vertex of X is anticomplete to C(Y'), and
so all the components Cy (y € Y) are also components of G \ M(Y). Thus G \ M(Y) has at least



|Y'| odd components; and since G has a matching of cardinality k, it follows that G \ M(Y") has at
most [M(Y)|+|V(G)| — 2k odd components. Consequently Y| < [M(Y)|+ |V (G)| — 2k as required.

Thus we may assume that C(Y) is a clique of G. All vertices of G mixed on Y belong to
M(Y), and so 2 cap(C(Y)) < |[M(Y)| + [V(G)| — |C(Y)]. Since 2 cap(C(Y)) > 2k, it follows that
2k < IM(Y)|+ |V(G)| — |C(Y)]. But since C(Y) is a clique of G, it follows that each C, (y € Y) is
also a clique of G, and hence has only one vertex; and so |C(Y)| = |Y|. Thus we have shown that
2k < |M(Y)| + |[V(G)| — Y|, as required. This proves (1).

(2) For each component C' of G\ X, if |V(C)| > 1 and C is not a cycle of length five, then there
exists ¢ € V(C) and a perfect matching M of C'\ {c} such that ¢ is nonadjacent (in C) to both ends
of some edge of M.

For since |V(C)| > 1, there exist u,v € V(C'), adjacent in C. From the choice of X, both C'\ {u} and
C'\ {v} have perfect matchings; and by taking the union of two such perfect matchings, we deduce
that there is an odd cycle D of C such that C'\ V(D) has a perfect matching. By choosing D minimal
it follows that D is a hole of C. Let M be a perfect matching of C'\ V(D). Since a(G) < 3, D has
length at least five. Suppose it has length at least seven, and let di-do- - - - - ds be a path of D. Then
the edge dsds is contained in a perfect matching of C'\ {d;}, and d; is nonadjacent in C' to both
dy,ds, so the claim holds. Hence we may assume that D has length five. Suppose that M # (), and
let pg be an edge of M. For each vertex d € V(D), there is a perfect matching of C'\ {d} containing
pq, and so we may assume that d is adjacent to one of p, ¢; and so one of p, q is adjacent to at least
three of the five vertices in D, which is impossible since C' has no triangles. Thus M = (), and so C
is a cycle of length five, contrary to the hypothesis. This proves (2).

If X #0 and i € {1,...,m}, we may choose i1,...,it,j1,---,jt as in (1) with

iE{il,...,it,jl,...,jt}.

(To see this, assume that ¢ # 41,...,4,71,...,7¢ If 21 has a neighbour in C; we may replace i;
by i, and otherwise we may replace j; by i.) In particular, if X # () and t < k, then since G \ X
has |V(G)| — t vertices and only |V (G)| + t — 2k components, at least one of the components has
more than one vertex, and so we may assume that i, = h and j, =t + h for 1 < h <t and one of
C4,...,Cy has more than one vertex. From (2), for 1 < i < m we may choose ¢; € V(C;) and a
perfect matching of C; \ {¢;}, such that

o for 1 <i<t, ¢, x; are adjacent
o for t+1<i <2t ¢,x;_; are nonadjacent

e for i > 2t, if C; has more than one vertex and is not a cycle of length five then ¢; is nonadjacent
(in C;) to both ends of some edge of M;

e if 0 <t <k, at least one of C1,...,Cy has more than one vertex.

Now Mj U---U M, is a matching of G and hence an antimatching of G; and its cardinality is
(IV(G)| —m —t)/2 = k — t, since it covers all vertices except one of each C;. If there is an injective
map f : M — {cat+1,-.-,cm} such that f(e) is adjacent to both ends of the antiedge e for each



e € M, then the union of {f(e)} with the set of ends of e is a seagull, for each e € M, and these k —t
seagulls, together with the ¢ seagulls {x;, ¢;, ¢} (1 < i <t) are k disjoint seagulls, a contradiction.
Thus by Hall’s theorem, there is a nonempty subset M’ C M such that |[N| < |M’| — 1, where N
is the set of all ¢; with 2¢t < ¢ < m such that ¢; is adjacent to both ends of some member of M’.
Let I be the set of i € {1,...,m} such that some edge of C; belongs to M'. Let i € I, and let
e € M'NE(C;). Since C; is a component of G\ X, it follows that every vertex in V(G)\ (X UV(C;))
is complete to V(C;) and in particular, each ¢; with j # ¢ is adjacent to both ends of e; and so
{j:2t+1<j<m,j#i} CN. We deduce that |[N| > m — 2t — 1, and so |[M'| > m — 2t. But
IM'| < |M|=k—t<m—2t, and so we have equality throughout, and in particular M’ = M, and
[V(G)| = 3k, and ¢ > 2t, and N = {j : 2t +1 < 5 < m,j # i}. Since this holds for all i € I, we
deduce that I N {1,...,2t} =0, and I = {i}; let i = m say. Consequently every edge of M belongs
to Cy, and so C1,...,C,,_1 each have only one vertex. From the last bulletted statement above, it
follows that t =0 or t = k. If t = k then M = (), which is impossible; so t = 0, and therefore X = ()
and |M| = k.

Suppose that C), is not a five-cycle. Then by the third bulletted statement above, there is an
antiedge prqr of M such that {pg,qr,cr} is a seagull. Let the other antiedges of M be p;q; for
i=1,...,k—1. Then {p;,qi,c;} (1 <1i < k) are k disjoint seagulls, a contradiction.

This proves that C,, is a five-cycle, and so |M| = 2, and therefore k = 2, and |V (G)| = 6, and
m = 2; but then G is a five-wheel, a contradiction. This proves 2.6. |

2.7 G has exactly 3k vertices.

Proof. Suppose that |V(G)| > 3k, and let v € V(G). Let G’ = G\ {v}. By 2.4, G’ is k-connected,
and by 2.6, G’ has an antimatching of cardinality k. By 2.5, since |V (G)| > 3k, it follows that every
clique in G has capacity at least k + 1, and therefore every clique in G’ has capacity at least k. But
since G does not have k disjoint seagulls, the same holds for G’, and therefore from 2.1.6 it follows
that k = 2 and G’ is a five-wheel. Since this holds for every vertex v of G, it follows that G has at
least two vertices of degree at least five (for otherwise we could delete a vertex leaving no vertex of
degree five), and so (by deleting some third vertex) it follows that for some choice of v, G\ {v} has
at least two vertices of degree at least four, and therefore is not a five-wheel, a contradiction. This
proves 2.7. |

2.8 Every clique has capacity at least k + 1.

Proof. Suppose that C' is a clique with capacity less than k + 1, and therefore with capacity
k+1/2, by 2.5. Let (A, B,C, D) be the associated partition; thus |A| + |B| + 2|D| = 2k + 1, that is,
|C| = |D| + k — 1, since |V(G)| = 3k by 2.7.

(1) |ID| < k-—1.
For suppose not; then |D| = k and |A|+|B| = 1. If A = () and |B| = 1 then G is not (k+1)-connected,

contrary to 2.4. If B = () and |A| =1 then C'U A is a clique with capacity at most |D| = k, contrary
to 2.5. This proves (1).



