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Abstract

A linkage L in a graph G is a subgraph each component of which is a path, and it is wital if
V(L) = V(G) and there is no other linkage in G joining the same pairs of vertices. We show that,
if G has a vital linkage with p components, then G has tree-width bounded above by a function of
p. This is the major step in the proof of the unproved lemma from Graph Minors XIII, and it has a

number of other applications, including a constructive proof of the intertwining conjecture.



1 Introduction

A linkage in a graph G is a subgraph every component of which is a path. (All graphs in this paper
are finite and undirected, and may have loops or parallel edges. Paths have at least one vertex, and
have no “repeated” vertices or edges.) A vertex of G is a terminal of a linkage L in G if v € V(L)
and v has degree < 1 in L. The pattern of a linkage L is the partition of its terminals in which two
terminals are the same block if and only if they belong to the same component of L. A linkage is a
p-linkage if it has < p terminals, where p > 0 is an integer. A linkage L in G is vital if V(L) = V(G),
and no linkage in G different from L has the same pattern as L.

A tree-decomposition of a graph G is a pair (T, W), where T is a tree and W = (W; : t € V(T)))
is a family of subgraphs of G, satisfying

1. Wy : T eV(T)) =G, and
2. if t,t',¢" € V(T) and ¢’ lies on the path of T' between ¢ and ", then Wy N Wy C Wy

It has width < w if [V(Wy)| < w+ 1 for every t € V(T), and G has tree-width < w if some tree-
decomposition has width < w.

The main objective of this paper is to prove the following.

1.1 For every integer p > 0 there exists w > 0 such that every graph with a vital p-linkage has

tree-width < w.

This has a large number of applications. For instance, in section 11 we use it to obtain a
constructive proof of the intertwining conjecture, proved non-constructively in [11]. In the next
paper of this series we show that it implies theorem (10.2) of [8], which was left unproved in that
paper, and which is needed to justify the main algorithm for the p disjoint paths problem described
in that paper; and that it also implies, for example, the main theorem of [5].

Despite all these applications, it seems unlikely that such an apparently innocuous statement
should need the elaborate proof that we give in this paper; and perhaps (1.1) has an easy proof that
we have missed. If p <5 (1.1) is indeed easy, and in fact for p < 5, every graph with a vital p-linkage
has path-width < p. (Path-width is defined in the same way as tree-width except that the tree T is
required to be a path.) We shall not need this result, and so we omit its proof, but it follows easily

by induction from the following.



1.2 If L is a vital 5-linkage in a simple graph G, then either some two terminals in different
components of L are adjacent in G, or some terminal has the same degree in G and in L, or G is

null.

This raises the question of whether (1.1) is true in general with tree-width replaced by path-width;
and indeed it is, as we shall show in section 12.

Our proof of (1.1) is as follows. From a theorem of [8] it follows immediately that every graph
with a vital p-linkage has no K, minor, where n > %p + 1. Consequently we can apply the results
of [9, 10] concerning the structure of graphs excluding a fixed minor. They “almost” tell us that G
has bounded genus. The remainder of the proof falls into two main parts; first we prove it when G

really does have bounded genus, and then we fix the gaps implied by “almost”.

2 Some basic lemmas

In this section we establish some lemmas about vital linkages that we shall need repeatedly. We use

\ to denote the result of deletion; thus, G \ X is the graph obtained from G by deleting X.
2.1 If L is a vital p-linkage in G, and X C V(G), then L\ X is a vital (p+ 2|X|)-linkage in G\ X.

The proof is clear.
A separation of G is a pair (A, B) of subgraphs of G with union G and with E(A N B) = (; its
order is |V (AN B)].

2.2 If L is a linkage in G with set of terminals X, and (A, B) is a separation of G, then L N B is
a linkage in B with set of terminals a subset of (X \ V(A)) UV(AN B).

Again, the proof is clear, as is the proof of the next lemma.

2.3 If L is a linkage in G, and (A, B) is a separation of G, and L' is a linkage in B with the same
pattern as LN B, then (LN A)U L’ is a linkage in G with the same pattern as L. In particular, if L
s a vital linkage in G then L N B is a vital linkage in B.

We need the operation of “splitting” a vertex of a graph. (For the following to make sense, we
regard a graph as a triple consisting of a set of vertices, a set of edges, and an appropriate incidence

relation between them.) Let v be a vertex of a graph G, and let 1,02 C F(G) with 6; N d2 = 0, so



that d1 U 8y is the set of all edges of G incident with v. Take two new elements v, vo, and let G’ be
the graph with vertex set (V(G) \ {v}) U {v1,v2} and edge set E(G), in which an edge e is incident
with a vertex v € V(G’) if either u # v1,v2 and e is incident with v in G, or u = v; and e € §; for

i =1 or 2. We say that G’ is obtained from G by splitting v (according to 1, 02).

2.4 If G’ is obtained from G by splitting a vertex v, and G has a vital p-linkage, then G’ has a vital
(p + 2)-linkage.

Proof. Let L be a vital p-linkage in G. Let L’ be the subgraph of G’ with V(L') = V(G’) and
E(L') = E(L). Then L' is a vital (p + 2)-linkage as is easily seen. [ |

If A, B are graphs, we write A C B to denote that A is a subgraph of B.

2.5 Let p,k >0 and letn=(2p+1)(p+k+ 1)2(p+k) + 1. Let L be a vital p-linkage in a graph G,
and for 1 <i <mn let (A;, B;) be a separation of G of order k, such that

1. Ay CAjand B; C B; for1 <i<j<n, and

2. for 1 < i < n, there is a linkage M; in B; N A;41 with k components, each with one end in

V(A; N B;) and the other in V(A;+1 N Bit1).
Then there exists © with 1 < ¢ < n such that LN B; N A1 = M;.

Proof. Let Z be the set of terminals of L.
(1) At most 2p + 1 of the pairs (V(A;) N Z,V(B;)NZ) (1 <i <n) are distinct.

Subproof. Let ¢; = |[V(A)NZ| —|V(B;)NZ| (1 <i <mn). Then —p < ¢; < p, and so at most
2p + 1 of the integers ¢; (1 < i < n) are mutually distinct. But if ¢ < j, then V(A;,)NZ CV(4;)NZ
and V(B;)NZ D V(Bj)N Z, and so if ¢; = ¢ then

(V(A)nZ,V(Bi)nZ) = (V(A;) N Z,V(Bj) N Z)
as required. This proves (1).

For 1 <i<mn,let V(A;NB;) = {v},... ,Uf}, numbered so that for 1 < i < n, the pattern of M;
is {{v}, vt} ... {vF0F ) Let Z; = V(A; N B;) U(ZNV(B;)), and let L; = LN B;. By (2.2),



Z; contains every terminal of L;. Let m; be the pattern of L;, and let ¢; : Z; — Z7 be defined by
di(vl) =vh (1 <t <k), and ¢;(z) = z for all z € Z; \ V(A4; N B;). Now ¢; is an injection, and maps
m; to a partition of a subset of Z; in which each block has cardinality 1 or 2. Since |Z1| < p + k,
there are at most (p+ k + 1)2?+%) such partitions. Since n > (2p+1)(p+ k4 1)2®*5) it follows that
there exist distinct 4,7 with 1 <4,j <n, such that V(4,)NZ =V(4;,)NZ,V(B,)NZ =V (B;)NZ,
and ¢;(m;) = ¢;(m;).

(2) For 1 <t <k, the degree of vl in L; equals the degree of v§- in Lj; and if one of vﬁ,vﬁ» s in

Z then v! = U;"
Subproof. For the first claim, we observe that v! has degree 0, 1 or 2 in L;, depending where
{v!} is a block of 7;, a proper subset of a block of 7;, or not a subset of any block of m; respectively.
Since ¢;(v}) = ¢;(v%) and ¢i(m;) = ¢;(mj), the first claim follows. For the second, suppose that
vl € Z. Since V(4;) N Z = V(A;) N Z it follows that v} € V(A;) and similarly v! € V(B;). Thus
vf = v§-/ for some t'. Now M; U...U M, _; is a linkage with k components, and one of them meets
V(A; N B;) in {vj} and meets V(A; N B;) only in {v}}. Since v} = vg-/ € V(A; N By) it follows that
t' = t. This proves (2).

We may assume that ¢ < j. Let M = M; UM; {1 U...UM;_4, and let the components of M be
P',...,P* where P' has ends v} and v} (1 <t < k). Let

T ={t:1<t<k, and either v! = v} or v} has degree 1 in L;}.

J

Let M* be the subgraph of G formed by the vertices in V(A4; N B;), the vertices in V (A4, N B;), and
all the paths P, (t € T).

(3) M*U L; is a linkage in B;.

Subproof. 1t is clearly a forest, and so it suffices to show that it has maximum degree at most
2. Let v € V(M* U Lj). Since M* and L; both have maximum degree < 2, we may assume that
v € V(M*N Lj), and v has degree > 1 in both M* and L;. Hence v € V(A; N B;), and so v has
degree 1 in M* and 1 in L, from the definition of M*. This proves (3).

(4) If P is a component of L; with ends a and b, then there is a component of M* U L; with

4



ends a and b.

Subproof. Since a is a terminal of L;, it follows that a € V(A4; N B;) U (Z \ V(4;)), by (2.2).
Since Z NV (A;) = ZNV(A;) it follows that if a € V(A; N B;) then a € Z\ V(A;). Similarly, either
beV(A;NB)orbe Z\V(A)). fac Z\V(4) let  =a, and if a € V(4; N B;),a = v} say, let
a = v;-. Thus ¢;(a’) = ¢i(a). Define b’ similarly. Now since ¢;(m;) = ¢;(m;) and ¢;, ¢; are injections,
and {a,b} is a block of 7, it follows that {a’, b’} is a block of 7, that is, there is a component P’ of

L; with ends a’,t’. There are five cases:

Case 1: a,be Z\ V(4;).
Then a = o’ and b = b’. Now no internal vertex of P’ has degree > 1 in M*, and a,b & V (M*),
and so P’ is a component of M* U L; satisfying (4).

Case 2: V(A; N B;) contains exactly one of a, b, say a.
Then a # b, and so a’ # & = b. Let a = v! say; then o’ = v;-, and U§» has degree 1 in L; since it
is an end of P’ and E(P’) # (). Consequently ¢t € T', and so P; U P’ is a component of M* U L; with

ends a and b, as required.

Case 8: a #b, and a,b € V(A; N By).
Then again o’ # /. Let a = vf,b = v}; then o’ = v b = v;f-. Since a’ and b’ both have degree 1

in L; it follows that s,¢ € T, and so Ps U P, U P" is a component of M* U L; with ends a and b.

Case j: a=be V(A;NB;) and a=d.

Let a = b = v!. Then v! = a = a’ = v, and so a has degree 0 in M*. Moreover, since v} has

VK
degree 0 in L; (because |V (P)| = 1) it follows from (2) that v} has degree 0 in L;. Hence a = v} has

degree 0 in M* U L;, and so P is a component of M* U L; with ends a and b.

Case 5: a=be V(A;NB;) and a # d'.

Let a = b = vf; then o' = v} # vj. Since v} has degree 0 in L;, it follows that ¢t ¢ T, and so a
has degree 0 in M*. Since a ¢ V(L;) we deduce that a has degree 0 in M* U L;, and so again P is a
component of M* U L; with ends a and b.

In each case we have found a component of M* U L; with ends a and b. This proves (4).



(5) LC (LNA;)UM*UL;.

Subproof. (4) implies that there is a linkage in M* U L; with the same pattern as L;. From (2.3), it
follows that there is a linkage in (L N A;) UM* U L; with the same pattern as L. Since L is vital, we
deduce that L C (LN A;) UM*U L;. This proves (5).

6) T ={1,...,k}.

Subproof. Suppose that 1 < ¢t < k and t ¢ T. Then v} # vﬁ-, and v! has degree 0 or 2 in Lj.
Suppose first that v! has degree 0 in L;. Then v§ has degree 0 in L; by (2), it has degree 0 in M*
since t € T, and is not a vertex of L N A;. Consequently, ’U;- has degree 0 in (L N A;) U M* U Lj.
Since V(L) \ V(G), it follows from (5) that v} has degree 0 in L, and so v} € Z, contrary to (2) since
vl fu;». It follows that v! does not have degree 0 in L;. Now v! has degree < 1 in M* and is not a
vertex of L;, since v} # 7);-. Consequently, v has degree < 1in M*UL,. But from (5), L; C M*ULj,,

and hence v} has degree < 1 in L;, and hence t € T, a contradiction. This proves (6).

From (6) it follows that M* = M.
(7) M is a subgraph of L.

Subproof. Let 1 < t < k; we claim that P is a subgraph of L. If v! = ’U;’» this is clear, and so
we may assume that v} # fu;-. By (2), fuf,v; ¢ Z. Moreover, since V(A;) N Z = V(A;) N Z and the
internal vertices of P! belong to V(A;) \ V(4;), it follows that no vertex of P, is a terminal of L,
and so they all have degree 2 in L. From (6), ’U;- has degree 1 in L;, but it has degree 2 in L, and
so L contains the edge of P! incident with vz-. From (5) it follows that L contains both edges of P*

incident with any internal vertex of P!. Consequently E(P!) C E(L). This proves (7).

From (5) and (7), LN B;NA; C M* =M C LN BjNA;. Consequently, LNB;NA; =M, and
so LN B;y1 N A; = M;, as required. [ ]

Here is a slight strengthening of (2.5).

2.6 For all integers p, k > 0 there exists n > 0 with the following property. Let L be a vital p-linkage
in a graph G, and for 1 <i <mn let (4;, B;) be a separation of G of order < k, such that



1. AZQAJ andBjQBi,f0r1§i<j§n

2.4f1<i<i <m, and |V(A; N B;)| = V(A N By)| = K say, and |V (A; N B;)| > k' for all j
with i < j <14, then there is a linkage My in B; N Ay with k' components, each with one end

in V(A; N B;) and the other in V(Ay N By).

Then there exist i,i" as in (ii) such that LN B; N Ay = M.

Proof. For 0 <k <klet n(k') = (2p+1)(p + k' + 1)2P+¥) £ 1 and for 0 < k' < k let

Let n = m(k); we shall show it satisfies the theorem. For let G,L and (A;, B;) (1 < i < n) and
the M;; be as in the theorem. Since there are at least m(k) values of ¢ with 1 < ¢ < n such that

|[V(A; N B;)| < k, there exists k' < k minimum such that
Hi:1<i<n,|V(AnNB)| <K} >mK).

If ¥ = 0, then from (2.5) (with & replaced by 0) applied to the sequence of all (A;, B;) of order 0, we
find the desired M;;, as required. We assume then that &’ > 0. From the minimality of &', it follows
that

Hi:1<i<n,|[V(A4,NB)| <k -1} <m(k —1) -1,

and so
Hi:1<i<n, |[V(ANB)| <K}>nK)Y|{i:1<i<n, |[V(ANB)| <K -1} +1).

By examining the intervals between consecutive members of the second set, it follows that there exist

1,19 with 1 <141 < io <n, such that

|{Z 11 <1< 19, |V(AZ N BZ)| = k‘l}| > n(k/)
{iip <i<io,|[V(ANB)| <k} =0

Then the result follows, from (2.5) applied to the sequence (A;, B;) (i1 < i < i9,|V(A; N By)| =
K. H

Similarly, we have



2.7 For all integers p,k > 0 there ewists n > 0 with the following property. Let L,L’ be vital p-
linkages in a graph G, and for 1 <i <mn let (A;, B;) be as in (2.6), satisfying (2.6)(i) and (ii). Then
there exist i,i" as in (i) such that LN B;N Ay = L' N B; N Ay = M.

