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Abstract

A graph is claw-free if no vertex hasthree pairwise nonadjacern neighbours.
At rst sight, there seemto be a great variety of types of claw-free graphs.
For instance, there are line graphs, the graph of the icosahedron,complemeris
of triangle-free graphs, and the Schla i graph (an amazingly highly-symmetric
graph with 27 vertices), and more; for instance, if we arrange vertices in a
circle, choose some intervals from the circle, and make the vertices in eat
interval adjacert to ead other, the graph we produce is claw-free. There are
seweral other such examples,which we regard as\basic" claw-free graphs.

Nevertheless,it is possibleto prove a complete structure theorem for claw-
free graphs. We have showvn that every connected claw-free graph can be ob-
tained from one of the basic claw-free graphs by simple expansion operations.
In this paper we explain the precisestatemert of the theorem, sketch the proof,
and give a few applications.

1 Intro duction

A graph is claw-free if no vertex has three pairwise nonadjacen neighbours.
(Graphs in this paper are nite and simple.) Line graphs are claw-free, and it has
long beenrecognizedthat claw-free graphs are an interesting generalization of line
graphs, sharing some of the same properties. For instance, Minty [16] showed in
1980 that there is a polynomial-time algorithm to nd a stable set of maximum
weight in a claw-free graph, generalizingthe algorithm of Edmonds|[9, 10]to nd a
maximum weight matching in a graph.

How do we construct claw-free graphs? Chvatal and Sbihi [8] and Mara y and
Reed[15] studied the structure of claw-free perfect graphs,and indeed, it wasworking
on an extension of their results that led us to the presen project. But how can we
construct the \most general” claw-free graph? This question had not beenstudied,
asfar aswe know, and yet it turns out to be a very good question. There are se\eral
basic types of claw-free graphs, and we were able to shawv that every connected
claw-free graph can be obtained starting from a graph of one of thesebasictypesby
meansof \expansion” operations (or, in somerestricted casespiecing someof these
basic graphs together).

The main goal of this paper is to explain this construction. We are preparing a
seriesof about sewen paperscontaining the results sketched here, but the titles (and
the order) of these papers given in the referencesare provisional, and are currently
being revised. In addition, someof the results quoted here are still in the form of
notes and have not yet beenwritten down formally, much lessbeenrefereed;and
while we have tried hard to make sure that the theorems quoted here are true,
until they are written down properly we cannot be completely sure. The reader is
warned to chedk with the full published version of these results before relying on
them completely.

Beforewe start to explain the structure theorem, let usintro duce\antiprismatic"
graphs. We say a graph G is prismatic if for every triangle T of G, every vertex of G
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not in T hasa unique neighbour in T (a triangle meansa 3-vertex clique). Prismatic
graphs have a complex structure, but it turns out that they can be completely
described (seesections6;7). We say G is antiprismatic if its complemen graph G
is prismatic. Clearly antiprismatic graphs are claw-free, and they seemto form a
subclassof claw-free graphsthat is very di erent from the others. (At least, all our
standard methods for analyzing claw-free graphs failed completely when we reached
the stage of trying to analyze antiprismatic graphs, and we had to come up with
totally newapproades.) Understanding antiprismatic graphswasprobably the most
dicult part of the project.

The Sclai graph (a very interesting and highly symmetric graph, described
later) is antiprismatic, and it and its induced subgraphs (and some other graphs
derived from it by expanding vertices) form a classof antiprismatic graphs, one of
(about) eight classeghat we need. We showved that every antiprismatic graph either
belongsto one of four of these classes,or could be constructed from a sequenceof
members of the other four classesby repeated hex-joins.

The mostimportant result in this paper is of coursethe generalstructure theorem
for claw-free graphs. This is explainedin detail in sections3{7, but let us give some
idea of it now. We can con ne ourselesto connectedclaw-free graphs G, and it is
corveniert alsoto assumethat G admits no \homogeneouspair of cliques”, which we
explain in the next section. Then we nd that the type of structure that G possesses
dependsheavily on (G), the sizeof the largest stable setof G. When (G) 4,it
turns out that G is either akind of generalizedine graph, or a circular interval graph.
When (G) = 3, there are seeral additional possibilities; for instance, that either
G is a subgraph of the icosahedron,or G is expressibleas a \hex-join" (explained
later), or G is antiprismatic.

Unfortunately the result is rather complicated, and asa warmup we rst discuss
what are called \quasi-line graphs". A graph G is a quasi-line graph if for every
vertex v, the set of neighbours of v can be expressedas the union of two cliques. (A
cliquein G is a set of pairwise adjacen verticesof G.) Note that we do not require
that two neighbours of v are adjacert if and only if they both belongto one of the
cliques;there may be edgesbetweenneighbours of v that do not belongto the same
clique. Quasi-line graphs are clearly claw-free; they form a proper subset of the
set of all claw-free graphs, and a proper superset of the set of all line graphs, and
make an interesting half-way stage. We found a structure theorem for all quasi-line
graphs, and for that questionthe answer is much prettier than for generalclaw-free
graphs.

One reasonfor interest in quasi-line graphsis a problem of Ben Rebea[l]. Since
Edmonds' matching algorithm generalizesto claw-free graphs, one might hope that
also Edmonds' matching polytop e theorem [9] extendsto claw-free graphs, and sev-
eral people[12, 13, 14, 17] have worked on this, although it remains open. We are
asking for the list of linear inequalities de ning the convex hull of the stable sets of
G, where we regard a stable set of a (0; 1)-vector in <V(®). For general claw-free
graphs G there is not even a conjecture, but Ben Rebeasuggestedhe sameproblem
for quasi-line graphs, and for that classthere is a conjectured answer [17]. We have
beenable to nd the desiredlist of inequalities for all connectedquasi-line graphs
that are not of one particular type, graphs we call \fuzzy circular interval graphs”;
and in a still more recent paper, Eiserbrand, Oriolo, Stau er and Vertura [11]
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solved the casethat we left open. This is explainedin section 2.

