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Abstract

We prove that for every 3-edge-connectedjraph G there exists a partition of E (G)

1 i m. We then generalizethis result, proving that for ewery (2k+1)-edge-
connectedgraph G there is a partition of E(G) into a bounded number (depending

1 i m.

In the third section of the paper, we apply our theorem to prove that for every 3-
edge-connectedgraph G and every map p: E(G) ! f84; 86g, there exists a multiset of
circuits of G sothat ewvery edgee 2 E(G) is contained in exactly p(e) of thesecircuits.
This resolesa questionof Goddyn. This result is then bootstrappedto a more general
theorem on circuit covers.

If G= (V,E) isadirected graph,a ow :E ! Z of G is calledan antisymmetric
owif (E)\ (E) = ;. In the fourth section of the paper, we apply our theo-
rem to show that ewery directed graph with no directed edge-cutsof size 2 hasan
antisymmetric o w of boundedsize. This resolesa question of Nesetril and Raspaud.
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1 Intro duction

Throughout the paper, we consideronly nite graphs,which may have multiple edgesand
loops. For any nite setS, we de ne a coloring of S to be a partition of S. The sizeof a
coloring is the sizeof the partition. A t-coloring is a coloring of size t. If G is a graph, a
vertex coloring (edgecoloring) of G is a coloringof V(G) (E(G)). A vertex coloring ofG is
proper if every X 2 isanindependen setof G. If G isadirectedgraphandA V(G), we
de ne *(A) to bethe setof all edgeswith initial vertexin A andterminal vertexin V (G)nA.
Wedene (A)= "(V(G)nA). If A= fvg, we will simplify this notation to *(v) and

(v) respectively. We will useZ to denotethe set of integersand Z* to denotethe set of
nonnegatiwe integers.If X;Y Z,thenwedene X +Y =fx+yjx2 X andy 2 Yg. For
any k2 2", wedene kX = fOgif k= 0,andkX = X + (k 1)X otherwise. A multiset
T with ground setS is formally amap T : S! Z*. Wethink of T asa setin which an
elemen may occur many times. For instance,if P : S! f0;1gis a property, we sa that k
menbersof T satisfy P if P o2s T(S)P(s) = k.

If G is a graph, we de ne an edgecoloring of G to be k-courteousif G nX is k-edge-
connectedfor every X 2 . Our main theoremis asfollows.

Theorem 1.1 Every (2k + 1)-edge-onnected graph hasa 2k-courteous edgecoloring of size
at most 81<°.

For graphs of even edge-connectiviy, the analogousproperty doesnot hold. More pre-
cisely for ewvery pair of positive integersk and t, there is a 2k-edge-connectedyraph Gy
which hasno (2k  1)-courteousedge-coloringof size t. The construction is simple: Let
Gyt be the graph obtained from a circuit of length t + 1 by replacingead edgeby k parallel
edges.This graphis 2k-edge-connectedyut any t-coloring of E (Gg.;) must have a color class
X of size 2. Sinceewery pair of edgesis in an edge-cutof size 2k, the removal of X will
drop the edge-connectiviy of the resulting graphto at most2k 2.

Planar duality exdhangesminimal edge-cutsand circuits. Thus, by Theorem 1.1, the
edgesof any planar graph of girth 2k + 1 can be coloredwith at most 81<* colorssothat
for any circuit C and any color classX , we havethat JE(C)nXj 2k. For arbitrary graphs
and xed g;h 2 Z*, one may ask whether there is a bounded size coloring of every girth
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g graph sothat JE(C) nXj  h for any color classX and any circuit C. Howeer, this
guestionhasa negative answver. Indeed, ewvery t-coloring of E (G) whereG is a girth g graph
with chromatic number > 2! cortains a monochromatic circuit of odd length. To seethis,

1 i t,then (G) 2.

It may be worth remarking that a similar soundingquestion hasbeenstudied for vertex
connectivity. Thomasser22]andindependerily Szegedyrovedthat for every a;b> 0, there
exists an integerf (a;b), sothat for every f (a;b)-connectedgraph G there is a partition of
V(G) into fA; Bg with G[A] a-connectedand G[B] b-connected.Thomasserhasconjectured
that the smallestvalueis f (a;b) = a+ b+ 1. Hajnal [9] hasprovedthat f (a;b) = 4a+ 4b+ 13
is su cient. Thesetheoremswhen applied to a line graph L(G) do not give results about
courteousedge-coloring®f G, sincea setof edgesS E(G) may induce a highly connected
subgraphin L(G) while (V(G);S) is disconnected.

Let G be a 2-edge-connectedraph and let p : E(G) ! Z* be a map. For a subset
S E(G), wede ne p(S) to bep e2s P(e). A circuit cover Cof (G; p) is a multiset of circuits
of G sothat ewery edgee 2 E(G) is cortained in exactly p(e) circuits of C. Seymour[18]
gave two obviously necessaryconditions on p for (G; p) to have a circuit cover.