Proof. First we prove an analogous version of (2.5) for two linkages L, L’ instead of one. We let Z

be the terminals of either L or L', and then follow the proof of (2.5), taking
n= (4p +1)(2p + k + 1)2@FH) 41,

Statement (1) in the proof of (2.5) holds with 2p + 1 replaced by 4p + 1, since |Z| < 2p. We find
distinct ¢,j with 1 < 4,5 < n such that V(4;)NZ =V(4;,)NZ,V(B;))NZ =V (B;) N Z,¢;(m;) =
¢j(mj), and @;(m;) = ¢;(m}), where 7] is the pattern of L' N B;. Then the proof of (2.5) yields that
LNB;NAj1 = M; and L' N B; N Aj11 = M;, as required.

Now we use this modified version of (2.5) to prove (2.7), by modifying the proof of (2.6) in the

obvious way. [ |

3 Tangles
A tangle of order § > 1 in a graph G is a set 7T of separations of G, all of order < 6, such that
(i) one of (A, B), (B, A) belongs to T, for every separation (A, B) of G of order < 6
(ii) if (44, B;) € T(1 <i<3) then A;UAUA3 #G
(iii) if (A, B) € 7 then V(A) # V(G).

We write ord(7) = . Tangles were introduced in [6]. We shall need several lemmas about tangles,

which we establish in this section. First, the following was shown in theorem (5.2) of [6].

3.1 If a graph G has tree-width w, then G has a tangle of order > %(w + 1), and has no tangle of

order > w + 1.
If 7 is a tangle of order # in a graph G, and W C V(G) with |W| < 0, we denote
{(A\W,B\W): (A,B) € T,W C V(AN B)}

by 7 \ W. The following is theorem (8.5) of [6].



3.2 With7T,0,G,W as above, T \ W is a tangle of order 6 — |W| in G\ W.
[13, theorem (2.9)] asserts
3.3 Let T be a tangle in a graph G, and let (C,D) € T of order 0. Let
T ={(AnD,BND):(A,B)€T}.
Then T' is a tangle in B of the same order as T .
From [13, theorem (2.3)] or theorem (6.1) of [6] we have

3.4 Let G’ be a subgraph of G, and let T' be a tangle in G'. Let T be the set of all separations
(A, B) of G of order < ord(T") such that (ANG',BNG') € T'. Then T is a tangle in G of order
ord(T").

We also need the following.

3.5 Let T be a tangle in G and let (Ag, By) € T. Then there is a tangle Ty in By of order ord(T) —
|V (AoN By)|, such that (AN By, BN By) € Ty for every (A, B) € T of order < ord(T)—|V(AoNBy)|.

Proof. Let ord(7) =6, and let V(AgN By) = W, where |[IW| < §. Then 7 \ W is a tangle in G\ W
of order 6 — |W/|, by (3.2), and (Ag \ W, By \ W) € 7 \ W, and has order 0. Let
Ty = {(AN (Bo\ W), B (Bo \ W) : (A, B) € T\ W},

By [13, theorem (2.9)], 77 is a tangle in By \ W of order § — |[W|. Let 7g be the tangle of order
6 — |W] in By induced by 77; this exists, by (3.4). We claim that 7 satisfies the theorem.

For let (A, B) € T with order < 6 — |[W|. Let A" be the subgraph of G with F(A’") = E(A) and
V(A") = V(A) UW, and define B’ similarly. Then (A’, B’) has order < 6, and so (A’,B’) € T, by
theorem (2.9) of [6]. Consequently, (A’ \ W, B\ W) € T \ W. From the definition of 77,

(A'\ W) N (By \ W), (B'\ W) (Bo\ W) € Tr.

But (AA\W)N(By\W) = (AN By) \ W, and (B'\ W) N (By \ W) = (BN By) \ W, and so
(AN By) \ W, (BN By) \ W) € Ty, that is,

(AN Bo) N (Bo \ W), (BN Bo) N (Bo \W)) € Th.

Since (AN By, BN By) is a separation of By of order < § — |W|, we deduce from the definition of 7
that (AN By, BN By) € 7y, as required. [ |



3.6 If G’ can be obtained from G by splitting a vertex, and T is a tangle in G of order > 2, there
is a tangle in G' of order ord(T) — 1.

Proof. Let G’ be obtained by splitting v € V(G). By (3.2), G \ v has a tangle of order ord(7) — 1,
and hence by (3.4), so does G’, since G \ v is a subgraph of G’. [ |

Let us mention also the obvious

3.7 If T is a tangle in G, and 0 is an integer with 1 < 0 < ord(7T), then the set of all members of
T of order < 6 is a tangle in G of order 6.

We call this tangle the 6-truncation of 7T .

4 Surfaces

A surface is a connected compact 2-manifold, possibly with boundary. The boundary of a surface
is denoted by bd(%). The components of bd(X) are called the cuffs of ¥; each cuff is homeomorphic to
a circle. An 0-arc in X is a subset homeomorphic to a circle, and a line is a subset homeomorphic to
the closed interval [0, 1]. The ends of a line are defined in the natural way. If X C X, its topological
closure is denoted by X. The surface obtained from ¥ by pasting a closed disc onto every cuff is
denoted by 3.

If 31 and X9 are surfaces with null boundary, we say that X1 is simpler than X if o can be
obtained from ¥; by adding handles or crosscaps (at least one). For a general surface ¥ we denote
the number of cuffs of ¥ by ¢(X). In this paper we shall prove several different statements about
surfaces X by a double induction; we assume that the statement is true for all surfaces ¥’ with 3
simpler than 3, and we assume it is true for all ¥’ with 3’ homeomorphic to 3 and with ¢(X') < ¢(2).

To accomplish this, we shall need to consider cutting surfaces along certain lines and O-arcs. A
line in ¥ is proper if its ends are in bd(X) and it has no internal point in bd(¥). The operations we
need are: cutting along a proper line, and cutting a surface with null boundary along an O-arc. In
both cases we shall only use the operation when it results in another (connected) surface. What we
mean by these operations is clear, but the notation is a little tricky. To simplify matters as far as
possible, we postulate that cutting along a line or O-arc F' in ¥ as described above results in another
surface ¥’ with X NY' = X\ F, such that for every point of F' there correspond two points of X"\ 3,
both in bd(X'), in the natural way. We observe:

10



4.1 Let X be a surface, and let ¥’ be obtained by cutting along ' C X.

1. If F is a proper line with ends in different cuffs then S/ is homeomorphic to S and c(i’) =

c(X) —1.
2. If F is a proper line with ends in the same cuff and X' is connected then 3 s simpler than )3}

3. Ifbd(X) =0 and F is an O-arc and ' is connected then ¥/ is simpler than .

The proof is straightforward, and we omit it. We shall also have to deal with line and O-arcs
F which separate ¥ (that is, such that ¥\ F' is disconnected), but in these cases there are surfaces
31,29 € X with 31 UXe =¥ and X1 N Xy = F, and we can get away with using these subsurfaces.
In these cases, therefore, no cutting is needed, which is convenient for purposes of notation. The

corresponding results are:

4.2 Let ¥ be a surface, and let X1,¥o C X be surfaces with X1 UX9 =X and X1 NXy = F.

1. If F is a proper line in ¥ with both ends in the same cuff, then either Sy is simpler than S or

$ isa sphere.

2. If F is a proper line in ¥ with both ends in the same cuff, and S is a sphere, then Sy is
homeomorphic to 3; and either ¢(23) < ¢(X), or ¢(Sg) = () and there is a closed disc
A C Y with F Cbd(A) C FUb(X).

3. If bd(X) = 0 and F is an O-arc in %, then either Xy is simpler than 3 or ¥y is a closed disc.

A drawing in a surface ¥ is a pair (U,V') where U C X is closed, V C U is finite, U N bd(X2) C

V,U \ V has only finitely many connected components, called edges, and for each edge e, either
1. its closure € is an O-arc with [eN V| =1, or
2. its closure is a line meeting V in precisely its ends.

IfT = (U,V) is a drawing we write U(I') = U and V(I') = V. A drawing I' is therefore a
graph with vertex set V(I'), and we use graph-theoretic terminology for drawings without further
explanation.

If T is a drawing in ¥, and F' C 3, we say that F is I'-normal it FNU(T) C V(T'). If F is

a I'-normal O-arc or line which does not separate ¥, and Y’ is obtained by cutting along ¥, then

11



by splitting the vertices of I" which lie in F' in the natural way we obtain a new drawing I'’ in Y.
Provided that I' is loopless, this definition agrees with the definition of splitting a vertex discussed
for general graphs in section 2.

If bd(X) = ), a drawing T in X is 2-cell if every region of I' in ¥ is homeomorphic to an open

disc. We need the following two well-known lemmas.

4.3 If bd(X) = 0, a drawing T in X is 2-cell if and only if V(') # (0, T is connected, and for every
O-arc F C X with FNU(T) =0, there is a closed disc A C ¥ with bd(A) = F.

Proof. The “only if” direction is obvious. For “if”, let r be a region of I in X. Since V(') # () it
follows that r is not a sphere. If every O-arc F' C r bounds a closed disc in r, then r is an open disc
by [5, theorem (4.2)]. Suppose that F' C r is an O-arc which bounds no closed disc in 7. From the
hypothesis, F' bounds a closed disc A C ¥, but A € r, and so ANV(T") # 0. Since FNU(T') =0
and I' is connected it follows that U(I') C A. If ¥ is not a sphere, there is a non-null-homotopic
O-arc F' C ¥, and it can be chosen with F/ N A = () since A is a disc; but then F’ C r contrary
to the hypothesis. If ¥ is a sphere, let A’ be the disc different from A bounded by F; then A’ C r,
contrary to our assumption. In either case we have a contradiction, and so there is no such F', as

required. |
We remind the reader of the following basic fact [1, theorem (1.7)].

4.4 Ifbd(X) =0, an O-arc F C X bounds a closed disc in X if and only if F is null-homotopic in
3.

Let I be a drawing in 3, and let 7 be a tangle in I'. We say that 7 is respectful if I is connected
and every T-normal O-arc F C 3 with |F N V(T)| < ord(T) bounds a disc A C 3 such that

TNATNE\A)eT.

(If ¥’ C ¥ is a surface, and bd(¥') is I-normal, we denote the drawing (U(I')NY, V(') NY') in ¥’
by 'NY'.) If A is related to F' as above we write A = ins(F). If there is a respectful tangle in a
drawing I' in ¥, then T is automatically 2-cell in 3, by (4.3).

The main result of this section is the following.

4.5 For every surface ¥ with bd(X) = () and every integer 8’ > 1 there is an integer 6 > 1 such
that, if T is a drawing in X with a tangle of order > 0, and I is obtained from T by deleting some

vertices and edges, all incident with one region of I' in 3, then I'' has a tangle of order > 6.
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Proof. We proceed by induction on ¥, and assume inductively that the result holds for every surface

with null boundary simpler than .. Consequently,

(1) For every ¢ > 1 there exists f(¢) > ¢ such that for every surface X' with bd(X') = 0 sim-
pler than X, if T' is a drawing in X' with a tangle of order > f(¢), and I is obtained from T by

deleting some vertices and edges, all incident with one region, then I'' has a tangle of order > ¢.

Given ¢ > 1,1et 6 = 6" + 6 + f(f(¢)); we shall show that 6 satisfies the theorem. Let I" be a
drawing in X, let 7 be a tangle in I" of order > 0, let r be a region of I' in X, and let I'/ be a drawing
obtained from I' by deleting some vertices and edges of I' all incident with r.

There exists (I'1,I'2) € 7 of order 0 such that I's is connected, by theorem (2.8) of [6] applied to
the 1-truncation of 7. By (3.3) there is a tangle in 'y of order > 6, and IV N Ty is obtained from
I's by deleting some vertices and edges all on one region of I'y in ¥. If IV N T’y has a tangle of order
> @', then so does I'" by (3.4). Consequently it suffices to prove the theorem for I'y; in other words,
we may assume that I' is connected.

Let 77 be the (8’ + 6)-truncation of 7. If 77 is respectful, then by theorem (7.8) of [7] (with
k = 3), there is a tangle in I of order ¢, since §' + 6 > 9, as required. We may assume therefore

that 77 is not respectful. Since I' is connected, we deduce

(2) There is a I'-normal O-arc F C ¥ with |[F NV ()] < 0" + 6, such that there is no closed
disc A C¥ bounded by F with (TNA,I'NYX\A)eT.

It follows that X is not a sphere. There are two cases, depending on whether F' separates X or
not. We assume first that it does not. Let X’ be obtained from Y by cutting along F. Then 3 is
simpler than 3 by (4.1)(iii). Let T be obtained from I' by deleting all vertices in F' NV (T'). By
(3.2), I'” has a tangle of order

ord(T) —|FNV()[ =0 — (0" +6) = f(f(0)).

Now I is a drawing in 3 and there are one or two regions of I'/ in 3/, say 71 and ro where possibly
r1 = 7o, such that IV N T is obtained from I'” by deleting some vertices and edges incident with
either r1 or ro. By two applications of (1), we deduce that I" NI has a tangle of order > ¢, and
hence so does IV by (3.4), as required.
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In the second case, we assume that F' separates . Let 31,9 C X be surfaces with X1 U X9 =
Yand X1 NX¥y = F. Let I, =T NX%; (i = 1,2). Since (I'1,T'3) is a separation of I' of order
<@ +6 <ordT) (by (2)) we may assume from the symmetry that (I';,T's) € 7. From (2), ¥ is
not a disc, and so from (4.2)(iii), ¥ is simpler that ¥. From (3.5) there is a tangle in I'y of order
> ord(T) — [FO V()| = f(£(6') = f(0').

Now I's NT" is obtained from I's by deleting some vertices and edges all incident with one region

of Ty in 35, and so from (1), Do NI’ has a tangle of order > #’. By (3.4), so does I", as required. [l

By p repeated applications of (4.5), we deduce

4.6 For any surface > with bd(X) = 0, and all integers 8" > 1 and p > 0, there exists 6 > 1 such
that, if T' is a drawing in X with a tangle of order > 6, and r1,...,7, are regions of I' in X, and T
is obtained from T' by deleting some vertices and edges each incident with one of r1,...,r,, then I’

has a tangle of order > 0'.

5 Linkages on surfaces

In this section we prove (1.1) for graphs which can be drawn on a fixed surface. We need some
further definitions.

If C is a cuff of ¥ and I' is a drawing in 3, there is a unique region of I' in 33 which includes
C\ V(I'), and we call it the cuff region of T in )y corresponding to C. An atom of a drawing I' in
a surface X is either a region of I' in f?, or an edge of I', or a set {v} where v is a vertex. The set
of atoms is denoted by A(I'), or Ax(I") in cases of ambiguity. If I' is a drawing in ¥ and 7 is a
respectful tangle in I, then 7 defines a metric on A(I") discussed in [7], defined as follows. Let K
be a drawing in I" such that V(') C V(K), every region of I' includes a unique vertex of K, and
UT)NU(K) = V(I') N V(K); and so that for every region r of I', the vertex of K it contains is
adjacent in K to every vertex v of I' incident with r, by multiple edges if r is incident with v more
than once, in the natural sense. For a closed walk W of K of length < 2 ord(7), let ins(W) be the
union of the atoms of K in W together with all sets ins(U(C)) where C is a circuit of K whose
edges all occur in W. For atoms a,b of ', let a’,b’ be the corresponding atoms of K in the natural
sense; we say d(a,b) =0 if a = b, d(a,b) = ord(7T) if a # b and there is no closed walk W of length
< 2 ord(T) with a’,b" € ins(W), and otherwise d(a,b) is half the minimum length of such a walk.
(See [7] for further discussion.) If {v} is an atom of I" we often write d(v,a) for d({v},a). We call d
the metric of 7.
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We need the following lemma.