For a graph G, let (G);! (G) denote the chromatic number of G and the max-
imum size of a clique of G. Another result that we might hope to extend from line
graphsto generalclaw-free graphsis Vizing's theorem [18], which implies that if G
is a line graph (of a simple graph), then (G) ! (G) + 1. For general claw-free
graphs (or even for line graphs of non-simple graphs) this is false, although Shan-
non's theorem implies that (G) < %! (G) + 1 for line graphs. Note alsothat for a
n-vertex graph G with (G) 2, eventhe linear bound is false; (G) n=2, and
yet ! (G) may be o(n). Nevertheless,for connectedclaw-free graphswith (G) 3,
the structure is much more controlled, and we were able to shawv that for any such
graph, (G) 2! (G) (and this is asymptotically best possible). We discusscolour-
ing claw-free graphsin section 8.

2 Quasi-line graphs

Construct a graph G as follows. Take a circle C, and let V(G) be a nite set
of points of C. Take a set of intervals from C (an interval meansa proper subset
of C homeomorphicto [0; 1]); and say that u;v 2 V(G) are adjacent in G if fu;vg
is a subsetof one of the intervals. We call such a graph a circular interval graph
All such graphs are claw-free, and indeed they are quasi-line graphs, as is easily
seen.(These are a subclassof classof circular arc graphs; they are sometimescalled
\prop er" circular arc graphs.) Linear interval graphsare de ned in the sameway,
taking C to bealine instead of a circle. Every linear interval graph is alsoa circular
interval graph.

There is another way to construct quasi-line graphs, that we explain next. A
vertex v 2 V(G) is simplicial if the setof neighbours of v is a clique. A strip (G;a;b)
consistsof a claw-free graph G together with two designatedsimplicial verticesa;b
calledthe endsof the strip. For instance,if G is alinear interval graph, with vertices

strip, called a linear interval strip.

Supposethat (G; a;b) and (G% a® b aretwo strips. We composethem asfollows.
Let A; B be the set of vertices of G nfa;bg adjacert in G to a;b respectively, and
de ne A%BPOsimilarly. Take the disjoint union of G nfa;bg and G°nfa® bYy; and let
H be the graph obtained from this by adding all possibleedgesbetweenA and A°
and betweenB and B® Then H is claw-free.

This method of composingtwo strips is symmetrical between(G; a; b) and (G a° bY),
but we do not useit in a symmetrical way. We useit asfollows. Start with a graph
Gp with an even number of vertices and which is the disjoint union of complete

i=1::;n, let (G%a% W) beastrip. Fori= 1;:::;n, let G; be the graph obtained
by composing (Gi 1;a;k) and (G%a%P); then the resulting graph G, is called a
composition of the strips (G%a%t) (1 i n). For instance, if for eat of the
strips (G% a% bf) , GPis a 3-vertex path with endsa® kP, then the e ect of composing
with (G% a2 k) is the identi cation of a;; l; and sothe graphsthat are compositions
of such 3-vertex path strips are preciselyline graphs.

It is easyto ched that ewery graph that is the composition of linear interval

strips is a quasi-line graph, so this gives us a secondconstruction for quasi-line
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graphs (and this includesline graphs, sincethe 3-vertex strip mertioned above is a
linear interval strip). This is not quite the whole story for quasi-line graphs yet; we
needone more concept.

A homageneus pair of cliquesin G is a pair (A; B) sud that:

A; B arecliqguesin Gand A\ B = ;,

no vertex of Gn(A[ B) hasboth a neighbour and a non-neighoour in A, and
the samefor B, and

either jAj 2orjBj 2.

Now we can state one version of our structure theorem for quasi-line graphs, the
following.

2.1 For every quasi-line graph G, if G is connected and there is ho homagenaus
pair of cliquesin G, then either G is a circular interval graph, or G is a composition
of linear interval strips.

One might object that this is not quite a structure theorem for all quasi-line
graphs. The hypothesisthat G is connectedis unobjectionable, becauseif we un-
derstand the possibilities for the connectedcomponerts of a quasi-line graph, then
we understand the possibilities for the ertire graph; but the sameis not true for the
\homogeneouspair" hypothesis. Supposethat we wish to understand the structure
of a connectedquasi-line graph that doesadmit a homogeneougair of cliques. We
could delete all except one vertex from both of the cliques, and iterate (if there is
still a homogeneousair of cliques, do it again), until 2.1 can be applied; and then
add badk in all the homogeneougairs we deleted. But it is not soeasyto seehow to
describe the global structure that results. Below we give a more explicit description.

First, we needto extend the conceptof a circular interval graph. We sa that a
graph G is a fuzzy circular interval graphif:

thereisamap from V(G) to a circle C (not necessarilyinjective), and

there is a set of intervals from C, none including another, and sud that no
point of C is an end of more than one of the intervals, so that

for u;vin G, if u;v are adjacert then fu;vg is a subsetof one of the intervals,
and if u;v are nonadjacer then u;v are both ends of any interval including
both of them (and in particular, if (u) = (v) then u;v are adjacert).

(If alsowe required to be injective, this would be equivalent to the de nition
of a circular interval graph.) If x;y are ends of an interval and one of the sets

1(x); Yy) hasat leasttwo memnbers, then the pair (  1(x); (y)) is a homo-
geneouspair of cligues; and these turn out to be the only kinds of homogeneous
pairs of cliguesthat we need. (Fuzzy linear interval strips are de ned analogously
with the proviso that if a;b are the ends of the strip then (a); (b) are dierent
from (v) for all other verticesv of G.) The following is a more explicit version of
the structure theorem for quasi-line graphs.
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2.2 For everyquasi-line graph G, if G is connected, then either G is a fuzzycircular
interval graph, or G is a composition of fuzzylinear interval strips.

