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Abstract

A graph is balanced if it is bipartite and ewery induced cycle has length divisible by four. In his
book [6], Gerard Cornuejols proposeda number of open questions,o ering $5000for the solution of
any of them. Here we solve three of them, about balancedgraphs.



1 Intro duction

A graph is said to be balanced if it is bipartite, and every induced cycle has length divisible by four.
In his excellert book [6], Gerard Cornuejols proposed eighteen conjectures, and o ered $5000 for
a proof or courterexample for any of them. Two, concernedwith perfect graphs, were settled by
the solution of the strong perfect graph conjecture [2]. Now we are happy to report the solution
of three more, concernedwith balanced graphs; conjectures 9.23, 9.28 and 9.29 of [6]. We give a
counterexample to the rst two, and a proof of the third.

2 A counterexample to conjectures 9.23 and 9.28 of [6]
Conjecture 9.23 on page 98 of [6] asserts:

2.1 Conjecture (Conforti, Cornuejols and Rao [4]) If G is a balancad graph that is not totally
unimodular, then G is either a Wyq or has a biclique cutset or a 2-join.

We needto explain theseterms. A graph is totally unimodular if it admits a bipartition (A; B) such
that ewvery square submatrix of the matrix (mg,: a2 A;b2 B) hasdeterminant 1 or 0, where
map = 1if a;bareadjacent and 0 otherwise. The graphsW are a particular classof balancedgraphs
that we do not needto de ne here (they are essetially a special caseof what we call crossmatdings
below). A biclique cutsetis a pair of disjoint nonempty setsA; B V(G), sud that ewery vertex
in A is adjacert to ewvery vertex in B, and Gn (A [ B) is disconnected. A graph G has a 2-join if
its vertex set can be partitioned into V1;V, in such a way that, for ead i = 1; 2, there exist disjoint
nonempty subsetsA;;B; Vi, suc that

ewvery vertex of A1 is adjacert to every vertex of Ay,
ewery vertex of B, is adjacen to every vertex of Bo,
there are no other adjacenciesbetweenV; and V5,

for i = 1,2V, contains at least one path from A; to B, and

for i
and B;.

1,2, if jAjj = jBjj = 1 then the graph induced by V; is not a chordlesspath betweenA;

(Remark: the de nition of a 2-join in [6] contains a minor error, and the fth condition above has
beenamendedto x this error.)

Two disjoint subsetsA; B of the vertex setV (G) are said to be matchal in G if A; B are stable
setsin G and ead member of A has a unique neighbour in B and vice versa. Here is a class of
balancedgraphs. Let p;q 1 beintegers,and let C be a cycle with vertices

agyiiiyagp 3l ug 33C i Cap 33l dag 3@
in order. Take p+ g new verticesXz;:::;Xp;Y1,:::;Yq and add edgesas follows:
Xi;y; areadjacert forall i;j with 1 i pandl j ¢



forld i p, X andcy 3 are adjacent

forl j q,y; anddy 3 areadjacert

and there are no other edges.Let us call such a graph a crossmatching It is easyto ched that every
crossmatdting is balanced.
In particular, let p= 3;q= 2, and take a crossmatting such that the pairs

aiX1; agXz; asxs; byy1; bsy?

are edges. This is balanced, and doesnot satisfy 2.1 (we leave it to the readerto ched this). The
samegraph is also a counterexample to conjecture 9.28 of [6] (we do not state this in full, becauseit
is just a strengthening of 2.1, and needsse\eral further de nitions).

3 Conjecture 9.29 of [6]

The goal of the remainder of this paper is to prove conjecture 9.29 on page 100 of [6], which asserts
the following:

3.1 Conjecture (Conforti, Cornuejols, Kapoor and Vuskovic [3]) Every balanceable bipartite graph
that is not regular has a doublestar cutset.

We need rst to de ne theseterms. A graph is eulerian if every vertex has even degree(we do
not require it to be connegted). If Gisagraphandw : E(G) ! f 1;1gisamap,andH is a
subgraph of G, we denote e2E (M) w(e) by w(H). A bipartite graph G is balanceableif there is a
mapw : E(G)! f 1;1g suc that w(C) is a multiple of four for every induced cycle C of G. A
bipartite graph G is regular if thereisamapw : E(G) ! f 1;1g sud that w(H) is a multiple of
four for ewvery induced eulerian subgraph H of G. (This de nition of \regular" is more conveniert
for us than the de nition usedin [6]; they are equivalent, becauseof Camion's theorem [1].) Any
such map w is called a t.u. signing of G.

A cutsetin G is asubsetX V(G) sud that G nX hasat leasttwo componerts. (This is not
quite the de nition from [6], but the di erence is not signi cant.) A star cutsetin G is a cutset X
such that someu 2 X is adjacert to all other members of X. Then u is called a centre of the star
cutset. A doublestar cutsetin G is a cutset X sudh for someedgeuv with u;v 2 X, every member
of X is adjacert to one of u;v; and then uv is called a centre of the double star cutset.

A remark: the de nition of \double star cutset" above is the standard de nition usedin many
of Cornuejols' papers, such as[3]. Howewer, in [6] the de nition is di erent; he requiresin addition
that the subgraphinduced on the cutset is a tree. This is presumably a mistake in [6], becausewith
this de nition it is easyto give counterexamplesto 3.1; for instance, take the graph with ten vertices

ay; ag; az; by; bp; bs; ¢q; o5 dp; da;

and adjacencyas follows: ajby is an edgefor i = 1;2;3; fby; bp; g is completeto fcy;cog; fer;cogis
completeto fdi;dog; and fdi;dog is completeto fai;az;azg. Then this graph is a courterexample
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to 3.1 using the de nition of \double star cutset" from [6]. Henceforth then, we use the standard
de nition.

If v 2 V(G) we denote the union of fvg and the set of neighbours of v by N [v]; and if uv is an
edgeof G then N[uv] denotesN[u][ N[v]. If v;w 2 V(G) are distinct, we say that v dominatesw
if every vertex adjacert to w is also adjacert to v (and hencev;w are nonadjacen). We obsene:

3.2 Let G be a bipartite graphwith jV(G)] 5and E(G) 6 ; and with no doublestar cutset. Then
G is connected
G has no star cutset
no vertex of G dominates another

for every edgeuv, the sulgraph induced on V(G) nN [uv] is nonnull and connected, and every
vertexin N [uv] nfu;vg has a neightour in V(G) nN [uv].

Pro of. Supposethat G is hot connected,and let uv be an edge,chosenfrom the componert C of
G that has most vertices. Then either G has at least three componerts, or jV(C)j 3, and in either
casef u;vg is a double star cutset, a cortradiction. Thus G is connected.

Supposethat X is a star cutset with certre u. If there existsv 2 X nfug, then X is alsoa double
star cutset with certre uv, a cortradiction; so X = fug. Let A1 be a componernt of GnX, and let
Az = V(G)n(AL[ X); thus A, 6 ;. SinceG is connected,u has neighboursv; 2 A; for i = 1;2.
SinceX [ fvjgis not a double star cutset, it follows that A; = fvigfori = 1,2, and sojV(G)j = 3,
a cortradiction. Thus G hasno star cutset.

Now supposethat v dominatesw. Let X bethe union of f vg and the set of all neighbours of w.
Since X is not a star cutset with certre v, it followsthat X [ fwg = V(G). Let u be adjacert to w.
Sincefu; v;wg is not a star cutset with certre u, we deducethat jV(G); 4, a contradiction. Thus
no vertex dominates another.