5.1 For every surface ¥ and integer p > 0, there exists 0 > p with the following property. Let I' be
a drawing in 3 with |V(T') Nbd(X)| = p, and let T be a respectful tangle in T of order > 6. Suppose
that

(i) there is no I'-normal O-arc F C % such that |[FNV ()| < |CNV(D)| and C C ins(F) for some
cuff C' of X, and

(ii) for every two cuffs Cy,Cy, the corresponding cuff regions r1,ry satisfy d(ry1,re) > 6 where d is

the metric of T .

Then there is no vital linkage in T' with set of terminals V(I') N bd(X).

Proof. Choose ¢’ so that theorem (3.2) of [7] holds, with X, ¢, z, and # replaced by 2,0(2),1} and
0’ respectively. We may assume that 8’ > p + 9, by increasing 0’ if necessary. Let 6 = 20’ + 1. We
claim that @ satisfies (5.1). For let I', 7 be as in (5.1), satisfying (i) and (ii). Let d be the metric of
T. Now I' is 2-cell in 3 since 7 is respectful.

(1) There is a vertex v of ' such that d(v,r) > 0" for every cuff region r.

Subproof. We may assume that there is at least one cuff region r; say. By [4, theorem (8.9)],
there is an edge e of I" so that d(e,r1) = ord(7T). Let vy,...,v, be a sequence of vertices of I' such
that v is incident with 71, v, is incident with e, and for 1 < i < n some region of I' in Y is incident
with v; and v; + 1. Then d(ry,v1) < 1,d(e,v,) < 2, and d(v;,v; +1) < 2 for 1 < i < n. Since
d(r1,e) = ord(T), it follows (since d is a metric) that d(r1,v,) > ord(T) — 2 > 6’. Consequently we
may choose ¢ with 1 <4 < n minimum such that d(ry,v;) > 0'. Since d(r1,v1) < 1 and 8 > 2 it
follows that ¢ > 2. From the minimality of 4,d(r1,v;—1) < 6’. Since d(v;_1,v;) < 2 it follows that

d(r1,v;) < 60"+ 1. For any cuff region ro # rq,
0 < d(ri,m2) < d(ri,v;) +d(re,v;) <0 + 1+ d(ra, v;)
by (ii), and so d(rg,v;) > 6 — 6 — 1 = ¢’. Thus setting v = v; satisfies (1). This proves (1).

Let v be as in (1).
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(2) If T'\ v is not 2-cell in 3 then there is no vital linkage in T with set of terminals V(') N bd(3).

Subproof. Suppose that L is a vital linkage in I" with set of terminals V(I') N bd(X), and that r
is a region of I' \ v in 3 which is not homeomorphic to an open disc. Consequently v € r. Since r
is not homeomorphic to an open disc there is by [5, theorem (4.2)] an O-arc F' C r which bounds
no disc in r; and it can be chosen so that F N U(T") = {v}. Since |[FFN V()| < 1 it follows that
ins(F) exists, and ins(F) € r. Consequently, ins(F) NU(T \ v) # 0. Since L is vital there exists a
component of P of L with V(P)Nins(F) ¢ F, and it follows that one end s of P is in ins(F) \ F,
since V(P)N F C {v}. Let r; be the cuff region with s € 71. Then 71 N (ins(F) \ F') # 0, and so
d(ri,v) <1, contrary to (1). This proves (2).

Let I = T'\ v. By (2), we may assume that I" is 2-cell in 3. Since d({v},e) < 2 for every edge e

of I' not in I, and ord(7) > 0" > 7, it follows from theorem (7.8) of [7] that

(3) There is a respectful tangle T' in I of order ord(T) — 4, such that
(i) (ANT,BNI') €T for every (A,B) € T of order < ord(T) — 4, and
(i) if a,b e A(T,%) and o',V € A(T",%) satisfy a C ' and b C V, then
d(a,b) > d'(a’,b') > d(a,b) — 8,

where d' is the metric of T'.
Let ins’ be the function derived from 7’ analogous to ins.
(4) If F C ¥ is a I"-normal O-arc with |FNV(I")| < |[CNV(I)| for some cuff C, then C  ins'(F).

Subproof. Let rq be the cuff region of T' in ¥ corresponding to C. Since d(ry,v) > 2 it follows
that v is not incident with r; and so 7y is also the cuff region of I in N corresponding to C. Let r

be the region of IV with v € r. If F'Nr # ), then
d(r,r) <|FAVI| <|CnV () < |bd(EZ)n V()| =p

and so by (3)(ii), d(v,71) < p+8, contrary to (1) since 8’ > p+9. Consequently F'Nr = ), and so F' is
I-normal, and [FNV(T)| < |CNV(T)|. From (i) it follows that C' Z ins(F'). Let A = ins(F'). Then
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(TNA,TNX\A) €T, and has order < k < ord(7) — 4 and so by (3)(i), (["NA,T'NX\A) e T".
Consequently, A = ins’(F'). This proves (4).

(5) For every two distinct cuffs C1,Co, the corresponding cuff regions ri,79 of I in S are dis-

tinct and satisfy d'(r1,r2) > 6.

Subproof. As we saw in (4), r1 and ry are cuff regions of ' in 3. Since d(r1,m9) > 0 by hypothesis,
it follows that r; # ro. By (3)(ii),

d(ri,re) > d(ri,r2) —8>60—-8>46".
This proves (5).

Suppose that L is a linkage in I with set of terminals V(I') N bd(X). From (4), (5) and theorem
(3.2) of [7], there is a linkage in I' \ v with the same pattern as L, from the choice of §’. But then L

is not vital. The result follows. [ |
The main result of this section is the following.

5.2 For every surface ¥ with bd(X) = 0 and every integer p > 0 there exists 0 > 1 such that every

drawing in X with a tangle of order > 6 has no vital p-linkage.

Proof. Let Xy be a surface with bd(Xg) = ), and assume that the result holds for all pairs ¥/, p’
where Y/ is simpler than ¥j. We shall prove that it holds for X and all p. By cutting at most p

small holes in Y, one at each terminal, we deduce that it suffices to prove the following.

(x) For every surface ¥ with )y homeomorphic to g and every integer p > 0, there exists 0 > 1
such that every drawing T' in ¥ with |V (I') N bd(X)| < p and with a tangle of order > 0 has no vital

linkage with all its terminals in bd(X).

We shall prove (x) for all p by induction on ¢(X), and then, with ¢(X) fixed, by induction on p.

Our three inductive hypothesis may be summarized as follows.

(1) For all p' > 0 there exists 61(p') > 1 such that for every surface X' with bd(¥') = 0 which

is simpler than Y, every drawing in X' with a tangle of order > 01(p’) has no wvital p'-linkage.
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(2) For all p' > 0 there exists 03(p') > 1 such that for every surface X' with ' homeomorphic
to o and c(X') < ¢(X), every drawing T' in 3" with |V (T') N bd(X")| < p’ with a tangle of order
> 02(p') has no vital linkage with all its terminals in bd(X').

(3) There exists 03 > 1 such that for every surface X' homeomorphic to ¥, every drawing T’ in
¥ with [V (I')Nbd(X)| < p with a tangle of order > 03 has no vital linkage with all its terminals in
bd(X').

Choose 04 > p such that (5.1) holds (with 6 replaced by 64). Let

0 =204+ max(01 (p + 304), 02(]9 + 304), 93)

We claim that 6 satisfies (x). For suppose not, and let I" be a drawing in ¥ with |V(I')Nbd(2)| < p,
let 7 be a tangle in I' of order > 6, and let L be a vital linkage in I" with all its terminals in bd(X).
Choose I', 7, L so that I' is minimal.

(4) T is connected and loopless.

Subproof. If T' is not connected, there exists (I'y,I's) € 7 of order 0 with I'y # I'. By (3.3), I's
has a tangle of order > 6, and |V (I'2) N bd(X)| < p, and L NIy is a vital linkage in I'y with all its
terminals in bd(X). This contradicts the minimality of I". Thus, I" is connected, and by theorem

(8.4) of [6] and the minimality of I it is also loopless. This proves (4).

(5) Suppose that (A,B) € T has order < 04, and I is a drawing in a surface X', such that T’

can be obtained from B by splitting < 04 vertices of B. Then 3 is not simpler than Xg.

Subproof. From (3.3), B has a tangle of order > 6 — 6, and so I has a tangle of order > 6 — 26,.
But from (2.2) and (2.3), B has a vital (p + 64)-linkage, and so from (2.4), I has a vital (p + 3604)-
linkage. Since —26, > 6 (p+36y), it follows from (1) that 3’ is not simpler than Xg. This proves (5).

(6) Suppose that (A,B) € T has order < 04, and T is a drawing in a surface ¥/, such that T’

can be obtained from B by splitting < 04 vertices of B. Suppose, moreover, that
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(a) ¥ is homeomorphic to 2o, and

(b) forve V(IV),v € bd(¥') if and only if either v € V(AN B), orv e V(I')Nbd(X), orv & V(T)

(that is, v is a new vertex produced by splitting).

Then ¢(X') > ¢(X), and if equality holds then |V (T') Nbd(X')| > p.

Subproof. As in (5), IV has a tangle of order > 6 — 26,, and has a vital linkage with all its ter-
minals in bd(X') (from (b)). But

VI Nbd(2)| < V(AN B)| + V(D) Nbd(E)| + 204 < p + 304

and 6 — 20, > 02(p + 364), and so from (2) and (a), ¢(X') > ¢(X). If equality holds then ¥’ is
homeomorphic to 3, and since § — 260, > 603 it follows that |V (I')Nbd(X)| > p, from (3). This proves

(6).
(7) There is no I'-normal proper line F C ¥ with ends in different cuffs such that |[F NV (T)| < 64.

Subproof. 1If there is such an F, let A be null and B = T'; let ¥’ be obtained from ¥ by cut-
ting along F, and let IV be obtained from I" by splitting appropriately the vertices of T" in F'. (Since
I is loopless we can do so.) By (4.1)(i), &’ is homeomorphic to ¥ and ¢(X') = ¢(X) — 1, contrary to
(6). This proves (7).

Let 77 be the 64-truncation of 7.
(8) 7y is respectful.

Subproof. Certainly T is connected, by (4). Let F' C 3 be a I-normal O-arc with |F N V()| < 6.
Suppose first that ' does not separate 2, let ¥’ be obtained from ¥ by cutting along F, and let T
be the drawing in ¥’ obtained from I" by splitting appropriately the vertices of I in F. By (4.1)(iii)
3 is simpler than g, contrary to (5). Thus F separates 3. Let X,y C 3 be surfaces such that
YiUSs =Y and NSy =F. LetT; =TNY; (1 =1,2). Since (I'1,T'2) is a separation of I' of order
< 0y, we may assume that (I';,T'y) € 7; € 7. By (5), 5 is not simpler than X, and so by (4.2)(iii),
Y1 is a disc. This proves (8).
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If F C 3 is a P-normal O-arc with |[F N V()| < 64, we define ins(F) as usual.

(9) If F C % is a T-normal O-arc with |[F NV ()| < 04, then C Nins(F) # 0 for at most one
cuff C.

Subproof. Let A = T Nins(F) and choose B C I' so that (A, B) is a separation of I' and
V(ANB) =V(')NF. If CNnins(F) # () for > 2 cuffs C, then by splitting < 2 vertices of B, we
can obtain from B a drawing I" in a surface ¥’ with 3’ homeomorphic to ¥ and with ¢(X’) < ¢(),

satisfying (6)(b), contrary to (6). This proves (9).

Let d; be the metric of 77.
(10) If r1,7o are the cuff regions corresponding to distinct cuffs C1,Cq then dy(r1,7r9) > 04.

Subproof. Suppose not. From (7), (9) and the definition of the metric, and exchanging C'; and Cj if
necessary, there is a I'-normal O-arc F; C ¥\ bd(X) with |F1NV(I")| < 64, and with r1 C ins(F1)\ Fi,
such that ins(Fy) Nbd(X) = Cy. Moreover, there is also either

(i) a I'-normal line Fy C ¥ with one end in F}, the other end in C9, and with no internal point in

bd(X) Uins(Fy), with |(Fo U F1) NV (T)| < 84, or

(ii) a P-normal O-arc Fy C X\ bd(X) with |(Fy U Fy) NV (T)| < 04 and with o C ins(Fy)\ Fa, such
that ins(Fz) Nbd(X) = Cy and |ins(Fy) Nins(Fy)| =1, or

(iii) a I-normal O-arc F» C ¥\bd(X) and a I'-normal line Fjy C ¥\bd(X) with |(FoUF UF;)NV (I')] <
64, such that ro C ins(Fy) \ Fy,ins(Fy) Nbd(X) = Cy,ins(Fy) Nins(Fy) = 0, one end of Fy is

in Fy, the other end is in Fy, and no internal point of Fy is in ins(F}) or ins(Fy).

If (i) holds, let A =T Nins(Fy), and let (A, B) € T where V(AN B) = F NV(I); then (6) is
contradicted, by splitting all the vertices of B in Fy. If (ii) or (iii) holds, let

A= (T Nins(Fy)) U (T Nins(Fy))

and let (A, B) € T where V(AN B) = (Fy U F5) N V(T'); then again (6) is contradicted, in (ii) by
splitting the vertex of B in F} N F; if there is one, and in (iii) by splitting all the vertices of B in Fj.
This proves (10).
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(11) If F C X is a I'-normal O-arc with |[F NV (I")| < 04, and ins(F) includes a unique cuff C,
then |[F NV (D) > |CnV(T)].

Subproof. By (9), ins(F) Nbd(X) = C. Let A=TnNins(F), and let (A, B) € T where V(AN B) =
FNV(T). Let ¥ be obtained from X by deleting ¥ N (ins(F) \ F). Then ¥’ is homeomorphic to X,
and so by (6),

[V(B)Nbd(X")| > p > |V(T) Nbd(X2)].

Consequently |[F'N V()| > |CnV(T")|. This proves (11).
(12) Every vertez in V(I') Nbd(X) is a terminal of L.

Subproof. If v € bd(X) \ V(T') is not a terminal of L, let X’ be obtained from X by slightly en-
larging ¥ in the neighbourhood of v. Then |V(I') N bd(X)| < p, contrary to (3). This proves (12).

But (8), (10), (11) and (12) contradict (5.1). Thus our assumption that 6 does not satisfy ()

was false, and the proof is complete. [ |

6 Presentations

If T is a drawing in a surface X such that |V(I') N C| > 2 for every cuff C, we call the connected
components of bd(X) \ V(T') the spaces of T in X. For every space s there are two vertices u, v such
that s U {u,v} is a line; we call u,v the ends of s. A support of " in 3 is either a set {v} where
v e V(') Nbd(X), or aline F C bd(X) with both ends in V(I") (where possibly some internal points
of F belong to V(I')). The ends of a support F' are a and b, where a = b= v if F = {v}, and a and
b are the ends of the line F' if F'is a line.

Let I', as above, be a subgraph of some graph G, which is not required to be a drawing. Let
FY, ..., F} be mutually disjoint supports of I' in ¥ with V/(I')Nbd(X) C FyU---UFF. For 1 <j <r,
let H; C G, so that

(V1) HiU...UH, Ul = G; Hy,..., H, are mutually vertex-disjoint; and for 1 < j <r,V(H;NT') =
V(D)NF}, and E(H; NT) = 0.
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For 1 <j <r,let gj > 1 be an integer; for each u € V(I') N F" let pu(u) be an edge-less subgraph
of H; with g; vertices and with V(u(u) NI') = {u}; and for each space s with s C F*, let pu(s) C Hj,
satisfying the following. (For a support F' of T in X, u(F) denotes the union of u(s) over all spaces
s C F and p(u) over allu € FNV(I).)

(V2) For 1 <j<w H;=p(Fy).

(V3) For 1 < j <, if s C F is a space with ends ui,uz, then V(u(s) NT) = {u1,uz}, and
p(ur), p(ug) € p(s) and there are q; mutually vertex-disjoint paths of p(s) between V(p(uq))
and V(u(ug)).