The current proof of 2.2is indirect. First we apply the generalstructure theorem
for claw-free graphs, described later; this tells us that our quasi-line graph belongs
to one of seweral basic classespr is an expansionof suc a graph. Then we examine
ead of theseclasseseparately to gure out which quasi-linegraphsit contains. The
most di cult classis the one where we get least information, the classof graphs G
with (G) 2;thesegraphsare always claw-free, but are not necessarilyquasi-line
graphs, and perhapshalf or more of the entire proof is spert on this case. We omit
further details, which will appearin a separatepaper [6].

Let usturn to the application to Ben Rebea's question, mertioned in the intro-
duction. Let G be a graph, and for X  V(G), let X 2 <V(CG) pe the vector where
forv2 V(G), X, = 1ifv2 X and X, = 0if vZ2 X. The stableset polytope of G is
the corvex hull of all the vectors X sudh that X  V(G) is stable. Every point p of
the stable set polytope satis es the following inequalities:

pp Oforallv2V(G)

P
vk Pv 1for every cligue K of G

(To seethis, note that since all the inequalities are linear, it su ces to ched that

they holds whenp = X for a stable set X .) Let us call these Edmonds' inequalities.

When G is a line graph, Edmonds' matching polytope theorem [9] assertsthat a
point p 2 <V(®) belongsto the stable setpolytopeif and only if it satis es Edmonds'
inequalities. For general claw-free graphs this is not true, but the problem seems
more tractable for quasi-line graphs, and in [17] there is a conjecture preserting

an alternativ e list of inequalities that may be necessaryand su cient when G is a
quasi-line graph. We were able to shaw the following:

2.3 Let G be a connected quasi-line graph, that is not a fuzzy circular interval
graph. Then a point p 2 <V(®) helongsto the stable set polytope if and only if it
satis es Edmonds' inequalities.

To prove this, we obsene rst that 2.2 implies that G is a composition of fuzzy
linear interval strips. Each of the strips can be adequately simulated by an appro-
priate 5-vertex strip; if we make the corresponding composition of these simpli ed
strips, we obtain a line graph, for which Edmonds' theorem gives the stable set
polytope; and now we replacethe simpli ed strips by the original strips, oneby one,
and ched the e ect on the stable set polytope at ead step. We omit further details.

More recertly, Eiserbrand, Oriolo, Stau er and Ventura [11] have solved the
samequestion for the casethat wasstill open, for fuzzy circular interval graphs, and
hencecompleted the answer to Ben Rebea's question.
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3 Claw-free graphs with (G) 4

Let usbeginon the structure theoremfor generalclaw-free graphs. In this section
we considerthe caseof claw-free graphs G with (G) 4. Oneway to make such a
graph is to take the disjoint union of two claw-free graphs G; G, neither of which is
complete, and we cannot hope yet to explain the structure of graphsconstructed this
way in any ner detail, becauseat this stagewe know nothing about G1; G, (since
they might not satisfy (Gj); (Gz2) 4). Thus we had better con ne oursehesto
connectedgraphs.

Another way one might try to confound the attempt to describe all connected
claw-free graphs G with (G) 4 isthe following. Fori = 1;2, let aj be a simplicial
vertex of a connectedclaw-free graph G;; and construct G asfollows. G is obtained
from the disjoint union of G1 na; and G, hay by making every neighbour of a; in G1
adjacert to every neighbour of a, in G,. (This is a version of the strip combinations
of the previous section, exceptnow we are just using one simplicial vertex instead of
two.) The graph G we produceis claw-free and connected(except in trivial cases),
and may well satisfy (G) 4,ewenif (G;) 3or (Gy) 3 (or both). Soto
describe all connectedclaw-free graphswith (G) 4, we will alsoneedto describe
all connected claw-free graphs G; with (G1) 3 that have a simplicial vertex.
Curiously, this can be done; almost all the types of connectedclaw-free graphs G,
with (Gi1) 3 cannot have simplicial vertices, and we can explicitly describe those
that do. Nevertheless,to simplify the presenation here,we preferto avoid this step.

Instead, we assumethat our graph G cannot be constructed from graphs G1; G»
in the way just described. More precisely let us say that G admits a 1-join if V(G)
can be partitioned into four setsAj;B1;A2; B2, where A [ Ay is a clique, B1; B>
are nonempty, and there are no edgesbetweenA;[ B1 and A, [ B> exceptthose
betweenAq; As. Exceptin trivial casesthe claw-free graphsthat are expressibleas
compositions in the way described earlier in this section are precisely the claw-free
graphsthat admit 1-joins. So henceforthin this sectionwe assumethat G doesnot
admit a 1-join. (Note that this implies that G is connected.)

For such graphs we can describe the structure completely; there is a result anal-
ogousto 2.2, exceptthat we needtwo new kinds of strips, the following:

vi- -Vgisaholein G of length 6. Next, vy is adjacert to vi; vo; vg is adjacert
to va; Vs; Vg is adjacert to vg; V1, Vo, V3; Vg iS adjacernt to vs; V4, Vs; Ve; Vg, V11
is adjacert to vs;Vy; Vg; V1; Vg, V1o; V12 IS adjacert to vo;Vs; Vs; Vg; Vg; V1o; and
Vi3 is adjacernt to vi;Vo;Vs;Vs;V7;vg. Let X fvi1;vi2; v130; then the strip
(G nX;vy;vg) is called an XX-strip .

Letn O.Let A= fagas;:::;ang;B = fhy;by;:::;bhgand C = fey;iii;cng
bethree cliques, pairwise disjoint. Let G bethe graph with vertex setA[ B[ C
and with adjacencyasfollows. For 0 i;j n, let a;;3 be adjacert if and
onlyifi=j>0,andforl i nandO | nletc beadjacen to a;h
ifandonlyifi 6 j 8 0. Let X A[ B[ C with ag;lp 2 X; then the strip
(G nX;ag; by) is called an antihat strip.

One version of the structure theorem in this caseis the following:
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3.1 For every claw-free graph G with (G) 4, if G does not admit a 1-join and
there is no homaeneus pair of cliquesin G, then either G is a circular interval
graph, or G is a composition of linear interval strips, XX-strips, and antihat strips.