() p(C) is even for every edgecut C of G.
(i) p(e) p(C ne) for every edgecut C and every edgee 2 C

We will say that p is admissablef p satis es both of the above criteria. For any setS and
integer k, we will let ks : S! Z be the map given by the rule ks(s) = k for every s 2 S.
The celebratedcycle double cover conjectureis preciselythe statemert that (G; 2 ()) hasa
circuit cover. If G hasno Petersenminor, Alspad, Goddyn, and Zhang[3] provedthat (G;p)
has a circuit cover for every admissablemap p. For generalgraphs,Bermond, Jackson, and
Jaeger[4] proved that (G; 4e(c)) hasa circuit cover, and Fan [6] proved that (G;6g () has
a circuit cover. Howewer, considerablylessis known about circuit covers for non-constan
weight functions. In this direction, Goddyn put forth the following conjecture.

Conjecture 1.2 (Goddyn [8]) Thereexistsan integerk sothat for every2-edge-onnected
graph G and everyadmissablemapp: E(G)! fk;k+ 2g, there is a circuit cover of (G;p).
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In the third sectionof this paper, we apply a special caseof the main theoremto achieve
the following result.

Theorem 1.3 For every2-adge-onnected graph G, everyi; j; k;| 0, and everyadmissable
mapp:E(G)! ifdg+ jf6g+ kf32 369+ If48 54g+ fO;1g, there existsa circuit cover of
(G;p)-

The m = 0 caseof the following corollary of Theorem 1.3 resoles Conjecture 1.2 for the
valuek = 84.

Corollary 1.4 For every2-edge-onnected graph G, everyintegerm 0, and everyadmiss-
ablemapp:E(G)! [32m + 84;36m + 87]\ Z, there existsa circuit cover of (G;p).

Pro of: Obsenethat f84;85 86,879 {32 36g+ f48,54g+ f0; 1g. It follows from this that
[32n + 84;36m + 87]\ Z (m+ 1)f32 369+ f48 549+ f0;1g. Thus, the corollary follows
by applying theorem1.3with i =j = 0,k=m+ 1,and| = 1. 2

Let G be a directed graph, let be an abelian group, and let : E(G) ! be a map.
We will say that isa ow (or a - ow) if for every v 2 V(G) we have that:
X
(e) = (e). (1)
e2 *(v) e2 (v)

It followsthat if isa owandA V(G) then

@= (@ @
e2 *+(A) e2 (A)
A ow issaidto be nowhee-zeoif (e) 6 Ofor every e2 E(G). For an integerk, we call
ak-ow if = Zandj (e)j < k for every e 2 E(G). Following [16], we de ne to be
an antisymmetric ow (or antiow ) if (E(G)) \ (E(G)) = ;. Note that an antio w is
necessarilya nowhere-zeroow.

undirectedgraph, andlet ; bea2- ow of G with supp( ;) = E(C;j) forO i t. It follows

from equation (2) that if G has a cut-edge,then G doesnot have a nowhere-zeroZ- ow.
. =] o

Conversely if G has no cut-edge,then !, 2 ; is a nowhere-zeroZ- ow of G. Thus, G
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has a nowhere-zeroZ- ow if and only if G has no cut-edge. Actually, there is a universal
upper bound k suc that ewvery graph with no cut-edgehasa nowhere-zerok- ow. This was
rst conjecturedby Tutte [23 (who also conjecturedthat k = 5 is true). Jaeger[10] and
independerily Kilpatric k [13] resohed the weak form of Tutte's conjecture, showving that it
is true for k = 8. This was subsequetly improved by Seymour[19] who showed that it is
true for k = 6. The casek = 5 is still open.

Sinceewery anti 0 w is alsoa nowhere-zeroo w, if G hasa one-edgecut, then G doesnot
have a Z-anti o w. It alsofollows from equation (2) that, if G has a directed two-edgecut,
then G doesnot have a Z-anti 0 w. Conversely if G hasno directed edgecuts of size 2, it
is not di cult to verify that i t o3 jisaz-antio w of G. Thus, G hasa Z-anti o w if and
only if G hasno directed cut of size 2. In analogywith the caseof nowhere-zero ows,
Nesetril and Raspaudasked the following question.

Problem 1.5 (Ne setril, Raspaud [16]) Is there a xed integer k so that every directed
graph with no directed edge-cutof size 2 hasa k-anti ow?

In the third section of the paper, we apply a special caseof our theoremto prove the
following theorem, which resohesthe above problem.

Theorem 1.6 Every directed graphwith no directed edge-cutof size 2 hasa 10'2-anti ow.

There doesnot seenmto be a natural candidatefor the bestpossiblevalue of k in problem
1.5. Nesetil and Raspaud[16] have remarked that there are planar graphs which give a
lower bound of 16.

In the nal sectionofthe paper, we will discussa coupleof related edge-coloringoroblems.
Here we mertion two open questions.

Conjecture 1.7 (DeV os) If a;b are positive integersand G = (V;E) is an (a+ b+ 2)-
edge-onnected graph, then there existsa partition of E into fA; Bg sothat (V;A) is a-edge-
connected and (V; B) is b-edge-onnected.