(V4) For 1 < j <, if s1,82 C I} are spaces, and u € F; NV(L) lies between them in F}, then
p(s1) Nu(s2) € p(u) (and consequently E(u(s1) Nu(s2)) =0).

In these circumstances, we call I', F}', ..., F)}, Hy,..., H,, ;n a presentation of G in X, with defect
r. Its depth is max(g; : 1 < j <), or 0 if » = 0 (which implies bd(X) = (). Our next goal is to prove
a form of (1.1) for graphs with presentations with given defect and depth, in a fixed surface. We use

the following lemma.

6.1 Let ', Fy,...,F* Hy,...,Hy, pn be a presentation of G in X. Let a,b,a’,b' € Fy N V(L) be in
order and let I,I' C Fy be the supports with ends a,b and a’,b" respectively. Let |u(a)| = gq; let
P1, ..., Py be mutually vertex-disjoint paths of u(I) between V(u(a)) and V(u(b)); and let Py, ..., P;
be mutually vertex-disjoint paths of u(I') between V(u(a')) and V(u(b)).

(i) For1<1i,i' <gq, ifve V(P;NPF,), then v e V(ub)Np(a)) and v is an end of P; and of P},.

(i) If o’ = b, then Py,..., Py can be renumbered so that Py U Py, ..., P, U Py are mutually vertex-
disjoint paths of (I UI') between V(u(a)) and V(u(b')).

(i4) If |u(a) U p(t')| = [u(a") U p(b)| = k say, then {Py,..., Py, P[,..., Py} has cardinality k, and
its members are k mutually vertex-disjoint paths of u(I) U u(I") between V(u(a) U u(b’)) and
V(p(b) U p(a’)).

Proof. First we prove (i). Let v € V(P; N P), where 1 < 4,7 < ¢. We claim that v € V(u(b)). If
a = b this is clear since

v e V(F) C V() = V(ub))
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and so we assume that a # b. Consequently there is a space s C I with v € V(u(s)). Let J C F be
the support with ends b and b’. Since I’ C J it follows that v € V(u(J)). If b =’ then v € V(u(b))
by the same argument as above applied to .J instead of I, and so we may assume that b # b’. Hence
there is a space s’ C J with v € V(u(s")). Now b lies in F}* between s and s’, and so v € V(u(b)) by
(V4). This proves our claim that v € V(u(b)).

Now since |V (u(b))| = ¢ and each of Py, ..., P, has an end in V(u(b)), it follows that each vertex
of p(b) is an end of one of P,...,FP,, and in particular, v is an end of one of Pp,...,P,. Since
v e V(F) and Pi,..., P, are mutually vertex-disjoint, it follows that v is an end of P;. Similarly,
v € V(pu(a’)) and v is an end of P),. This proves (i).

For (ii), let Py, ..., P;and Py, ..., P; be numbered so that for 1 <4 < ¢, P; and P/ have a common
end in V(u(b)). For 1 <, < g, if i # i it follows from (i) that P; is vertex-disjoint from P}; and
so PyUPY,..., P, U P, are mutually vertex-disjoint paths satisfying (ii).

For (iii), let p(a) = {a1,...,aq},1(b) = {b1,...,bg},pu(a") = {ai,...,ag}, u(0') = {by,...,0,},
numbered so that for 1 < i < ¢, P; has ends a; and b;, and P/ has ends a, and b}, and for 1 < i,7' < ¢,
if i # ¢’ then b; # a},. Suppose that 1 < ¢,7' < g and a; = b},. By (i), i = ¢ and a; = b; = a, = b,

and so P; = P),. In particular, for 1 <i,4" < g, if i # ¢’ then P; and P}, are vertex-disjoint. Thus

(2

{i:1<i<qa;=b,} C {i:1<i<q P, =P}
C {i:1<i<qV(PNP)#£0}={i:1<i<gq,a,=0b}.
But from the hypothesis of (iii), |u(a) U p(b')| = |u(a’) U u(b)|, and so

Hi:1<i<gqa =0} =/{i:1<i<gq,a,=0b}.

We therefore have equality throughout, and in particular for 1 <i < ¢, if P; meets P] then P; = P,.
Then (iii) follows. H

6.2 Let ', Fy,...,F},Hy,...,H,, pu be a presentation of a graph G in some surface ¥. Let I C F
be a support with ends a,b. Then there are |V (u(a))| mutually vertez-disjoint paths of u(I) between
V(u(a)) and V(u(b)).

Proof. This follows by induction on the number of spaces included in I, applying (6.1)(ii) if I has
an internal point in V(I"), and applying (V3) otherwise. [ |

23



Let I', FY, ..., F},Hy,...,H,, ;u be a presentation of G in ¥, and let L be a vital linkage in G.
If ' C L and every terminal of L is in one of Hy,...,H,, we say that L is exhaustive (for the
presentation). If L is exhaustive then it follows that I" is a forest and every vertex of I' not in bd(X)
has degree 2 in I. Let us say a X-jump is a path in I with distinct ends both in bd(X) and with no
internal vertex in bd(X). If L is exhaustive, then every edge of I is in a unique X-jump, and any two
Y-jumps have no common vertices except possibly one end. The main result of this section is the

following.

6.3 For every surface ¥ and all integers p,r > 0 and q > 1, there exists A > 0 such that, if G is a
graph with a presentation in X of depth < q and defect < r, and there is an exhaustive vital p-linkage

i G, then there are at most A X-jumps.

The most difficult step in the proof of (6.3) is where X is a disc and r = 1. Then the cases when
Y is a disc and r = 2,3 and at least 4 are successively easier, and finally the case when X is not a

disc is also quite easy.

6.4 For all integers p > 0 and q > 1 there exists X\ > 0 such that, if G has a presentation in a disc
Y of depth < q and defect 1, and there is an exhaustive vital p-linkage in G, then there are at most

A Z-jumps.

Proof. Choose n so that (2.6) holds, with k replaced by 2q. Let A = n™. We claim that (6.2) is
satisfied. For let I', F™*, H, u be a presentation of GG in a disc X with depth < g and let L be a vital
p-linkage which is exhaustive for the presentation.

A line F' C ¥ is good if it is proper, both its ends are in V(I"), and no internal point is in U(T"). If
F is a good line, there are two lines J(F'), K (F') C bd(X) with the same ends as F', where K(F') C F'*.
Let A(F') be the closed disc in ¥ bounded by F'U K (F'). Define

A(F) = (CNENA(F) U p(J(F))

—~ o~

B(F) = (I N A(F)) U p(K(F))

X(F) = V(A(F) N B(F)).

(1) (A(F),B(F)) is a separation of G, and X(F) =V (uu(u1) U p(uz)) where F' has ends uy,us.

The proof is similar to that of theorem (2.1) of [10] and we omit it.
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Let F, F' be good lines with A(F’) C A(F). Let F have ends uq, ug, and let F’ have ends u}, u),

so that uq,u}, u), ug are in order in F*.

(2) A(F) C A(F') and B(F') C B(F).

This is immediate since A(F') C A(F).

Let I; C F* be the support with ends uq,u}, and let Iy C F* have ends u), us. From (6.2), there
are ¢; mutually vertex-disjoint paths of p(I1) between V(u(u1)) and V(u(u))), and similarly for I,
where the presentation has depth ¢;. From (6.1)(iii), we deduce that

(3) If | X(F)| = |X(F")| there are | X (F)| mutually vertez-disjoint paths of B(F) N A(F') between
X(F) and X(F'), each using no edge of T".

(4) If Fr,...,F, is a sequence of good lines such that A(F;y1) € A(F;) for 1 < i < n, there ex-
ists 1 with 1 <1i < n such that every edge of T' N A(F;) is an edge of T N A(Fj41).

Subproof. From (1), (2), (3) and (2.6) (with k replaced by 2¢), we deduce that there exists ,i’
with 1 <4 < ¢/ < n, such that |X;| = |Xy| and LN B; N A uses no edge of I'. But every edge of
B; N Ay which is in T' is also in L, since L is exhaustive, and so F(I' N B; N Ay) = (. Then every
edge of I' N A(F;) is also an edge of ' N A(F}/) and hence of I' N A(F;11). This proves (4).

Let us say that two distinct regions 71,79 of I in 3 touch if there is an edge e of I with e C 71 NTs.
It follows that if 1, rs touch then 71 N7y = U(J) for some 3-jump J, and if they do not touch then
|71 72| < 1. In particular, the touching relation defines a graph T" with vertex set the set of regions
of I'in X, and it is a tree. From (4), every vertex of T has degree at most n, and every path of T has
at most n vertices. Hence |E(T)| < n™ = A. But E(T) is in 1-1 correspondence with the -jumps,
and the result follows. [ |

6.5 For all integers p > 0 and q > 1 there exists A > 0 such that, if G has a presentation in a disc

Y of depth < q and defect 2, and there is an exhaustive vital p-linkage in G, then there are at most
A 2-jumps.
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Proof. Choose n > 0 as in (2.5) with k replaced by 2¢q. Choose A’ so that (6.4) holds, with p, ¢, A
replaced by p+2¢,q, \'. Let A = n(2X\'+1). We claim that \ satisfies (6.5). Forlet I, F}*, F5, Hy, Ha, p
be a presentation of GG in the disc X, of depth < ¢, and let L be an exhaustive vital p-linkage. Let
the two spaces not included in F}" U Fy be s7 and s3. Let 7q,...,7; be all the regions of I' in ¥
which are incident both with a vertex in F|" and with a vertex in F, numbered in order, so that for
1 <i < t,r; lies between s} and 7;41, in the natural sense. For 1 <1 <t, choose a; € V(I') N F} and
b; € V(I')NF5 so that r; is incident with a; and b;; and let F; be a good line with ends a;, b; and with
interior in r;. Let J; and K; be the two lines in bd(X) with ends a; and b;, where s7 C J; and s} C K.
Then J; C Jo C ... C Jyand Ky C Ky C ... C K;. Let A; be the union of u(J;) and T' N A,
where A C ¥ is the disc bounded by F; U J;; and define B; similarly using K; instead of J;. Then
(A;i, B;) is a separation of G, and A; N B; = p(a;) U u(b;), as is easily seen. Since p(a;) N p(b;) = 0,
it follows that |V (A; N B;)| = q1 + g2, where |u(a)| = g; for all a € F;yNV(T) (j = 1,2). From (6.2),
for 1 < i < t, there are ¢; mutually vertex-disjoint paths of H; N B; N A1 between V(A4; N B;) and
V(Ai+1 N Biy1) for j =1 and 2, and since H; and Hy are disjoint, it follows that there are q; + g2
mutually vertex-disjoint paths of (H; U Hy) N B; N A;41 between V(A; N B;) and V(A;+1 N Bit1).
But for 1 <i < t,I'nB; N A;4+1 has an edge since r; # ;41 and it belongs to L since L is exhaustive,
and so LN B; N A;j41 € Hi U Hy. From (2.5), it follows that ¢ < n.

For 1 <i < t, let P; be the X-jump with 7; N\7; + 1 = U(P;), and let I' = Py U--- U P,_1. Let
Ry,..., R; be the regions of IV in X, where r; C R; (1 < i < t). Now let us fix ¢ with 1 <14 < ¢.
We claim that there are at most 2\ X-jumps J with U(J) C R;. For j = 1,2, let I; C Fj be the
support 7; N F}; then 7; is a closed disc bounded by I3 U U(Pi—1) UI, UU(F;) (replacing U(P;_1)
by s} if ¢ = 1, and replacing U(P;) by s5 if i = t). For j = 1,2, let I'; be the drawing in ¥ formed
by all the vertices in V(I') N I; and all the ¥-jumps J with U(J) C R; U I; U Iy with both ends in
I;. We claim that I'; includes at most A" X-jumps. For if |I;| = 1 this is trivial, since I'; includes no
Y-jumps. If |I;| # 1 then I';, I;, u(I;), and the restriction of u to I;, is a presentation of I'; U pu(I;)
in a disc with depth < ¢ and defect 1; and L N (I'; U u(1;)) is an exhaustive vital (p + 2¢)-linkage,
and so by (6.4) it has at most A\’ X-jumps. This proves our claim that I’y and I'y both include at
most A" X-jumps. Since every Y-jump J with U(J) C R; U I; U I, either has both ends in I; or has
both ends in I (because 7; is the only region of I' included in R; incident with both F}* and Fy) it
follows that R; includes at most 2\ ¥-jumps. Counting P, ..., P,_1, and using the fact that ¢t < n,
we deduce that there are at most 2\t +t — 1 < A\ X-jumps altogether, as required. [ |
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6.6 For all integers p > 0 and q > 1 there exists X\ > 0 such that, if G has a presentation in a disc
Y of depth < q and defect 3, and there is an exhaustive vital p-linkage G, then there are at most A
> -jumps.

Proof. Choose X' > 0 so that (6.5) holds with p, g, A replaced by p + 2¢,¢, \’, and let A = 3\". We
claim that X satisfies (6.6). For let I', F}, F, Fiy, Hy, Hy, Ha, i1 be a presentation of G in the disc X,
of depth < ¢, and let there be an exhaustive vital p-linkage. For i = 1,2,3, choose v; € V/(I') N F*
such that there is a region r of I' in ¥ incident with vy, v and v3. (It is an easy exercise to prove that
this choice is possible, since V(I') Nbd(X) C F; U F5 U F5.) Choose vg € r\ bd(X), and for i = 1,2, 3
let F; C rU{v;} be a line with ends vy and v;, so that Fy, F;, and F3 are mutually disjoint except
for vg, and F; Nbd(X) = {v;} (i = 1,2,3). For i = 1,2,3 let J; C bd(X) be the support with ends
{v1,v2,v3}\ {v;} which does not include F}*. Let A; C 3 be the closed disc bounded by J; U F» U F3
and define Ay, Ag similarly. Now

FﬂAl,FQ* N Jl,Fgk N Jl,,u(FQ* N Jl),/J,(Fék ﬂJl)

and the restriction of p to (Fj U Fy) N Jy, is a presentation of I' N Ay U p(Fy U J1) U p(Fy U Jp) of
depth < ¢ and defect 2, and this graph has an exhaustive vital (p 4+ 2¢)-linkage. Consequently, A
includes at most A\’ X-jumps. Similarly so do Ay and Agz, and since every X-jump belongs to one of

these discs, it follows that there are at most 3\’ = A X-jumps altogether, as required. [ |

6.7 For all integers p,r > 0 and q > 1 there exists X\ > 0 such that, if G has a presentation in a
disc X of depth < q and defect < r, and there is an exhaustive vital p-linkage in G, then there are at

most A X-jumps.

Proof. We prove the result for all p and ¢ by induction on r. By (6.4), (6.5), (6.6) we may assume
that r > 4, and for all p’ > 0 and ¢’ > 1 there exists A(p’,¢’) > 0 such that, if G has a presentation
in a disc ¥ of depth < ¢’ and defect < r, and there is an exhaustive vital p’-linkage in G, then
there are at most A\(p’,¢’) X-jumps. Let A = 2\(p + 2¢,q). We claim that )\ satisfies (6.7). For
let I', FY, ..., F},Hy,...,H., u be a presentation of G in the disc ¥ of depth < ¢ and let there be
an exhaustive vital p-linkage in G. Choose a region r incident with vertices in at least three of
Fy, ..., F}, as in the proof of (6.6). Since two of these three are non-consecutive, because r > 4, it
follows that there is a proper line F' C 3 with ends a,b € V(I'), and with F N U(T") = {a, b}, such
that both of the lines Ji, Jo C bd(X) with ends a and b are disjoint from at least one of F}', ... F}.
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Fori=1,2let A; C ¥ be the closed disc bounded by F'UJ;. Now (I'MA;)Uu(J;) has a presentation
in 3 with depth < ¢ and defect < 7, and it has an exhaustive vital (p 4+ 2¢)-linkage, and so A
includes at most A\(p + 2¢,q) X-jumps, from the inductive hypothesis. But every ¥-jump belongs to
one of Ay, Ag, and so there are at most 2A(p + 2¢,q) = A X-jumps altogether, as required. [ |

Proof of (6.3). We proceed by induction on ¥ and by (6.3), we may assume that ¥ is not a disc.
We make the inductive hypothesis that

(1) For all integers p',r" > 0 and ¢’ > 1 there exists N(p,q,r) > 0 such that for every surface
', if either X is simpler then 3, or %' is homeomorphic to ¥ and ¢(X') < ¢(X), the following is
true. If G' is a graph with a presentation in X' of depth < ¢’ and defect < r', and there is an

exhaustive vital p-linkage in G', then there are at most X(p,q,r) X/'-jumps.