(2) There are |D| pairwise disjoint seagulls included in C U D, each with exactly one vertex in
D.

Suppose that there exists a nonempty subset Y C C' such that fewer than Y|+ |D| — |C| vertices in
D are mixed on Y. Since the only vertices mixed on Y belong to D, it follows that

2 cap(Y) < (Y| +[D[ = [C]) + (IV(G)| = [Y]) = V(G)| = [C] + |D| = 2 cap(C) = 2k + 1,

contrary to 2.5. Thus there is no such Y. Moreover, since |C| = |D| +k —1 and |D| < k — 1, it
follows that |C| > 2|D|. Hence the claim follows from 2.2, taking p = ¢ = |D|. This proves (2).

Let H be the graph with vertex set A U B in which distinct vertices u,v are adjacent if either
u,v € A and u, v are nonadjacent in GG, or exactly one of u,v is in A and wu,v are adjacent in G.

(3) There is a matching in H of cardinality k — |D|.

For suppose not. Since |A| + |B| > 2(k — |D|), 2.3 implies that there exists X C V(H) with
|X| <k —|D| -1 such that H\ X has |X| + |[V(H)| — 2(k — |D| — 1) odd components, and every
component of H\ X is odd, and every component of H\ X with more than one vertex is not bipartite.
Since |X| < k —|D| — 1, it follows that |D U X| < k, and since G is k-connected, we deduce that
G\ (DU X) is connected.

Suppose that some component P of H \ X contains a vertex in B. Since a(G) < 3, no other
component contains two vertices of A that are nonadjacent in GG; and so every other component of
H \ X is bipartite, and therefore has only one vertex. Since G \ (D U X) is connected, some vertex
in A belongs to the union of all components of H \ X that contain a vertex in B; and so P has
more than one vertex. Consequently P is not bipartite, and so contains two vertices of A that are
nonadjacent in G; and therefore no other component has a vertex in B. Thus B C V(P)U X. Let
C'=CU(A\ (X UP)). Thus

|IC'| > |C|+|X|+ |V(H)| -2k —|D| - 1) = 1= |V(G)| + |X| — 2k + 1+ |D|

since H \ X has at least |X|+ |V(H)| —2(k — |D| — 1) odd components. The only vertices mixed on
C’ belong to X U D, and so

2 cap(C’) < |XUD|+|V(G)| - |C'| <|XUD|+|V(G)| - (IV(G)| + |X| =2k +G1+ |D|) = 2k — 1,

a contradiction.

Thus no component of H\ X meets B, and so B C X. Since G has an antimatching of cardinality
k, there is an antimatching of cardinality at least k—|D|—|X|in G\ (DUX). Since C is complete to
all other vertices of G\ (D U X), it follows that there is an antimatching of cardinality k — |D| — | X|
in G\ (CUDU X). Hence at least 2(k — |D| — | X]|) vertices are incident with antiedges in this
antimatching; but for every odd component of H \ X, at least one vertex is not incident with an
antiedge of the antimatching. Consequently

[AN X[ = 2(k = [D] = |X]) + [X] + [V(H)| = 2(k - [D] = 1),

that is, |[A\ X| > —|X| + |A| 4+ |B| + 2, which is impossible. This proves (3).
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If M is a matching as in (3), then 2|M| = 2(k—|D|) = |V (H)|—1, and so there is a unique vertex
w of H not incident in H with any edge of M. We call w the free vertex of M. Let c1,...,cx_|pj—1
be the vertices of C' in none of Sy,..., S p|.

(4) D =90.

For suppose not. Let the |D| seagulls of (2) be Si,...,S|p| say, and let S1 = {di,u,v}, where
di € D and u,v € C and u is adjacent to d;. Choose M as in (3), with free vertex w say. Let
X1,..., Xp—|p| be the sets of ends of the edges of M. If w is mixed on {dy,u} then {w,dy,u} is a
seagull, and

{w7d17u}7S27 s aS|D|7Xi U {CZ} (1 <@ < k— |D| - 1)7Xk—|D| U {U}

are k disjoint seagulls, a contradiction; so w is not mixed on {d;,u}. Since w ¢ D, w is also not
mixed on {u,v}; and so w is not mixed on {dy,v}. Since a(G) < 3 and dy, v are nonadjacent, we
deduce that w is adjacent to both di,v; but then

{w7d17v}7527 o 7S‘D‘7XZ U {CZ} (1 <i< k— ’D‘ - 1)7Xk—‘D‘ U {U}
are k disjoint seagulls, again a contradiction. This proves (4).

From (4) we deduce that C' = {c1,...,cx-1}.

(5) For every choice of the matching M as in (3), if w is the free vertex of M and X is the set
of ends of some edge of M then X U{w} is not a seagull of G.

For let the edges of M have sets of ends Xi,...,X) say, and suppose that X; U {w} is a seag-
ull of G. Then
XZ'U{CZ'} (1 <1< k:—l),XkU{w}

are k disjoint seagulls, a contradiction. This proves (5).
(6) For every k-edge matching of H, its free vertex is not in B.

For let B = {bg,b1,...,bs}, and suppose that for some k-edge matching M of H, its free vertex
is by. There are exactly s edges of M with an end in B, say a;b; (1 <i <s). Let t = k — s, and let
the remaining edges of M be p;q; (1 < j <t). Thus pj;, ¢; are nonadjacent in G for 1 < j <t, and

A:{a1>"'aas}U{plw"apt}U{q17"'aqt}-

Let N be the set of all vertices in A that are complete to B in G. For 1 <1 < s, since by is adjacent
to b;, (5) implies that by is adjacent to a;. For 1 < i < s, by applying (5) to the matching M’ of
H with free vertex b; obtained from M by replacing a;b; by a;bg, we deduce that b; is complete to
{a1,...,as}. Consequently aj,...,as € N. By (5), for 1 < j <t by is nonadjacent to one of pj, g;,
and similarly (replacing M by the matching M’ above) it follows that no vertex in B is adjacent in
G to both pj,g;. In particular, at least one of p;, g; does not belong to N.

11



Suppose that p1,q1 ¢ N. Let By, By be the sets of vertices in B adjacent to p; and adjacent to
q1 respectively. Since no vertex in B is adjacent to both pi,¢q, it follows that By N By = (); since
a(G) < 2 it follows that By U By = B; and since p1,q; ¢ N it follows that By, By # 0.

We claim that p1, g1 are both complete to {a,...,as}. For suppose that ¢; is nonadjacent to aq
say. Since {ai,...,as} is complete to B, there is symmetry between the members of B, and so we
may assume that by € By and b; € B;. But then

(M \ {a1b1, pra1}) U {qras, p1bo}

is a k-edge matching of H with free vertex by; and yet {b1,p1,bp} is a seagull contrary to (5). This
proves that p1,q; are both complete to {aq,...,as}.
Suppose that |By| > 2, and let by, by € By say. Then

(M \{p1q1}) U {p1bo}

is a k-edge matching of H with free vertex ¢i, and yet {q1,a1,b1} is a seagull, contrary to (5). So
|Bo| = |B1| =1, and so s = 1. Let By = {bo} and By = {b;} say.

