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1. Introduction

This paper grew out of the following question. Given an ordinary
elliptic curve E//Fq over a finite field Fq, consider the sequence of
integers A(n), n ≥ 1 defined by

#E(Fqn) = qn + 1− A(n).

Is it true that as n grows we have |A(n)| → ∞? Without the hypothesis
“ordinary”, the answer can be no, because for a supersingular elliptic
curve, one can have A(n) = 0 on entire arithmetic progressions of n.
On the other hand, all the A(n) in the supersingular case are divisible,
as algebraic integers, by qn/2, so the nonzero A(n) must have |A(n)| ≥
qn/2. If E//Fq is ordinary, then all the A(n) are nonzero, because they
are all prime to p, the characteristic of Fq, so this vanishing problem
at least disappears.

Now the A(n) are the traces of the iterates of a certain Frobenius
endomorphism F , and this leads to the more general question of when
we can assert that in the sequence |Trace(F n)|, n ≥ 1, the nonzero
terms tend to ∞.

In the first section, we establish a quite general result of this kind,
using the theorem [ESS, Thm. 1.1] of Evertse-Schlichewei-Schmidt on
the generalized unit equation In the second section, we give a quantita-
tive version of this same sort of result, based on the subspace theorem
of these same authors, cf. especially [BG, Cor. 7.2.5], [E, Thm. page
228] and [ES, Thm. 3.1]. In the appendix, we give a sharper result for
ordinary elliptic curves and for the classical Kloosterman sums, using
the Baker-Wüstholz theorem [BW].

2. Unboundedness of Traces, via
Evertse-Schlichewei-Schmidt

We first apply the theorem [ESS, Thm. 1.1] of Evertse-Schlichewei-
Schmidt on the generalized unit equation to study the growth of traces.
Let us begin by recalling the relevant special case of that theorem.
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Theorem 2.1. ([ESS, Thm. 1.1]) Fix an algebraically closed field K
of characteristic zero. Fix an integer n ≥ 1, n numbers a1, ..., an in
K×, none of which is a root of unity, and n numbers λ1, ..., λn in K×.
Then we have the following results.

(1) The number of integers k ∈ Z for which there exists an n-tuple
(ζ1, ..., ζn) of roots of unity such that

n∑
i=1

λiζi(ai)
k = 1

is at most 2nexp(2(6n)3n).
(2) Fix a nonzero number M ∈ K×. The number of integers k ∈ Z

for which there exists an n-tuple (ζ1, ..., ζn) of roots of unity such
that

n∑
i=1

ζi(ai)
k = M

is at most 2nexp(2(6n)3n).
(3) In particular, the number of integers k ∈ Z such that

n∑
i=1

(ai)
k = M

is at most 2nexp(2(6n)3n).

Proof. It suffices to prove the first assertion. Indeed, assertion (2) is
the special case of (1) when, for all i,we take λi = 1/M . And the k
which work in (3) are the subset of those which work in (2) having all
ζi = 1.

We now prove the first assertion. Consider the multiplicative sub-
group Γ0 ⊂ (K×)n generated by the single element (a1, ..., an). Con-
sider also the larger the multiplicative subgroup Γ ⊂ (K×)n generated
by Γ0 and by all n-tuples (ζ1, ..., ζn) of roots of unity. Concretely, the
elements of Γ are the n-tuples of the form (ζ1(a1)

k, ..., ζn(a1)
k), for some

integer k and some roots of unity ζ1, ..., ζn. Because no ai is a root of
unity, this representation of an element of Γ is unique, i.e., both the
integer k and the roots of unity ζ1, ..., ζn are uniquely determined.

Γ0 is a free abelian group of rank one, and Γ/Γ0 is a torsion group,
so Γ has Q-rank one. For each nonempty subset S = {s1, ..., sd} ⊂
{1, 2, ..., n}, we denote by Γ0(S) ⊂ (K×)#S and Γ(S) ⊂ (K×)#S the
corresponding subgroups formed using the #S numbers (as1 , ..., asd

).
Again, each group Γ(S) has Q-rank one, and its elements have unique
representations of the form (ζs1(as1)

k, ..., ζsd
(asd

)k).
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According to the theorem [ESS, Thm. 1.1], for any n nonzero num-
bers (λi, ..., λn) ∈ (K×)n, the equation

n∑
i=1

λixi = 1

has at most exp(2(6n)3n) nondegenerate solutions in Γ, i.e., solutions
with (x1, ..., xn) ∈ Γ an element with the additional property that for
every nonempty proper subset T ⊂ {1, 2, ..., n}, we have the nonvan-
ishing

n∑
t∈T

λtxt 6= 0.