The foregoing is the analogueof 2.1. There is also an analogue of 2.2, using
\fuzzy" XX-strips and antihat strips, but we omit the details. The proof of 3.1 is
long, about 100 pagesor so, and most of it appearsin [5]. We sketch someof the
proof later in the paper.

4 The case (G)=3

What about an analogueof 3.1 for claw-free graphs G with (G) = 3? There
are seweral extra complications now. First, we have to rementber the icosahedron
and its induced subgraphs;they are claw-free, and not all accourted for yet. (And
there are more graphs of this type to be listed.) Second,and much worse, there
are the antiprismatic graphs (they require a couple of sections of their own { see
sections6; 7). Third, there is another composition operation that shavs up now (and
the only explanation we seefor someof thesegraphsis that they are compositions
of smaller graphs in the sameclass,so the structure theorem seemsto needto use
the new composition).

The composition is as follows. For i = 1;2, let G; be claw-free and non-null,
and let A;; Bi; Ci be disjoint cliques of G; with union V(Gj). Let G be the graph
obtained from the disjoint union of G1; G, by making every vertex of G, adjacert
to every vertex of G, exceptthat there are no edgesbetweenA; and A,, between
B, and B, and betweenC; and C,. It is easyto seethat G is claw-free. We say
that G is a hex-join of G1;G,. Note that if G admits a hex-join, then the sets
A1[ B2;B1[ Coand Cy[ A arethree cliqueswith union V(G), and consequetly
no graph G with  (G) > 3 is expressibleas a hex-join.

If V(G) is not the union of three cliques (that is, if (G) 4) then G is not
expressibleasa hex-join; and asfor graphsG with  (G) 3, while they might admit
hex-joins, the building blocks from which they are madeare sewerely restricted. Thus
there is an advantage to handling the two cases (G) 4and (G) 3 separately

For the rst case,we have the following.

4.1 For every claw-free graph G with (G) 3and (G) 4, if there is no
homaenaus pair of cliqguesin G, then either G is a circular interval graph, or G
belongsto the classSg (de ned in the next section), or G is the graph of an XX-strip,
or G is a composition of linear interval strips and antihat strips, or G is an induced
sulgraph of the icosahe&lron, or G is antiprismatic.

We can tighten up the casewhen G is a composition of linear interval strips
and antihat strips, but we omit those details for simplicity. There is also a \fuzzy"
version of this, without the hypothesisthat there is no homogeneougair of cliques
in G, but it is quite complicated and again we omit it.

If H is agraph, its line graph is denotedby L (H). For the secondcase,we have:

4.2 For every claw-free graph G with (G) 3, if there is no homayen®us pair of
cliquesin G and G admits no hex-join, then either G is a circular interval graph, or
a sulgraph of L (K 3.n) for somen, or the graph of an antihat strip, or antiprismatic.
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There is more work to be done on this yet; this is still a decomposition theorem,
and we needto corvert it to a structure theorem. We think that ewvery claw-free
graph G with (G) 3 can be built by a seriesof hex-joins, starting from graphs
which are \fuzzy" versionsof the graphs of 4.2; but thesedetails are not yet worked
out.

5 The decomposition theorem

To sketch the proofsof 3.1, 4.1 and 4.2, we needanother de nition. Supposethat
Vo; V1; Vo are disjoint subsetswith union V(G), and for i = 1;2 there are subsets
Aji; B; of V; satisfying the following:

fori = 1;2, Ai; Bj arecliques,A;\ Bij = ; and A;;B; and V, n(A;[ B;) areall
nonempty

A1 is completeto A,, and B; is completeto B,, and there are no other edges
betweenV; and V,, and

Vo is aclique; and for i = 1;2, Vg is completeto A; [ B; and anticomplete to
Vin(Ai [ Bj).

follows.
So is the classof all line graphs.
S; is the classof all induced subgraphsof the icosahedron.
Sy is the classof all graphs of XX-strips.
Sz is the classof all circular interval graphs.

S, is the classof all induced subgraphsof the graph G de ned asfollows. Let

adjacert and hg is adjacert to h;. Then G is obtained from L(H) by adding
one new vertex, adjacernt preciselyto the membersof V(L(H)) = E(H) that
are not incident with hy in H.

Ss is the classof graphs of antihat strips.

Sg is the class of all induced subgraphs of the graph G de ned as follows.
Let n 0, and let V(G) be the disjoint union of setsA; B;C;D, where A =

The edgesof G are as follows.

{ A;B;C arecliques

{ a;b areadjacert forl i n,andc isadjacertto aj;h forl i;]j n
with i 6 |

{ di is completely adjacert to A[ B[ C; d, is completely adjacert to
A[ B[ fdig; d3 is completely adjacent to A [ fd,g; ds is completely
adjacert to B [ fdy;dsg; and ds is adjacert to ds; da.
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The results 3.1, 4.1 and 4.2 are all consequencesf the following decomposition
theorem.

5.1 Let G be claw-free and connected. Then either
G2 S| [ Sg, Or

G admits either a homayeneus pair of cliques, a 1-join, a genealized 2-join,
or a hex-join, or

G is antiprismatic.

This is the main theorem of [5]. The proof is very lengthy, about 100 pages.
The idea of the proof is, rst we choosean appropriate graph H, and assumethat
H is an induced subgraph of G; we analyze how the remainder of G can attach to
H, and infer that either G admits one of the decompositions or falls into one of
the classes. Then henceforth we can assumethat G does not cortain H, and we
repeat for someother choice of H. But making the right sequenceof choicesfor H
is crucial, and took a great deal of experiment. The rst choice should be that H
is the icosahedron;then it is easyto prove that either G = H or G admits one of
the decompositions. The sameworks when H is the icosahedronwith one vertex
deleted. For technical reasons,it is then bestto handle the casewhenH is the graph
of an XX-strip (without the vertices called v11;v12;Vv13). Now comesthe rst major
step, that H is a line graph of a cyclically 3-connectedgraph, as large as possible;
then aslong asH is not too small, it is straightforward to analyze the structure of
the remainder of G relative to H, and we can prove what we want. In particular,
this works for \prisms" (two disjoint triangles joined by three disjoint paths) that
are not too small, so henceforth we can assumethat G contains no suc prisms.
Next we take H to be the largest induced cycle (\hole") in G, and assumeit has
length at least sewen; since G contains no substartial prisms, G now tends to be a
circular interval graph (unlessit cortains someother con gurations that we have to
handle), so we can assumeall holes have length at most 6. And soon (and it gets
worsefrom here) { we corntinue through a long seriesof such steps,assumingthat G
cortains a certain subgraph H but doesnot contain any subgraphthat we already
handled. We omit further details.