Suppose that £k > 3, and hence t > 2. Suppose first po» € N. Since no vertex in B is adjacent
to both po, qo it follows that g9 is nonadjacent to both by, b1, and therefore adjacent to both pq, ¢,
since a(G) < 3. But then

(M \ {p2g2}) U {p2bo}

is a k-edge matching of H with free vertex ¢o, and yet {q2,p1,¢1} is a seagull contrary to (5). This
proves that po ¢ N, and similarly p;,q; ¢ N for 2 < j <t,andso N = {a1,...,as}. We may assume
that p; is adjacent to by and ¢; to b;. But then

{pebo, b1} U{pjq; :1<j<t—1}

is a k-edge matching of H with free vertex a;, and yet {a1,p1,q1} is a seagull, contrary to (5). Thus
k = 2; but then G is a five-wheel, a contradiction.

This proves that at least one of p1,q1 € N; so we may assume that p; € N and ¢; ¢ N for
1<j<t Let P={pi,...,p:} and Q = {q1,...,¢:}. Since no vertex in B is adjacent to both p;, ¢;,
it follows that @) is anticomplete to B, and so @ is a clique. Now

(M A\ A{p1q1}) U {p1bo}

is a k-edge matching of H with free vertex ¢p, and so {q1,a;,b;} is not a seagull for 1 < i < s, and
{q1,pj,q;} is not a seagull for 2 < j < ¢. Consequently ¢; is anticomplete to NN, and therefore @ is
anticomplete to N U B.

But then no vertex of G is mixed on N, and yet |N| = k since N = {aq,...,as,p1,...,p¢} and
s+t =k;and so cap(IN) =k since |V (G)| = 3k, contrary to 2.5. This proves (6).

(7) For every k-edge matching of H, its free vertex is not in A.
For suppose that M is a k-edge matching of H with free vertex in A. Let the edges of H with

one end in B be a;b; (1 < i < s), and let those with both ends in A be p;q; (1 e; < t), where s+t =k
and B = {by,...,bs}. Let the free vertex be ay where

A - {a07a17"' yAs; Py -+ 5Pty 415 - - - 7Qt}'

12



If ap,a; are nonadjacent, then (M \ {a1b1}) U {aga1} is a k-edge matching of H with free vertex
by € B, contrary to (6). So ag is complete to ay,...,as, and therefore to B by (5). For 1 < <'s,
by replacing a;b; by agb; we deduce that a; is complete to {ag,a1,...,as} \ {a;} and to B, and so

{ap,a1,...,as} U B is a clique.
Since ag is adjacent to at least one of p;,q; (since a(G) < 3) and not to both (by (5)), we may
assume that ag,p; are adjacent and ao, ¢; are nonadjacent for 1 < j <t. Let P = {p1,...,p;} and

Q=A{q,...,q}. For1 <j <t, by the argument above applied to the matching (M \ {p;q;})U{aoq;}
we deduce that p; is complete to {ag,a1,...,as} U B, and so P is complete to {ag,a1,...,as} U B.
By (5) applied to (M \ {a1b1}) U{agb1} it follows that ¢; is nonadjacent to a;, and similarly @ is
anticomplete to {ag,...,as}.

Suppose that p1, g2 are adjacent. By (5) applied to (M\{p1¢1})U{aoq1}, it follows that {p1,p2, g2}
is not a seagull, and so p1, p2 are nonadjacent. If s > 0 then

(M \ {p1q1, 292, a1b1}) U {aoq1, a1q2, p1p2}

is a k-edge matching of H with free vertex by € B, contrary to (6). Thus B = (J; but then G has
no antimatching of cardinality k& + 1 contrary to 2.6. This proves that pi, g are nonadjacent and
similarly P is anticomplete to Q.

Hence P U{ay,...,as} is a clique. It has cardinality k + 1, and yet no vertex is mixed on it, and
so has capacity less than k, a contradiction. This proves (7).

From (3), (6) and (7) we have a contradiction. This proves 2.8. |

2.9 k> 3.

Proof. Certainly k& > 1; suppose that k£ = 2, and so |V(G)| = 6. Since a(G) < 3 and |V (G)| = 6,
there are three pairwise adjacent vertices say b1, by, b3. Since there is an antimatching of cardinality
three by 2.6, we may assume that V(G) = {a1,as,as,b1,be, b3}, where a;,b; are nonadjacent for
i = 1,2,3. Each of a1, a2, a3 has a neighbour in {b1, by, b3} since G is 3-connected by 2.4; so from
the symmetry we may assume that a;by and asbs are edges. Since {a1,b1,be} is a seagull, it follows
that {ag,as,bs3} is not a seagull, since there do not exist two disjoint seagulls; and so ag,as are
nonadjacent. Since G is three-connected, we deduce that as is adjacent to a1, b; and ag is adjacent
to ay,b1,by. But then {aq,as,b1},{as,be, b3} are two disjoint seagulls, a contradiction. This proves
2.9. |

2.10 If H is a graph with a«(H) < 3, and S is a seagull of H such that H \ S is a five-wheel, then
H has three disjoint seagulls.

Proof. Let S = {p,q,r} where ¢ is adjacent to p,r, and let H \ S be a five-wheel, with vertex

set {c1,...,¢5,w}, where w is adjacent to c1,...,c5 and cj-co-- - - -c5-c; are the vertices of a cycle in
order. Suppose for a contradiction that H does not have three disjoint seagulls.
Suppose that ¢y, ..., c5 are not mixed on S. Since ¢; is adjacent to one of p,r (because a(H) < 3)

it follows that {cy,...,c5} is complete to S. But then {c1, c3,w}, {c2, s, q}, {c5,p, 7} are three disjoint
seagulls, a contradiction.
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Thus we may assume that some ¢; is mixed on S; and hence some ¢; is mixed on {p, ¢} or mixed on
{q,r}, and from the symmetry we may assume that ¢; is mixed on {p, ¢}. Thus {c1,p, ¢} is a seagull.
Now r is adjacent to one of ¢, c5, since a(H) < 3, and from the symmetry we may assume that r, co
are adjacent. Since {c1,p,q},{cs3,cq,c5} are seagulls, it follows that {r,ce,w} is not a seagull, and
so r,w are adjacent. Because of the seagulls {c1,p,q},{c2,c3,cq4} it follows similarly that r,c5 are
adjacent; and the seagulls {c1,p, ¢}, {c3,w,c5} imply that r, ¢4 are nonadjacent, and similarly r, c3
are nonadjacent.

We have shown then that if ¢; is mixed on {p,q} then r,¢; have the same neighbour set in
{c1,...,c5,w} \ {¢}; and in particular 7 is unique. Thus we may assume that ca,...,c5 are not
mixed on {p,q}. Since c3,c4 are nonadjacent to r and therefore adjacent to p (because a(H) < 3),
it follows that cs, ¢y are adjacent to q. Hence cs, ¢y are both mixed on {g,r}, contrary to what we
already showed (with p,r exchanged). This proves 2.10. |

Let us say a vertex of G is big if its degree is at least 2k — 1.
2.11 Ewvery two big vertices of G are adjacent.