Finally, let uv be an edge. Suppose rst that N [uv] = V(G). Then u dominates every neighbour
of v dierent from u, soby what we just proved, v has degreeone, and similarly u has degreeone,
a contradiction. Thus N[uv] 6 V(G). SinceN[uv] is not a double star cutset, it follows that the
subgraphinduced on V(G) nN [uv] is connected. Now let w 2 N [uv] with w 6 u;v; say w is adjacert
to u. Sincev doesnot dominate w, it follows that w hasa neighbour in V(G)nN [uv]. This completes
the proof of 3.2. |

4 Operations preserving regularit y

In this section we discuss some lemmas stating that if we piece two regular graphs together in
prescribed ways, then the graph we produceis also regular.

If X V(G), we denote the subgraphinduced on X by GjX. Let G be a connectedbipartite
graph that admits a 2-join, and let V;; A;;B; (i = 1;2) be asin the de nition of a 2-join. Let G1 be
the graph obtained from GjV; by adding a path p;-p>- -px of new vertices, where p; is adjacent
to ewvery vertex in Ay, px is adjacern to every vertex in B1, and there are no other edgesbetweenV;
and fp1;:::;pk0, and k3, and k is chosenso that G; is bipartite. De ne G» similarly, adding a
path to GjV,. We call G1; G» a pair of blacks of the 2-join. We need rst:
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4.1 Let G be a connected bipartite graph that admits a 2-join, and let V;;A;;B; (i = 1;2) be as
before, and let G1; G» be a pair of blacks of the 2-join. If G1; G, are both regular then sois G.

This result is well-known, and related to the fact that 3-sumsin matroid theory preserwe matroid
regularity. Another closelyrelated result is that if G1; G, are totally unimodular then sois G, and
that is provedin lemma 2.3 of [4]. The proof given there can easily be adapted to prove 4.1, and we
omit the details.

Let G be a bipartite graph. A partition (V1;Vs) of V(G) is a 6-join if jVij;jVoj 4 and there
exist disjoint nonempty subsetsA1;A3;As Vi and A; Az Ag Vo, satisfying:

there are no other edgesbetweenV; and Va.

In this case,let G; be obtained from GjV; by adding three new verticeshy; bs; bs, wherefor i = 2; 4,6,
by is adjacert to every vertex of A; 1[ Aj+1 (reading subscripts modulo 6), and there are no other
new edges. Similarly, de ne G, by adding four vertices by; bs; bs to GjV,, wherefor i = 1;3;5, by is
adjacert to ewvery vertex of A;j 1[ Aj+1, and there are no other new edges.We call G1; G, a pair of
blacks of the 6-join. We needa result analogousto 4.1 for 6-joins, but rst alemma:

or all odd. Then
a1y apazt+ azay a5t asads  asas
is a multiple of four.

Pro of. Changing the value of a; by two doesnot changethe value of the expressionmodulo four,
since a; multiplies a; ag, which is even. Thus we may assumethat a; 2 f0;1g, and similarly

and hencethe expressionis zero. |
The analogueof 4.1 is:

4.3 Let (V1; Vo) be a 6-join in a connected bipartite graph G, and let G1; G, be a pair of blacks of
this 6-join. If G1; G, are both regular then sois G.

Pro of. Let Aj;:::;Ag be asin the de nition of a 6-join, and let by;:::; ks be the new vertices of
G1; Gy asabove. (Throughout this proof we read subscripts modulo 6.) Let a; 2 A; fori = 1;3;5.
Let wy beatu. signingof G;. If Y  V(G;1) and we replacews(e) by ws(e) for every edgee of
G1 with exactly oneendin Y, we obtain another t.u. signing of G1; and we may therefore choosew;
sud that:

forj = 2,4,6, wi(e) = 1 for every edgee incident with by and a vertex of A; 4, and
forj = 2,4, wi(e) = 1forthe edgee= bjaj+1.

Sincethe subgraphof G inducedonfas; bp; as; bs; as; bsg is eulerianand wj is at.u. signing, it follows

that alsow;(e) = 1 for the edgee = bsa;. Also, for eah choice of a 2 A;, sincethe subgraph
inducedonfa?; by; as; by; as; bsg is eulerian, it followsthat wy(e) = 1 for the edgee = bg,a‘l). Similarly
for j = 2,4 and for eath a°,; 2 Aj+1, it follows that wi(e) = 1 for the edgee = bal,;. Thusin

summary we have:



forj = 2,4,6, wi(e) = 1 for every edgee incident with by and a vertex of A; 1, and

forj = 2,4,6, wi(e) = 1 for every edgee incident with Iy and a vertex of Aj .1 .

Similarly we may choosea t.u. signingw, of G, sud that:

forj = 1,3;5, wa(e) = 1 for every edgee incident with by and a vertex of Aj.;, and

forj = 1,3;5, wo(e) = 1 for every edgee incident with Iy and a vertex of A; 1.

For eat edgee of G, either e 2 E(GjV;) for somei 2 f1;2g, ore= uv whereu 2 Aj andv 2 Aj+;

odd and 1ifi is even. We claim that w is a t.u. signingof G. For let X V(G) sud that GjX is
eulerian.

Letx; = jX\ Ajjforl i 6.Wesathat forl i 6,X;isexa@ptionalif Xj + Xj+2;Xi + Xj 2
are both odd (and therefore x;+» + X; 2 is even). Thus at most one of X3; X3; X5 IS exceptional, and
at most one of X2; X4, Xg; and if there is one of ead, say x; and x;, weclaimthat j 6 i+ 1;i 1. To
seethe last assertion, supposethat x1;X» are exceptional, say. Thus X; + X3;X» + X4 are odd, and
X4 + Xg IS even; and so

(X1 + X3)(X2 + Xa) + (X1 + X5)(X4 + Xe)

is odd. But this equals
X1X2 + XoX3 + X3Xg + XgX5 + X5Xg + XegX1

modulo 2, and sothe total number of edgesbetweenV;\ X and V,\ X is odd, cortradicting that
GjX is eulerian. This provesour assertion. Consequetly, from the symmetry we may assumethat
X1; X5; X2; X4 are not exceptional, that is, X; + X5 and x, + x4 are both even.

Let X1 V(Gy) bedened asfollows. Let X1\ V1= X\ Vq, let bp;by 2 X4, and let bg 2 X4 if
and only if xg is exceptional. Similarly, let X, V(G2) where X,\ Vo = X\ V,, by;bs 2 X5, and
bz 2 X5, if and only if x3 is exceptional.

(1) G41jX 1 is eulerian.

For let v 2 X1; we must ched that its degreed; say in G1jX1 is even. If v = bg then its de-
greeis x1 + Xz, which is even, sowe may assumethat v 2 X; let its degreein GjX bed. Thusd is
even. If v2 Vin(Ai1[ As[ As) then d; = d and thereforeis even;if v2 Azthend; = d (X2 + Xa),
and thereforeis even;if v2 A thend; = d (X2 + Xg) if bg 2 X4 (that is, if Xo + Xg is even), and
di=d (x2+xg)+ 1if bg 2 X4 (that is, if Xo+ Xg is odd), and in either cased; is even; and similarly
di isevenif v2 As. This proves(1).