Problem 1.8 Doesthere exista xed integer k so that for everyk-edge-onnected graph G
there is a subsetA  E(G) sothat for everyedge-cutC we havethat 1=3 jC\ Aj5C]j
2=3?
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The above problem is similar in nature to somequestionsasked by Goddyn. It should
be noted that the values1=3 and 2=3 are of no special importance in the above question.
Indeed,an a rmativ e answer to the sameproblemwith 1=3 and 2=3 replacedby and 1
forany 1> > 0 would still imply the following conjecture of Jaeger.

Conjecture 1.9 (Jaeger [11]) There is a xed integer k so that every k-edge-onnected
graph hasa nowhee-zeo 3- ow.

2 Finding Courteous Edge-Colorings

Our main goal in this paper is to provide a simple proof of the existenceof bounded size
courteouscolorings,sowe will do fairly little to optimize the sizeof our bound. At the end
of this sectionwe will give someindication of how our bound can be improved. We start
the sectionby proving a lemma concerninga partition problem for a family of subpaths of
a tree. We will usea consequencef this lemma, Proposition 2.3, to prove a color splitting
lemma, and then the main theorem.

If S = fS;gi2 isafamily indexedby | andJ |, welet S[J] denotethe family fS;g;»;.

If Gisagraphand H = fH;g», isa nite family of subgraphsof G, we de ne the weight

function wy : E(G) ! Z* asfollows: wy(€) = jfi 2 1 je2 E(H;)gj for every e2 E(G). If

:E(G)! Z*,wecall apartition ofl a -resistivepartition (with respectto G and H)

if Whpnxi(€) (e) forevery X 2 andewrye2 E(G). If (e) = kforewrye2 E(G), a
-resistive partition is called a k-resistive partition.

If Tisatreeandv 2 V(T) is a vertex of degreeone,we call v a leaf vertex If e2 E(T)
is incident with a leaf vertex, we call e aleaf edge If Gisagraphande2 E(G), welet G=e
denotethe graph obtained from G by cortracting the edgee. The following lemma is the
key tool neededfor the proof of our main theorem.

Lemma 2.1 LetT beatreeandlet P = fP;gj,, be a nite family of submths of T with
wp(e) 2for everye2 E(G). Thenthereis a 1-resistivepartition  of | of size 3.

Pro of: We proceedby induction on jV(T)j + jlj. The theoremis trivial if jV(T)] 2 so
we may assumethat jV(T)] 3. Further, we may assumeby induction that E(P;) 6 ; for
everyi2l.
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If T cortains a non-leaf edgee with wp(e) = 2, then let A;; A, be the componerts
of Tne and let T,;T, be the treesA; [ e and A, [ e respectively. For k = 1,2, let
lk="fi21jJEP)\ E(Tx) 8 ;g andlet P, = fP;\ TyQi21,. For k= 1;2, apply the lemma
inductively to the tree Ty and the family of paths Py to obtain a 1-resistive partition  of
. Let 1.\ I, =fx;ygandfork = 1;2let Xx 2  bethe setwith x 2 X, andlet Y, 2
be the setwith y 2 Y, (note that Xy 6 Yy). Let Z = I n(X1[ X2 Yi[ Yo). If Z 6 ;
thenfX1[ X5, Yi[ Yz;Zgis a 1-resistive partition of I. Otherwise,f X[ X5;Y1[ Y2gisa
1-resistive partition of 1. Thus, we may assumethat wp(€) 3 for every non-leafedgee of
T.

Choosei 2 | andlet U V(G) be the set of endsof P; which are leaf vertices of T
and are incidert with an edgee 2 E(T) with wp(€) = 2. Let P%= fP; nUg; 2 nrig and let
T%= T nU. Applying the lemmainductively to the tree T°?and the family of paths P°we
obtain a 1-resistive partition °of | nfig (with respectto T®and P9. If j § < 3, then

= [ ff iggis a 1-resistive partition of | asrequired. Otherwise,for every u 2 U, choose
iv 2 I nfigsothat u 2 V(P;,) and chooseZ 2 ©sothat i, 62Z for every u 2 U. Now
by construction, = ( °nZz)[ fZ [ figgis a 1-resistive partition of | . This completesthe
proof. 2

A straightforward iteration of this argumen givesus the following proposition.