Proof. Suppose that u,v € V(G) are nonadjacent big vertices.
(1) There are k — 1 seagulls in G\ {u,v}, pairwise disjoint.

To show this, it suffices by 2.1.6 to check that G \ {u,v} is (kK — 1)-connected and has an anti-
matching of cardinality k& — 1, and every clique in G \ {u, v} has capacity at least k — 1 in G'\ {u, v},
and if £ = 3 then G\ {u,v} is not a five-wheel. We check these in turn. First, by 2.4, G is (k + 1)-
connected and so G\ {u,v} is (k—1)-connected. Second, by 2.6 G has an antimatching of cardinality
k+ 1, and therefore G \ {u,v} has an antimatching of cardinality k¥ — 1. Third, let C' be a clique of
G\ {u,v}. In G, C has capacity at least k + 1, by 2.8, and so in G \ {u,v}, C has capacity at least
k — 1. Finally, if £ = 3 then |V(G)| =9, and so G \ {u,v} has seven vertices and is therefore not a
five-wheel. From 2.1.6 this proves (1).

Let S1,...,Sk—1 be the k — 1 seagulls of (1). For 1 <1i < k — 1, we say that S; is tame if for all
x € {u,v}, if z is complete to only one of S1,...,Sk_1 then x is not complete to S;.

(2) It is possible to choose Si,...,Sk_1 such that one of them is tame.

Let I be the set of i € {1,...,k — 1} such that u is complete to S;, and define J similarly with
respect to v. If k > 4 then we may choose ¢ € {1,...,k — 1} such that if |I| = 1 then i ¢ I, and if
|J| = 1 then i ¢ J, and then S; is tame. Thus we may assume that £ = 3, and I = {1}, J = {2}
say. Let w be the unique vertex of G not in S; U Sy and different from u,v. Since G does not have
three disjoint seagulls, it follows that {u,v,w} is not a seagull, so w is nonadjacent to at least one
of u,v; and since a(G) < 3, w is adjacent to one of u,v. Thus we may assume that w is adjacent to
v and not to u. Now there is a seagull S C S; U {w} containing w. Thus S7, S2 are disjoint; u has
a nonneighbour in S}; and v is complete to S, and so again the claim holds. This proves (2).

Choose S1,...,S;_1 such that one of them is tame. Choose one of these seagulls, tame, such
that in addition one of u, v has two nonneighbours in it if possible. Let this seagull be Sy say. Since
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G does not have k disjoint seagulls, it follows that G'\ S1 does not have k — 1 disjoint seagulls. We
use 2.1.6 to obtain a contradiction, as follows.

(3) G\ S is (k — 1)-connected and has an antimatching of cardinality k — 1.

For suppose that G \ Sj is not (k — 1)-connected. Thus there is a partition (P,Q,R) of V(G)
such that P,Q # 0, |R| < k+1, S; C R, and P is anticomplete to Q). Every seagull of G contains
a vertex of R, and in particular So,...,Sk_1 each contain a vertex of R, and S; contains three; and
s0 Sa,...,Sk_1 each have exactly one vertex in R, and |[R| = k+ 1, and R C S; U---U Sk_1, and
therefore u,v ¢ R. Since P, (Q are cliques and u, v are nonadjacent, we may assume that u € P and
v € Q. Since |R| = k+ 1, 2.7 implies that |P|+|Q| < 2k, and so we may assume that |P| < k. Since
u has degree at least 2k — 1, and |P| + |R| < (k — 1) 4+ (k + 1), it follows that |P| = k — 1 and u is
complete to R. Since |V (G)| = 3k, we deduce that |Q| = k. Now v has degree at least 2k — 1, and
|QUR| = 2k+1, and so v has only one nonneighbour in S;. Since S; is tame, and u is complete to St,
it follows that u is complete to one of So, ..., Sk_1, say So; and so So C PUR. Since Sy contains only
one vertex of R, it follows that v has two nonneighbours in S5. But S5 is tame, since u is complete
to S; and v is not complete to Sy; and yet neither of u,v has two nonneighbours in Sy, contrary
to our choice of S;. This proves that G\ S; is (k — 1)-connected. Each of So,...,Sk_1 includes
a nonadjacent pair of vertices, and these pairs together with the pair uv form an antimatching of
cardinality kK — 1 in G \ Sy. This proves (3).

(4) Every clique of G\ S1 has capacity at least k —1 in G\ Si.

For let C' be a clique of G\ S1, and let (A, B,C, D) be the associated partition of V(G \ S1).
Suppose that C has capacity at most k — 3/2 in G \ S1; thus, 2|D| + |AU B| < 2k — 3. Let w be
the vertex of G not in Sy, ..., Sk_1 different from wu, v, and let T'= {u,v,w}. Let S be the union of
S2,...,Sk_1. Since SUT = V(G \ S1), it follows that

2IDNS|+[(AuB)NS|+2[DNT|+ [(AUB)NT| <2k — 3.

Now each of Ss,...,S_1 contains either a member of D \ S, or two members of (AU B) \ Sy;
and so 2|D N S|+ [(AUB)N S| > 2k — 4. Consequently 2|D NT| + |(AU B)NT| < 1. Hence
D NT = . Moreover, since u, v are nonadjacent, they do not both belong to C, so we may assume
that u € AU B; and so (AU B)NT = {u}. Hence v,w € C. Since u is not mixed on C and u,v
are nonadjacent, we deduce that u is anticomplete to C' and so u € B. Every neighbour of v in G
therefore belongs to AU B U D U Sy, and since 2|D| + |[AU B| < 2k — 3 and u has degree at least
2k — 1, it follows that we have equality throughout; and in particular, D = () and u is complete to
AU (B\ {u})U Sy, and each of Sy, ..., Si_1 contains exactly two members of AU B. It follows that
each of Ss,...,S,_1 contains a member of C, and so is not complete to u, contradicting that Sy is
tame. This proves (4).

Now from 2.10 G\ S is not a five-wheel, so by 2.1.6 G \ S; has k — 1 disjoint seagulls, and
therefore G has k disjoint seagulls, a contradiction. This proves 2.11. |

If {p,q,r} is a seagull, with ¢ adjacent to p,r, we call p,r the wings of the seagull and ¢ its body.
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2.12 Let S be a seagull in G, such that either it contains a big vertex, or there is no big vertex in
V(G). Then G\ S has an antimatching of cardinality at least k — 1.

Proof. Suppose not; then since [V (G\ )| = 3k—3 > 2(k—1), 2.3 applied in G\ S implies that there
exists X C V(G) with S C X, such that G\ X has (| X|—3)+ (|V(G)| —3) —2(k—2) = | X|+ k-2
components, and for each component C of G\ X and each v € V(C), C\ {v} has a perfect matching.