Dene X, V(Gy) similarly. Then wy(G1jX1) and w»(G2jX ) are multiples of four, so let us
examinew(GjX) wi(G1jX1) Wwu(GyjX>2). First,

X
W(GjX) = W(Gj(X \ V1)) + W(Gj(X \ V2)) + Xi(Xiv1  Xi 1)
i=1,3;5

Let yg = 1if bg 2 X1, and yg = 0 otherwise, and de ne y3 similarly; then

W1(G1jX1) = W(Gj(X \ V1)) + ye(Xs X1)
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and
W2(G2jX2) = W(Gj(X \ V2)) + y3(Xs  X2):

Thusw(GjX) wi(G1jX1) wy(G2jX2) = R, where by de nition

R = X1X2 Xa(X3 VYy3)+ (X3 VY3)Xa XaXs+ Xs5(Xe Ye) (X6 VYe)X1:

But sincex1;Xxs are not exceptional, the de nition of y3 ensuresthat x1;Xx3 y3; X5 are all odd or all
even; and similarly X,;X4;Xe Ye are all odd or all even. By 4.2, it follows that R is a multiple of
four. Consequetly w(GjX) is amultiple of four, and sow is at.u. signing of G. This proves4.3. |

Third, we needthe following. Let us sa distinct vertices of G are twins if they have the same
neighbour sets (and consequetly are nonadjacert to ead other).

4.4 Let u;v be twins in G, and suppsethat G nfvg is regular. Then G is regular.

Pro of. Let w be a t.u. signing of G nfvg, and extend the domain of w to E(G) by de ning
w(vx) = w(ux) for eat edgevx of G. We claim that w is a t.u. signing of G. For let X V(G)
such that GjX is eulerian. If v 2 X then w(GjX) is a multiple of four sincew is a t.u. signing of
G nfvg, and if u 2 X the sameconclusionfollows from the symmetry betweenu;v. Thus we may
assumethat u;v 2 X. Let X%= X nfu;vg; then GjX Cis eulerian, and so w(GjX 9 is a multiple of
four. But w(GjX) = w(GjX 9 + 2z, where z is the sum of w(ux) over all edgesux with x 2 X ¢ and
since GjX is eulerian, it follows that z is even. Hencew(GjX) is a multiple of four, and sow is a
t.u. signing of G, and therefore G is regular. This proves4.4. |

5 Some 6-join lemmas

A 6-join (V1; V) in a bipartite graph G is said to be skeletalif jV,j = 7, and V, can be numberedas
fay; au; ag; Cy; Ca; Cs; Cgg Sudh that

cg hasdegreethree in G, with neighbours c¢; ¢s; Cs
for i = 2;4,6, ¢ hasdegreetwo in G, with neighbours a;; cg

there are disjoint nonempty subsetsA1;A3;As Vi sud that for i = 2;4;6, a is completeto
Ai 1[ Ai+1 (where A7 meansA1) and there are no other edgesbetweenV; and V.

An induced subgraph of G that is a cycleis called a holein G, and a hole of length k is a k-hole.
If G is a balanceablebipartite graph, an induced subgraphH is saidto be an irr egularity in G if H
is not regular, and every induced subgraph of G with fewer verticesthan H is regular. We need:

5.1 Let G be halanceable, and let (V1; V) be a skeletal 6-join. Let V, = fay; as; ag; Co; Ca; Cs; Cgg as
in the de nition of \skeletal". Let H be an irr egularity in G; then c;;cs;Cs;¢c8 2V (H).

Pro of. Let A1;:::;Ag be asin the de nition of 6-join, where A; = fajg for i = 2;4;6. Let
w:E(G)! f 1;1g suc that w(C) is a multiple of four for every induced cycle C of G. As usual
we may assumethat w(ajaj+1) = 1fori = 1;3;5andall a 2 Aj, andw(ajay 1) = 1fori= 1,3;5

and all & 2 Aj, where Ag meansAg. Now w inducesa t.u. signing of J for every regular induced
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subgraphJ of G. SinceH is anirregularity in G, it follows that H is eulerian; and sincew induces
a t.u. signing of every proper induced subgraph of H and not of H itself, we deducethat w(H)
is not a multiple of four. Supposethat one of cy;cs;C5;¢8 2 V(H). Hencewe may assumethat
a;C;Cs;Cqay 2 V(H) andcg 2V (H). Fori= 1;3;5, let xj = jJV(H)\ Ajj.

Let Y = fay;c;Cg; Cq;a40; then w(GjY) is a multiple of four, sincew(C) is a multiple of four
where C is the hole cg-Cy-ax-az-as-c4-Cg for someaz 2 Az. Suppose rst that ag 2 V(H), and let
X = V(H)\ V1. Then GjX is eulerian, and therefore regular from the minimality of jV (H)j, and so
w(GjX) is a multiple of four. But w(H) = w(GjX) + w(GjY), and sow(H) is a multiple of four, a
contradiction. Thusag 2V (H). Let X = (V(H)\ V1) [ fagg. Then again GjX is eulerian, and has
fewer verticesthan H, and sow(GjX) is a multiple of four. But

W(H) = w(GjX) + W(GjY)  2xs5+ 2X;

and x5 X1 is evensinceag haseven degreein GjX . It follows againthat w(H) is a multiple of four,
a cortradiction. This provesb5.1. |

A 6-join (V1; V) in a bipartite graph G is said to be internal if jV1j;jVoj 8. We need seweral
results saying that balanceablegraphscontaining certain induced subgraphsadmit either double star
cutsets or internal 6-joins.

If X;Y V(G), we say that X is anticompleteto Y if X \ Y = ; and there is no edgexy with
x2 X andy 2 Y. The proof of theorem 6.3 of [3] also provesthe following:

5.2 Let G be balanceable, and let a;-by-az-bi-a-bz-a; be a 6-hole C in G. Suppse that there are
subsetsA; B V(G) with the following properties:

A; B;V(C) are pairwise disjoint, and GjA; GjB are connected;
ap; ar; az haveneightours in A, and by; bp; bz do not;

bi; bp; b3 have neightours in B, and a;; az; a3 do not; and

A is anticompleteto B.

Then either G admits a doublestar cutset, or G admits a 6-join (V1;Vo) with A[ faj;az;a3g Vi
and B [ fby;lp;bsg Vo

6 Big domino es

A triple (ab;Cq; Cy) isadominoin G if C1; C, are holesin G, and abis an edge,and V (Cy)\ V(C») =
fa;bg, and V(C1) nfa; bg is anticomplete to V(C1) nfa;bg. An odd theta is a graph consisting of two
nonadjacer vertices u;v and three odd length paths betweenu;v, sud that the interiors of these
three paths are pairwise disjoint and pairwise anticomplete. An odd wheel is a graph consisting of a
cycle C and another vertex v 2 V (C), such that v hasan odd number, at least three, of neighbours
in V(C). We needthe following easyand well-known lemma (we omit the proof).

6.1 If G is a halanceable bipartite graph, then no induced sulgraph of G is an odd theta or an odd
wheel.



Let us say two vertices u; v in the samecomponert of a bipartite graph G have the samebiparity
if every path betweenthem hasewven length, and otherwisethey have opposite biparity (and therefore
ewvery path betweenthem has odd length). We begin with a lemma.

6.2 Let (aghp; C1;Cy) be a domino in a halanceable graph G, suchthat Cq;C, both have length at
least six. For i = 1;2, let P; = C; nfap; lpg; then P; is a chordless path of length at least three with
endsa;;h say, wher a; is adjacent to by and by to ap. Suppmsethat G does not admit a doublestar
cutset, and dces not admit a 6-join (V1;V2) suchthat V(C;) nfag;lpg V; for i = 1;2, and V1; V>
each contain exactly one of ag;by. Let 1- -0, be a chordless path such that

for 1 i n, g has a neighlour in the interior of P, if and only if i = 1, and g hasa
neightour in the interior of P, if and only if i = n, and

Then either
(a) a; is adjacent to one of tp;:::; ¢, and a, is adjacent to one of q1;:::;0y 1, and by is nonad-
jacentto op;:::;0n, and by is nonadjaent to g;;:::;0n 1, OF
(b) by is adjacent to one of qp;:::; 0y, and by is adjacent to one of q1;:::;0, 1, and a; is nonad-
jacentto tp;:::;0n, and az is nonadja@nt to ou;:::; 0 1

(1) At least one of a; by; ar; by is active, and son 2.

