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Now consider a normal, connected locally noetherian scheme S with generic

point T] and function field K. We fix an algebraic closure K of K, and denote by fj

the corresponding geometric point of S. The fundamental group n 1 (S, fj) is then

a quotient of the Galois group Gal (K/K) ; the functor "fibre over r|"

{connected finite etale coverings of S} - {finite separable extensions L/K}

is fully faithful, with image those finite separable extensions L/K for which the

normalization of S in L is finite etale over S.

Lemma 2. Let S be normal, connected and locally noetherian, with generic

point r\ and function field K. Let f : X-S be a smooth surjective

morphism of finite type, whose geometric generic fibre X^ is connected. Then

(1) X is normal and connected.

(2) For any geometric point x in X^ with image x in X and s in S, the

sequence

is exact.

(3) Ker (X/S) is the image of n 1 {X^ ab in n 1 (X) ab
.

(4) The natural map

is surjective.

Proof (1) Because Xis smooth over a normal scheme, it is itself normal

(SGAI, Exp 11, 3.1). To see that X is connected, we argue as follows. The map /,
being flat (because smooth) and of finite type over a locally noetherian scheme, is

open (SGAI, Exp IV, 6.6). Therefore any nonvoid open set U cz X meets X^

(because / (U) is open and non-empty in S, so contains r|). But X^ is connected

(because X^ is !) and therefore the intersection of any two-non-empty open sets in

X meets X^.



(2) Because X is normal and connected, it has a generic point £ and a

function field F, and its function field F is, none other than the function field of X
n

(itself normal (because smooth over K) and connected). Therefore the natural

map

must be surjective, because it sits in the commutative diagram

Comparing our putative exact sequence with its analogue for X^/K, we have a

commutative diagram

whose top row is exact. Therefore (3 is surjective, and p ° a = 0. To show the

exactness, given the surjectivity of (3, we must show (cf. SGA I, Exp V, 6.6) that

any connected etale covering Y of X which admits a section over X^ is

isomorphic to the inverse image of a connected etale covering of S. Given such Y,

its restriction Y
n

to X^ is still connected ; so the existence of a section over X^ and

the exactness of (1.6) imply that 7n7

n
is the normalization of Xl]X

1]
in a constant-field

extension F • L, where L is a finite separable extension of K. Therefore the

function field of Y is F • L, whence Y is the normalization of X in F • L. Let S'

denote the normalization of S in L. Then S
f

is finite over S. We will show that S' is

finite etale over S, and that Y is the inverse image over X of this covering. By (1)

applied to X x S
f

/S', the scheme X x S' is normal and connected, and finite
s s

over X. Therefore X x S' is just the normalization of Xin its function field, i.e. in
s

F - L. Therefore Y = X x 5". It remains only to see that S'/S is finite etale. But
s

this follows by fpqc descent from that fact that Y = X x S' is finite etale over X.
s

(3) This follows immediately from the exact sequence established in (2), by

abelianization.



(4) This follows immediately from (3), and the commutativity of the diagram
of maps induced by the obvious inclusions

Lemma 3. Let X be a smooth geometrically connected variety of finite

type over a field K, and let U cz X be any non-empty open set. Then the

natural map

is surjective.

Proof The variety X (g) Kis normal and connected, as is the non-empty

open U (g) K in it. Therefore the natural map n 1 (U (g) K) - n t (X ®X) is

surjective (because both source and target are quotients of the galois group of

their common function field). The result now follows from the indicated

surjectivities in the commutative diagram

II. The Main theorem

Recall that a field K is said to be absolutely finitely generated if it is a finitely
generated extension of its prime field, i.e. of Q or of F

p .

Theorem 1. Let S be a normal, connected, locally noetherian scheme,

whose function field K is an absolutely finitely generated field. Let f: X

-» S be a smooth surjective morphism of finite type, whose geometric generic

fibre is connected. Then the group Ker (X/S) is finite if K has characteristic

zero, and it is the product of a finite group with a pro-p group in case K has

characteristic p.



Proof. We will first reduce to the case in which X/S is an elementary

fibration in the sense of M. Artin (SGA 4, Exp XI, 3.1), i.e. the complement, in a

proper and smooth curve C/S with geometrically connected fibres, of a divisor

D a C which is finite etale over S. By lemma 2, part (4), Ker (X/S) is a quotient of

Ker (X
n /K\ so we are reduced to the case S= Spec (K). If Lisa finite extension

of K, then Ker (X/K) is a quotient of Ker (X ® L/L) (by lemma 1), so we may

further reduce to the case when X/K has a K-rational point, say xO.x
0 . Thanks to

M. Artin's theory of good neighborhoods (SGA 4, Exp XI, 3.3), at the expense

of once again passing to a finite extension field L of K, we can find a Zariski

open neighborhood U of x 0
in X ® L which sits atop a finite tower

K

(2.1)

in which each morphism /• is an elementary fibration. By lemma 1 again, it

suffices to prove the theorem for X ® L/L, and for this it suffices, by lemma 3, tc

prove it for a good neighborhood U/L. By the exact sequence (1.4), it suffices to

prove the theorem for each step U i /U i +1 individually.
This completes the reduction to the case of an elementary fibration. By

lemma 2, part (4) we may further reduce to the case S = Spec (K). Again passing
to a finite extension L/K, which is allowable by lemma 1, we may assume that our

elementary fibration X/K(= (C-D)/K) has a K-rational point x 0 and that the

divisor D of points at infinity consists of a finite set of distinct K rational points oi

C. We must show that the prime-to-p-part (p = char (K)) of the group of Galois
coinvariants

is finite



For this, we must recall the explicit description of the prime-to-p part of

n 1 (X (g) K) ab
as the Tate module of a generalized Jacobian. Let J denote the

Jacobian PicQ K > an d let JD denote the generalized Jacobian of C/K with respect
to the modulus D. Thus JDJ

D
is a smooth commutative group-scheme over K which

represents the functor on {schemes/X}

the group of VF-isomorphism classes of pairs (j£f, e) consisting
of an invertible sheaf if on C x W which is fibre-by-fibre of

W > k

degree zero, together with a trivialization e of the restriction
of $£ to D x W.