We claim that every vertex in V(G)\ X is big. For let the components of G\ X be C1, ..., C\ x| +k—2>
let 1 <i<|X|[+k—2, with |V(C;)| =2m+1say, and let v € C;. Let Y = V(G)\ (X UV(C;)). Since
G\ X has | X|+k—2 components, it follows that |Y'| > | X|+k—3; but also |Y| = |[V(G)|—|X|—(2m+
1) = 3k—|X|—2m—1, and so, summing, we deduce that 2|Y| > (| X|+k—3)+ (3k—|X|—2m—1) =
4k —2m—4, and so |Y| > 2k—m —2. Since C'\ {v} has a perfect matching (which is an antimatching
of G) and a(G) < 3, it follows that v is adjacent in G to at least m vertices in C;. Also, v is
complete to Y; and v has a neighbour in S C X, since a(G) < 3. Hence the degree of v is at least
m+1|Y|+1>m+ (2k—m—2)+1 =2k — 1. This proves our claim that that every vertex in
V(G) \ X is big.

By 2.11, all vertices in V(G) \ X are pairwise adjacent, and so each C; has only one vertex.
Consequently |X|+k —2 = |V(G)\ X|, and so |X| = k+ 1 and |V(G) \ X| = 2k — 1. By 2.8,
cap(V(G) \ X) > k + 1, and therefore every vertex in X is mixed on V(G) \ X; and so no vertex in
X is big, by 2.11. In particular, no vertex of S is big, and so there is no big vertex by hypothesis,
and hence X = V(G), which is impossible. This proves 2.12. |

A cutset in G is a subset X C V(G) such that G\ X is disconnected (and consequently has two
components, both complete). We need the following lemma.

2.13 Let M be a cutset of G, with |M| =k + 1. Let A, B be the two components of G\ M. Then
for every subset P C M with |P| < |B|, there is a matching of P into B. Moreover, if b € B has a
neighbour in P, then there is a matching with cardinality |P| between P and a subset of B containing

b.

Proof. Suppose not; then by Koénig’s theorem, there is a subset X C P U B with |X| < |P| such
that P\ X is anticomplete to B\ X. But then B\ X # 0, since |X| < |P| < |B|, and so X U (M \ P)
is a cutset. We deduce that |[X U (M \ P)| > k+ 1 by 2.4, and so |[X U (M \ P)| > |M|, that is,
M\ P|+|X| > |M\ P|+|P|, a contradiction. This proves the first assertion of 2.13, and the second
follows easily. |

2.14 Let C be a cliqgue in G with cap(C) = k + 1, with associated partition (A, B,C,D), and
suppose that D # 0, and if some vertez of V(G) is big, then there is a big vertex in D. Then there
do not exist partitions (A1, As) of A and (By, Ba) of B such that Ay is anticomplete to Bs, and As
is anticomplete to By, and By, By # 0, and |A1| — |B1| = |A2| — | B2/

Proof. For suppose that such partitions exist. Thus B; U By = B is a clique, and is complete to D;
A1 is a clique, since it is anticomplete to By # (); and similarly A, is a clique.

Let |D| = d. Since cap(C) = k+ 1 and |A;| + |B2| = |A2| + |Bi], it follows that |A;| + |Ba| =
k+1—d, and

IC| =3k—(|A| +|B|+|D|) =3k —2(k+1—d)—d=d+k—2.
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(1) |A1] = |B1| and |Az| = |Ba|.

For let |A1|—|Bi1| = « say; then |As| — |Bs2| = z, and |A| —|B| = 2z. Since G\ (DUA) is disconnected
(because B # () we deduce that |D|+|A| > k+1 from 2.4, and so |D|+|A1|+|As| > |D|+|Az2|+|B1],
that is, z > 0. Since |A;| + |Bz2| = |A2| + |B1] = k + 1 — d, it follows that |[A| + |B| = 2(k + 1 — d).
Consequently (|B| + 2z) + |B| =2(k+1—d), that is, |[B|=k+1—d—z, and |A| =k +1—d+ x.
By hypothesis, there exists v € D such that if any vertex is big then v is big. Since v € D, it has a
nonneighour u € C, and consequently u is not big, by 2.11. But u has |C| + |A| — 1 neighbours in
CUA, and
IC|+|Al—1=d+k-2)+(k+1—d+2z)—1=2k—2+uz,

and so z = 0. This proves (1).

(2) For each v € D, there are d — 1 disjoint seagulls each with one vertex in D \ {v} and two
in C.

For if not, by 2.2 there is a subset Y C C such that at most |Y|+ [D\ {v}| —|C| -1 =|Y|—k
vertices in D\ {v} are mixed on Y, and hence only |Y| —k + 1 vertices in V(G) \ Y are mixed on Y.
But then cap(Y) < 3k —|Y|)/2+ (|Y| —k+1)/2 =k + 1/2, contrary to 2.8. This proves (2).

(3) For i =1,2 there is a matching in G of B; into A;.

For let ¢ = 1 say. Since D U A; U By is a cutset in G of cardinality k + 1, the claim follows
from 2.13 and (1).

(4) Ay, Ay are complete to D.

For suppose that a; € A; is nonadjacent to v; € D. By (3) there is a matching of B into A,
say Xo,..., Xkx_q, where v; € Xy. Let S = XU {v1}; thus Sy is a seagull. Let D = {v1,...,v4}.
Let Sa,...,Sq be seagulls as in (2) with v; € S; (2 < i < d). Since |C| = d+ k — 2, there are k — d
vertices in C' not in Sy U ---U Sy, say c1,...,cr_q. But then

Sty S, XiU{a} 1 <i<k—d)

are k disjoint seagulls, a contradiction. This proves (4).

(5) Let H be a graph with siz vertices {ho,...,hs}, in which h; is adjacent to h;y1 for 1 < i < 4,
and hs is adjacent to hi, and hqg is adjacent to ho, hs, hy, hs, and the pairs hohs, hihg may be edges,
but all other pairs are nonadjacent. Then either V(H) can be partitioned into two seagulls or H is
a five-wheel.

For if hg, h; are nonadjacent then {hg, hi,ho},{hs, hs, hs} are two disjoint seagulls, so we may as-

sume that hg, h; are adjacent. If ho, hs are adjacent then {hg, h1,hs},{he, hs, hs} are two disjoint
seagulls, and if hg, hs are nonadjacent then H is a five-wheel. This proves (5).
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Let hg € D, and let Sq,...,S4-1 be seagulls as in (2), not containing hy. Let the vertices of
C not in S1,...,84-1 becy,...,cr_q. Let Xy,..., Xx11_4 be a matching between B and A, where
Xip—qa € Ay U By and Xg11-qg € Ay U By. Let W be the union of the k — 2 seagulls

Sty Sqo1, XiU{e} (1 <i<k—d-1),
and let S be any one of these k — 2 seagulls (since k > 3, this is possible). Then
V(G)\W = {ck—a, ho} U Xy—q U Xpt1-4,

and the subgraph H induced on these six vertices satisfies the hypotheses of (5). Since H does
not have two disjoint seagulls (since G' does not have k disjoint seagulls), (5) implies that H is a
five-wheel. By 2.10, V(H) U S can be partitioned into three seagulls, and so V(G) has k disjoint
seagulls, a contradiction. This proves 2.14. |

If S is a seagull, a seagull S’ is close to S if |[SNS’| = 2. A seagull S is a king seagull if it satisfies:
e cither some vertex of S is big, or no vertex is big, and

e cither two vertices of S are big, or no seagull close to S contains two big vertices.
2.15 For every king seagull S, G\ S is not (k — 1)-connected.