For supposenot. We may assumethat o;;ag have opposite biparity. If g has more than one
neighbour in Py, there are three paths betweenq;; ag forming an odd theta, namely two with interior

unique neighbour, p; sa&, in P1. Sinceq; hasa neighbour in the interior of P4 it follows that p; & ay;
and there are three paths betweenp;; by forming an odd theta, namely two with interior in V(Cy)
(2) Not both az;b; are active.

For if they are, there are three paths betweena;; b, forming an odd theta, namely P4, a;-lp-ag-by



are both anticomplete to V(R), by (2), and so
bi-P1-81-by-85-P2-bp-R-by
is a hole and ag hasthree neighbours in it, a cortradiction. This proves(3).

In view of (1) and (2) we may assumethat b, is active and a; is not. Let j 2 f2;:::;ng be
maximum sud that ¢ ; b; are adjacert.

holes, and b; has one more neighbour in the secondhole than in the rst; and so by 6.1, b; has
exactly one neighbour in R, namely ¢ . But then there are three paths betweeng; and by that form
an odd theta, namely g;-R-byp, g -S-bp and g -b-ap-lp, a cortradiction. This proves(4).

(5) a2 is not active.

and the two subsets(V (P2) nfazg) [ fg+1;:::;0ng and (V(P1) nfbg) [ fou;:::; g 19 satisfy the
hypothesesof 5.2, and consequetly there is either a double star cutset or a 6-join that violates the
hypothesisof the theorem. This proves(5).

From (4) and (5), it follows that b, is adjacert to oneof qu;:::;q 1, and sothere is symmetry
betweenb; and b,. By (3) one of by; b, is nonadjacen to p;:::;0n 1, SO by exdhanging Cy; C, if
necessarywe may assumethat b, is nonadjacen to ;:::;0, 1. Consequetly b, is adjacen to .

(Note that possibly by is adjacert to g,, and possiblyj = n.)

(6) by is adjacent to q;.

For supposenot. If g; has at least two neighbours in Py, there are three paths between q; and
a contradiction. If g; has a unique neighbour p; in Py, then p;1;ag9 are nonadjaceri and there are

three paths betweenpi;ag forming an odd theta, namely two paths of C; and a path with interior
in fai;:::;q 9, again a cortradiction. This proves(6), and completesthe proof of 6.2. |

The lemmais usedfor the following.



6.3 Let (aghy; C1;Cs) be a domino in a balanceable graph G, such that Cq;C, both have length
at least six. Then either G admits a double star cutset, or G admits a 6-join (V1;V2) such that
V(Cj) nfag;lmg Vi fori = 1,2, and V1; V, each contain exactly one of ag; by.

Pro of.

Fori = 1;2, let P; = Cj nfag; lpg; then P; is a chordlesspath of length at least three with ends
a;; b say, where g; is adjacert to by and b to ag. We assumethat G doesnot admit a double star
cutset and doesnot admit a 6-join satisfying the theorem. Hencethere is a chordlesspath g1- -0
asin 6.2, and again from 6.2 we may assumethat q; is adjacent to by; by, and by is adjacert to one

of ip;:::;0h, and by is nonadjacen to qp;:::;0, 1, and a; is nonadjacen to p;:::; Gy, and az is
nonadjacer to th;:::;0h 1
Sincely is adjacert to g; and to oneof p;:::; Gy, it followsthat n 3. Let p, be the neighbour

of bp in P,. Since G doesnot admit a double star cutset, there is a chordless path R between g»
and somevertex r sud that r has a neighbour in V(C1) [ V(C,) nfag; bi;p;p2g, and ag; b, are
both nonadjacer to ewery vertex of R. By choosing R minimal, it follows that r is the only vertex
of R with a neighbour in V(C1) [ V(Cy) nfag; bi;p; pog. (Howewver, by; p, may have neighbours in
V(R) nfrg.)

(1) r is adjacent to by.

For supposenot. Let S; be the statemert that r has a neighbour in V(P1) nflyg, and S, the
statemert that somevertex of R has a neighbour in V(P2) nflpg (in other words, either r has a
neighbour in V (P2) nfhg or somevertex of R is adjacert to p,). Thus at least one of S1; S, holds.
We claim that if S; holds then r has a neighbour in V(P1) nfa;;byg. For supposethat a; is the
unique neighbour of r in V(P1) nfbyg. Then there are three paths betweenb;; a; that form an odd

We claim alsothat if S, holds then somevertex of R has a neighbour in V(Py) nfay; b,g. For
supposethat a, is the unique neighbour of r in V(P2) nfhbyg, and there are no other edgesbetween
V(R) and V (P,) nfb,g. Then there are three paths betweenb,; a, that form an odd theta, namely
p-ap-p-az, a path with interior in faqug[ V(R), and P», a cortradiction.

Now supposethat both S; and S, hold. Then there is a subpath T of R that satis es the initial
hypothesesfor the path g;- -¢,. Moreover, no vertex of T is adjacert to both by; by, and no vertex
of V(T) nfrg is adjacert to a; or to ap, cortrary to 6.2. This provesthat not both S;;S, hold.

set of a minimal path T betweenr and somevertex t that has a neighbour in V(P,) nfay; b,g. But
ag; by have no neighbours in this path, and ay; b, have no neighbours in this path dierent from t

Next supposethat S, holds, and so S; is false. Sincer hasa neighbour in

V(Cy1) [ V(C2) nfag;by;bp; p2g;

it follows that r has a neighbour in V(P2) nflpg. Let T be a chordlesspath betweenq; and some
vertex t that hasa neighbour in V(P,) nfay; bpg, with V(T) V(R)[ fagig, and chooseT minimal.
Then no vertex of T is adjacernt to ag or to by, and ay; b, both have no neighboursin V(T) nftg,
contrary to 6.2. This proves(1).
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Let T be a chordless path betweeng; and r with interior in V(R). If r has no neighbour in
V(P1), then there are three paths between q;;lp forming an odd theta, namely q;-T-r-bp, a path
with interior in V(P1), and qu-by-ap-bp, a contradiction. Thus r has a neighbour in V(Pq). If r;by
are nonadjacen, then there are three paths joining r; b; forming an odd theta, namely r-by-ag-b;, a

Thusr; b, are adjacert. Let b; have k neighboursin T; thusk 2. Sincewe can completeT to a
hole via a subpath of P; that contains no neighbour of by, it follows that k is even. But we can also
completeT to a hole via r-by-ag-by-g1, and in this hole by hask + 1 neighbours, cortrary to 6.1. This
completesthe proof of 6.3. |

This has the following useful corollary. Let us say a domino (ab;Cq;C,) is bigif for i = 1,2, C;
haslength at least six, and if C; haslength six then both the vertices of C; nf a;bg that are adjacert
to a or b have degreeat least three in G.

6.4 Every balanceable graph that contains a big domino admits either a double star cutset or an
internal 6-join.

Pro of. Let (aiap; C1;Cy) be a big domino in a balanceablegraph G. We may assumethat G does
not admit a double star cutset. By 6.3, G admits a 6-join (V1;V»2) sud that V(Cj)nfaz;ag V, for

We may assumethat a; 2 A; and a; 2 A,, and we supposefor a cortradiction that jVij 7. Let
as be the neighbour of a; in C, dierent from a,, and let az be the neighbour of a, in C; dierent
from a;. Thusag 2 A, [ Asg, Sinceag 2 V» and ag is adjacert to a;, and similarly az 2 A1 [ As.
Since az; ag are nonadjacen, it follows that as 2 A3 and ag 2 Ag. Since ag has no neighbour in
V(Cy) exceptay, it follows that V(Cy)\ (A1 As) = faig. Also, V(Cq1)\ Az = fazg sinceas;as
are the only neighbours of a, in V(C;). Consequetly all vertices of C; exceptthree belongto Ay,
whereAg = Vin(A1[ Asz[ As). SinceAr;As; As are nonempty, it follows that jVij  jV(C1)j. But
jVij  7,and jV(Cy)j is even, and so C; is a 6-hole. Let the vertices of C; be a;-ax-az-C4-C5-Cg-az in
order. SinceG is bipartite, ¢; hasno neighbour in A1 [ Asz[ As.