Prop osition 2.2 Let T be a tree with JE(T)] > O, let P = fP;g», be a nite family of
subthsof T andlet :E(T)! Z* beamapwith M = maxeer) (€). If wp(e) > (€
for everye 2 E(G) with (e€) > O, thenthereis a -resistivepartition  of | with size at
most 3V

Pro of: We proceedinductively on M + JE(T)j. If M = 0then = flg satises the

proposition. If T cortains an edgee with (e) = 0, then let

8

po— < P=e ife2 E(P|)

' P,  otherwise

and apply the lemma inductively to the tree T=e and the family of paths fP%,,. The
resulting partition of | satis es the proposition. Thus, we may assumethat (e) > O for
ewery e2 E(G) and thusthat wp(e) 2 for every e 2 E(G). By the above lemma, we may
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choosea 1-resistive partition  of | of size 3. ForewryY 2 , let v :E(T)! Z* be
given by the rule vy (€) = maxf0; Wp i ny19 and apply the proposition inductively to T
for the map y and the family of paths f P;gi,y to obtain a partition y of Y (note that
MaXeer) v < M sothis is possible). Let = [v2 v. Now,j j 3" by construction.
Furthermore, foreverye2 E(T)and X 2 , if X 2  forY 2 , then

Weinx](€) = Wppnyi(€) + Wepynx (€)
Wepinvi(€) + v (€)
Wpinyi(€) + Wpiny(€)
= (¢
This completesthe proof. 2

If T is a spanningtree of G and is a coloring of E(G) nE(T), we will say that is
k-courteous for T if for every fundamenal cocircuit C of T and for every X 2 , we have
that jCnXj k. Note that C nX will always cortain exactly oneedgeof T.

Prop osition 2.3 Let T be a spanning tree of a graph G. If everyfundamentalcocircuit of
T hassize k+ 1, thenthereis a coloring of E(G) nE(T) of sizeat most 3¢ * whichis
k-courteousfor T.

Pro of: Foreweryedgee2 E(G)nE(T), let Pe T bethe unique subpathof T sothat Pe[ e
is acircuit. Let P = fPelere(c)ne(r) andlet :E(T)! Z bethe constart function k 1.
Now, apply the previouspropositionto T, P and . This givesusa (k 1)-resistive partition

of E(G) nE(T) of sizeat most 3¢ 1. Now, an edgee 2 E(G) nE(T) is in the fundamerial
cocircuit ofanedgef 2 E(T) if andonly if f 2 E(P(e)). Sinceewery fundamertal cocircuit
of T alsocortains an edgeof T, it followsthat is a k-courteouscoloring for T. 2

Let G beagraphandlet T beatree. For every vertexv 2 V(T), let S(v) be a subsetof
V(G) sothat fS(v)avv(r) is a family of pairwise disjoint subsetsof V (G) with union equal
to V(G) (note that S(v) = ; is possiblefor one or more verticesv 2 V(T)). If H T, we
will let S(H) = [ vavn)S(v). For every edgee 2 E(T), if the componerts of T neareA; B,
thenlet C(e) = fxy 2 E(G) j x 2 S(A) andy 2 S(B)g. Thus, ead edgeof T is assaiated
with an edge-cutof G. We will say that (T;S) is a k-edge-cuttreefor G if fC(e) je2 E(T)g
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is precisely the set of all edge-cutsof G of sizek. The following well-known proposition
follows easily from the fact that minimum edge-cutsof odd size cannot cross.

Prop osition 2.4 If G is a (2k + 1)-edge-onnected graph, then G hasa (2k + 1)-edge-cut
tree.

With this proposition, we are ready to prove the following lemma.

Lemma 2.5 Let G be a k-edge-onnected graph and let  be a j -courteous edge-oloring of
G of sizet. If j isoddandk | + 2, thenwemayrene to obtaina (j + 1)-courteous
edge-oloring ° of sizeat most 3t.

Proof: Let X 2 begiven. It will suce to shav that there exists a 3-coloring of X
sothat GnY is (j + 1)-edge-connectedor every Y 2 . Considerthe graph G°= GnX.
This graph is j -edge-connectedand j is odd, soby the previous proposition we may choose
a j -edge-cuttree (T;S) for G% Now, starting from T, we will construct a new graph H as
follows. For every edgee = xy 2 X, add a new edgee’= x%°to H sothat x 2 S(x% and
y 2 S(y9. Let X°= E(H) nE(T). The fundamertal cocircuits of T in the graph H arein
one-to-onecorrespndencewith the edge-cutsof sizej in G% SinceG is k-edge-connected,
andk |+ 2,it followsthat every fundamertial cocircuit of T in the graph H cortains 3
edgeqincluding the onein T). Therefore,by proposition 2.3appliedto the graphH , we may
choosea 3-coloring °of X °which is 2-courteousfor the tree T. Let  be the correspnding
3-coloringof X. We claim that GnY is (j + 1)-edge-connectedor every Y 2 . To prove
this, let C be a cocircuit of G. If C is an edge-cutcorrespnding to a fundamertal cocircuit
of T, then (C\ X)nY 6 ; by construction,sojCnYj=jCnXj+j(C\ X)nY] j+1las
desired. Otherwise,jCnYj jCnXj | + 1. This completesthe proof. 2

The following proposition is a simple but usefulconsequencef the Tutte/Nash-Williams
disjoint treestheorem.

Prop osition 2.6 If Gis a (2k + 1)-edge-onnected graph, then G has2k + 1 spanning trees

Pro of: Let G° be obtained from G by taking an additional copy of eat edge. Now, G°
is (4k + 2)-edge-connectedso by a theorem of Tutte [24] and Nash-Williams [15], we may
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choose2k + 1 edge-disjoim spanningtreesof G° In the original graph, this givesus 2k + 1
spanningtreesusing every edgeat most twice, as desired. 2

With the help of Proposition 2.6 and Lemma 2.5, we can already shov that 3-edge-
connectedgraphs have 2-courteousedge-coloringsf size 9. We include this proposition
here sincethis bound is better than the one achieved by the main theorem.