Concretely, this means that there are at most exp(2(6n)3n) n+1-tuples
(k, ζ1, ..., ζn) such that (x1, ..., xn) := (ζ1(a1)

k, ..., ζn(a1)
k) is a nonde-

generate solution. On the other hand, if we have a degenerate solu-
tion (x1, ..., xn) := (ζ1(a1)

k, ..., ζn(a1)
k), then by removing a maximal

set T of “bad” variables we get a necessarily nondegenerate solution
(xs)s∈S = (ζs(as)

k)s∈S of the corresponding equation in a smaller (but
necessarily nonempty) set, say S, of variables. But again by the theo-
rem, applied now to Γ(S) and to the S-equation

∑
s∈S λsxs = 1, this

equation has at most exp(2(6#S)3#S) ≤ exp(2(6n)3n) nondegenerate
solutions. In other words, the #S + 1-tuple (k, (ζs)s∈S) is on a list of
at most exp(2(6n)3n) items. Now consider the first entry, k, of each of
these S + 1-tuples. As there are at most 2n − 1 possible S, there are
at most (2n − 1)exp(2(6n)3n) first entries k, i.e., at most that many
integers k for which there exists an n-tuple (ζ1, ..., ζn) of roots of unity
such that (x1, ..., xn) := (ζ1(a1)

k, ..., ζn(a1)
k) is a solution, possibly de-

generate , of
∑n

i=1 λixi = 1. �

Corollary 2.2. Let K be an algebraically closed field of characteristic
zero, n ≥ 1 an integer, and F ∈ GL(n,K) an n × n invertible matrix
whose reversed characteristic polynomial det(1−FT ) has integer coef-
ficients. Suppose that no eigenvalue of F is a root of unity. Define a
sequence of integers A(n) by

A(n) := Trace(F n), n ≥ 1.

Then the nonzero A(n) have |A(n)| → ∞. More precisely, for any
integer M ≥ 1, there exists an integer kM ≥ 1 such that if k > kM ,
then either |A(k)| > M or A(k) = 0.

Proof. We apply part (3) of the theorem to (a1, ...., an), the n eigen-
values of F , taken in some fixed order. For each of the 2M nonzero
integers M0 with with |M0| ≤ M , there are at most 2nexp(2(6n)3n)
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integers k with Trace(F k) = M0. But for any integer k ≥ 0,A(k) is an
integer, by the integrality assumption on the coefficients of the char-
acteristic polynomial. So there are at most 2Mexp(2(6n)3n) integers
k ≥ 0 for which 0 < |Trace(F k)| ≤M . Taking kM to be the largest of
these at most 2Mexp(2(6n)3n) integers, we get the assertion. �

Here is another corollary, where we now apply part (2) of the the-
orem. As before, K is an algebraically closed field of characteristic
zero, n ≥ 1 an integer, and F ∈ GL(n,K) an n × n invertible ma-
trix whose reversed characteristic polynomial P (T ) := det(1 − FT )
has integer coefficients. Given an integer k ≥ 1, we say that an ele-
ment G ∈ GL(n,K) is an “integral form” of F k if the following two
conditions hold.

(1) The reversed characteristic polynomial det(1−GT ) has integer
coefficients.

(2) For some integer d ≥ 1, we have det(1−GdT ) = det(1−F dkT ).

Corollary 2.3. Let K be an algebraically closed field of characteristic
zero, n ≥ 1 an integer, and F ∈ GL(n,K) an n × n invertible matrix
whose reversed characteristic polynomial det(1 − FT ) has integer co-
efficients. Suppose that no eigenvalue of F is a root of unity. Then
for any integer M ≥ 1, there exists an integer kM ≥ 1 such that for
k > kM , and for any integral form G of F k, either Trace(G) = 0 or
|Trace(G)| > M .