(1) If as 2 As, then a5 is adjacent to both or neither of ¢4; Cg.

For supposethat as is adjacert to cg and not to ¢4 say. Let a4 2 A4. Then the paths cs-a;-a,-as,
Cs-a5-a4-az and cz-Cs-C4-a3 form an odd theta, contrary to 6.1. This proves(1).

Suppose rst that jApj = 3, and so Ag = fcy;Cs; Ccsg. Sincewe may assumethat A1 [ Asz[ faxg
is not a double star cutset, one of c4; C5; ¢ (and therefore both c4; cg, by (1), and not cs, sincecs; as
would have the samebiparity) has a neighbour a5 2 As. But then as dominates cs, contrary to 3.2.

Thus jAgj > 3. Consequetly jAgj = 4, and jAjj= 1fori = 1;3;5. Let A5 = fasg. Supposethat
C4; Cg are adjacert to as. Sinceas doesnot dominate cs by 3.2, someneighbour x of ¢s is nonadjacert
to cs and in particular is dierent from c4;cs. Hencex 2 Ag. For the samereason,someneighbour
of X is nonadjacen to c4, and so x; a; are adjacert; and similarly x; az are adjacert. But then GjV;
is an odd wheelwith certre cs, cortrary to 6.1.

Thus not both ¢4; cs are adjacert to as, and henceby (1), c4; cs are both nonadjacern to as. But
Cs has degreeat least three in G, since (aiap; C1; C») is a big domino; let x 6 ai;cs be adjacert to
Cs. Thus x 2 Ag. But none of ¢4, Cs; Cg; X are adjacert to as (becausecs; x are nonadjacern to as
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sincethey have the samebiparity), and therefore f a;; ay; azg is a star cutset, contrary to 3.2. Thus
jVij 8, and similarly jV,j 8. This proves6.4. |

7 Small domino es

A domino (ab;Cq; Cy) is small if Cq;C, are both 4-holes. Our next goal is an analogue of 6.4 for
small dominoes, but we rst needtwo more lemmas. The rst is theorem 6.2 of [3]. (The graph R1g
consistsof a ten-vertex cycle with edgesbetweenthe v e opposite pairs of vertices of the cycle.)

7.1 Let G be balanaable, with an induced sulgraph isomorphic to R1g. Then either G is isomorphic
to Ryg, or G admits a doublestar cutset.

Let (aghy; C1; C,) be a small domino in a bipartite graph G. A left ear for (aghp;C1;C>) is a
hole H1 sud that (a;b;; Cq;H1) is a domino (where V (C;) = fag;lp; as1;1g) and V(C,) nfag; bog is
anticomplete to H;. A right ear for (aghy; C1; C») is a left ear for (aghy; C,; C1).

7.2 Let G be halanceable, and let (aghp; C1; C») be a small domino with a left ear and a right ear.
Then either G is isomorphic to R1g, or G admits a doublestar cutset or an internal 6-join.

Pro of. We may assumethat G admits no double star cutset. For i = 1;2, let C; have vertices
ag-b-ai-lp-ag in order. Let H; be a left ear with vertices a;-p1-p2-  -pm-b1-a1 in order, and let
H, be aright ear with vertices ax-q1-tp-  -Oh-bp-az in order. Thusfps;:::;pmg is anticomplete to

star cutset). We proceedby induction on k(H 1; H>).

(1) If k(Hq1;H>2) = 0 then the theorem holds.

from and anticomplete to fqp;:::;0h 19. Sincepn Z fu;:::;0ng Since py is adjacert to by, and
similarly o, 2 fpg;:::;pmg, it follows that fpy;:::;pmg is disjoint from faoy;:::;0ng. Moreover, for
1 i mandl | n,if p;q areadjacert then eitheri = m orj = n. Similarly eitheri = 1

orj = 1. Thusthe only pairs pig that might be adjacert are p1g, and pnt:. Sincek(Hi;H2) = 0
it follows that at least one of theseis an edge,so from the symmetry we may assumethat pq; ¢, are
adjacert. If pnh is not an edgethen

P1-  -Pm-bi-ap-bp-az-th-  -Oh-p1
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is a hole, cortaining three neighbours of a;, contrary to 6.1. Thus pm a1 is an edge. Sincethe three
paths pi-  -pm, p1-a1-bi-pm and p1-0h-  -th-pm do not form an odd theta, it follows that m = 2
and similarly n = 2; but then G cortains an induced subgraph isomorphic to R1p and the theorem
holds by 7.1. This proves(1).

For supposenot. If somer; is adjacert to two of aj;by;as; by, then Gjf ap; lp;as;bi;az;p;rig is
an odd wheel, a cortradiction. Thus ead r; is adjacert to at most one of a;;b;;ar;b,. Choosea
chordlesspath c- -¢; 1 with t minimum such that somec; 2 fas; g is adjacert to ¢, and some
¢ 2 fap;mgis adjacert to ¢; 1, and ¢p;:::;¢ 1 2 fre;:::;rkg. Thust 4. From the minimality

c1 = a1. If ¢¢ = az then Iy hasthree neighbours in the hole ¢;-  -¢i-bp-ap-by-c1, a cortradiction.
If ¢¢ = by, let H3 be the hole c;-c,-  -c-c1; then k(H2; H3) < k and the result follows from the
inductiv e hypothesis. This proves(2).

Thus we may assumethat fa,; big is anticomplete to frq;:::;rkg
(3) Either a; is adjacentto oneofry;:::;r, or bp is adjacentto oneof rq;:::;rx 1, andin particular
k> 1
For supposenot. If there is a chordlesspath P9 betweena; and rq with interior in fpi;::::pm 19
and a chordlesspath Q°betweena, and ry with interior in foi;::::a, 10, then

a0-b-a1-POri-  -r-Q%ap-by-ao

is a hole corntaining three neighbours of by, cortrary to 6.1. Sowe may assumethat there is no such

ao-b-a-pr- PmTi- Tk-Qb-ag
is a hole containing three neighbours of by, cortrary to 6.1. This proves(3).

From (3) we may assumethat a; is adjacert to somer; with j > 1. Choosej k maximum
with this property.

(4) bp is adjacent to at leastone of rq;:::;rj 1.
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For supposenot. Let Q%Q%be chordless paths from rj to b, and a, respectively with interiors
in

and chooseh with 1  h m maximum sud that rq; p, are adjacert. Then
ao-b1-pm-  -pp-ri- -

is a chordlesspath, and it can be completedto a hole via r;-Q%hb,-ao and via r;-Q%ay-p-ap. The
numbers of neighbours of a; in thesetwo holesdi er by one,and yet by;r; are neighbours of a; that
belongto both holes,and so G contains an odd wheel, cortrary to 6.1. This proves(4).

Choosei with 1 i < j minimum such that by;r; are adjacert.
G)j=i+ 1
For supposenot; theni | 2, and there are three paths betweena; and b, that form an odd theta,
and the path a;-by-ap-lp, contrary to 6.1. This proves(5).