Let A = max(\(p +4q,q,7 +2),2X(p + 2¢,q,7 + 1)). We claim that A satisfies the theorem. For let
I Ff,...,Ff, Hy,...,H,, p be a presentation of a graph G in ¥, with depth < ¢.

(2) We may assume that every proper line F C ¥ with ends in V(I') and with no internal point
in U(T") separates X..

Subproof. Suppose that F' C ¥ is a proper line with ends a,b € V(T') and with no internal point in
U(T), and F does not separate X. Let ¥/ be obtained from ¥ by cutting along F. By (4.1)(i) and
(4.1)(ii), either 3’ is simpler than ¥, or ¥’ is homeomorphic to ¥ and ¢(X') < ¢(X). Let I” be the
drawing in ¥’ obtained from I" by splitting appropriately the vertices of I in F. Let a € Fy,b € Fy
say. Let F}* have ends uy,ug, and let I; C F}* be the support with ends u,a. For each v € V(u(a)),
let 6;(v) be the set of edges of u(1;) incident with v (¢ = 1,2). By splitting v according to d1(v), d2(v),
for each v € V(u(a)), and similarly splitting each v € V(u(b)), we obtain a graph G’ which has a
presentation in ¥’ (using the drawing I'’) of depth < ¢ and defect < r + 2. But by (2.4), it follows
that G’ has an exhaustive vital (p + 4¢)-linkage, and so by (1), T’ has at most A(p + 4q, ¢, + 2)
Y/-jumps. But these Y'-jumps are in 1-1 correspondence with the Y-jumps of I, and so I" has at

most A\(p + 4q, ¢, +2) < A\ X-jumps, as required. This proves (2).

(3) ¢(X) =1.
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Subproof. Since r > 4, it follows that ¢(X) > 1. If ¢(X) > 2 then there is a region of I" incident with
vertices in two different cuffs, and so there is a proper line F' with ends vertices of I' in different cuffs,

and with no internal point in U(T"). But then F' does not separate 3, contrary to (2). This proves (3).

(4) We may assume that for every proper line F C ¥ with ends in V(I') and with no internal
point in U(L), there is a closed disc A C ¥ with F C bd(A) C FUbd(X).

Subproof. By (2), F separates ¥. Let 31,5 C 3 be surfaces with ¥ UXy =¥ and X1 N Yy = F.
Fori=1,2let I' =I'NY;, and let G; = ' U u(bd(X) N %;). Now for i = 1,2, there is a presen-
tation of G; in ¥; of depth < ¢ and defect < r 4+ 1, using I';; and L N G; is an exhaustive vital
(p + 2¢)-linkage. If both 1 and X5 are not discs, then by (4.2)(i) and (4.2)(ii), either 3; is simpler
than 3, or %; is homeomorphic to ¥ and ¢(%;) < ¢(X) for i = 1,2. But then from (1), there are
< Ap+2q,q,7+1) 3;-jumps in T'; for i = 1,2, and hence < 2\(p +2¢,q,7 + 1) < XA X-jumps in T,

as required. Consequently we may assume that one of 31,3 is a disc. This proves (4).

From (4), it follows in particular that every ¥-jump J is homotopic in 3 to the lines in bd(%)
joining the ends of J. Let R be the closure in 3 of 3 \ 3; thus RN X is the unique cuff of ¥. It
follows that every O-arc in R U U(T) is null-homotopic in ¥. By theorem (11.10) of [5] there is a
closed disc A C ¥ with RUU(I') € A. By extending A to a sphere and removing R\ bd(R) from it,
we deduce that G has a presentation in a disc ¥/, with depth < ¢ and defect < r. Then the result
follows from (1), since A > A(p + 4q,q,7 + 2) > A(p,q,r) and ¥ is not a disc. [ |

7 Presentations and tree-width

If 7 is a tangle in a graph G, a subgraph A of G is small (with respect to 7)) if there exists B C G
such that (A, B) € 7. An easy consequence of theorem (2.9) of [6] is the following (we omit the
proof).

7.1 If T is a tangle in G, and A C G, then the following are equivalent:
(i) A is small with respect to T ;

(11) if X denotes the set of vertices of A incident with edges of G not A, then |X| < ord(T), and
(A,B) € T where V(B) = (V(G)\V(A))UX and E(B) = E(G) \ E(A);
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(iii) there is a separation (A, B) of order < ord(T), and T contains every such separation.

It Fy,...,F, Hy,...,H,,pu is a presentation of G in X, and 7 is a tangle in G, we say that
the presentation surrounds 7 if u(s) is small for every space s C Fj U...U FX.

If T is a drawing in a surface ¥ such that |[V(I') N C| > 2 for every cuff C, we define T't to be
the drawing in ¥ with U(I") = U(I') U bd(Z) and V(I'T) = V(I).

7.2 Let 0 > 1, and let I', F},...,F}, Hy,...,H,,pu be a presentation of a graph G in a surface X,
of depth < q, and surrounding a tangle of order > qf. Then I'" has a tangle of order > 6.

Proof. T'" has the same vertex set as I', and its edges are the edges and spaces of I'. Let S(T") be
the set of spaces of I'. For any subgraph A of I't we define o(A) to be the union of ANT with all
the graphs pu(v) (v € V(A) Nbd(X)) and u(s) (s € E(A)NS(T)).

(1) If (A, B) is a separation of Tt then (o(A),o(B)) is a separation of G of order < q|V (AN B)|.

Subproof. Clearly o(A) U o(B) = G. No edge of G belongs to both o(A) and o(B), by (V1)
and (V4), and so (0(A),o(B)) is a separation of G. We claim that

V(e(A)no(B)) CV(ANB)U U(,u(u) cu € V(AN B)Nbd(X)).

For let v € V(o(A) No(B))\ V(AN B). Since 0(A) NT = A and o(B) NI = B, it follows that
v & V(T); let v € V(H;) say. There exists « such that v € V(u(x)), and either x € V(A) N F; or
x € E(A)N S(T) and = C FY; and similarly there exists y (with B instead of A). Choose x and
y as close together in F} as possible, in the natural sense. If z lies in F}* between x and y, and
z € V(I')US(T), and z # x,y, then z belongs to one of A, B, and v € V(u(z)) by (V3) and (V4),
contrary to our choice of z and y. If x € V(I') and y € S(I") with one end z, then z € V(AN B) and
v € V(u(z)) as required. Finally, if x =y € V(') then again x € V(AN B) and v € V(u(x)); while
ifr =y e S(T) thenu € V(AN B) and v € V(uu(u)), where u is one end of z. This proves our claim
that
V(e(A)no(B)) CV(ANB)U U(,u(u) cu e V(AN B)Nbd(X)).

Consequently, |V (c(A) No(B))| < q|V(AN B)|. This proves (1).

Let 7 be a tangle in G of order > ¢, surrounded by the presentation. Let 7' be the set of all
separations (A, B) of I't of order < 6 such that (6(A),0(B)) € 7. We claim that 7"’ is a tangle in

't of order . Let us verify the three axioms for a tangle.

30



For the first axiom, let (A, B) be a separation of I't of order < 6. Then (o(A),o(B)) has
order < g < ord(7T) by (1), and so one of (c(A),c(B)),(c(B),c(A)) belongs to 7. Hence one of
(A, B), (B, A) belongs to 7'. This verifies the first axiom.

For the second, let (A;,B;) € 7' (i = 1,2,3). Then (0(4;),0(B;)) € T (i = 1,2,3), and so
0(A1)Uo(A2)Uo(As) # G. But

o(A1)Uo(A2)Uo(As) = o(A1 U Ag U A3)

and o(I'") = G, and so Ay U Ay U A3 # I't. This verifies the second axiom.

For the third, it suffices by [3, theorem (2.7)] to show that if e € E(I'") and K, denotes the graph
consisting of e and its ends, then (I't \ e, K.) & 7, that is, (c(I'" \ e),0(K.)) € 7. If e € E(T'), or
ifee SI)and e € FyU...UE? then V(o(I'" \ e)) = V(G), and so (¢(I'" \e),0(K,)) € T, since T
satisfies the third axiom. We assume then that e € S(I'), and e C F}'U...UF}. Then o(K.) = u(e),
and so (o(T'" \ e),0(K.)) € T by (7.1) since pu(e) is small. This verifies the third axiom.

Hence 77 is a tangle in '™ of order 0, as required. [ |

The main result of this section is the following.

7.3 For every surface X2 and all integers p,r > 0 and q > 1, there exists > 1 such that, if a graph
G has a presentation in X of depth < q, and defect < r which surrounds a tangle of order > 6, then

G has no vital p-linkage.

Proof. Choose A so that (6.3) holds. Choose 61 so that (5.2) holds with X, p,  replaced by 3, 2(p+
A),01. Choose 65 so that (4.6) holds, with X,6’, ¢, replaced by 2,91,0(2),92. Let 0 = gfy. We
claim that 0 satisfies (7.3). For let I', F}',... , F* Hy,..., H., u be a presentation of G in ¥, of depth
< ¢ (we may assume its defect is exactly r), surrounding a tangle of order > . Suppose that L is a
vital p-linkage in G. Let I be the union of all paths in LNT with both ends in bd(X) and no internal
vertex in bd(X) (including one-vertex paths). Then I, Fy', ..., F* Hy,..., H,, pu is a presentation of
G'=T'UHyU...UH, in X, of depth < gq. Moreover, L NG’ is a vital linkage in G’, by (2.3),
and it is a p-linkage since each component of L includes at most one component of L N G’, and it is
exhaustive. From (6.3), there are at most A X-jumps in I''. Let X be the set of all v € V(T") Nbd(X)
such that {v} is the vertex set of a component of L NI". Every other component of L N T either
is a X-jump in IV, or has an end some vertex v € V(T') \ bd(X) which is a terminal of L, by (2.2).
Consequently, L N (I"\ X)) has at most A + p components, and so is a vital 2(\ + p)-linkage in "\ X.
From (5.2), '\ X has no tangle of order > ;. Now I' \ X is obtained from I't by deleting some
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vertices and edges of T'T, all incident with one of ¢(X) regions of I't in 3. From (4.6), I'" has no
tangle of order > 6. From (7.2), the presentation of G captures no tangle of order > ¢ = 0, a

contradiction. Thus L is not a a vital p-linkage in G, as required. [ |

8 Pseudo-presentations

In a presentation, the graphs H1,..., H, are disjoint. Now we want to consider a slightly more
general object, in which the “last” vertices of each H; may equal some of the “first” vertices of the
next one of Hy,...,H, on the same cuff. More precisely, a pseudo-presentation of a graph G in a
surface ¥ is defined as follows. Let I' C G be a drawing in 3 such that |V/(I') N C| > 2 for each
cuff C. Let FY,..., F} be mutually disjoint supports of I in ¥ with V(I') N bd(X) C FyU...UF}.
For 1 < j < rlet ¢g; > 1 be an integer; for each v € V(I') N Fr let p(u) be an edge-less subgraph
of G with g; vertices and with V(u(u) NT') = {u}; and for each space s with s C F/ let u(s) C G,
satisfying the following. (A wnit is either a vertex in V(I') N bd(X) or a space in F} U...UF}.)

(P1) G=TUUu(F}):1<j <r); T and all the graphs u(s) for s € S(I') and s C Fy U...U I
are mutually edge-disjoint; and if x1,xo are units in different cuffs then u(xq) and p(ze) are

mutually vertex-disjoint.

(P2) For 1 < j < r, if s C F} is a space with ends ui,up then V(u(s) NT) = {ur,us} and
p(ur), p(ug) C p(s), and there are q; mutually vertex-disjoint paths of pu(s) between V(p(uq))
and V(u(ug)).

(P3) For each cuff C, if x1 and xo are units in C and uy,uy € C N V(L) are such that x1,uy,x2,us

occur in order in C, then p(z1) N p(xz) C p(ur) U p(ug).
(P4) For each cuff C;m(u(u) :uw e V(I')NC) is null.

Then we say that I', F', ..., Ff, i is a pseudo-presentation of G in ¥. Its depthis max(q; : 1 < j <r),
or 0 if r = 0, and its defect is r. We say that the pseudo-presentation is disjointed if for each space

s with ends wug, ug such that s € Ff U... U E}, the graphs pu(u;) and p(usz) are vertex-disjoint.

8.1 Let I', FY,...,EF}, 1 be a disjointed pseudo-presentation of a graph G in a surface ¥. Then
L FY o F, w(EFY), ..o w(FY), uis a presentation of G in X.
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Proof. Let H; = p(F}) (1 <j <r). We must check that (V1)-(V4) hold (and that u(s) C Hj if

s C I is a space, which is obvious). For (V1),
G=TulJuF):1<j<r)=TUHU...UH,

from (P1). To see that Hy,..., H, are mutually disjoint, suppose that v € V(H;, N Hj,) say. For
i=1,2let x; be a unit in F; with v € V/(u(z;)). From (P1), x1 and z2 belong to the same cuff C.
We may assume that £ < r, and that for 1 < j < F* C C if and only if j < k, and that FT,..., Fy
occur in order around C. Let s7,...,s; be the spaces in C not in F}"U...UF], numbered so that if
k > 1 then s} has one end in F and one in F}",; for 1 < j <k, and s, has one end in Fy and one in
Fy. For 1 < j <k, let I have ends aj,b;, where a; is an end of s7 and b; is an end of s7_; (or of
sy, if j =1). Let us write b1 = by and ag = aj. Now since the pseudo-presentation is disjointed, v
does not belong to both p(aj,—1) and u(bj, ); choose uy € {a;,—1,bj, } so that v € V(u(u1)). Similarly
choose us € {aj,,bj, 41} with v & V(uu(ug)). Now 21, u1, 2, u2 occur in C in order, contrary to (P3),
since v € V(pu(z1) Np(ze)) and v & V (u(u1) U p(ug)).

This proves that Hy,..., H, are disjoint. To complete the proof of (V1), we must check that for
1<j<nV(H;NI) =VI)NFE;, and E(H; NT) = 0. Now V(I') N Y C V(u(F))) = V(H;)),
because u € V(u(u)) for each u € V(I') N F}. Conversely, let u € V(H; NT). Let z be a unit in F;
with u € V(u(z)). Since V(u(x) NT) = {x} if = is a vertex, and V(u(x) NT') is the set of ends of =
by (P2) if x is a space, it follows that either v € V/(I') N '/ or v is an end of some space in F'; and
so in either case, v € V(I') N F7. This proves that V(H; NT') = V(I') N F}. Finally, E(H; NT") =0
because E(I' N u(S)) = 0 for each space s C F, by (P1). This proves (V1).

Now (V2) holds by definition, and (V3) is the same as (P2), and so it only remains to verify
(V4). Let 1 <j <, and let 51,520 C F be spaces, and let u € F; N V(D) lie in F} between sy
and sp. Let sop be a space with so € F} U... U F}, in the same cuff C as Ff. (This exists since

[V(I')NC| > 2.) Let sp have ends ag and bg. Now ay, $1,u, $3 occur in order in C, and so by (P3),

p(s1) N p(s2) € plag) U p(s2). Similarly, p(s1) N pu(s2) € pu(bo) U p(sz2), and so
p(s1) N p(s2) € (p(ao) N p(bo)) M u(s2) = p(s2).