Proof. Apply part (2) of the theorem to (a1, ...., an), the n eigenvalues
of F , taken in some fixed order. �

We now give some applications to varieties over finite fields, and to
isotrivial families of such varieties. We begin with the case of curves
over finite fields.

Theorem 2.4. Let X/Fq be a proper, smooth, geometrically connected
curve over a finite field Fq of characteristic p > 0. Define a sequence
of integers A(n), n ≥ 1 by

#X(Fqn) = qn + 1− A(n).

Then the nonzero A(n) have |A(n)| → ∞.

Proof. This is the first corollary above, applied with K taken to be
Q` for some ` 6= p and with F taken to be the action of the geometric
Frobenius FrobFq on H1

et(X⊗Fq Fq,Q`). By the Lefschetz trace formula
[Gr-Rat], we have A(n) = Trace(F n). By Weil [W, page 71], the
eigenvalues of F all have archimedean absolute value q1/2, so are not
roots of unity. �
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Corollary 2.5. Let X/Fq be a proper, smooth, geometrically connected
curve over a finite field Fq of characteristic p > 0. Suppose that one of
the following conditions holds.

(1) The genus g = 1, and X/Fq is ordinary.
(2) The genus g of X is prime to p, and the q’th power map on

H1(X,OX) is the idenity, i.e., the Hasse-Witt matrix relative
to Fq is the identity g × g matrix over Fq, i.e., there are pg

points of order dividing p in the group Jac(X)(Fq) of rational
points on the Jacobian.

(3) For some integer N ≥ 1 which is prime to p and modulo which
2g is nonzero, there are N2g points of order dividing N in
Jac(X)(Fq).

Then for all n ≥ 1, we have A(n) 6= 0, and (hence) |A(n)| → ∞.

Proof. In case (1), each A(n), n ≥ 1 is prime to p, so nonzero. In case
(2), the congruence formula [SGA 7 II, XXII 3.1] shows that for n ≥ 1,
we have A(n) ≡ g mod p, so again A(n) 6= 0. In case (3), we have
A(n) ≡ 2g mod N for all n ≥ 1, so again A(n) 6= 0. �

We get similar results for complete intersections over finite fields.

Theorem 2.6. Let X/Fq be a proper, smooth, geometrically connected
complete intersection of dimension d ≥ 1 over a finite field Fq of char-
acteristic p > 0. Define a sequence of integers A(n), n ≥ 1 by

#X(Fqn) =
d∑

i=0

qni + (−1)dA(n).

Then the nonzero A(n) have |A(n)| → ∞.

Proof. This is the first corollary above, applied with K taken to be
Q` for some ` 6= p and with F taken to be the action of the geo-
metric Frobenius FrobFq on Primd

et(X ⊗Fq Fq,Q`). By the Lefschetz
trace formula [Gr-Rat] and the known cohomological structure of com-
plete intersections [SGA 7 II, XI, 1.6], we have A(n) = Trace(F n). By
Deligne [De-Weil I], the eigenvalues of F all have archimedean absolute
value qd/2, so are not roots of unity. �

Corollary 2.7. Let X/Fq be a proper, smooth, geometrically connected
complete intersection of dimension d ≥ 1 over a finite field Fq of char-
acteristic p > 0. Suppose that g := dimHd(X,OX) is prime to p, and
that the q’th power map on Hd(X,OX) is the idenity. Then for all
n ≥ 1, we have A(n) 6= 0, and (hence) |A(n)| → ∞.

Proof. Again by the congruence formula [SGA 7 II, XXII 3.1] , for
n ≥ 1, we have A(n) ≡ g mod p, so again A(n) 6= 0. �
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Here is a variant of the last result, when the geometric genus is one.

Corollary 2.8. Let X/Fq be a proper, smooth, geometrically connected
complete intersection of dimension d ≥ 1 over a finite field Fq of char-
acteristic p > 0. Suppose that dimHd(X,OX) = 1, and that the
q’th power map on Hd(X,OX) is nonzero, say is multiplication by
a(1) ∈ F×q . Then for all n ≥ 1, A(n) is prime to p, so 6= 0, and
(hence) |A(n)| → ∞.

Proof. Again by the congruence formula [SGA 7 II, XXII 3.1] , for
n ≥ 1, we have A(n) ≡ an mod p, hence for all n we have A(n) 6= 0. �

We now turn to isotrivial families, and apply Corollary 2.3 above.