Prop osition 2.7 If G is a 3-adge-onnected graph, then G hasa 2-oourteous edge-oloring
of size 9.

Pro of: By Lemma?2.5,it will suce to provethat G hasa 1-courteousedge-coloringof size
3. By proposition 2.6 we may chooseT,;T,; Tz G sothat E(T,)\ E(T,)\ E(T3) = ;. Let
A = E(G)nE(M)forl i 3,andlet A = fA?;AJ;A%g be a partition of E(G) so that
A° A;foreweryl i 3. Now, A isa l-courteouscoloring of E(G) asrequired. 2

We are now ready to prove Theorem1.1.

Theorem 1.1 Every (2k + 1)-edge-onnected graph hasa 2k-courteous edgecoloring of size
at most 81<°.

Pro of: Let G be a (2k + 1)-edge-connectedjraph. If k = 0, then the theorem s trivial.
Otherwise, 3(3% 2+ 1)**1 81 soby Lemma2.5it will suce to prove that G has
a (2k  1)-courteousedge-coloringof size at most (3% 2 + 1)%**1_ By proposition 2.6 we

at most two of the trees. By Proposition 2.3, forevery 1 i 2k + 1, we may choosea
(2k  1)-courteouscoloring ; of E(G) nE(T;) for the tree T; of sizeat most 3% 2 (we could
get a 2k-courteouscoloring, but this is unnecessary).Let °= ;[ fE(T;)gandlet be

the coloring obtained by taking the commonre nement of the colorings 9; 9;:::; S .

Note that for every X 2 , all of the edgesin X are cortained in exactly the sameset
of trees T1; T2, ::; Tasr. Now, hassizeat most (3% 2+ 1)**1, We claim that s
(2k  1)-courteous. Let X 2  and let C be an edge-cutof G. By construction, X is

contains 2 edgesof C, then jCnXj 2k 1 asdesired. Otherwise, X is disjoint from
atree T; that has C asa fundamenal cocircuit. SinceX X °for someX®2 ;, we have
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that jCnXj jCnX§ 2k 1. SinceX and C were arbitrary, it follows that is
(2k  1)-courteous. 2

Wenow de ne afunctiong:Z* Z* ! Z[ flg givenby the rule g(a;b) is the smallest
integert sothat ewery a-edge-connectedjraph has a b-courteousedge-coloringof sizet (or
1 if no sud integer exists). We have proved that g(a;b) = 1 if andonlyif b a, ora
isevenand b= a 1. The existenceof k-regular k-edge-connectedyraphs which are not
k-edge-colorablémpliesthat g(k;k 1) k+ 1. Our proof shaws that g(2k + 1;2k)  81%°.
Actually, one may improve the boundsin our construction signi cantly. We can prove by
meansof a considerablymore complicatedargumern that if is aj-courteoust-edge-coloring
of a k-edge-connectedyraphand j isevenandk | + 3, then it is possibleto rene to
obtain a 30t-edge-coloringwhich is j + 1-courteous.With the help of this fact and Lemma
2.50nemay easilyshow that g(2k + 1;2k)  Ck for someconstart C. Theseare the tightest
boundswe know. In addition to the argumert earlier in this sectionthat g(3;2) 9, we
have somemore specializedargumerts which prove that g(4;2) 4andg(5;4) 30.

3 Circuit Covers

If A;B are multisets with ground set S, we de ne A + B to be the multiset with ground
set S given by the map (A + B)(s) = A(s) + B(s) for ewery s 2 S. We de ne a nite set
S Z to be covemableif for every graph G and ewery admissablemapp: E(G)! S, (G;p)
has a circuit cover. If in addition, S 2Z, and 2min(S) max(S), we will say that S is
conveniently coverable Note that every mapp: E(G) ! S is admissable(and thus (G;p)
hasa circuit cover) for every 3-edge-connectedraph G and every corveniertly coverableset
S.

Wedene asetC E(G) to beacycleif every vertex of (V(G); C) haseven degree.We

in exactly p(e) cyclesof C (for convenience,we have used lists instead of multisets in the
de nition of cycle covers). The goal of this sectionis to prove the following two theoremson
circuit and cycle covers. Theorem 1.3 is restated herein terms of coverable sets.

Theorem 1.3 For everyi; j; k;1 0, the setifdg+ jf6g+ kf32 36g+ 1148 54g+ f0;1g is
covemrble.
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Theorem 3.1 If G is 4k-edge-onnected, andp: E(G)! f1;2;:::;2kg is admissablethen
(G;p) hasa (2k + 1)-cycle cover.

Theorem 1.3 will require three simple propositions and onelemma.

Prop osition 3.2 LetS Z be a nite set. If there is a circuit cover of (G;p) for every
3-edge-onnected graph G and everyadmissablemapp: E(G)! S, then S is coverble.