Using 5.1to deduce3.1,4.1 and 4.2 are rather delicate inductions, and again we
omit the details.

6 Prismatic graphs { the non-orientable case

The results 3.1, 4.1 and 4.2 reduce the problem to that of understanding an-
tiprismatic graphs. Thesegraphsare very dense,and it seemsadvantageousnow to
work in terms of the complemern graph; sowe want to understand prismatic graphs.
We recall that G is prismatic if for every triangle T of G, every vertex of G not in
T hasa unigue neighbour in T.

If T1; T, aretwo disjoint triangles of a prismatic graphsG, then the edgeshetween
T1 and T, provide a bijection from T, to T,. Wesay G is orientableif there is a cyclic
orientation of eadh triangle suc that for every pair of disjoint triangles, the matching
betweenthem presenesthe orientation, and non-orientable otherwise. It is helpful
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to divide the problem into two subproblems,the orientable and non-oriertable cases.
In this sectionwe discussthe non-orientable case.

Before we go on, we need some more de nitions. Let us sa the core of G is
the subgraph induced on the union of all triangles in G. If the coreis 3-colourable
then G is orientable, asis easily seen. Let G be a prismatic graph; here are some
constructions that lead to more prismatic graphs. First, let T be a triangle of G,
sy T = fag;b;cg. Wesay T is a leaf triangle at cif a; by both only belongto one
triangle (namely, T). If this is so, let H be the graph obtained from G by adding
new vertices ayp;:::;ax;bp;:::; b, wherefor 2 ik, a hasthe sameneighbours
asa; in Gnfayg; by;cg, and similarly by hasthe sameneighbours asby, and a;; g are
adjacert. Then H is prismatic, and we sa it is obtained from G by multiplying a
leaf triangle.

i n, let N; be the set of neighbours of @ in C. (Thus eat N; is stable.) For
1 i n,let Aj bea setof new vertices,and let H be the graph obtained from C
by adding A; [ [ An, with adjacencyas follows.

Forl i n,Ajisstable.
Forl i n,eweryvertexin Aj hasthe sameneighboursin C asa;.
Forl i<j n,if Nj\ Nj 6 ; then then there are no edgesbetweenA;; A;.

Forl i<j <k n,if (Nj;Nj;Ng) is apartition of V(C) into three stable
sets, then there is no triangle in A [ Aj [ Ax.

Otherwise, adjacencywithin Aj [ [ A, are arbitrary.

(This is not quite aswild asit might appear. For instance, if i; j; k are asin the
fourth condition above, then the only restriction onthe adjacencybetweenA;; Aj; Ag
isthat Aj [ A; [ Ak includesno triangle; none of these pairs of vertices are a ected
by any of the other conditions, soin a sensethe restrictions are \separable”. Note
alsothat if C is not 3-colourable,and in particular if G is not orientable, then the
fourth condition is vacuouslysatis ed.) Suc a graph H is always prismatic, and we
s& it is obtained from G by exmnding around the core.

If we hope to obtain a structure theorem for all prismatic graphs, the above two
constructions will have to be accourted for in it.

Now let us begin on the non-oriertable case. Here are two useful prismatic
graphs, that we call P; and P».

P1 hasnine verticesas; as; as; by ; bp; bs; ¢1; ¢; €3, and edgesasfollows. fcy; ¢; €39
is a triangle; for 1 1i;j 3, @ is adjacert to by; and for 1 i 3,G is
adjacert to a;; hy.

P, hasten vertices x; y;az;:::;as, and adjacencyasfollows. For 1 i 8,
a; is adjacert to a; 1;aj+1 and aj+4 (reading subscripts modulo 8); x;y are
adjacert; x is adjacert to aj; as;as; az, and y is adjacern to a; as; as; ag.

It is not dicult to show the following.
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6.1 Let G be prismatic. Then G is non-orientable if and only if some induced
sulgraph of G is isomorphic to P1 or to P».

To prove this, assignan arbitrary cyclic orientation to ead triangle. Make
a graph H whose vertices are the triangles of G, and whose edgescorrespond to
disjoint pairs of triangles. Each edgeof H acquiresa sign, depending whether the
corresponding matching betweenthe triangles presenesor reversesthe cyclic orders
of the triangles. If ewvery cycle of H has an even number of orientation-reversing
edges,then G is orientable. If not, we examinethe shortest cycle of H with an odd
number of orientation-reversing edges;it is easyto show that it haslength 3 or 4,
and the corresponding three or four triangles of G induce either Py or P.

Let us seesomeclassesof prismatic graphs.

The Schli graph has 27 vertices, and can be described as follows. Let N
be the set of all triples (i; j; k) wherel i;j; k 3. The vertex setof G is
faix : (i;; k) 2 Ng. For distinct (i; j; k); (i%]%k9 2 N, let aijx and ajojoxo
be adjacert if and only if either

{ k= k%and eitheri = i®orj =% or

{ k=k%°+ 1 (mod3)andi6 jCor

{ k= k% 2 (mod 3)andi®6 j.
This graph is much more symmetrical than is apparert from this description
| see[2], for instance. (Our thanks to Adrian Bondy, who identi ed this mys-

terious graph for us.) The Schlai graph is antiprismatic, and so all induced
subgraphsof its complemen are prismatic; we call them 1-prismatic.