Now ap-lp-ri-rj-ai-bp-ap is a 6-hole. Let

A
B = fap,gu;:ii0n;rj+1siis;rk0:

]
.
=
©
>

Then GjA; GjB are connected,and the hypothesesof 5.2 are satis ed, and sinceG admits no double
star cutset, it followsthat G admits a 6-join (V1; Vo) with A[ fag;as;rig  ViandB[ fhp;bp;rjg  Vo.
Supposethat jV4j 7. Then

fFb;pe; i Pm; e iisri ;i a0 a10j 7,

and som 3; and sincem is ewen it follows that m = 2. Also, i 2. Now aj;r; have the same
biparity (since a;;rij+1 are adjacert). If ry is adjacernt to pp, then it follows that i = 2 (since as; ri
have the samebiparity), and soV; = fp1;p2;a1;b;ri1;ro; apg. But then az; po arethe only neighbours
of p1, and sof ay; po; b1 g is a star cutset, cortrary to 3.2. Hencer 1 is adjacert to p;. Sinceas;r; have
the samebiparity it follows that i = 1, and so a;;r, are adjacert. Sincea; doesnot dominate p»
by 3.2, it follows that p, has a neighbour x nonadjacen to a;, and in particular x 6 pq;b;; and so
Vi = fp1;p2;az; br;ra;X; agg. Sincex has a neighbour nonadjacert to p; by 3.2, it follows that x; ag
are adjacert. But then x-ps-p1-ai-lp-ag-x is a 6-hole and by has three neighbours in it, cortrary to
6.1. This completesthe proof of 7.2. |

7.3 Every balanceable graph not isomorphic to R that contains a small domino admits either a
doublestar cutsetor an internal 6-join.

Pro of. Let G bea balanceablegraph not isomorphicto R, and let (aghy; C1; C2) beasmall domino
in G. By 7.2we may assumethat G doesnot contain a right ear for this domino. For i = 1;2 let C;
have vertices ap-by-aj-In-ag in order. By 3.2 there is a hole H sudh that (axb»; Cy;H) is a domino;
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let H have verticesa-p;- -pm-bpr-az in order. SinceH is not a right ear, one of a;; b, is adjacent

bi-pj - -Pm-tp-az-lp-ai-by

and in particular | < m. If h = j then the three paths pn-bi-ap-b», pn-pn 1- -p1-az-b» and
Ph-Ph+1-  -Pm-lp form an odd theta, cortrary to 6.1, soh < j. Choosei; k with 1 i;k m
minimum and maximum respectively such that a; is adjacert to pi;px. Thusk > j, and from the
symmetry it followsthat h< i < k. If i j, then the numbers of neighbours of by in the two holes
H and

ax-p1-  -pi-ai-bp-az

di er by one,and b; has at least three neighbours in the secondhole (sinceh < j), cortrary to 6.1.
Thusi < j.

Let us choosethe hole H described above sud that b; has as few neighbours in it as possible.
Chooseh®with h < h® m minimum suc that b;;pno are adjacert. We may assumethat there
is a chordlesspath ph+1-ri- -rn-bp such that rq;:::;r, are nonadjacer to ag; by, for otherwise G

then the three paths P, ph-bi-ag-bp and pn-pn 1- -p1-az-bp form an odd theta (note that r, is
nonadjacert to a;; p, sincethey have the samebiparity), a contradiction. This proves(1).

fphg. It canbe completedto a hole via pno-pros1 -  -pm-b2. The number of neighbours of by in this
hole is exactly one fewer than the number of neighbours of b; in H, and so by 6.1, by has exactly
two neighbours in H, that is, h®= j. But then P and the paths pj-bi-ag-tp and pj-pj+1-  -Pm-n
form an odd theta, cortrary to 6.1. This completesthe proof. |

8 A proof of conjecture 9.29 of [6]

A bipartite graph G is strongly balanceable if it is balanceableand no induced subgraph is a cycle
with exactly one chord. For the proof of 3.1 we also heedtheorem 6.1 of [3], the following:
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8.1 Every connected balanaeable bipartite graph that is not strongly balanceable either equalsR 19 or
admits a 2-join, a 6-join, or a doublestar cutset.

Pro of of 3.1. We prove 3.1 by induction on jV(G)j. Supposethen that G is a nonregular bal-
anceablegraph (and consequetly jV(G)] 6), and every nonregular balanceablegraph with fewer
vertices than G admits a double star cutset. Supposefor a contradiction that G doesnot admit a
double star cutset. By 3.2, G is connected.

(1) G dces not admit a 2-join.

For supposeit does, and let Vi;Ai;B; (i = 1;2) be asin the de nition of 2-join. Suppose rst
that there exist x 2 A; andy 2 B4, adjacert. Every path betweenVi; nfx;yg and Vo n(Az [ B»)
contains a menber of N [xy] in its interior, and sinceVi nfx;yg6 ; and G doesnot admit a double
star cutset, it follows that V, = A, [ Bo.. Hencethere is an edgebetweenAs; B,, and so similarly
Vi = A1 Bi. Not both jA4j;jB1j = 1 from the de nition of a 2-join, and if say v;w 2 A1 aredistinct
then by 3.2, since neither of v;w dominatesthe other, it follows that jB1j > 1. Moreover, the same
argumert provesthat there exist a;;ad 2 A; and by; 1§ 2 B; sudch that a;by and a1 are edges,and
a; B are nonadjacert, and a; by are nonadjacert. Similarly there exist ax;a 2 A, and bp; B 2 B,
such that the only edgesbetweenfay;adg and flp;Bg are axb, and a®. But then the subgraph
induced on fay; a; by; B; BY; alg is a cycle, and b, has exactly three neighbours in it, cortrary to 6.1.
Hencethere are no edgesbetweenA; and B1, and similarly no edgesbetweenA, and B».

Let P, bea chordlesspath of GjV, betweenA, and B, with nointernal vertex in A,[ B». Suppose
that Gj(Vi[ V(P2)) is not regular. Let P, have verticespi- -px s&, wherep; 2 A, and px 2 Bo.
Every vertex in A1 hasa neighbour in V1 nA; (from the de nition of a 2-join if jA1j = 1, and by 3.2
if jJA1j > 1); and every componert of Gj(V1nA1) cortains a vertex of B, by 3.2 applied to G and the
edgepip2. It follows that Gj((VinA1) [ fpkQ) is connected,and every vertex in A; hasa neighbour
in (VinAjy)[ fpkg; and an analogousstatemert holds with A1;B1 excdhangedand p;; px excdhanged.

We claim that if k = 3 then jV,j 6. For if jJAsj = jByj = 1 then V(P) is a double star cutset
(sinceP, 6 GjV, from the de nition of a 2-join), sofrom the symmetry we may assumethat jB,j > 1.
Chooseh, 2 B, with b, 6 p3. From 3.2, there is a chordlesspath betweenb, and A; containing no
neighbour of either of p,; ps (except possibly k). In particular, this path is disjoint from B, and
therefore contains a vertex of Vo n (A [ B») dierent from py, and a vertex of A, dierent from p;.
Consequetly jV,j 6, asclaimed.

Let Gy = Gj(Vi[ V(P2). If k > 3let G°= G; and let PY = P,. If k = 3 let G denote the
graph obtained from G; by subdividing twice someedgeof P, (that is, replacing someedge of P,
by a three-edgepath), and let P2O be the path obtained from P, by this double subdivision. Then in
either caseno edgeof PJ is the certre of a double star cutset of G% Yet G°is balanceableand not
regular, and sincejV (G9j < jV(G)j, the inductive hypothesisimplies that there is an edgeuv of G°
that is the certre of a double star cutset of G It follows that at leastoneof u;v 2 V4, and uv is an
edgeof G4, and therefore uv is the certre of a double star cutset of G1.