Proof. Let S be a king seagull, and suppose that G \ S is (k — 1)-connected. Let G' = G\ S.
By 2.12 it follows that G’ has an antimatching of cardinality at least k — 1. By 2.10 G’ is not a
five-wheel. Since G’ does not have k — 1 disjoint seagulls, 2.1.6 implies that there is a clique C of
G’ with capacity in G’ at most k — 3/2. Let (A, B,C, D) be the associated partition in G; thus
SCAUBUD, and

ID\ S|+ |(AUuB)\ S|/2 < k—3/2.

Consequently caps(C) < k+ 3/2; and if S € D, then caps;(C) < k + 1, with equality only if
|SND| = 2. On the other hand, by 2.8, caps(C) > k+1; so either S C D and capg(C) < k+3/2, or
|ISND| =2and caps(C) = k+1. In either case it follows that |D|+(|A|+|B|)/2 < k+3/2—§/2—¢/2,
that is,

|IC|+ (Al + |B|)/2 > 2k —3/2+ /2 + €/2,

where 0 = 1 if the body of S is not in D, and 0 otherwise, and ¢ is the number of wings of S that
are not in D.

Suppose that every vertex in C' is big. Then at least one vertex of .S is big, and since this vertex
is complete to C' by 2.11, it belongs to A. Consequently the other two vertices of S belong to D; and
there exist u € AN S and v € DN S, adjacent. Now v has a nonneighbour w in C, and so {u,v,w}
is a seagull, close to S, and containing two big vertices. We deduce that two vertices of S are big,
since it is a king seagull; but one of them is in D and therefore not complete to C, contrary to 2.11.

Thus there exists ¢ € C that is not big. Since ¢ has |C|+ |A| — 1 neighbours in C' U A, and has
at least one neighbour in D if both wings of S are in D, it follows that the degree of ¢ is at least
|C| + |A| — €. Consequently |C| + |A| — e < 2k — 2 since c¢ is not big. We deduce that

2k—2+4+€e>|C|+|A| = (JA| —|Bl)/2+ |C|+ (|A] + |B|)/2 > (JA| — |B])/2 + 2k — 3/24+6/2 + €/2,
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that is, |B| — |[A| > d+ 1 —e.

Now any vertex of SN B is the body of S, since the other two vertices of S are in D and B is
complete to D (because every vertex in D has a nonneighbour in C'), and so 6 > |SNB|. Consequently
every wing of S not in D belongs to A, and so |A| > e. It follows that |[B| > d+1 > |SN B, and so
some vertex of B is not in S. Hence (DU A)\ S is a cutset of G \ S, and since the latter is (k — 1)-
connected, we deduce that |D|+|A|—|SN(DUA)| > k—1, and so |D|+|A| > k+2—|SNB| > k+2—0.
Since |B| — |A| > § + 1 — ¢, it follows that

k+3/2—06/2—¢€/2>|D|+ (|A|+|B|)/2=|D|+|A|+ (B —|A])/2> (k+2—-06)+ (0 +1—¢€)/2,
a contradiction. This proves 2.15. |

Suppose that M C V(G) with |[M| = k + 1 such that G \ M is disconnected. Then G \ M has
exactly two components L, R say, both cliques (since o(G) < 3). Moreover, |L|+ |R| = 2k — 1 since
|V (G)| = 3k, and so exactly one of |L|, |R| < k. If |L| < k we call the triple (L, M, R) a (k + 1)-cut,
and we call L and R the left and right sides of the cut. A (k + 1)-cut (L, M, R) is central if either
there is no big vertex, or some vertex in M is big.

2.16 Let (L, M, R) be a central (k + 1)-cut. Then there is a big vertez in V(G), but none in R.

Proof. For suppose not. Then there is a central (k4 1)-cut such that either there is no big vertex in
V(G) or there is a big vertex in the right side of this cut; choose such a central (k+ 1)-cut (L, M, R)
with left side minimal. Choose u € R and v € M, adjacent, as follows. If there is a big vertex in
V(G), then by hypothesis there is a big vertex (say u) in R, and from the definition of “central”,
there is a big vertex (say v) in M, and u,v are adjacent by 2.11. If there is no big vertex in V(G),
choose v € M arbitrarily; and since G is (k + 1)-connected, v has a neighbour u € R.

Let |L| =k —z,s0 |[R| = k+ 2 — 1. Since G is (k + 1)-connected by 2.4, it follows that v has a
neighbour w € L, and so {u,v,w} is a king seagull S say. By 2.15, G'\ S is not (k — 1)-connected,
and so there is a (k + 1)-cut (L', M’, R") with S C M’. Let A;; (1 < 4,5 < 3) be the partition of
V(G) into nine subsets where

AGZUA L UA;3 =1L
Ag1 U Ago U Agg = M’
Az U Agp U Asg = R
A1t UAsyy UAs =1L
A1 UApnp UAss =M
A3 U Aoz U Az = R.

Thus u € Agz, v € Ago, and w € Ag;. For 1 <1i,j <3 let a;; = |Ayj].
(1) Ass # 0.
For suppose that Ass = 0. Since v,w € M’ and |M'| = k + 1, it follows that ass < k — 1, and

since |R| > k we deduce that R ¢ M’, and so Aj3 # (). Consequently A;; = (), since any vertex in
Aq; is both complete to A3 (since L' is a clique) and anticomplete to A3 (since M is a cutset). Since
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G is (k + 1)-connected, it follows that w has a neighbour in L', and so Ajp # 0. But |[M| =k + 1,
and since Ajo, Agg # () we deduce that agy < k — 1. Since |R'| > k it follows that As; # (. Thus
both A1 U Ags U Agz and Aoy U Agg U Ass are cutsets, and so both have cardinality at least k + 1;
and yet the sum of their cardinalities is

a12 + ag + ags + as + ax +aze = M|+ |M'| = 2(k+ 1)

and so we have equality throughout. We deduce that (As;, Aa; U A U Ase, RU L') is a central
(k 4 1)-cut, contrary to the minimality of L. This proves (1).

Since L # () it follows that R is a clique, and since L’ is anticomplete to R’ it follows that A3 = 0,
and similarly A3; = (). Suppose that Ay # (). Then both A3y U Ao U Agz and Ajp U Agy U Agp are
cutsets, and the sum of their cardinalities equals |[M| + |M'| = 2(k + 1), and so (A11, A12 U Aoy U
A1, RUR') is a central (k + 1)-cut, contrary to the minimality of L. Thus A3 = ). Since L' # () it
follows that Ajs # 0.