This proves (V4), as required. [

Secondly, we wish to discuss splitting vertices in a pseudo-presentation, in order to make it
disjointed. More precisely, let I', FY, ..., F}', u be a pseudo-presentation of G in ¥. Let s* be a space
with s* Z FyU...UF}, with ends u1, ug say. Let C be the cuff including s*. Let v € V' (u(uy)Np(uz)).
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From (P4), there exists u* € V(I') N C with v ¢ V(u(u*)). Let F; be the support in C' with ends u;
and u* which does not include s* (i = 1,2). For i = 1,2 let §; be the set of all edges e incident with
v such that e € E(u(s)) for some space s C F; N (Ff U...UF}). Then §; Ny = 0, for by (P2) there
is only one space s C C with e € E(u(s)); and d; U d is the set of all edges of G incident with v,
because by (P1) e is an edge of u(s) for some space s C C'N(FyU...UFE)). Let G’ be obtained from
G by splitting v according to d1, d2, and let the two new vertices of G’ be v1, v9 where the edges in §;
are incident with v; (¢ = 1,2). For ¢ = 1,2, and for each subgraph A of G with v € V(A), let ¢;(A)
be the graph with the same set of edges as A, and with vertex set (V(A)\{v})U{v;}, with the same
incidence relation as A except that the edges of A that are incident with v in A are incident with v;

in 0;(A). Then o0;(A) is a subgraph of G’ provided that ¢; contains all edges of A incident with v.

Define ' by:
' (u) = p(u) if v € V(I) Nbd(X) and v & V (u(w))
W (u) = oi(p(w) ifve V()N F; and v € V(u(u)) (i =1,2)

= u(s) if s is a space with s C Fy U ... U E} and v € V(u(s))
i(u(s)) if s is a space with s C (Ff U...UEY)NF; and v € V(u(s)) (i =1,2).

Il
Q

8.2 X, FY,...,Fr i/ is a pseudo-presentation of G'.

Proof. Since v € V(u(u1) N u(ug)) it follows that v # wuy,us, and so v ¢ V(I'). Consequently
I' C G'. Let us check that p/(z) C G, for each unit x. If = is a vertex this is clear, so let x be a
space with « C FfU...UF*. If v & V(u(x)) then p/(z) = u(z) C G as required. We assume then
that v € V(u(z)), and  C Fy say. Then p/(z) = o1(u(x)), and every edge of p(x) incident with v
belongs to d1, by definition of §;. Consequently p/(z) C G’, as required.

We must verify (P1)-(P4). For (P1), we observe that

E(GY=E ECulJwF):1<j<r)=BECulJW (F):1<5<r)
and

V(@) = (V&) \ {vh) U{vr,ve} = (VT U J@w(F) - 1< 5 <)\ {v}) U{vr,v2}
yulJw ) 1< <)

since vy € p/(FY) and vy € (/(Fy). The remainder of (P1) is clear and so (P1) holds.
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For (P2), let s C I/ be a space with ends a,b say. Certainly V(u'(s)NI") = V(u(s)NT) = {a, b}.
To see that p/(a) C p/(s) we argue as follows. If v & V(u(a)) then

as required. We assume then that v € V(u(a)), and hence v € V(u(s)). Thus s C Fy or s C Fh, say

s C Fy; and so a € Fy. Hence

p(a) = a1(p(a)) € or(u(s)) = w'(s)

as required. This verifies the second assertion of (P2). The third assertion follows because there is
an isomorphism from p(s) to p/(s) mapping pu(a) to p'(a) and wu(b) to u'(b).
For (P3), let x1,a,z2,b be units of a cuff C' in order, where a,b € V(I'). We must show that

(1) O (22) € (@) U ' (B).

Since
E(p'(z1) N/ (22)) = E(u(a1) N p(a2)) € E(ula) Upbd)) = E(p'(a) U 1/ (b)),

it suffices to show that every vertex of u'(z1) Ny (x2) is a vertex of p/(a) U p/(b). Let w € V(u/(z1)N
W' (x2)). If w # vy, vy then

w € V(p(x1) Np(r2)) € V(p(a) U (b))

and since w # v it follows that w € V(u/(a)Up’ (b)) as required. We may assume then that w = vy say.
Thus v1 € V(i (z1)Np/ (x2)). From the definition of p/(z1) and p'(x2) it follows that v € p(z1)Np(z2)
and 1, z9 belong to Fy. Since x1, a, x2,b occur in order in C' we may assume that a € F; and lies in

F1 between z1 and x9. Since 1, a,x9,u” occur in order in C, it follows that

ve V(p(xr) Np(xz)) CV(u(a) U p(u"))

and since v € V(u(u*)) we deduce that v € V(u(a)). But a € Fy, and p/(a) = o1(u(a)), and so
vy € V(1/(a)), as required. This proves (P3).

For (P4), suppose that w € V(u/(u)) for every u € V(I') N C”’ for some cuff C’. If w # vy, ve then
w € p(a) for all w € V(I') N C’, and so w € ((u(u) : w € V(I') N C’), contrary to the truth of (P4)
for p. Thus we may assume that w = v; say, and hence C' = C. But vy & V(u(u*)) = V(i (u*)), a
contradiction. This proves (P4), and therefore completes the proof of (8.2). [ |
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Now let I', FY', ..., F}¥, i be a pseudo-presentation of GG, and let 7 be a tangle in G. We say the

pseudo-presentation surrounds 7T if p(s) is small for every space s € F;U ... U EF}.

8.3 With notation as in (8.2), suppose that I, Fy, ..., F}, i is a pseudo-presentation of depth < g,
and surrounds a tangle T in G of order 8 > 2q+ 3. Then T, Fy, ..., F¥ ' surrounds a tangle in G’
of order 6 — 1.

Proof. Let 7’ be the tangle of order § — 1 in G’ induced by 7 \ {v}. (This exists, from (3.2)
and (3.4).) Let s C FfU...U E} be a space, and choose B C G minimal such that (u(s),B) is a
separation of G. By (7.1), (u(s),B) € 7T since pu(s) is small. Let w € V(u(s) N B); we claim that
w € V(u(a) Upu(b)), where s has ends a and b. For if w = a or b this is true, and we assume not. By
(P2), w ¢ V(I'). Since u € V(B) it follows from the minimality of B that some edge e of G not in
w(s) is incident with w, and e ¢ E(T) since w € V(I'). Choose a space s’ with e € E(u(s’)). Then
s’ # s, and s0 s,a,s’,b are in order in the cuff containing them (this exists, by (P1)). By (P3),

w € V(u(s) Nu(s')) € V(ula) Upd)

as claimed. We have proved then that V(u(s) N B) C V(u(a) U u(b)). Hence (u(s), B) has order
<2¢<0-2.

Let A; be the subgraph of G with vertex set V' (u(s))U{v} and edge set E(u(s)); and let B; have
vertex set V(B) U {v} and edge set E(B). By theorem (2.9)(iii) of [6], (A1, B1) € T, since (u(s), B)
has order < 6 — 2. Hence (A; \v,B; \v) € 7 \ v. Let Ay = i/(s), and let By C G’ be minimal such
that (Ag, Ba) is a separation of G'. Then (Asg, Bs) has order < 2¢. But Ay N (G \ v) = A1 \ v, and
so (A2 N (G\v),B2N(G\v)) €T\ v by theorem (2.9)(iii) of [6], since (A1 \ v,B1 \v) € 7 \ v and
7 \ v has order > 2. From the definition of 7" it follows that (Ag2, B2) € 7', and so z/(s) is small
with respect to 77, as required. [ |

The main result of this section is the following.

8.4 For every surface X2 and all integers p,r > 0 and q > 1, there exists > 1 such that, if a graph
G has a pseudo-presentation in X of depth < q and defect < r which surrounds a tangle of order

> 0, then G has no vital p-linkage.

Proof. Choose ' > 2q + 2 so that (7.3) holds, with X, p,q,r replaced by X,p + 2¢r,q,r. Let
0 = 60’ + gr. We claim that 6 satisfies (8.4). For suppose that G has a pseudo-presentation in 3 of
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depth < ¢ and defect < r which surrounds a tangle of order > . For each space s € F;'U...UF}
with ends uy,ue and for each v € V(u(uq) N p(uz)), split v as discussed earlier in this section. After
at most gr splittings we obtain a graph G’ with a disjointed pseudo-presentation in X of depth < ¢
and defect < r, which by (8.3) surrounds a tangle of order > 6 — qr = ', since 6’ +1 > 2q + 3.
By (8.1), G’ has a presentation in ¥ of depth < ¢ and defect < r which surrounds a tangle of order
> ¢'. By (7.3), G’ has no vital (p + 2¢r)-linkage, from the choice of #’. But G’ is obtained from G
by splitting < gr vertices, and so by (2.4) G has no vital p-linkage, as required. [ |

9 Paintings and portraits

In this section we derive a modification of (8.4) appropriate for applying the results of [9, 10]. A
painting I" in a surface ¥ is a pair (U, V'), where U C ¥ is closed and V' C U is finite, satisfying

(i) U\ 'V has only finitely many connected components, called cells

(ii) for each cell ¢, its closure € is a closed disc, and ¢ C bd(¢) (where ¢ denotes ¢\ ¢) and |¢| = 2

or 3
(iii) bd(X) CU

(iv) for each cell ¢, if cNbd(X) # O (that is, ¢ is a border cell) then |¢| = 2 and €N bd(X) is a line

with ends the two members of ¢.

(This differs very slightly from the definition in [10]. In that paper it was convenient to allow cells
¢ with |¢] = 0 or 1, but we no longer need such cells.) The set of cells of T" is denoted by C(I"), and
we write U = U(T"),V = V(TI'). A cell which is not a border cell is called an internal cell.

Let G be a graph. We say that a pair I', « is a portrait of G in X (this is closely connected with
the “portrayal” of [10]) if

(R1) T is a painting in ¥ and V(I') C V(G), and « is a function with domain (V(I')Nbd(3))UC(T).
(R2) For each ¢ of T',a(c) € G and V(a(c)) NV (T') = é.

(R3) G =J(a(c) : c € C(I)), and E(a(c1) Nalcz)) =0 for all distinct cells ¢1,c3.

(R4) For each v € V(I') Nbd(X2), a(v) is an edge-less subgraph of G and V(a(v) N V(T') = {v}.
(R5) For each cuff C there is an integer ¢(C) > 1 such that |V (a(v))| = q(C) for allv e V(I') N C.

37



(R6) For each border cell ¢ with ¢ = {u,v},a(u) and a(v) are subgraphs of a(c), and either

(i) there are |V (a(u))| mutually vertez-disjoint paths of a(c) between V(a(u)) and V(«(v)),
that is, c is “linked”, or
|

(ii) there is a cell ¢ with |¢'| =3 and u,v € .

(R7) If c1,¢0 € C(T') are distinct, then V(a(c) Na(c')) = ¢ N & unless ¢1 and ca border the same
cuff (that is, unless cy NC # O # co N C for some cuff C).

(R8) If c1,¢c9 € C(I") border a cuff C, and uy,uz € V(I') NC' and c1,u1,ca,us are in order around
C, then a(c1) Na(ez) C alur) U a(ug).

(R9) Ifc € C(T) and |¢| = 3, then a(c) cannot be drawn in a disc so that the three members of ¢ are

drawn in the boundary of the disc.
(R10) For each cuff C,N(a(u) : u € V(I)NC) is null.

Its depth is the maximum of ¢(C'), taken over all cuffs C (or 0 if bd(X2) = 0).)

9.1 IfI',« is a portrait in a surface X of a graph G, and L is a vital linkage in G, then for every
cell ¢ of T' which is not a border cell, either V(a(c)) \ ¢ contains a terminal of L, or a(c) can be

drawn in a disc with the members of ¢ drawn in the boundary.

Proof. Let ¢ € C(I') be an internal cell such that V(a(c)) \ é contains no terminal of L. We must
prove that a(c) can be drawn in a disc with ¢ in the boundary. If V(«a(c)) = ¢ this is clear, and we
therefore may assume that V(a(c)) # ¢. Since by (R2) ¢ C V(a(c)), there is a vertex in V(a(c)) \ ¢.
Since V(L) = V(G), there is a component P of L with V(PN («a(c))) € é. Since V(a(c)) \ é contains
no end of P, and c is internal, it follows from (R7) that |V (P)N¢| > 2; and so P is the only component
of L with a vertex in V(a(c)) \ ¢, since |¢| < 3. Consequently, V(a(c)) \ ¢ C V(P). But L is vital,
and so any two vertices of P N «a(c) that are adjacent in «(c) are also adjacent in P. Hence either
a(c) is a path with both ends in ¢, or a(c) \ v is a path with both ends in ¢, for some v € ¢. In either

case a(c) can be drawn in a disc with all the members of ¢ drawn in the boundary, as required. Wi

If 7 is a tangle in G, a portrait I', & of G in X surrounds T if a(c) is small for each ¢ € C(T").

9.2 For every surface X2, and all integers p > 0 and q > 1, there exists 0 > 1 such that, if a graph G
has a portrait in X of depth < q which surrounds a tangle of order > 0, then G has no vital p-linkage.
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Proof. Let n =3p+2¢(3p+c¢(X)). Choose §' > 2¢ so that (8.4) holds, with X, p, g, r, 8 replaced by
Y.p+n,qr 6. Let § =0 +n. We claim that 6 satisfies (9.2). For let I', o be a portrait in ¥ of a
graph G, with depth < ¢, surrounding a tangle 7 of order > #. Suppose that L is a vital p-linkage
in G. Let A; be the set of all internal cells ¢ such that V(«a(c)) \ ¢ contains a terminal of L. Since
the sets V(a(c)) \ é (c € A;) are mutually disjoint, by (R7), it follows that |A1] < p. By (9.1) and
(R9), A; contains every cell of I with |¢| = 3. By (R6), there are < 3|.A;| border cells that are not
linked. Let As C C(I') be minimal such that A2 contains all border cells that are not linked, and
contains at least one cell bordering each cuff. Thus, [As] < 3p + ¢(X).

For each internal cell ¢ € C(I') \ Aj, there is a drawing of «(c) in the closed disc ¢ with the
vertices in ¢ representing themselves, by (9.1), and this drawing can be chosen so that it meets bd(¢)
only in ¢. We may therefore assume, to simplify the notation, that «(c) is such a drawing in ¢ for
each internal cell ¢ € C'(T") \ Ay. Let I” be the drawing formed by the vertices in V(I') and the union
of the drawings «a(c) over all internal ¢ € C(T") \ A;. Then I" is a drawing in X, and there is a 1-1
correspondence between the spaces of I'” and the border cells of T'.

Let G’ be the subgraph of G formed by the vertices in V(I"), the graphs a(u) (v € V(I'')Nbd(X))
and the graphs a(c) (¢ € C(T) \ (A1 U Ag)). Then I" C G'. Now V(I') Nbd(X) = V(T) N bd(Z);
define p(u) = a(u) for each u € V(I'') N bd(X). Let Fy,..., F} be the connected components of
bd(X) \ U(c : ¢ € Ag). Then FY,..., F} are all supports of I'' since Ay contains at least one cell
bordering each cuff; they are mutually disjoint, and V(I'') N bd(X) C Fy U ... U FF. Moreover,
r = | Az <3p+ ¢(X). For each space s of I'' with s C F;U...UF*, let u(s) = a(c), where c is the
cell of I' with ¢ N bd(X) = s.

(1) IV, Ff, ..., F} u is a pseudo-presentation of G'.
Subproof. Certainly |V (I'")NC| > 2 for each cuff C, because I is a painting and V(I") C V/(I'"). We

must verify (P1)—(P4). First let us verify (P1). Now

G'=T"U U(a(c) :ce C(I')\ Az and ¢ is a border cell ) U U(a(u) cu e V(I)Nbd(X))

=T Up(Fy)U...Up(F).