Let k 0, and let G have vertex set the disjoint union of ve sets A =
fai;::i;akg, B = fhy;:ii;bkg, C = fey;iii;0g, D = fdg;:::;dkg, and
fp;q;r;s;tg, with adjacencyas follows.
{ fp;g;tgand fr;s;tg are triangles, and A; B;C; D are stable
{ pis completely adjacert to A[ B; qis completely adjacert to C[ D; r
is completely adjacert to A[ D; s is completely adjacert to B[ C

{ for1 i k, aib;bc;cd;dia are edges,and for 1  1i;j k with
i 8 j,aq and bd; are edges.

We say a graph is 2-prismatic if it is an induced subgraph of G for somechoice
of k.

Let G have vertex setthe disjoint union of f ag; by; d1; dp; dsgandfa;; b; g (i =
1;:::;Kk), wherek 3. Let the edgesof G be as follows:

{ ag is adjacert to aj;:::;ax and to ci;:::;¢C; bp is adjacert to by;:::; by
andto ¢y ¢k

{ forl i Kk, ¢ isadjacen to a;;h

{1 i) kwithi8j,a isadjacerttol
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{ fori;j 211,2;3gwith i 6 j, d; is adjacert to a;; .

Any graph that is an induced subgraph of such a graph G is said to be 3-

prismatic.
Let G have vertex set the disjoint union of fx;y;zg, fas;:::;am;b;:::;bng
andfcy;:::;¢q;dy; i dng, wherem;n 2. Let the edgesof G be asfollows:

{ x is adjacert to ai;:::;am;b1;:::;bn, and y is adjacernt to ¢;;:::;Cn;
dy;iiiidn

{ ai;b areadjacert forl1 i m,andg;d; areadjacert forl | n

{ forl i mandl j n,the subgraphinducedonfaj;b;c;dgisa

cycle of length 4.

Any graph that is an induced subgraph of G is said to be 4-prismatic.
We proved the following.

6.2 Let G be prismatic, containing P; as an induced sulgraph. Then G can be ob-
tained from a 1-, 2-, or 3-prismatic graph by multiplying leaf triangles and exmnding
around the core.

6.3 Let G be prismatic, containing P, as an induced sulgraph, and not containing
Pi1. Then G can be obtainad from a 1- or 4-prismatic graph by multiplying leaf
triangles and exmnding around the core.

Theseresults are the main theoremsof [4]. In view of 6.1, this solvesour problem
for the non-orientable case.

7 Prismatic graphs { the orientable case

In the orientable case,the graph may be 3-colourable, and if sothen G might
admit a hex-join. (Remenber we are working in the complemen now.) To postpone
the problemswith hex-joins, let us rst assumethat the coreof G is not 3-colourable.
We say that G is a cycle of triangles graph if for somen 5 with n = 2 modulo 3,

sud that, reading subscripts modulo 2n:

for 1 i n, there is a nonempty subset Xoi Xi, and at least one of
X Xi+2 hascardinality 1;

fori 2 f1;:::;2ngand all k with 2k 2n  2,letj 2 f1;:::;2ng with
j =i+ k modulo 2n:

(1) if k= 2 modulo 3 and there exist u 2 X; and v 2 X;, nonadjacer, then
i;j areeven,andif k 6 2,2n  2thenu 2 X; andv 2 X|;

(2) if k & 2 modulo 3 then X; is anticomplete to Xj;



Claw-free graphs 13

(Note that k = 2 modulo 3 if and only if 2n k = 2 modulo 3, so these
statemerts are symmetric betweeni and j.)

forl i n+l1, Xy 1istheunion of three pairwisedisjoint setsLy 1; Mo 1; R 1;

forl 1 n, Xy isanticomplete to Ly 1] Roj+1; X nXy is anticomplete
to Mo 1[ Myj+1; and every vertex in X i nX,i is adjacert to exactly oneend
of every edgebetweenRy 1 and Lyj+1;

forl1 i n,ifjX5j> 1then

(1) Ry 1= Loj+1 =5,
(2) if u2 X5 1 andv 2 Xy+1, then u;v are nonadjacen if and only if they
have the sameneighbour in X

for1 i n,if jXyj= 1, then

(1) Ry 1;Lo+1 are matched, and every edge between My 1 [ Ry 1 and
Loi+1 [ Moj+1 is betweenRy 1 and Lo+

(2) the vertex in X is completeto Ry 1[ Mg 1[ Loj+1 [ Moj+1;

(3) ifu2 Xy 1 andv 2 Xy arenonadjacert thenu 2 My 1[ Ry 1 and
V2 Lo+ [ Maisr X
(4) My 1;X5 » are matched and M 41 ; X542 are matched.

We proved in [3] that:

7.1 Every cycle of triangles graph is prismatic and orientable, and its core is not
3-colourable. Conversely,if G is an orientable prismatic graph, and its core is not
3-colourable, then G is a cycle of triangles graph (with one exeptional casewhen G
has exactly ve triangles).

Here is a sketch of the proof. The rst statemert is routine chedking. For the
second, suppose that G is orientable prismatic, and its core is not 3-colourable.
Choose an orientation of ead triangle asin the de nition of \orientable". Every
prismatic graph cortaining L(K 3.3) asan induced subgraph either has 3-colourable
core or is not orientable; so G does not contain L(K3:3). Sincealso G does not
corntain Py (since it is orientable), it follows that for ewery triangle T of G, some
vertex wr 2 T is in no other triangle. Let the other two vertices of T be uT;vr,
where the orientation of T is the cyclic permutation ut 7! v 7! wt 7! ur. Let H
bethe digraph formed by the directed edges(u;vr) asT rangesover all triangles of
G. Then asa graph, H hasno triangles, and one can shaw that in every 4-edgepath
of H, the middle vertex is the head of exactly one of the two middle edges.It follows
that the structure of H is very restricted. Moreover, H is connected(as a graph, not
asa digraph), for otherwise the hypergraph formed by the triangles of G would not
be connectedand G would therefore have 3-colourablecore, a cortradiction; and H
must have a directed cycle (for otherwise againthe coreof G would be 3-colourable);
and then the theorem follows easily

Now we turn to the casewhen the core is 3-colourable. Let us say that G is
triangle-connected if the hypergraph of triangles of G is connected.
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7.2 Let G be prismatic with 3-colourable core, and not triangle-connected. Then

the following properties:

for 1 i k, C\ C; is nonempty (where C is the core of G), and every
triangle of G is a subsetof one of Cy;:::;Ck
for 1 i k, the hypergraph of all triangles included in C; is connected

forl i< k, if u2 Cj andv 2 C; are adjacent, then either u 2 X and
v2Y,oru2Y andv2Z,oru2Z andv?2 X

forl i< k,if u2 Cj and v 2 C; are nonadjacent, and either u 2 X
andv2 Y,oru2Yandv2 Z,oru?2Z andv 2 X, then neither of u;v
kelongsto C.