Now Asj is a clique; let (A, B, Ass, D) be the associated partition. Since R is a clique it follows
that A3 C A, and similarly Ags C A; and since L is anticomplete to R, As; € B, and similarly
Ao € B. Thus D C As, and so

2 cap(Asz) < a1 + a1 + ase + agg + 2ag = |M| + |M'| = 2k + 2,

and since cap(Ass) > k + 1 by 2.8, it follows that Ayy = D. But then Ass violates 2.14, a contra-
diction. This proves 2.16. |

Finally we can prove our main result.

Proof of 1.6. Every vertex is in a seagull, since GG is connected and not complete; and consequently
there is a king seagull Sy. From 2.15, G \ Sp is not (k — 1)-connected, and so there is a central
(k+1)-cut (L, M, R) with So C M. Let |[L| =k —=xz,s0 |[R|=k+x— 1.

(1) Every vertex in R has at least x + 1 nonneighbours in M.

For let v € R. Thus v has k + z — 2 neighbours in R (because R is a clique), and since v is
not big by 2.16, it follows that v has at most 2k — 2 — (k + = — 2) = k — x neighbours in M. Since
|M| = k + 1, the claim follows. This proves (1).

(2) For every mg € M, and every matching of M \ {mo} into R, if ab belongs to the matching
then mg is adjacent to both or to neither of a,b.

For let M = {myg,...,my}, and let R = {ry,...,7k41,—1}, where m;,r; are adjacent for 1 < i < k.
For 1 < i <z — 1, rgy; has at least © 4+ 1 nonneighbours in M by (1), and so we may choose an
antimatching of cardinality  — 1 between {rgi1,...,7k+0—1} and {mq,...,my}. Let s=k —z + 1.
Thus we may assume that ri; is nonadjacent to mgy; for 1 <i < x—1. Let S; = {msii, "sti, Thsi}s
for 1 <i<x—1. Thus Sy,...,S5;_1 are disjoint seagulls, and my, ..., mg,71,...,7s are the vertices
of M U R that are not in the union of these seagulls. Suppose that mg is adjacent to exactly one of
mj,r;, where 1 < j < k. There are two cases, depending whether j < s or j > s. Suppose first that
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j <s,say j=1. Since G is (k + 1)-connected and |L| = s — 1, there is a matching of cardinality |L|
between {ma,...,ms} and L, say {Xo,..., X} where m; € X; for 2 <i <s. Then

{mo,ml,rl},Xi U {T‘Z} (2 <1< S),Sl, ey Selq

are k disjoint seagulls, a contradiction. Thus j > s and so > 2; let j = s+ 1 say. By (1), rg4q is
nonadjacent to one of myq,..., mg, say ms. By 2.13 there is a matching {Xy,..., X;_1} between L
and {mq,...,ms_1} with m; € X; for 1 <i <s—1. Then

{m07 m8+17 TS+1}7 {m87 Ts, Tk—i—l}a XZ U {TZ} (1 S Z S s — 1)7 527 s JSSC—l
are k disjoint seagulls, a contradiction. This proves (2).

(3) Let mg,my,ma,m3 € M be distinct. If momy, myma, mams are edges, then either mgy is ad-
jacent to ma, or my is adjacent to ms.

For suppose not. Let M = {my,...,mi}. By 2.13 there is a matching of M \ {mo} into R; let
R ={ri,...,"ksz_1}, where m;,r; are adjacent for 1 < i < k. By (2) myg is adjacent to ri, and
nonadjacent to 19, and myq is adjacent to r3 if and only if it is adjacent to ms3. Now

{mori} U{mr; :2<i<k}
is also a matching, and so m is adjacent to ro and not to r3. Similarly,
{mor1,myra} U {m;r; : 3 <i <k}
is a matching, and so ms is adjacent to rs and not to r1. Also,
{mor1, myra,mars} U{m;r; : 4 <i <k}

is a matching, and so m3 is nonadjacent to ry. Since {mg, ms, 72} is not a stable set, we deduce that
mg, mg are adjacent, and so mg, r3 are adjacent. But then

{mors, miry,mora} U {m;r; : 4 <i <k}
is a matching, and yet mg is adjacent to mg and not to 7o, contrary to (2). This proves (3).

(4) Let mg,mi,ma,m3 € M be distinct. If mg,ms are nonadjacent, then some other pair of
mg, My, Mo, M3 are nonadjacent.

For suppose that the other five pairs are all edges. Let R = {r1,...,rk+z—1}, where m;,r; are
adjacent for 1 < i < k (this is possible by 2.13). By (2) my is adjacent to r1, 79, and nonadjacent to
rg. From the matching

{mor1} U{m;r; 12 <i<k}

it follows that mq is adjacent to r9,r3, and similarly ms is adjacent to r1,73. From the matching

{mori,mira,mors} U {m;r; : 4 <i <k}
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it follows that mg is adjacent to r9 and not to r;. But mg is adjacent to mo and not to r3, and so
the matching
{mari,mars,msra} U {m;r; : 4 <i <k}

violates (2). This proves (4).
Let H be the subgraph of G induced on M.

(5) There exists mg € M such that H \ {mg} is disconnected and mgy is complete to M \ {mq}.

We recall that Sy C M, and so H is connected, and not complete. Hence there exists X C V(H)
such that H \ X is disconnected. Choose X minimal, and let A, B be the two components of H \ X.
They are both cliques since a(H) < 3. Since H is connected it follows that X # (). For each v € X,
x has a neighbour in A and a neighbour in B; and if v is not complete to A then there is a seagull
with one wing v and the other two vertices in A, and this together with a neighbour of v in B violates
(3). Thus X is complete to both A, B. If | X| > 1 then (3) or (4) is violated (depending whether two
vertices in X are nonadjacent or adjacent); so |X| = 1 and the claim holds. This proves (5).

Let mg be as in (5). We claim that myq is complete to R; for suppose that v € R is nonadjacent
to mp. Since a(G) < 3 and M is not a clique, it follows that v has a neighbour in M, and hence in
M\ {mp}; and so by 2.13 there is a matching of cardinality k between M \ {m} and some subset
of R containing v, contrary to (2). Thus my is complete to R.

Let My, M; be the vertex sets of the two components of H \ {mg}. For i = 1,2, let R; be the set
of vertices in R that are complete to M;, and let IV; be the set of vertices in R with a neighbour in
M;. Thus R; C N;, and since a(G) < 3, it follows that Ry U Ry = R. Suppose that Ny N Ny # ().
Hence by 2.13 there is a matching of cardinality k& between M \ {mg} and a subset of R that contains
a vertex in N1 N No.

Let M = {mg,mq,...,my}, and let R = {rq,...,7k1,—1} where m;,r; are adjacent for 1 < i <k,
and say r; € N1 N Na; let r; be adjacent to mo say, where m; € M; and mo € My. Thus mo is
adjacent to r1 and not to mq, contrary to (2) applied to

{mora,myri } U{m;r; : 3 <i <k}.