By (R3), E(u(s) Nu(s")) =0 if s and s’ are distinct spaces, since each border cell of T" includes only
one space of I". Since each edge of I is an edge of a(c) for some internal cell ¢, it follows from (R3)

again that E(IV N u(s)) = 0 for each space s C Ff U...U F}. Finally, let 21,29 be units of ' in
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different cuffs. Then there are border cells ¢y, co of ' bordering different cuffs with u(x;) C a(e),
by (R6) and condition (iii) in the definition of a painting. By condition (iv) in the definition of a
painting, ¢N¢& = (), and so by (R7), a(c1) Na(ez) is null. Consequently, p(z1) N p(z2) is null. This
proves (P1).

For (P2),let 1 < j < r and let s C FJ’»" be a space of I, with ends u1,us. Let ¢ be the cell of
I' with ¢ N bd(X) = s; then ¢ = {u1,uz}. Since s C F; it follows that ¢ ¢ A, and so c is linked.
Consequently, (P2) holds, taking ¢; = q(C) where C is the cuff including F and (see (R5)) ¢(C) is
the common cardinality of all the sets V(a(v)) (v € V(I') N C).

For (P3), let C be a cuff, let 1,25 be units of IV in C, and let uj,us € C N V(L) so that
Z1,u1, T2, uz are in order in C'. We must show that p(z1) N u(xs) C p(ur) U p(ug). If one of x1,x9
equals one of uy,us then the inclusion is trivial, and so we assume that x1,xs # uy,us. For i = 1,2,
let ¢; be a border cell of T with ¢; N bd(X) = z; if x; is a space of I, and x; € ¢; if z; € V(I”). By
(R6),

plxi) = o(z;) € afe) (1 =1,2)

and so p(z1) N p(ze) C alcr) Naleg). But ¢, uq, 2, uz are in order, and so by (RS),
alcr) Nale2) C a(ur) Ual(ug) = p(ur) U p(ug).

This proves (P3).
But (P4) is immediate from (R10). This completes the proof of (1).

For each internal ¢ € C(T'), let B(c¢) € G be such that (a(c), B(c)) is a separation of G and
V(a(c) N B(c)) = é. (This is possible by (R7).) For each border cell ¢, let B(¢) C G be such that
(a(e), B(c)) is a separation of G and «(c) N B(c) = p(uy) U p(ug), where ¢ = {ug,us}. (This is
possible by (R7) and (RS8).)

2) G = GNN(Be) : c € A U Ay).

Subproof. Certainly G’ C B(c) for each ¢ € A; U Ay. For the converse inclusion, if e € FE(G)
is an edge of B(c) for all ¢ € A; U .Asg, then by (R3) e is an edge of a(c) for some ¢ € C(T")\ (A1 UA3),
and so e € E(G'). If v € V(G) is a vertex of B(c) for all ¢ € A; U Ay, choose ¢ € C(I") with
v € V(a(e)). If c € C(T) \ A1 U Ay then v € V(G') as required. If ¢ € Ay then v € ¢ because
v e V(B(c)Na(e)) =¢ and so v € V(I') C V(G') as required. If ¢ € Ay, then v € V(u(uq) U pu(usg))

where ¢ = {uy, us} for the same reason, and so again v € V(G’). This proves (2).
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Let Ag = J(al(c) : ¢ € A1 U Ag). From (2), (Ap,G) is a separation of G. Since every vertex of
V(Ag NG’) belongs to V(a(c) N B(c)) for some ¢ € Ay U Ay, it follows that (A, G') has order

< 3lA1] + 2q|Ag| < 3p+2¢(3p + ¢(X)) = n.
We deduce from (3.5) that

(3) There is a tangle T" in G' of order > 6 —n = 6', such that (ANG',BNG') € T for every
(A,B) € T of order < ¢'.

(4) The pseudo-presentation I, Fy, ..., F¥ u of G surrounds T'.

Subproof. Let s be a space of IV in ¥ with s C Fy'U...UF*, and let ¢ € C(I") with ¢Nbd(X) = s. Then
cis a border cell, and ¢ ¢ Ay by definition of Ff'U...UF}. Now (a(c), B(c)) € T by (7.1) since it has
order < 2¢ < ord(T) and «(c) is small with respect to 7. By (3), (a(c) NG',B(¢) N G') € T’ since
(a(c), B(c)) has order < 2g < #'. Hence a(c) N G’ is small with respect to 7’. But a(c) C G’ since
c e C(T)\(A1UA), and a(c) = pu(s). Consequently p(s) is small with respect to 7'. This proves (4).

(5) There is no vital (p + n)-linkage in G'.

Subproof. This follows from (1), (4) and (8.4), because of the choice of §’.

Since (Ao, G’) is a separation of G of order < n, it follows from (5) and (2.4) that there is no

vital p-linkage in G, as required. [ |

10 The main proof

Finally we are able to apply the theorems of [10]. Theorems (8.2), (8.4), (9.8) and particularly (13.4)
of [10] imply the following. (A K,-minor of G is a minor isomorphic to K,.)

10.1 For every integer n > 0 there exist p,& > 0,q > 1 and 0 > & such that, if a graph G has no
K, -minor, and T is a tangle in G of order > 0, then there exists a surface ¥ such that ¢(X) < p
and K,, cannot be drawn in X, and there exists Z C V(G) with |Z| < & such that there is a portrait
of G\ Z in ¥ with depth < q, surrounding 7 \ Z.
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We deduce

10.2 For all integers n,p > 0 there exists 0 > 1 such that, if a graph G has a tangle of order > 6

and has no K,-minor then G has no vital p-linkage.

Proof. Choose p,§ > 0,9 > 1 and 67 > & so that (10.1) holds with 6 replaced by #;. Choose 62 > 1
so that for all surfaces ¥ with ¢(X) < p in which K,, cannot be drawn, (9.2) holds, with X, p,q, 0
replaced by X, p+ 2(, q,03. Let § = max(61,£ + 02). We claim that 0 satisfies (10.2). For let G have
a tangle 7 of order > 6, and have no K,-minor. By (10.1), since 6 > 6;, there is a surface ¥ with
¢(¥) < p in which K,, cannot be drawn, and there exists Z C V(G) with |Z] < £ such that there is
a portrait of G\ Z in ¥ with depth < ¢, surrounding 7 \ Z. Since 7 \ Z has order > 0 — |Z| > 0, it
follows from (9.2) that G'\ Z has no vital (p + 2¢)-linkage. Hence by (2.1), G has no vital p-linkage,

as required. [ |

10.3 For every integer p > 0, no graph with a K,-minor has a vital p-linkage, where n = L%pj +1.

Proof. Suppose that L is a vital p-linkage in a graph G with a K,-minor. Let Z be the set of
terminals of L. By theorem (6.1) of [8], there exists v € V(G) \ Z such that, in the language of [8],
G and G \ v have the same 0-folio relative to Z. In particular, there is a linkage in G \ v with the

same pattern as L, a contradiction since L is vital. The result follows. [ ]

From (10.2) and (10.3) we deduce the following, which in view of (3.1) implies our main result

(1.1).

10.4 For every integer p > 0 there exists > 1 such that, if a graph G has a tangle of order > 6
then G has no vital p-linkage.

Proof. Let n be as in (10.3), and choose € so that (10.2) is satisfied. Let G be a graph with a tangle
of order > 6. If G has no K,-minor then by (10.2) G has no vital p-linkage. If G has a K,-minor
then by (10.3) G has no vital p-linkage. The result follows. [ |

11 Intertwinings

The “intertwining conjecture”, of Lovdsz [2] and of Milgram and Ungar [3], states that for every

two graphs G; and Gs, there is a finite list Hy,..., H, of graphs, such that a graph G topologically
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contains both G; and Gy if and only if it topologically contains one of Hy,..., H,. (G topologically
contains H if some subgraph of G is isomorphic to a subdivision of H.) This conjecture was proved
in [11] by well-quasi-ordering methods. Our object here is to give a different proof of the intertwining
conjecture, one that is “constructive” in the sense that it yields an algorithm which, given G and
G, computes Hq, ..., H, as above.

Poljak and Turzik [4] showed that the intertwining conjecture is (constructively) implied by
another conjecture, (11.1) below, and we shall give a constructive proof of (11.1). Let L; and Ls be
linkages in a graph G. We say that G is an intertwining of Ly and Lo if L) U L}, = G for all linkages

', Ly in G such that L} has the same pattern as L; (i = 1,2). Let us say a graph G has rank

[E(G)] = V(G| + K(G),

where k(G) denotes the number of components of G. Poljak and Turzik essentially reduced proving

the intertwining conjecture to proving the following.

11.1 For every integer p > 0 there exists r(p) such that every intertwining of two p-linkages has

rank < r(p).

We shall derive (11.1) from (1.1), and the proof will be constructive in the sense that it yields
an algorithm to compute a value for r(p) given a numerical value for p. Our thanks to A. Gupta
and R. Impagliazzo, who proved (11.1) constructively for planar intertwinings (unpublished) and
brought the general problem to our attention. Thanks also to R. Thomas, who collaborated with us
in discovering a constructive proof of (11.1) (not exactly the one given here).

Let (T, W) be a tree-decomposition of a graph G. If S is a subtree of 7', we define W(S) =
UW(t) : t € V(S)). If e is an edge of T, and T, T3 are the two components of T'\ e and ¢; is the end
of ein T; (i = 1,2), then (W(T1), W(T%)) is a separation of G and W (T1) N W (T) = W (t1) "W (t2).
We define W(e) = V(W (Th) N W (Tz)).

We say that a tree-decomposition (7', W) of G is linked if for all e1, ey € E(T') such that |W(ey)| =
|W(ea)| = k say, and |W(e)| > k for all edges e of the path of T" between e; and ey, there are k
mutually vertex-disjoint paths of G between W (ey) and W (ez). We need the following lemma.

11.2 Let G be a graph of tree-width < w. Then there is a linked tree-decomposition (T, W) of G,
with width < w, such that every vertex of T has degree < 3.
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Proof. By the main result of [14], there is a linked tree-decomposition (7',W) of G, with width
< w. Choose it such that X(d(t) — 3) is minimum, where d(¢) is the degree of ¢ in T" and the sum
is over all ¢t € V(T) with degree > 3. Suppose that some ty € V(T') has degree > 4. Then we
may assume that there is a tree T’ with an edge eg with ends t1,to, such that T is obtained from
T’ by contracting eg, and ty results from identifying ¢; and t9, and such that ¢; and ¢, both have
degree > 3. Let W/(t) = W(t) if t € V(T") \ {t1,t2}, and let W'(¢t1), W’(t2) be graphs both with
vertex set W (tg), so that W/(t1) U W'(ty) = W(tg) and E(W'(t1) " W'(t3)) = 0. Then (T7,W') is
a tree-decomposition of G with width < w, and W'(eq) = V(W (ty)), and if e € E(T") \ {eo} then
e € E(T) and W/(e) = W(e). Let ey, es € E(T') with |[W'(e1)| = |W'(e2)| = k say, and |[W'(e)| > k
for all edges e of the path of T’ between e; and es. We claim that there are £ mutually vertex-disjoint
paths between W' (e1) and W' (ez). If €1, ea # eq, then e1,e9 € E(T) and the claim therefore holds,
since W'(eg) = W(e;) (i = 1,2) and (T, W) is linked. If e; = es = e the claim is trivial. If e; = eg
and ey # eg, let eg be the edge of T different from e, between e; and ey with a common end t; say

with e;. Then |W(e3)| > k, but
W(es) € V(W (t1)) = Wi(eo)

and |W(eg)| = k; and so W(eg) = W(es). Since there are k& mutually disjoint paths of G between
W(e3) = W(eg) and W (ez), the claim follows. Consequently (7", W) is linked, contrary to the choice
of (T,W). We deduce that there is no such g, and so (i) holds, as required. [ |

Secondly, we need the following.

11.3 Let (T, W) be a tree-decomposition of G, and let ey,eq € E(T) be distinct. Let Ty, T, T> be
the three components of T \ e1, ea, where e; has an end in V(Ty) and in V(T;) (i = 1,2). Suppose
that W (Ty) C W(T1)NW (Ty). Let T' be the tree obtained from Ty UTy by adding an edge joining the
end of e1 in Ty to the end of ex in Ty; and let W' be the restriction of W to V(T"). Then (T, W)
is a tree-decomposition of G, and if (T, W) is linked then so is (T',W').

Proof. It is straightforward to check that (7", W) is a tree-decomposition of G. Let X = V(W (T1)N
W (Ty)). Since W (Ty) € W(Ty) N W (T») it follows that W (e) = X for every edge e of the path of T

between e; and es, and now the second claim follows easily. [ |

Proof of (11.1). Choose w > 0 so that (1.1) is satisfied. Choose n > 0 so that (2.7) is satisfied
with & replaced by w + 1, and let 7(p) = 2" 'w(w + 1). We claim that (11.1) holds. For we prove
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by induction on |V (G)| 4 |E(G)| that if G is an intertwining of two p-linkages L, and Ly then G has
rank < r(p).

(1) We may assume that G has no isolated vertices.

Subproof. Suppose that v € V(G) has degree 0. For i = 1,2, let L, = L; if v ¢ V(L;), and
L =L;\vifveV(L;). Then G\ v is an intertwining of the p-linkages L, and L/, and from our
inductive hypothesis G \ v has rank < r(p). But G and G \ v have the same rank, and the result
follows. This proves (1).

(2) We may assume that V(L1) = V(L) = V(G).

Subproof. Suppose that v € V(G) \ V(L2) say. By (1) there is an edge e of G incident with v,
and since L1 U Ly = G it follows that e € E(L;). The graph G/e (that is, obtained from G by
contracting e) is an intertwining of L1 /e and Lo, if we regard Ly as a subgraph of G/e in the obvious
way; and Lj/e and Ly are both p-linkages. From the inductive hypothesis, G/e has rank < r(p);
but it has the same rank as G (for e is not a loop since e € E(L1)) and so G has rank < r(p)) as

required. This proves (2).

(3) We may assume that Ly and Lo are vital, and E(Ly N Ly) = 0.

Subproof. Suppose that there is a linkage L) in G with the same pattern as G, with E(L} N Lq) # (.
Let e € E(L} N Lg); then G/e is an intertwining of the p-linkages L /e and Ls/e, and the result
follows from the inductive hypothesis. We may therefore assume that there is no such L}. Since
L} ULy = G for every linkage L} with the same pattern as L}, it follows that E(L}) = E(G)\ E(L2),
and in particular F(Ly) = F(G) \ E(L2). Since E(L}) = E(L;1) and hence L] = L; for every linkage
L} with the same pattern as Ly, it follows from (2) that L, is vital, and similarly we may assume

that Lo is vital. This proves (3).

From (1.1) and (3), G has tree-width < w. From (11.2) there is a linked tree-decomposition
(T, W) of G of width < w, such that every vertex of T has degree < 3. From (11.3) we deduce
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(4) If ex,eq € E(T) are distinct, and Ty, T1,Ts are the three components of T \ ey, ez as in (11.8),
then W(To) Q W(Tl) N W(TQ).

(5) Every path of T has < n edges.

Subproof. Otherwise there is one with exactly n edges, say eq1,...,e, in order. For 1 <i <mn, let ¢;
have ends t;_1,t;, and let the two components of T\ e; be S;, T;, where t;_1 € V(S;) and t; € V(Tj).
Let A; = W(S;) and B; = W (T;). Since (T, W) is linked, it follows that there are linkages M;; as in
(2.7), with k replaced by w + 1. (Each (A;, B;) has order < w + 1 since each |V (W (t;))| < w + 1.)
By (2.7), there exist i,4" with 1 <4 < i’ < n, such that |V (4; N B;)| = |V(Ay N By)| = k say, and
[V(A; N Bj)| >k fori < j<i, and

LinB;NAy=LoNB,NAy =M

say, where M is a linkage with k components, each with one end in V(4; N B;) and the other in
V(Ay N By). From (3), E(L; N Ly) =0, and so E(M) = (), and consequently V(M) =V (4; N B;) =
V(Ay N Byr). Hence M C W(S;) N W (Ty). But every vertex and edge of W (T; N S;) belongs to one
of L1, Ly since Ly U Ly = (G, and hence belongs to M. Consequently,

W(T; N Sy) =M CW(S;) N W(Ty).
But this contradicts (4). Hence there is no such path, and (5) holds.