This tells us that we may add edgesbetweennon-corevertices without changing
the core,sothat for all i with 1 i < k, the partition Cq [ [ Ci;Cis1 [ [ Ck
corresponds to a hex-join of G. Consequetly, if we understand triangle-connected
prismatic graphswith 3-colourablecore, then we may construct all others by taking
a sequenceof them hooked together asin 7.2.

Let us say a prismatic graph is largeif for every subsetS V(G) with |jSj 2,
there is a triangle disjoint from S. The prismatic graphs that are not large are
easyto describe explicitly, but we omit the details. From now on we shall only be
concernedwith large prismatic graphs.

7.3 Let G be prismatic, large and triangle-connected, with 3-colourable core, such
that its core is not uniquely 3-colourable. Then the core is an induced sulgraph of
L(K3;3).

The proof is easy but we omit it. Sincein this casewe understand the core com-
pletely, it is straightforward to enumerate the possibleadjacenciesof the non-core
vertices, and we omit the details.

There remains the casewhen the core is uniquely 3-colourable. Let us say that
G is a path of triangles graph if it satis es the sameaxioms as a cycle of triangles
graph, except we make a linear sequencerather than a circular sequence. More
precisely we say that G is a path of triangles graph if for someintegern 1 there

that:

for1 i n,thereis a nonempty subsetXy  Xai; jX2 = jX2nj = 1, and
for 0< i < n, at least one of X,; X542 has cardinality 1;

forl i<j 2n+1

(1) if j i = 2modulo 3 and there exist u 2 X; and v 2 X;j, nonadjacen,
theni;j areewven,andif j > i+ 2thenu 2 X; andv 2 X;
(2) ifj 16 2modulo 3then X; is anticomplete to X;;
forl i n+1, Xy 1isthe union of three pairwisedisjoint setsL o 1; M2 1;R2 1,

wherelL1 = M1 = Mon+1 = Ronsr = 5
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if Rp = ; thenn 2andjX4 > 1, and if Lonss = ; thenn 2 and
iXon 2j> 1
forl 1 n, Xy isanticomplete to Ly 1] Roj+1; Xoi nXy is anticomplete

to Mo 1[ Myj+1; and every vertex in X i nX,i is adjacert to exactly oneend
of every edgebetweenRy 1 and Lyj+1;

for 1< i< n,if jX2j> 1then

(1) Ry 1= Loj+1 =5,
(2) if u2 Xy 1 andv 2 Xy+1, then u;v are nonadjacen if and only if they
have the sameneighbour in X

forl1 i n,if jXyj= 1, then

(1) Ry 1;Lo+1 are matched, and every edge between My 1 [ Ry 1 and
Loi+1 [ Moj+1 is betweenRy 1 and Lo+

(2) the vertex in )€2i is completeto Ry 1[ My 1[ Loj+r [ Moj+1;

(3) ifu2 Xy 1 andv 2 Xy arenonadjacert thenu 2 My 1[ Ry 1 and
V2 Lo+ [ Maig

(4) if i > 1then My 1;X5 » are matched, and if i < n then Majsq; Xoi+2
are matched.

If G is a 3-colourable graph with no triangles, we say that G is a whirl. We
proved in [3] that:

7.4 Every large path of triangles graph is prismatic and triangle-connected, with
a uniquely 3-colourable core. Conversely, let G be large, prismatic and triangle-
connected, with a non-null, uniquely 3-colourable core. Then G is 3-colourable; and
either G is a path of triangles graph, or there is a partition (X;Y) of V(G) so that
all triangles are subsetsof X, and GjX is a path of triangles graph, and GjY is a
whirl, and we can add edgesbetween non-core verticesin X and Y without changing
the core, so that the partition (X;Y) correspndsto a hex-join of the complement.

This completesthe statemert of our structure theorem for claw-free graphs.

8 Colouring claw-free graphs

In this section we discusssomeaspects of the proof of the following (proved in

[7]).
8.1 Let G be claw-free and connected, with (G) 3. Then (G) 2! (G).

Note that the theorem is asymptotically best possible, for if G is as in the
de nition of \2-prismatic graph" in section6, then H is obtained from G by deleting
the vertices g;r; s;t, then H is claw-free and connected, (H) 3,!(H) = k+ 1,
and (H) = 2k. Before we discussthe proof of 8.1, we remark that there is an easy
proof of the following wealkening (( G) denotesthe maximum degreeof vertices of
G):
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8.2 Let G be claw-free and connected, with (G) 3. Then ( G) 4( (G) 1),
and consa@uently (G) 4( (G) 1).