Theorem 2.9. Let Fq be a finite field of characteristic p > 0, S/Fq

a smooth, geometrically connected Fq-scheme of finite type with S(Fq)
nonempty, and π : X → S a proper smooth morphism of relative di-
mension d ≥ 1, all of whose geometric fibres are curves or, if d ≥ 2,
complete intersections. Suppose the morphism π is isotrivial, in the
sense pulled back to a finite etale S-scheme T/S, it becomes constant.
For each closed point P of S, consider the fibre XFP := X ⊗OS

FP/FP ,
and define the integer AP by

#XFP (FP) =
d∑

i=0

N(P)i + (−1)dAP .

Then the nonzero AP have |AP | → ∞ as deg(P) →∞. More precisely,
for any integer M ≥ 1, there exists an integer kM ≥ 1 such that for any
k > kM , and for any closed point P with deg(P) = k, either AP = 0
or |AP | > M .

Proof. We choose a point s0 ∈ S(Fq), and denote by X0/Fq the fibre
of X/S over s0. We choose a prime ` 6= p, and take for F the action
of geometric FrobFq on Primd

et(X0 ⊗Fq Fq,Q`). By the isotriviality of
X/S, for any closed point P of S, the fibre XFP becomes isomorphic
to X0 ⊗ FP after extension of scalars to some finite extension of FP .
Therefore the geometric Frobenius FrobP acting on Primd

et(XFP ⊗FP
FP ,Q`) (:= H1, if d = 1) is an integral form of F deg(P). So the assertion
results from Corollary 2.3 above. �

Corollary 2.10. If X/S as above is an isotrivial family of elliptic
curves which are ordinary, i.e., if the constant j-invariant is ordinary,
then all AP are nonzero (because prime to p), and (hence) |AP | → ∞
as deg(P) →∞.
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3. Lower bounds for traces, via the
Evertse-Schlichewei-Schmidt subspace theorem

We first reformulate [ESS, Thm. 1.1] in a ”homogeneous” version.

Theorem 3.1. ([ESS, Thm. 1.1])Fix an algebraically closed field K
of characteristic zero. Fix an integer n ≥ 1, and n numbers a1, ..., an

in K×, such that for i 6= j, ai/aj is not a root of unity. Let H ⊂
Kn be a hyperplane, say of equation

∑
i λ1Xi = 0 for some n-tuple

(λ1, ..., λn) ∈ Kn with at least one nonzero λi. There are at most
F (n) := 2n−1exp(2(6(n− 1))3(n−1)) integers d for which the vector

vd := (ad
1, ..., a

d
n)

lies in H.

Proof. As F (n) is an increasing function of n ≥ 1, we reduce imme-
diately to the case where all the λi are nonzero. [Indeed, we may
renumber so that the first r ≥ 1 of the λi are nonzero, and the rest
vanish. We then have a situation in r variables, with (a1, ..., ar) and
(λ1, ..., λr), where all the λi are nonzero.] If n = 1, there are no such
d, simply because both a1 6= 0 and λ1 6= 0. For n ≥ 2, we rewrite the
equation

n∑
i=1

λia
d
i = 0

as
n−1∑
i=1

(−λi/λn)(ai/an)d = 1.

No component of the n− 1-tuple (a1/an, ..., an−1/an) is a root of unity,
and all the λi/λn are nonzero, so the assertion is the n − 1 case of
Theorem 2.1, part 1. �

Fix an integer Q > 1. In practice, Q will be a prime power pw,
but right now that is not important. An algebraic number α ∈ Q is
called a Q-Weil number if, for every embedding ι : Q ⊂ C, we have
|ι(α)|C = Q1/2, for | |C the usual complex absolute value |x + iy|C :=
(x2 + y2)1/2. A Q-Weil number is called integral if in addition it is
an algebraic integer. If α1, ..., αn are Q-Weil numbers, then the field
K := Q(α1, ..., αn) is either a totally real field or a CM field, since
all possible ”complex conjugations” in Gal(Q/Q) agree on K, sending
each αi to Q/αi.