From (5) and since T has maximum degree < 3, it follows that |V (T')| < 2™. But from (3), G has
no parallel edges, for if eq, ey are parallel and e; € F(L;) then L; is not vital. Consequently, each

W, has < 2w(w + 1) edges, since |V/(W;)| < w + 1. Since G = W(T), it follows that
n 1
B(G)| < 2" Sufw +1) = r(p),

and hence the rank of G is also at most r(p), as required. [ |

There is some question of whether this proof is really constructive. Certainly it is, if our proof
of (1.1) is constructive; but that proof uses several complicated results from earlier papers in this
series, and it is necessary to check back through all these proofs and verify that they are indeed

constructive in the sense we require. But they are.
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12 Path-width

We recall that a path-decomposition of G is a tree-decomposition (T, W) of G such that T is a path,
and the path-width of G is the minimum width of all path-decompositions of G. We saw in (1.2)
that for p < 5, every graph with a vital p-linkage has path-width < p, and our next objective is to
show that (1.1) holds in general with tree-width replaced by path-width. This result is not needed
for anything, and is included only as a curiosity.

First, we need the following lemma.

12.1 Let (A, B),(A’, B’) be separations of a graph, both of order k and with A C A" and B' C B.
Suppose that in BN A’ there is a unique set of k mutually vertex-disjoint paths between V(A N B)
and V(A" N B'), and every vertex of BN A’ belongs to one of these paths. Then there is a path-
decomposition (P,W) of G where |V (P)| > 2 with the following properties:

(i) P has ends s,s’" where W(s) = A, W(P\ s)=B,W(P\s')=A" and W(s') =B’
(ii) |W(e)| = k for every edge e of P

(iii) for eacht € V(P) witht # s,s', [E(W(t))] =1 and if e, e’ are the two edges of P incident with
t, then either

(a) W(e) =W(e') = V(W(t)), or
(b) W(e)NW(e') = X say where | X| = k—1, and the unique edge of W (t) has ends v,v’ say,

where W(e) = X U {v} and W(e') = X U {v'}.

Proof. We proceed by induction on |[E(BNA’)|. Let V(ANB)=Z and V(A'NB')=Z".

(1) We may assume that no edge of BN A’ has both ends in Z.

Subproof. 1If some edge e of BN A’ has both ends in Z, let A; be obtained from A by adding
the edge e, and let By = B\ e. Then Ay C A’ and B’ C By, and in BN A’ there is a unique
set of k disjoint paths between V(A; N By) and V(A' N B’), so from the inductive hypothesis there
is a path-decomposition (Pp,W;) of BN A; as in the theorem. Let P; have ends sp,s] where

Wi(s1) = Aj; let P be obtained from P; by adding a new vertex s of degree 1, adjacent to s1; and
define W(s) = A,V(W(s1)) = V(ANB),E(W(s1)) = {e}, and W(t) = W'(¢t) for t € V(P) \ {s, s1}.
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Then (P, W) satisfies the theorem, as required. Consequently (1) holds.
(2) We may assume that every v € Z \ Z' has degree # 1 in BN A’.

Subproof. 1f some v € Z \ Z' has degree 1 in BN A’ let e be the unique edge of BN A’ inci-
dent with v, and let e have ends v,v;. Let A; be obtained from A by adding vy and e, and let
By = B\ v. Again the result follows from the inductive hypothesis applied to (41, B1) and (A", B).
Consequently (2) holds.

Let P, ..., Py be mutually vertex-disjoint paths of BNA’ between Z and Z’. From the hypothesis,
V(BNA)=V(PLU...UP).

Let P, have ends z; € Z and 2z, € Z' (1 <i<k). Let z; # 2 for 1 <i<h and z; = 2} for h <i <k,
where 0 < h < k. Let H be the directed graph with vertex set {1,...,h}, where there is a directed

edge from 7 to j if some edge e of BN A’ has one end z; and the other end a vertex of P; \ z;, and

e ¢ B(P,).
(3) Every vertex of H has out-degree > 1.

Subproof. Let 1 < i < h; we claim that ¢ has out-degree > 1 in H. Since i < h it follows
that z; # z,, and by (2) there is an edge e of B N A’ incident with z; with e ¢ E(F;). Since
V(BNA") =V(P,...,Py), there exists j with 1 < j < k such that v € V(P;), where e has ends
zi,v. By (1), v € Z, and in particularly z; # zg-, and hence j < h. Consequently i is adjacent to j in
H. This proves (3).

(4) H has no directed circuit.

Subproof. Suppose that {1,2,...,r} is the vertex set of a directed circuit of H, and there are
edges of H from i to i+ 1 for 1 <i < r and from r to 1. For 1 <7 < r, let e; be an edge of BN A’
with one end z; and the other end in P;y1\ 241, and let e, € E(BNA’) with one end z, and the other
end in Py \ z;. For 1 <i < r, let P! be the path consisting of z;,e; and the subpath of P;y; from
the end of e; to 2, |, and define P, similarly. Then {P{,..., P}, Poy1,..., P} is a set of & mutually
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disjoint paths of G between Z and Z’, different from {P,..., P,}, since e; is an edge of one of them.

This contradicts our hypothesis, and hence (4) follows.
From (3) and (4) it follows that V(H) = 0, and so z; = z| for 1 <14 < k. Hence
V(IBNA)=V(PLU...UP) =2

and so E(BN A’) =), from (1). The theorem is therefore satisfied by a 2-vertex path P. [ |

The converse of (12.1) is obvious, that if there is a path-decomposition satisfying (i), (ii) and
(iii), then there is a unique set of k paths as in the hypothesis.

Secondly we need the following.

12.2 Let (T, W) be a linked tree-decomposition of a graph G, with width < w. Let f1, fo € E(T) be
distinct, and let Ty, T, Ty be the three components of T\ {f1, fo} where f; has ends in T; and Ty (i =
1,2). Let |[W(f1)| = |W(f2)| =k, and let (P,W') be a path-decomposition of G satisfying statements
(1)—(4ii) of (12.1), with W, A, B, A’, B" replaced by W', W (T1), W (To)UW (1), W (To)UW (Ty), W (T3).
Let P have ends s1,s2, where s; is the end of f; in V(T;) (i = 1,2), and otherwise let P be disjoint
from T. Let T* be the tree Ty U Ty U P, and define W*(t) = W(t) if t € V(T1) U V(T3) and
W) =W'(t) if t € V(P)\ {s,s'}. Then (T*,W*) is a linked tree-decomposition of G, with width
< w.

Proof. 1t is easy to see that (7, W*) is a tree-decomposition of G. We shall check its width, and
check that it is linked. Since (P, W’) satisfies (12.1)(iii), it follows that

(1) There are k mutually vertez-disjoint paths of G between W (f1) and W(fz). Let @ be the

path of T with first and last edges f1 and fo. From (1), we have

(2) [W(e)| > k for each edge e of Q.

(3) (T*,W*) has width < w.

Subproof. If t € V(T1) UV (Ty) then |V(W*(t))| = |[VIW ()| < w+1, and if t € V(P) \ {s1,s2},

then
VWD = VW' @) <k+1=[W(fi)|+1<w+2
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If £ < w then (3) holds, and so we assume that & = w + 1. From (2), |W(e)| > w + 1 for each
e € E(Q), and so V(W (t1)) = V(W(ta)) if e € E(Q) has ends t1, t, since

Wi(e) CV(W(t1)) NV (W(tz2))

and |[V(W(t1))|,|[V(W(t2))| < w+ 1. Consequently, V(W (t)) = W(fy) for all t € V(Q), and in
particular W (f1) = W(f2). Hence W/(f) = W(f1) for all f € E(P), and so |[V(W*(t))| <k=w+1
for each t € V(P) \ {s1, s2}, by (12.1)(ii). This proves (3).

Let e1,eo € E(T*) with |[W*(e1)| = |W*(e2)| = k' say, such that [W*(e)| > k' for all edges e
of the path R of T* with first edge e; and last edge es. We must show that there are &’ mutually
vertex-disjoint paths of G between W*(e1) and W*(ez). If e1,e9 € E(P) this is clear, and so we may
assume that ey € E(Ty). If ey,es € E(T}) the claim follows since (T, W) is linked, and so we may
assume that es € E(P) or ey € E(Ty). If e3 € E(T3) then k' < k since P C R, and so |[W(e)| > k'
for every edge of e of the path of T" between e and e, by (2); and the claim follows since (T, W) is
linked. We assume then that eo € E(P), and so k' = k. Since (T, W) is linked, there are k mutually
disjoint paths of G between W(ey) and W(f1), and these are paths of A = W(T}). Since (P,W’)
satisfies (12.1), there are k mutually disjoint paths of G between W (f1) and W'(ez), and these are
paths of B = W (Tp)UW (T»). Since (A, B) is a separation and V(AN B) = W (f1), we can pair these
paths to obtain & mutually disjoint paths of G between W*(e;) = W(ey) and W*(eg) = W'(ez), as
required. Consequently, (7%, W*) is linked. [ |

We use these lemmas to prove the main result of this section, the following.

12.3 For every integer p > 0 there exists w > 0 such that every graph with a vital p-linkage has
path-width < w.

Proof. Choose w’ so that (1.1) holds with w replaced by w’. Choose n so that (2.6) holds with
k replaced by w’ + 1. Let w = w' + 3(w’ + 1)2"'. We claim that w satisfies (12.3). For let G
be a graph with a vital p-linkage L. By (1.1), G has tree-width < w’. By (11.2), there is a linked
tree-decomposition (T,W) of G, with width < w’, such that every vertex of T' has degree at most
3. Let N(T') be the set of vertices of T" with degree 3 in T', and let us choose (T, W) with |N(T)]

minimum.

(1) Let fi, fa € E(T) with [W(f1)| = [W(f2)| = k say, and let Ty, T1,T> be the three components of
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T\{f1, fo} where f; has ends in Ty and T; (i = 1,2). Suppose that there is a unique set of k mutually
vertez-disjoint paths of W (Ty) between W (f1) and W (f2) and every vertex of W(Ty) belongs to one
of these paths. Then V(To) N N(T) = 0.

Subproof. Let A = W(T1),B = W(Ty) UW(Tz), A" = W(Ty) UW(Ty),B" = W(Tz). Then
Bn A = W(Ty). Choose a path-decomposition (P,W’) as in (12.1) (with W replaced by W').
We may assume that P has ends s1, so, where s; is the end of f; in T; (i = 1,2), and otherwise P is
disjoint from T'. Let (T, W*) be as in (12.2). Then N(T™) C N(T'), and so equality holds, from the
choice of (T, W); but V(Ty) N N(T*) =0, and so V(Tp) N N(T') = ). This proves (1).

(2) [V(P)NN(T)| <n for every path P of T.

Subproof. Suppose not; then there is a path P of T' with both ends in N (T") and with |V (P)NN(T')| =
n+1. Let V(P)NN(T) = {to, t1,...,tn}, in order on P. For 1 < i <mn, let f; € E(P), chosen so that
fi is between t;_1 and ¢;, and of all such edges |W (f;)| is minimum; let S;, T; be the two components
of T'\ e; where ty € V(S;), and let A; = W(S;), B; = W(T;). Then for 1 <i < j <n,A; C A; and
B; C B;. Suppose that 1 < i < i < n, and (A4;, B;) and (A, B;r) have the same order k say, and
(A;, Bj) has order > k for i < j < i'. In other words, |W(f;)| = |W(fr)| =k, and |W(f;)| > k for
i < j <. From the definition of f; (1 < j < n), it follows that |W(e)| > k for all edges e of the
path of T between f; and f;;. Since (W, T) is linked, there are k mutually vertex-disjoint paths of G
between W (f;) and W(f;), and so there is a linkage M;; in B; N Ay with k£ components, each with
one end in V(A4; N B;) and the other in V(A NBy). By (1), since there is a member of N(T") between
e; and ey, it follows that either V(M;y) # V(B; N Ayr), or there is more than one choice for M;;. In
either case, we may choose M, so that M;» # LN B; N Ay, since V(LN B; N Ay) = V(B; N Ay).
But this contradicts (2.6), since each (A;, B;) has order < w + 1 = k. Hence there is no such path
P, and so (2) holds.

Since T has maximum degree < 3, it follows from (2) that |[N(T)| < 2™. Let Z =J(V(Wy) : t €
N(T)); then |Z| < 2"(w' + 1). Now every component of T'\ N (T
edges to T'\ N(T) to obtain a path P. For each t € V(P), let W'(t

) is a path, and so we may add
Y=W ()N (G\ 2).

(3) (P,W") is a path-decomposition of G\ Z.

o1



Subproof. Certainly
U @) tevP) =G\ 2)n|JW®) :te V(T\N(T)) =G\ Z

and the graphs W'(t) (t € V(P)) are mutually edge-disjoint. Let ¢,¢',t" € V(P), with ¢’ between t
and t”. We must show that W/(¢t) N W'(¢") C W'(t'), and may therefore assume that W' (¢t) N W'(t")
is non-null. If ¢ and ¢” lie in different components of 7'\ N(T'), choose s € N(T') between them; then

W) "W (") C W(s) C Z

and so W'(t)NW'(t") is null, a contradiction. Hence ¢ and t” lie in the same component of T'\ N (T'),
and t' therefore also lies in this component, between ¢ and t”. Thus W (t) N W(t") C W(¢), and
hence W'(t) N W'(¢") C W'(t'), as required. This proves (3).

Now (P, W’) has width < w’, and so G\ Z has path-width < w’. Since |Z] < 2"(w'+1), it follows
that G has path-width < w’ + 2"(w’ + 1) = w, as required. [ |

Actually, we could repeat the same kind of argument to get even more. Let us say that a graph
G is a p-chain if there exist Y, Z C V(G) with |Y| = |Z| < p, such that there is a unique set of
| X | mutually vertex-disjoint paths of G between Y and Z, and every vertex of G belongs to one of
these paths. (Note that Y N Z may be nonempty.) It follows from (12.1) that every p-chain has a

particularly nice path-decomposition of width < p, and so the following is a strengthening of (12.3).

12.4 For every integer p > 0 there exists p' > 0 such that every graph with a vital p-linkage is a

p’-chain.

Proof. We only sketch the proof, since we shall not use the result. Let w be as in (12.3), let n
satisfy (2.6) with k replaced by w + 1, and let p’ = (w + 1)(2n + 1). Let G have a vital p-linkage L.
By (12.3), G has path-width < w. By a variation of (11.2) (proved in the same way as (11.2), but
somewhat easier) there is a linked path-decomposition (P, W) of G with width < w. Let t € V(P)
have degree 2, and be incident with e; and es say. We say that t is bad unless |[W(e1)| = |[W(e2)|
and ¢ satisfies (12.1)(iii). Let us choose (P, W) to minimize the number of bad vertices, and let B be
the set of bad vertices. An argument similar to step (2) in the proof of (12.3) implies that |B| < n.
Let Z = (W (t) : t € B); then |Z| < (w+ 1)n. For each component C of P\ B, the graph

U n@\2):tev(e)
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is a (w + 1)-chain, since no vertex of C' is bad. Hence G \ Z is a (w + 1)(n + 1)-chain, since P \ B

has < mn + 1 components, and so G is a ((w + 1)n + (w + 1)(n + 1))-chain, as required. [ |
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