There is a subset X N[uv]\ V(G1) with u;v 2 X such that G; n X is disconnected. Since
X [ (NJuv] nV(Gy)) is not a double star cutset of G, there is a chordlesspath Q of G with ends
X;y belongingto di erent componerts of G; n X, and such that no internal vertex of Q belongsto
V(G1) [ N[uv]. SinceQ V5, there is a chordlesspath P of G; betweenx;y with P V (P);
and therefore N[uv]\ P 6 ;. Sinceat leastoneof u;v 2 Vi, it follows that fu;vg\ (A1[ B1) 6 ;,
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say u2 Ai. Then A\ Q = ;, and sincex;y both have neighboursin Q Vo nA,, it follows that
X;y2 Vo[ Bi. SoP \ A, = ;, and therefore N[uv]\ V, 6 A,. Hencev 2 A,, and sov = pg, the
end of P, in A,. Thusx;y 2A,, andsoN[uv]\ P = ;, acortradiction.

This provesthat G1 = Gj(V1 [ V(P2)) is regular. Similarly, let P; be a chordless path of GjV;
betweenA; and B; with no internal vertex in Ay [ B1; then G, = Gj(Vo [ V(P1)) is regular. But
then by 4.1, G is regular, a contradiction. This proves(1).

(2) If (V1;Vo) is a 6-join in G, then one of (V1;V5); (V2; V1) is skeletal.

For let A1;:::;Ag be asin the de nition of a 6-join, and choosea; 2 A for 1 i 6. By 4.3,
not both blocks of the 6-join are regular; sowe may assumethat G is not regular, where G1 is the
block obtained by adding three vertices by; by; bs to GjV;, with adjacencyas before. For convenience
we assume(as we may) that Iy = g for i = 2;4;6. SinceG; is therefore an induced subgraph of G,
it follows that G, is balanceable.De ne A7 = Vi n(A1[ Asz[ As). Let H be obtained from G; by
adding four vertices Cp; C4; Cg; Cg t0 G1 and the edgescicg and ¢ a; for i = 2;4;6. We shall show that
G;H are isomorphic. Certainly H is balanceable(to seethis, takeamapw:E(G1)! f 1;1gsud
that w(C) is a multiple of four for every induced cycle C of G1; by reversing the signs of w(e) on
someedge-cutsetsif necessarywe may assumeas usual that W(aioai+1) = 1and W(aioai 1) = 1for
i = 1;3;5 and eat ai°2 Ai, where ag meansag; then extend the domain of w to E(H) by de ning
w(e) = 1 for every edgee 2 E(H) nE(Gy); and it is easyto ched that w(C) is a multiple of four
for every induced cycle C of H.)

We recall that G admits no double star cutset. Supposethat H admits a double star cutset
X, with certre uv say. Up to symmetry there are v e possibilities for uv, namely cocCg; c,a; azan,
aza; for somea; 2 A7, and a7a‘7) for somea7;a(7’ 2 A7. If uv = cpcg, then A1 [ As[ As[ fas;asg
is a subset of the vertex set of one componert of H n X, and soH and henceG is disconnected,
a cortradiction. If uv = cpap, then the menmbers of A5 [ fau;Cs;a6;Cs0 all belong to the same
componert of H n X, as does ewvery vertex of A; [ Az not in X, and so there is a componert C
of H nX with V(C) A7. HenceC is a componert of G nNJ[ay], and therefore G admits a star
cutset, contrary to 3.2. If uv = ajap, then the membersof As[ fay;Cs; Cs; Cgg all belongto the same
componert of H n X, as doesevery member of Az n X, and so there is a secondcomponert C say
with V(C) A7[ Ai. But then (X nfcog) [ A2[ As is a double star cutset of G, a contradiction.
If uv = aya; for someay; 2 A7, then ay;C;Cs; Cs; Cg all belongto the same componert of H n X,
as does every member of (A3 [ As[ fap;agg) n X. Hencethere is a componert C of H n X with
V(C) A7[ Aj,andso(X \ V1)[ (A2[ Aeg) is adouble star cutset of G, a cortradiction. Finally,
if u;v 2 A7, then ay; ays; as; C2; C4; Cs; Cg all belongto the samecomponert of H n X, as does every
member of (A1[ Az[ As)nX, and sothere is a componert C of H nX with V(C) Agz; but then X
is a double star cutset of G, a cortradiction. It follows that H doesnot admit a double star cutset.

From the inductive hypothesis, we deducethat jV(H)j jV(G)j, and sojVyj 7. Let Ag =
Von(Az[ Aal Ag). If Ag = ;, then sincejV,j 4 it follows that two members of V, are twins,
contradicting 3.2. ThusAg 6 ;. Supposethat somevertex in Ag hasneighboursin two of A; Ag; As,
say ag 2 Ag is adjacert to a, 2 A, and to a4 2 A4. SinceN [azay] nfagg is not a double star cutset,
there is a chordlesspath P betweenag and Ag such that V (P) nf aggis anticomplete to a,. ChooseP
minimal; then all its verticesbelongto Ag exceptfor its nal vertex ag say in Ag. Sincethe subgraph
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since ag; ag have opposite biparity it follows that P hasodd length, and length at least three. Since
jVoj 7 and sojAg] 4, it follows that P haslength three; let its vertices be ag-p1-p2-as in order.
Now the paths ag-P-ag; ag-ar-ai-ag and ag-a4-as-ag do not form an odd theta, by 6.1, and soas is
adjacert to pp. But then every neighbour of p; is adjacen to a4, cortrary to 3.2. This provesthat
no vertex of Ag has neighbours in two of Ay; As; Ag.

Let C beacomponent of GjAg. SinceG doesnot admit a double star cutset, at leastonemember
of Aj has a neighbour in C for i = 2;4;6, and sowe may assumethat for i = 2;4,;6, a; is adjacent
to ¢ 2 C. Hencecy; cs; ¢ are all distinct, sinceno vertex of Ag has neighboursin two of Ay; Ay; Ae.
Moreover, since C is connected, there is a vertex cg 2 C sud that ay;cg have the samebiparity.
HenceAg = fcp;¢s;Cs;C89, and A = fajg for i = 2;4;6; and since C is connected,it follows that cg
is adjacert to eat of Cp; c4; Cg. But then (Vq; Vo) is skeletal. This proves(2).

From (2) and 6.4 and 7.3, it follows that G contains no big domino or small domino.

A1 and a neighlour in Ag, thenv is completeto A1 [ As.

For let v be adjacert to a; 2 A; and a3 2 Aj, and supposeit is nonadjacen to some a‘l’ 2 Aq
sa. Choosea, 2 A, and ag 2 Ag; then

. 0 .
(a1@; a-az-aj-ae-ay; a1-az-az-v-az)
is a small domino, a cortradiction. This proves(3).

(4) Let (viv2;C;D) be a domino, wher jV (C)j 8 and jV(D)j 6. Fori = 1,2, letci;d be
the neightours of v; in C nfvy;veg; D nfvy;vog respectively, and let d, have degree at least three in
G. Then every vertex of G adjacent to both ¢, and v; is adjacent to every neighlour of v, exept
possiblyd,, and d, belongsto no irr egularity in G.

For by 6.3, G admits a 6-join (V1;V,) such that V(C) nfvy;vog Vi and V(D) nfvg;vog Vo,
and V1;V, ead contain exactly one of vi;vo. Let fi;jg= f1,29, wherev; 2 Vi and v; 2 V,. Since
C haslength at least eight, it follows that (V»;V1) is not skeletal, and so by (2) (V1;V>) is skeletal.
Henced; hasdegreetwo, and by 5.1 d; doesnot belongto any irregularity in G. Sinced; hasdegree

C 2 A1;vo 2 Ag;vi 2 Az andd; 2 As. Then N[vo] = Ay [ Az fvp;dog, and vs is the only vertex
in V, adjacert to both c,; vy, and by (3) every vertex in V; adjacert to both c¢,; vy is complete to
A1 [ Asz. This proves(4).