Pro of. Let G bea 2-edge-connectedraphandletp: E(G)! S beanadmissablemap. We
will prove by induction on jE(G)j that (G;p) hasa circuit cover. If G is 3-edge-connected,
then we are nished by our assumption. Thus, we may assumethat G has a 2-edge-cut
fe;fg. Now, pje)ne is an admissablemap for G=g soinductively we may choosea circuit
cover C° of (G=e;pje (c)ne)- Sincep(e) = p(f ), the correspnding multiset C of circuits of G
is now a circuit cover of (G;p). This completesthe proof. 2

Prop osition 3.3 If S;T are conveniently coverble,then S + T is conveniently coverable.

Pro of: Let G be a 3-edge-connectedyraphandletp: E(G)! S+ T. It will suce to
shav that (G;p) has a circuit cover. Chooseps : E(G) ! Sandp : E(G)! T sothat
ps + pr = p. Next, choosea circuit cover G of (G;ps) and a circuit cover G of (G; p;). Now
G + G is acircuit cover of (G; p) asrequired. 2

Prop osition 3.4 If S is conveniently coverable,then S + f0; 1g is coverble.

Pro of: Let G be a 3-edge-connectedraphandlet p: E(G)! S+ f0;1g be an admissable
map. By Proposition 3.2, it will suce to shav that (G;p) hasa circuit cover. Let X =
fe2 E(G) j p(e) is oddg. Sincep is admissable,(V; X) is eulerian, so we may choosea set
of circuits G of the graph (V; X) sothat ewery edgein X is cortained in exactly one circuit

of G. Wedene p,: E(G)! Z asfollows:

8
< p(e) 1 if p(e) isodd

P2(€) = p(e) if p(e) is even

Sincep(E(G)) S, we may choosea circuit cover G of (G;p,). Now G + G is a circuit
cover of (G; p) asrequired. 2

Lemma 3.5 If f2tg is covemble,then f 16; 18tg is conveniently coveble.
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Pro of: Let G be a 3-edge-connectedraph andlet p: E(G) ! f16é; 18tg. By proposition
3.2,it will suce to shaw that (G; p) hasa circuit cover. By proposition 2.7, we may choose
a 2-courteousedge-coloringf X1; X5;:::; Xog Of G. Foreveryl i 9,let Aj=fe2 Xjj
p(e) = 16tg. Now, forewery 1 i 9, the graph G nA; is 2-edge-connectedso we may
choosea circuit cover G of (GnA;;2t). ThenG + G+ :::+ G is a circuit cover of (G;p)
asrequired. 2

Finally, we are ready to prove theorem1.3.

Pro of of Theorem 1.3: Bermond, Jadkson, and Jaeger[4] proved that f4g is coverable,
and Fan [6] proved that f6g is coverable. Thus, by Lemma 3.5 we have that f32 36g and
f 48,549 are corvenienilly coverable. Sincef4g and f 6g are also corveniertly coverable, by
Proposition 3.3we have that for every i; j; k;1  Othe setif4g+ jf6g+ kf 32 36g+ 1f 48,549
is conveniertly coverable. By Proposition 3.4 we have that for ewery i; j; k; | 0 the set
ifdg+ jfeg+ kf32 36g+ If48 549 + f0; 1g is coverable as required. 2

The proof of Theorem 3.1 will require two propositions.

Prop osition 3.6 If T is a spanningtree of G, andY E(G) nE(T), then there existsa
cycleC GwithE(C)nE(T) =Y.

Pro of: For every edgee 2 E(G) nE(T), let C(e) be the edgeset of the fundamertal circuit
of e with respectto T. Then C = 4 ¢y C(e) is a cycle of G with E(C) nE(T) = Y as
required. 2

Prop osition 3.7 Let G be a 4k-edge-onnected graph,andlet p: E(G) ! 2;4;6;:::; 2kg.

in either p(e) or p(e) 1 cyclesof C.

Pro of: By the Tutte/Nash-Williams spanningtreestheorem, we may partition E(G) into

Now, forevery 1 i 2k and ewery e 2 X;, choosea subsetU(e) f1;2;:::;2kg sothat
ju(e)j = p(e) landsothati 62U(e). Forl 1 2k,letY;=fe2 E(G)ji 2 U(e)g. Now,
by the previous proposition, for evlery 1 i 2k we may choosea cycle C; of G so that
E(G) nE(T;) = Y;. By construction, C= Cy; Cy;:::; Cy satis es the proposition. 2
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Pro of of Theorem 3.1 Let G be a 4k-edge-connectedraph,let p: E(G)! f1;2;:::;2kg
be an admissablemap, andlet S= fe2 E(G)j p(e) isodd g. Dene p°: E(G)! Z by the

following rule: 8

< 2k+1 p(e) ife2S
ple) = .

p(e) otherwise

that every edgee 2 E(G) is in either pYe) or pYe) 1 cyclesof C. Let T = fe2 E(G) j
eisin pYe) 1 cyclesof Cg SinceT is the set of edgescoveredan odd number of times by

4 Antisymmetric Flows

The study of nowhere-zero o ws beganwith Tutte's obsenation that for a planar graph G
and the geometricdual G of G, G hasa nowhere-zerdk- ow if and only if G hasa proper
k-coloring. In a similar (but lesstight) sense(see[16]), antisymmetric o ws are dual to
oriented graph colorings. The main theorem of this sectionis as follows.