Pro of. The secondstatemert follows from the rst by Brook's theorem. For the
rst we proceedby induction onjV (G)j. Let v beavertex of maximum degree ( G).
Since (G) 3and G is claw-free, there is a vertex di erent from and nonadjacen
to v; and consequetly we may chooseu nonadjaceri to v sothat Gnu is connected.
If (Gnu) 3, then from the inductive hypothesis, ( Gnu) 4(' (Gnu) 1); and
since ( G) = ( G nu) (becauseu;v are nonadjacert) and! (Gnu) ! (G), the
desiredresult would hold. We may assumethen that (Gnu) = 2. Let N;M bethe
setsof neighbours and nonneighbours of u respectively (thusN [ M = V(G) nfug).
SinceG is connected,there existsn 2 N. If x;y 2 M are nonadjacer, then at least
oneof x; y is adjacent to n, since (Gnu) = 2; and not both are adjacert to n, since
otherwise n would have three nonadjacert neighbours, which is impossiblesince G
is claw-free. Thus n is adjacert to exactly one of x;y. It follows that the set of
neighbours of n in M is a clique, and sois the set of nonneighbours of n in M, and
therefore M is the union of two cliques. Since (G) 3, there existmi;my 2 M,
nonadjaceri. Now let N; be the set of all neighbours of m; in N (i = 1;2). We
have already seenthat ewvery vertex of N is adjacert to exactly one of mq; m,, and
sON;[ No = N and N7\ N, = ;. If X;y 2 N; are nonadjacen, then fx;y;n».g
is stable, contrary to (G nu) = 2. HenceN1 [ fugis a clique, and similarly sois
N, [ fug. ThusV(G) is the union of four cliques,and u is in two of them, and so
4 (G) jV(G)j+1 ( G)+ 4, asrequired. This proves8.2.

Howewer, improving the factor of 4in 8.2to 2 seemdo bevery di cult. The only
proof we have of 8.1 is an application of the structure theorem for claw-free graphs;
and not only is this theoremdi cult itself, but alsothe application is di cult. Here
are some of the ideas. There are two easy tricks that we used many times, the
following. First, if there is a vertex whose set of neighbours is the union of two
cliques,then its degreeis at most 2! (G) 2, and we candeleteit and useinduction.
And quite often there is such a vertex. For instance, if G is expressedasa generalized
2-join, then using the notation of the de nition of \generalized 2-join", any vertex
in A1 has neighbour set the union of two cliques, as is easyto see. Or if G is a
circular interval graph, then the neighbour set of every vertex is the union of two
cliques. But there doesnot always exist such a vertex; for instance, in the Sciea i
graph there is no suc vertex. Every vertex has degreel6, and yet ! (G) = 6.

The secondtrick is, that we win if | (G) jV(G)j=4. For if jV(G)j is even and
there is a perfect matching in G, then (G) jV(G)j=2 2! (G); while if jV(G)j
isodd then ! (G) (jV(G)j+ 1)=4, soif there is a near-perfect matching in G then

(G) (V(G)j+ 1)=2 2! (G) asrequired. Sowe can assumethat G cortains no
perfect or near-perfect matching, and therefore Tutte's maximum matching theorem
can be applied, and again it follows easily (but using the hypothesis that G is
connectedand claw-freeand (G) 3; we omit the details) that (G) 2! (G). So
we may assumethat V (G) is not the union of four cliques.

These two tricks get us a long way, and suce to handle non-arntiprismatic
graphs, but for antiprismatic graphs the proof gets much more complicated and
we omit the detalils.

We mertion that an analogousstatemert holdsin the complemen, the following.
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8.3 Let G be connected and claw-free, with (G) 3. Then (G) 2 (G).

This is also proved in [7]. Again, it is asymptotically best possible;for if G =
L(Knh), then (G) n 2,and!(G) n=2. Its proofis not an application of the
structure theorem for claw-free graphs, howewer; we found a direct proof. Roughly,
the argumert is as follows. Choosea tree T of G sothat ewvery vertex of G has a
neighbour in T, with jV(T)j 2 (G) and such that somethree vertices of T are
pairwise nonadjacert in G. (It is easyto seethat this exists.) For ewvery ordered
pair (u;Vv) of adjacert verticesof T, let N, bethe setof all verticesof Gn(X [ Y)
that are adjacert to u and not v. For eat (u;v), Ny [ fugis a clique, and every
vertex of G belongsto one of thesecliques; and so (G) 2JE(T)j] 4! (G). In
fact we can cover all the vertices of G without using all ordered pairs (u;v), and
by carefully choosing the right subsetof pairs (plus possibly one extra pair, not an
edgeof the tree) we show that (G) 2! (G).

9 Complexity issues

We have been nding an \explicit construction” for all claw-free graphs, but
it is not quite clear what is meart by this. We has better mean more than just a
polynomial-time recognition algorithm, for there is an obvious recognition algorithm
for claw-free graphs, with running time O(n*) when the input has n vertices. So
what then do we mean by an \explicit construction"? For instance, here is another
attempt at an\explicit construction" { given a claw-free graph G that we have
already constructed, choose a subset X V(G) sud that adding a vertex with
neighbour set X will not introduce a claw; and add a vertex with neighbour set X .
We fervertly hope that this doesn't court as solving the problem, or elsewe have
beenwasting our time; and yet why doesn't it? For onecan easilytest in polynomial
time whether sudh a set X has the property we require; on what grounds do we
excludethis \construction"?

It is our feeling that we should not be permitted to \guess" the set X; if we
want to usethis set X to construct a larger graph, we should inductively have a
construction for (G; X), not just for G. With that in mind, let us go badk through
what we proved, and che that we passthis test. We don't, quite; for instance, we
allow outselvesthe operation of making a hex-join. Making a hex-join requirestwo
smaller graphs G1; G, that we already have constructed, and for ead of them we
needa partition of its vertex setinto three cliques. Unfortunately we are currently
\guessing" thesecliques;if we want to usehex-joins, we shouldreally be constructing
quadruples(G; A; B; C) whereA; B; C are disjoint cligueswith union V (G), and not
just constructing G. Happily, this can be done. Such a partition (A; B;C) is just a
3-colouring of G, and aswe have seen,in most casesG doesnot admit a 3-colouring;
whenit does,in most casesthe 3-colouring is unique; and when it is not unique, we
can describe the graph explicitly and list all the 3-colourings. Sothat problem can
be overcome.

There is a similar problem with homogeneousgairs, and that onewe found more
dicult. We beliew it is solved, but we are still chedking.
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