Since Rqq is regular, it follows from 8.1 that either G is strongly balanceable,or G admits a
2-join, or G admits a 6-join. The rst is impossiblesinceit is a theorem of [5] that ewery strongly
balanceablegraph is regular. Soby (1) and (2), it follows that G admits a skeletal 6-join (V1; V2).
Let Aq;:::;Ag beasin the de nition of a 6-join, andfor 1 i 6 choosea; 2 Aj. ThusA; = fag
for i = 2;4;6. Since G is not regular, it follows that there is an irregularity H, and from 5.1
V(H)\ V, fay;as;asg. ChooseH sud that jV(H)\ fay;as; asgj is as small as possible.
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(5) If ap 2 V(H) then there is no vertex v 2 V; with a neighlour in A; and a neighlour in As.

For supposethat a, 2 V(H) and such a vertex v exists. By (3) v is completeto A1[ Az. SinceG does
not admit a double star cutset, there is a chordlesspath v-p;-  -px of G such that py;:::;pk 12 V1

6.1, it follows that az is adjacert to oneof py;:::;pk. Choosei with 1 i Kk minimum suc that
az; p;i are adjacert. Sincev; p; have the samebiparity, it follows that i < k, andi isewven. If i = 2
then

(vag; v-ai-ap-az-V; V-p1-po-az-v)

is a small domino, a cortradiction; soi 4. Since(V1; V) is skeletal, there is a chordlesspath Q of
length four betweenag and a4 with interior in Vo nfay; as; agg. Let C be the hole v-a;-ag-Q-a4-az-v,
and let D bethe holev-p;- -pi-az-v. Then (vaz;C;D) is a domino, and C has length eight, and
D haslength at leastsix. Let vy = azand v, = v, and for i = 1;2, let ¢;;d; be the neighbours of v;
in C nfvy;vog; D nfvy;vyg respectively; then d; = pj, and therefore d; has degreeat least three in
G. By (4) ewery vertex of G adjacert to both ¢, and v, is adjacent to every neighbour of v, except
possibly d», and d, belongsto no irregularity in G. Sincec, = a;, and d, = p;, and a; is adjacent
to both az;ags, it follows that a, is adjacert to every neighbour of v, exceptp;. But the neighbour
setof ap is A1 [ Az [ fupg for someu, 2 Vo nfay; as; agg, where no irregularity contains u, by 5.1;
and since we have already seenthat v is completeto A1 [ Ag, it follows that the neighbour set of
visAi[ Asz[ fpig. If v 2 V(H) then sincep;;uz; 2 V(H) it follows that v;a, are twins in H,
which is impossible. Thusv 2 V(H). Sinceps;u; 2 V(H), it follows that the subgraph induced
on (V(H) nfazg) [ fvg is isomorphic to H, and therefore is also an irregularity, cortrary to the
minimality of jV(H)\ fay;as;asgj. This proves(5).

Let | bethe setof all i 2 f2;4;6g sudc that no vertex in V; has a neighbour in A; 1 and a
neighbour in Aj+;, where A; meansA;. Let J be the subgraphof G inducedon V[ fa :i21g.

(6) J doesnot admit a doublestar cutset.

For supposethere is a double star cutset X in J, with cerire uv sa, and let C;;C, be distinct
componerts of J nX. Let X%= X [ (N[uv]nV(J)). SinceX?is not a double star cutset of G,
it follows that C1;C, are both subgraphsof the same componert C of Gn X% In particular, for
j = 1,2, somevertex p; of C; hasa neighbour ¢ 2 V(C) nV(C;) that is nonadjacert to both u;v.
Thusqg 2V(J), and hencep; 2 A1[ As[ As[ fay:i 2 1g. Fori= 246,ifi 21 let al = a,
andifi 21 let aiO be somevertex in V; that is completeto A; 1[ Aj+1 (this exists, by (3) and the
de nition of ). We obsene that for i = 2;4;6, alis anticomplete to Aj.3; for this is clearif a’= a;,
and if a2 6 a then it follows since otherwise a® would have three neighbours in a 6-hole cortained
in A;[ [ Ae. Let R bethe subgraphof G inducedon A;[ Az[ As[ fa);a?;alg). Then R is a
subgraphof J, and is connected,and both p1;p2 2 V(R).

Suppose rst that u = a, say, and therefore 2 2 |. From the symmetry we may assumethat
v 2 A;. HenceX \ (As[ fadg) = ;, and so we may assumethat As[ fajg V(Cj). Thus
P2 2 Az [ As[ fad;al;alg, and sop, 2 A;. But then g = as, and so ¢ is adjacert to v, a
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contradiction. Thusu 6 ap, and similarly u;v 6 ay; as; as.
Next supposethat u 2 A;. Thus v has a neighbour in A;, and so is anticomplete to one of

Az; As, say As without lossof generality. HenceX \ (As[ falg) = ;, and sowe may assumethat
As[ fadg V(Cy). Consequetly pp 2 Ay[ fadg. If pp = a3, thenad = a, andso22 I, and sov
has no neightbour in As; but then A3\ X = ;,andsoAsz V(Cy), acontradiction. Thusp, 2 Ay,

and so p is adjacert to u, a cortradiction. Thusu Z A4, and similarly u;vZ2A;[ Asz[ As.

Next supposethat a9;ag belong to the samecomponert of J nX, say a%;a 2 V(Cy). Then
V(C2)\ (A1 Az As) = ;,andsop; = ag = agand 62 1. But then A;[ As X, and soone of
u; v is completeto A1 [ As, cortradicting that 62 1.

Next supposethat aJ;a 2 X. Thus we may assumethat u is adjacert to aJ;al. Sinceu 2
Ai[ Asz[ As, it follows that a3;a) 2 V,. But then

(adaz; a-u-a-az-ad; ad-a; -ap-a3-ad)

is a small domino in G, a cortradiction. Thus at most one of a9; aJ; a belongsto X, and sowe may
assumethat a;a) 2 X .

Since ad; a) are not both in the samecomponert of J n X, we may therefore assumethat a3 2
V(Cy) and aJ 2 V(C,). Consequetly Az X, and sowe may assumethat u is complete to As.
Supposethat v is adjacert to a2, and therefore al 6 as. If u; a; are adjacert then

(uay; u-ag-az-a;-U; u-v-a-as-u)

is a small domino, a contradiction. Thus u is nonadjacen to a; and similarly to as. But then
the subgraph induced on fu;v; as; a; as; a4; as; adg is an odd theta, cortrary to 6.1. Thusv;al are
nonadjacen, and so a 2 X. Sinceu is complete to Ag, it follows that u is anticomplete to one
of A1;As, say A1 without loss of generality. It follows that A;\ X = ; (since v has the same
biparity asthe membersof A;) and soA; V(Cy); and sinceal 2 X, we deducethat a8 2 V(Cy).
Consequetly As X, and sou is completeto As. It follows that 4 2 1, and therefore p, 6 a3; but
p22 V(R)\ V(Cy) fagg, a cortradiction. This proves(6).

Now jV(J3)j < jV(G)j, sincejlj 3 andjVyj 4. From (5), V(H) V() and soJ is not

regular. But from (6), J hasno double star cutset, cortrary to the inductiv e hypothesis. Thus our
assumptionthat G hasno double star cutset is false. This completesthe proof of 3.1. |
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