Theorem 1.6 Every directed graph with no directed cut of size 2 hasa 10*-anti ow.

We de ne a directed graph to be k-edge-onnected if the underlying undirected graph
is k-edge-connected.Now, we will proceedwith the proofs of this section. After a simple
proposition, we will prove that ewvery graph with no directed cut of size 2 hasa -antiow
in an appropriate xed group . We will then usethis to establishTheorem 1.6.

Prop osition 4.1 Let be an alelian group. If every 3-edge-onnected directed graph has
-anti ow, then everygraphwith no directed cuts of size 2 hasa -anti ow.

Pro of: We will proceedby induction on jJE(G)j. If G is 3-edge-connectedye are nished
by assumption. Otherwise, we may choosea 2-edge-cutfe;;e,g of G. Let G° = G=g.

Inductively, we may choosea -antiow f°of G° Let f : E(G)! be given by the rule.
8
< f if e=
(@@= (@ Te=a
- f9e) otherwise
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Now, f isa -antio w of G asrequired. 2

We are now ready to prove the existenceof boundedsize group-valued anti o ws. For a
positive integer k, we will useZ, to denotethe group Z=kZ. The following theoremis an
improvemen on the authors' original argumert suggestedy Nesetil and Raspaud.

Theorem 4.2 If G is a directed graph with no directed edge-cutsof size 2, then G hasa
(Z6)® (Z3)®-anti ow.

Pro of: By proposition 4.1, it will suce to prove the theoremin the casewhenG is 3-edge-
connected.By Proposition 2.7, we may choosea 2-courteous9-coloring = fX1;X5;:::; X0
of E(G). By Seymour's6- ow theorem, we may choosefor every 1 i 8 a nowhere-zero
Zs-owof GnX;. Let ;:E(G)! Z8 bethe direct product of these ows. Now, for ewery
1 i 9, sinceGnX; is spanning,we may choosea Zs- o w which takesthe value 1 on
every edgein X;. Let ,:E(G)! Z3 be the direct product of these ows. We claim that

1 2isanantiow. Let e;f 2 E(G). If eandf arein dierent color classesf , then
there is a coordinate of ; in which exactly oneof e, f hasthe value zero. Otherwise, there
is a coordinate of , in which both e and f have the value 1. In either case, (€) 6 (f).
2

To convert this group-valued anti o w into an integer anti o w, we will need one easy
proposition and a well known theorem of Tultte.

Prop osition 4.3 Let (ag;as;:::;an); (b by :::; k) 2 2™, and assumethat jaj  k and

jhj kforevery0 i n L If n,@2k+1)ja= @ " (2k+1)h, thena = kb for
every0 i n.

Pro of: SinceP no,(2k+ 1) (a+ h) = 0,thensincejay+ hj 2kforO i n 1,it follows
that ¢y = b foreveryO i n. 2

Theorem 4.4 (Tutte) If f :E(G)! Z.is a ow, thenthereis ak-ow f°: E(G)! Z
sothat f {e) = f (e) (mod k) for everye2 E(G).

Now we are ready to prove the main theorem of this section.
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owsfg;fg;:::;foy of Gsothat fo f4 . fo4isanantiow. By Theorem4.4 we may
choose2-owsfdf%:::;f2sothat f{e) = fi(e) (mod 2) and 3-ows 2 fJ:::;f2, sothat
fqe) = fi(e) (mod 3). By construction,fd f? ::: ffisaZz®-antiow. Leth; = i R

andlet h, = © 24 5 8 2 By Proposition 4.3 we have that h;  h, is a Z2-anti o w. Since
jhi(e)j (3% 1)=2for every e 2 E(G), it follows from Proposition 4.3 that h, + 3%h, is a
10'2-anti o w of G asrequired. 2

5 Related Questions

One way to produce a k-courteousedge-coloringis to nd an edge-coloringso that ewery
cut cortains edgesof at leastk + 1 di erent colors. One may askif ewery a-edge-connected
graph hasa boundedsizeedge-coloringsothat ewvery cut cortains edgesof at leastb distinct
colorsfor a pair of xed positive integersa;b. As in the caseof courteousedge-coloringwe
will de ne afunctionh:zZ* Zz* ! Z[ flg givenby the rule h(a;b) is the smallestinteger
t sothat ewery a-edge-connectedraph hasa t-edge-coloringsothat every edge-cutcortains
edgesf at leastbdi erent colors(or 1 if nosud integerexists). If b a=2,thenh(a;b) = b
followsimmediately from the Tutte/Nash-Williams disjoint spanningtreestheorem. We will
show that h(a;b) < 1 if andonly if b da=2e.

