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INTRODUCTION AND STATEMENT OF RESULTS

In this note, we will be concerned with estimating two sorts of exponen-
tial sums, especially in characteristic two. The interest of these estimates
in characteristic two is that, when combined with some recent work of
Evans [4], they prove that Terras’s ‘‘upper half plane over a finite field"”
[9] is a “*‘Ramanujan graph’” in characteristic two (a result already known
in odd characteristic). I thank Ron Evans for telling me about this prob-
lem.

In what follows, & is a finite field of characteristic p and cardinality
g, ¥: F, — C is a nontrivial additive character of the prime field F,, and
Yi: k — C denotes the nontrivial additive character of k given by

() 1= Y(Traceyy, (x)).

THEOREM 1. Let x: k* — C be any nontrivial multiplicative character
of k. For any b in k with b # 0, b # 1,

[Zcink, 120 X(OW(bx/(x2 + 1)) < 4 Sqrt(q) if p odd
= 2 Sqrt(g) ifp=2.
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To state the second result, denote by K/k the quadratic extension of k,
and by

Niiw: K — &, Triu: K — k,
the norm and trace maps. Denote by U C K * the subgroup consisting of

those elements x in K> with Ngu(x) = 1.

THEOREM 2. Let x: U — C be any nontrivial character of U. For any
bink with b # 0, b # 1,

|20 U, Treatuz0 XOPWB/(Trea())| < 4 Sart(g)  if p odd

= 2 Sqrt(q) ifp=2.
Remark. In Theorem 2 above, note that for x in K of norm 1 to k&, its
trace to kis x + 1/x = (x* + 1)/x. Thus Theorem 2 bears a formal

resemblance to Theorem 1. We will see that in fact Theorem 2 results
from (the proof of) Theorem 1.

Proof of Theorem 1. Fix a prime number [ # p, an isomorphism of Q
with C, and consider the lisse (),-sheaf

F = ‘ng(xj & ifdl(h.\'/x:-*l)

on the open set A}[1/x(x? + 1)] of A}, where x(x2 + 1) is invertible. The
sheaf # is lisse of rank one and pure of weight zero (being of finite order).
By the Lefschetz trace formula [5],

Exink‘.xbrl#ﬂ X(x)¢k(bX/(x2 + 1))
= 2= 1)Trace(F; | HL(AL[1/x(x* + 1)] &, k, F)).

Since we are on a curve, the only possibly nonzero H! have 0 < i < 2.
Because F is lisse and the curve is open, H? = 0. What about H2? The
sheaf ¥ is ramified at x = 0; indeed £, is ramified at x = 0 because x is
nontrivial, while £y pn/,2+1) 18 lisse at x = 0. Therefore & is not geometri-
cally constant and, hence, being of rank one, has H2 = 0. Thus our
exponential sum is equal to

~Trace(F; | H/(A}1/x(x? + 1)] @ k, F)),
and

dim HIAL/x(x2 + 1)) R k, F) = —x (AM1/x(x? + 1)] @ k, F).
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By Weil [10], cf. also [3], we know that this H| is mixed of weight <1, so
it suffices to show that

x-ALx(x2 + D] @i k, F) = —4,  if pis odd,
= =2, ifp=2.

For p odd, the sheaf # is tame at x = 0, while at =/ it has Swan
conductor 1 [write bx/(x2 + 1) = (b/D)(/(x + i) + 1/(x — D))], so the
formula x. = —4 is immediate from the Euler-Poincare formula [7].

For p = 2, it will be more convenient to write b as 8> with in k not 0 or
1. Then

bxl(x? + 1) = Bu/(x + 12 = BAx + D/(x + )2 — BY(x + 1)
=BY(x + 1) = B(x + 1)
= (B2 — B)/(x + 1) + [(B/(x + 1)) = Bl(x + D).

The expression in square brackets above is of the form w — w”, with
p = 2, so by Artin—Schreier theory,

Fybexren = 33‘1/1(;33 - B+ 1)
F = ‘ngm ® Sfub((ﬁZ - BY(x + 1)~

Thus in characteristic 2, we see that & is tame at x = 0, and has Swan
conductor 1 at x = . Again, the formula x. = —2 is immediate from the
Euler—Poincare formula [7]. Q.E.D.

Proof of Theorem 2. Fix a prime number ! # p, and an isomorphism of
Q, with C. Exactly as explained in [6] we consider the set of points x in U
where Trg,(x) # 0 as the k-points of an open smooth curve U[1/Tr] over
k, and our exponential sum as the alternating sum of traces of Frobenius
on the groups

HU(UUTH @k, F), F:=%,® Lypn-

Just as above, the only possibly nonzero groups are the H: with 0 < i < 2.
The sheaf F is again lisse of rank one, and pure of weight zero. As above,
H? = 0 (F is lisse and U[1/Tr] is open). By [10], H! is mixed of weight
=1, so it suffices to show that H> = 0 and that x. = —4 if p is odd, while
x. = —2if pis 2.

These are both geometric statements. But already over K, the group-
scheme U splits: U & K = G,, x, and Tr becomes the function x = x +
I/x on G, . The sheaf ¥, on U pulls back to become the sheaf ¥, on



398 NOTE

Gn.x» where p is the (necessarily nontrivial) character of G, x(K) :=
K~ which is z — x(z'79); indeed, the intrinsic norm from U(K) = K* to
U(k) = {elements x in K> with x'*¢ = 1} is the surjective homomorphism
z+> z'74. The sheaf &£,/ on U[1/Tr] pulls back to become the sheaf
‘wa(b/(x+|/x)) = fg,“;,x/(_,(ul)) on U[I/Tl’] ®/\ K = A;(“/X(Xz + ])] Thus both
the vanishing of H? and the calculation of x, have already been proven
above: just repeat the proof of Theorem 1, but over the field K. Q.E.D.

Remark. 1n both Theorems | and 2, the H! is in fact pure of weight
one, because (cf. [3, 3.2.3]) the lisse rank one sheaf # is nontrivially
ramified at each of the missing points, including .

QUuESTION. One gets a natural generalization of the sum considered in
Theorem 2 by allowing K/k to have arbitrary degree n = 2. The **split™
version of this sum is the “‘inverted n-variable Kloosterman sum’’

213020 XI(XDX2(x2) © +  XaXDPYD/(x) + 2 + - - - F X))

What can be said about such sums, and what are they good for?
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