(2.2)

"Forgetting e" defines a natural map JDJ

D -+ J, which makes JDJ

D an extension of J

by a =0= (D) ~ 1 dimensional split torus :

(2.3)

Kummer theory (cf. SGA 4, Exp. XVIII, 1.6 for a "modern" account)

furnishes a canonical isomorphism between the prime-to-p part of n 1 (X 0 K) ah

and the prime-to-p Tate module of J
D ; for any finite abelian group G killed by an

integer N prime to the characteristic p of X, it gives a canonical isomorphism

(2.4)

where (J D (K)) N
is the "abstract" subgroup of points of order NinJD (K). In

terms of the prime-to-p Tate module

(2.5)

we can rewrite this

(2.6)

whence finally a canonical isomorphism

(2.7)

Thus we are reduced to showing the finiteness of the group



The exact sequence (2.3]

gives an exact sequence of K -valued points

Applying the snake lemma to the endomorphism "multiplication by N" of this

exact sequence, and passing to the inverse limit over JV's prime to p, we get a short

exact sequence of prime-to-p Tate modules

(2.8)

Because formation of Gal (K/K)-coinvariants is right-exact, we are reduced to

showing separately the finiteness of the groups

In fact, these groups are finite even if we replace T
not pby the entire Tate

module T= T
p

x Tnotp .

Theorem 1 (bis). Let K be an absolutely finitely generated field, and

A/K an abelian variety. The groups

are finite.

Proof We will reduce to the case when Kis finite. Because Kis absolutely
finitely generated, it is standard that we can find an integrally closed sub-ring R

of K, with fraction K, which is finitely generated as a Z-algebra, together with an

abelian scheme A over R whose generic fibre A ® K is A. If K has characteristic
R

p > 0, we may further suppose that geometric fibres of A/R have constant p-rank
(if g = dim A/R, simply localize on R until the rank of the g'th iterate of the p
linearHasse-Witt operation on H 1

(A, (9
A

) is constant).

Suppose first that K has characteristic p > 0. Then the Gal (K/K)
representations T (G

m (Kj) and T(A (K)) are unramified over Spec (R\ i.e. they

are actually representations of the fundamental group n 1 (Spec (R\ f\), viewed

as a quotient of Gal (K/K).



Let p be a maximal ideal of R, i.e. a closed point of Spec (R\ Fp its residue

field, F
p an algebraic closure of Fp, and p the corresponding geometric point of

Spec (R) (namely R- R/p = F c> F ). Pick a "chemin" from p to the

geometric generic point f| (which is R c+ K c> K), i.e. letting R denote the

integral closure of RinK, pick a homomorphism R -> F
p

which extends p. Then

we get isomorphisms of Z-modules

which is Gal (Fp/Fp) equi variant when we make Gal (Fp/Fp) operate on

T (A (K)) via the composite

Passing to coinvariants now yields a diagram

in which the vertical arrow is trivially surjective (because Gal (Fp/Fp) operates

through its image in n 1 (Spec (R), f\)). Similarly for G
m .

When K is of characteristic zero, and A/K has been "spread out" to an

abelian scheme A/R, we argue as follows. Fix a closed point p of Spec (R). For

each prime / # p = char (Fp), the /-adic Tate module T
t

(A (K)) is unramified

over Spec (R [1//]) and the above specialization argument gives a surjection, for

each / 7^ p,



Therefore the prime-to-p part of the order of (T (A (K))) Gal ( * /J0 divides the order

of(T(A(F ))) Gal(F/F ,

Now choose a second closed point X of Spec (R), with residue characteristic
/ jk p. [This is possible because, K being a characteristic zero, Spec (jR)

necessarily dominates Spec (Z), and hence by Chevalley's theorem all but finitely

many primes occur as residue characteristics of closed points of Spec (jR)]. Then

the p-part (and indeed the prime to-/ part) of the order of (T (A (K))) Gal(^ /K)

divides the order of (T (A (F J)) Gal ih/¥x) . Similarly for G
m .

Thus we have reduced theorem 1 (bis) to the case of finite fields, where it is

"classical". Explicitely, the result is

Theorem 1 (ter). Let k be a finite field, q = #/c, and A an abelian

variety over k. Then we have the explicit formulas

Proof Let Fe Gal (k/k) denote the arithmetic Frobenius automorphism of

k/k (i.e. F (x) = x q
) which is a topological generator of Gal (k/k). In any

Gal (/c//c)-module T, the coinvariants are simply the cokernel of 1 — F :

In the case T = T (G m (/c)), Tisa free module of rank one over Y\ Z, on which
/ 1 p

F operates as multiplication by q, whence the asserted result. In the case T

= T(A (k)), we have T= \\t l (A (/c)), the product extended to all primes I
i

Each module 7] (A (k)) is a free Z r module of finite rank (2 dim A for / p, the

"p-rank" of A for / = p). Because #A (k) is non-zero, it is enough to prove that,
for each /, we have an equality of /-adic ordinals :

By the theory of elementary divisors, we have

Now for / p, we have Weil's celebrated equality ([l6], thm. 36)