Essemially the sameexampleasgivenin the introduction canbe usedto prove that there
is no boundedsizecoloring of every 2k-edge-connectedraph sothat every edge-cutcortains
edgesof at leastk + 1 distinct colors. To show this, we will exhibit for any pair of positive
integersk;t, a 2k-edge-connectediraph Gy.; sothat for ewery t-edge-coloringof G, there is
an edge-cutof G cortaining at most k colors. We let Gy.; be the graph obtained from a
circuit of length t< + 1 by replacing eah edgeby k parallel edges. Now, any t-coloring of
the edgesof Gi.: must give the sameset of colorsto two di erent parallel classesof edges.
There is an edge-cutX cortaining only the edgesin thesetwo parallel classesand it follows
that X cortains edgesof at most k distinct colors.

The positive direction is given by the following proposition.

2k+1

Prop osition 5.1 If G is 2k + 1-edge-onnected, thenthereis a

-coloring of E(G) so
that every edge-cutof G hasedgesof at least k + 1 distinct colors.
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Pro of: By proposition 2.6 we may choose2k + 1 spanningtreesTy; T,;::: Tx+1 Of G sothat
ewery edgeis in at most two of thesetrees. Now, we may choosea partiton = fXj; ]
1 i<j 2k+ 1gof E(G) sothat for every edgee 2 E(G), if €2 X;;, then e 62E(Ty)
for every i 8 h 6 j. Sinceewery color classcortains edgesfrom at most two of the trees
Tq1; Ty T+ and every tree contains an edgefrom every edge-cut,it follows that ewvery
edge-cutof G hasedgesof at leastk + 1 colors. 2

As mertioned in the introduction, for any g > 0, there is no xed integert so that
ewvery graph of girth g hasa t-edge-coloringso that no circuit is monochromatic. However,
there are other questions(basedon di erent graph parameters)concerningedgecoloringsof
graphswith requiremerts on the number of colorsappearing in ead circuit. The following
conjectureof Alon is particularly interesting.

Conjecture 5.2 (Alon) Let G be a graph with maximum degree d. Then G has a proper
(d+ 2)-edge-oloring so that every circuit contains edgesof 3 di er ent colors.

We will closethis paper with an edge-coloringheoremof a avor similar to our previous
results. Although the proof is a very simple application of a matroid padking theorem, we
nd the result somewhatsurprising.

Prop osition 5.3 If G is a (2k + 1)-edge-onnected graph, then there is a (2k + 1)-coloring
of E(G) sothat G nX contains k edge-disjoint spanning treesfor every X 2

In asensegraphswhich cortain k edgedisjoint spanningtreesare similar to graphswhich
are 2k-edge-connectedindeeda graph G is 2k-edge-connectedf and only if GnX cortains
k edge-disjoin spanningtreesfor any setX  E(G) with jXj k. The above proposition
is interesting becausethe correspnding statemen with \contains k edge-disjoih spanning
trees" replacedby \is 2k-edge-connectedfs false. In particular, this statemert would imply
that ewery (2k+ 1)-edge-connecte@k + 1)-regulargraph hasa proper (2k + 1)-edgecoloring.

The proof of proposition 5.3 will follow easilyfrom the following proposition on matroids.
We will assumethat the readeris familiar with Edmonds' matroid union theorem (see[25]
or [17]for a good introduction).
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Prop osition 5.4 Let M be a matroid on the ground setE, let a;b be positive integers, and
assumethat M contains a basesusing every elementat most b times. Then for any integer
i suchthat a > bi, there is an a-coloring of E suchthat M n X contains i disjoint bases
for every X 2

Pro of: Let the matroid M' be obtained by taking the union of M with itself i times. We
will use to denotethe rank function of M and ' to denotethe rank function of M'. By
the assumption,for every S E, we havethat a (S)+ E nSj a (E). It follows from
this that JEnS] a=W{ (E) (S)) i( (E) (S)). Thus, '(E) =i (E), andewery base
of M can be partitioned into i pairwise disjoint basesof M .

may choosea coloring = fXq;X,;:::;X,g0f E sothat X;\ B;=; foreveryl i a
Thus, by Edmonds' matroid partitioning theorem([5]), it will su ce to prove that for every
A E wehavethat a '(A)+ (a 1)JEnAj a '(E).

a'(A)+ (a 1)E nAj

agnig(i (B) + JAnBj)+ (a 1)JE nA|]
|gn|2(a (B) + HE nBj)
ia (E)
= a'(E)
This completesthe proof. 2

Pro of of Prop osition 5.3: Apply proposition 5.4to M(G) with a= 2k + 1, b= 2, and
i = k. 2

As a nal note, we obsene that Proposition 5.3 implies that for every 5-edge-connected
graph G andevery mapp: E(G) ! f8;10g, there is a circuit cover of (G;p). Simply apply

Forl i 5, the graphGnA; cortains two edge-disjoih spanningtrees,soit hasa double
cover by circuits. Togetherthese v e circuit coversgive a circuit cover of (G; p).
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