This proves that Ny N Ny = (); and so R; = N; for i = 1, 2.

By (1), [M1| > x+1. Now |[M| = k+1, and so |Ma| = k—|Mi| < k—xz—1. Since MaU{mo}UR;
is a cutset and G is (k+1)-connected, it follows that (k—xz—1)+1+|R1| > k+1, that is, |Ry| > x+1.
Similarly [Mas|, |Re| > x + 1. Since every vertex in M; U My has a nonneighbour in R, it follows that
M7 U My is complete to L.

Let us say a seagull is migratory if it contains mg and a vertex of L. Suppose that there is
a migratory king seagull. By 2.15 there is a cutset X in G\ {mg} of cardinality k that contains
a vertex in L. Now G\ {mg} is k-connected, and so X is a minimal cutset of G \ {mo}; and it
follows that X is the union of some of the sets L, M7, Ry, Ms, Ry. In particular L C X, and yet
|Mi], | Mal,|R1],|R2| > x + 1, a contradiction. It follows that there is no migratory king seagull.

Now my is big, since it is complete to RUM;U M5y and the latter has cardinality k+xz—1+k > 2k.
We deduce that no vertex in L is big (for any big vertex in L would be adjacent to mg and therefore
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would be contained in a migratory king seagull, since mg has a neighbour in R). By 2.16, no vertex
in R is big. If mg is the only big vertex, then every migratory seagull is a king seagull, and there
is a migratory seagull since mg has a neighbour in L and one in R, a contradiction. Thus we may
assume that there is a big vertex m; € M;. By 2.11 there are no big vertices in My, and so every
big vertex belongs to My U {mg}. If mg has a nonneighbour v € L, then {mg, m1,v} is a migratory
king seagull, a contradiction. Thus mg is complete to L. Let u € L and v € Ry; then {u,v,mg} is a
migratory king seagull since no close seagull contains two big vertices, a contradiction. This proves
1.6. |

3 Fractional packing

So far we have been concerned with whether G contains k disjoint seagulls. By a fractional packing
(of seagulls) we mean an assignment of a real number ¢(S) > 0 to each seagull S of G, such that
for every vertex v, the sum of ¢(S) for all seagulls S containing v is at most one. The value of a
fractional packing ¢ is the sum of ¢(S) over all seagulls S. (Thus there is a fractional packing ¢ of
value k such that ¢(S) € {0,1} for every seagull S if and only if G has k disjoint seagulls.) In this
section we find an analogue of 1.6 for fractional packing.

A half-integral packing means a fractional packing g such that ¢(S) € {0,1/2,1} for every seagull
S. We prove the following:

3.1 Let G be a graph with o(G) < 3, and let k > 0 be a real number. The following are equivalent:
e There is a fractional packing of value at least k
e There is a half-integral packing of value at least k

e |[V(G)| > 3k, and G has connectivity at least k, and for every clique C, cap(C) > k.

Proof. We show first that the first statement implies the third. Thus, let ¢ be a fractional packing
of value at least k. Then

BE<3Y q(S) =D aS)= > da§)< Y 1=|V(G)
S

S wveS veV(G) S3v veV(G)

(where the summations subscripted by S are over all seagulls S), and so |V(G)| > 3k. If X is a
cutset of GG, then every seagull contains a vertex of X, and so

k<) qlS) Z SHISNX| =" q8) <> 1=1X|,
S veX Sodv veEX

and consequently the connectivity of G is at least k. If C'is a clique, let (A, B, C, D) be the associated
partition; then every seagull either contains a vertex in D or two in AU B, and so

k<) q(S <Z!SﬂD!+]Sm(AUB\/2 = D S+ > D al9)/2
S

veED S>v veEAUB S3v

<> 1+ > 1/2=|D|+|AUB|/2= cap(C).
veD veEAUB
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Consequently cap(C') > k. Thus the first statement implies the third.

Clearly the second implies the first, so it remains to show that the third implies the second. Let
G be as in the third statement. Let G’ be the graph obtained from G by replacing every vertex v
by two adjacent vertices a,,b,, and for every edge uv of G making {ay,b,} complete to {a,,b,}.
Thus |V(G')| > 6k, and it is easy to see that the connectivity of G’ is twice that of G, and so at
least 2k. Moreover, for every clique C’ of G’, let C be the clique of G where v € C if and only if
C' N{ay, by} # 0. Let D be the set of all vertices in V(G) \ C that are mixed on C, and let D’ be
the set of all vertices in V(G’)\ C’ that are mixed on C’. For every vertex u € D, both a,, b, belong
to D', and so |D’| > 2|D|. Since |C’| < 2|C], it follows that

V(G)\C'| + D' = 2([V(G) \ C| + |DI),

and so the capacity of C’ in G’ is at least twice that of C in G, and so at least 2k.

We claim that G’ has an antimatching of cardinality at least 2k. For let H be obtained from
G’ by making a,,a, adjacent and making b,,b, adjacent, for all distinct u,v € V(G). Thus H is
bipartite. If H has a matching of cardinality at least 2k then our claim holds, so by Konig’s theorem
we may assume that there is a set X C V(H) with |X| < 2k such that H \ X is complete. Let
A be the set of v € V(G) such that a, € X, and let B be the set of v € V(G) such that b, € X.
Thus |A| 4+ |B| < 2k; and for all w € V(G) \ A and v € V(G) \ B, u is adjacent to v in G. Let
C=V(G)\ (AUDB); then (A\ B)U (B\ A) is complete to C, and so cap(C) < (|A| +|B])/2 < k,
a contradiction. This proves that G’ has an antimatching of cardinality at least 2k. Moreover, G’
is not a five-wheel, since no two vertices in a five-wheel have the same neighbour sets. From 1.6 it
follows that there are at least 2k seagulls of G’, pairwise disjoint. For every seagull S’ of G’, there
are three vertices v € V(G) such that S" N {a,,b,} # 0, and these three vertices form a seagull in
G. Consequently there is a list of at least 2k seagulls in G (possibly with repetition) such that every
vertex is in at most two of them; and hence the second statement holds. This proves 3.1. |

What about the algorithmic question — can we decide in polynomial time whether there are k
disjoint seagulls in G (still assuming a(G) < 3)? 1.6 gives us four conditions that would decide
this question if we could check whether the conditions hold; and three of them are easy to check.
However, we do not see how to check in polynomial time whether cap(C) > k for each clique C
(although it might well be polynomial-time checkable in our view). Nevertheless, we can proceed
indirectly, as follows. Using linear programming methods (the ellipsoid method), we can check in
polynomial time whether there is a fractional packing of value k, since this is a linear programming
problem of size polynomial in |V (G|. Consequently, we can check in polynomial time whether the
third statement of 3.1 holds, by 3.1. This comprises three of the four conditions of 1.6 that we need
to verify, including the difficult one; so we can indeed check the hypotheses of 1.6 in polynomial
time, and thereby decide whether there are k disjoint seagulls in polynomial time. One would expect
a direct, combinatorial algorithm, rather than the use of the ellipsoid method, but this is not yet
discovered.
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