For the reader’s convenience, we recall some normalizations in the
theory of heights. Let K be a number field, i.e., a finite extension of Q
. On Q, for p either a prime or ∞, we have the p-adic absolute value
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| |p, normalized by |p|p = 1/p if p is a prime, and by |2|∞ = 2 if p = ∞.
For each (finite or infinite) place v of K, the completion Kv is a finite
extension of some Qp (including p = ∞, with Q∞ := R); we say that
v|p.There is a unique absolute value | |v on Kv which on the subfield Qp

agrees with | |p. We then renormalize these choices of absolute values
on K by defining

|| ||v := | |d(v)
v ,

for d(v) the rational number defined by

d(v) = deg(Kv/Qp)/deg(K/Q).

[The reader should be warned that this | |v versus || ||v notation is that
of [E]and [ES], whereas in [BG] what we call || ||v is called | |v, and
||x||v there is yet a third thing, the absolute value a la Weil, defined
by the effect of multiplicative translation by x on (any chosen) Haar
measure µv on the additive group Kv.] One important thing is that
with these choices, we have the product formula; indeed for x ∈ K×

and any p, we have∏
v|p

||x||v = |NormK/Q(x)|1/deg(K/Q)
p .

Moreover, if L/K is any finite extension, then with these normalizations
on places w of L as well, we have, for each place v of K, and each
x ∈ K×, ∏

w|v

||x||w = ||x||v.

Given an integer n ≥ 1 and a nonzero n-tuple x = (X1, ..., xn) ∈ Kn,
we define, for each place v of K

||x||v := Supi||xi||v.

This is 1 for all but finitely many v, and we define

H(x) :=
∏

v

||x||v.

With these normalizations, we can define the height H(x) of any n-
tuple of algebraic numbers, by picking a number field K/Q containing
them all and using the above definition; the resulting product is inde-
pendent of this choice.

We now formulate the main technical result of this section.

Theorem 3.2. Let Q > 1 and n ≥ 1 be integers. Let (α1, ...., αn) be an
n-tuple of integral Q-Weil numbers. Suppose that for i 6= j, the ratio
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αi/αj is not a root of unity. Let

L(X) :=
n∑

i=1

λiXi

be a nonzero linear form in n variables, with coefficients λi ∈ Q.
Choose a number field K containing all the αi, all the λi, and (for
convenience)

√
−1. Fix an archimedean place v0 of K. Fix a real

number ε > 0. Then for all but finitely many integers d ≥ 1, we have
the archimedean lower bound

||L(αd
1, ..., α

d
n)||v0 ≥ (||αd

1||v0)
1−ε.

Equivalently, given a complex embedding ι : K ⊂ C, we have, for all
but finitely many integers d ≥ 1, the lower bound

|ι(L(αd
1, ..., α

d
n))|C ≥ (Qd/2)1−ε.

Proof. We will use the absolute subspace theorem as stated in [BG,
Cor. 7.2.5], but see [?][E] for explicit bounds. Let us briefly recall
its statement. Thus K is a number field, S is a finite set of places of
K including all the archimedean ones, and for each place s ∈ S we
are given n linearly independent linear forms in n variables, Li,s, for
i = 1, ..., n, all with coefficients in K. We are also given a real number
ε > 0. Then there are finitely many hyperplanes Ht ⊂ Kn such that
any nonzero n-tuple x ∈ On

S,K of S-integers (:= integers outside of S)
of K satisfying the inequality∏

s∈S

n∏
i=1

||Li,s(x)||s < H(x)−ε

lies in one of these finitely many hyperplanes Ht.
To apply this, consider the vectors vd := (αd

1, ..., α
d
n). We claim that

for d ≥ 1, we have

H(vd) ≤ Qd/2

. Indeed, since the αi are algebraic integers, we have ||vd||v ≤ 1 for all
nonarchimedean v. At each archimedean v, we have

||vd||v = ||αd
1||v = (Qd/2)2/deg(K/Q),

the first equality because all the αi are Q-Weil numbers, and the second
because all the archimedean places of K are complex (because we chose
K to contain

√
−1). There are deg(K/Q)/2 archimedean v, so we get

H(vd) :=
∏
all v

||vd||v ≤
∏
v|∞

||vd||v = Qd/2.
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Combining the last two inequalities, and taking the chosen archimedean
place v0, we get

H(vd) ≤ (||vd||v0)
N ,

for the fixed constant

N := deg(K/Q)/2.

So for any real ε > 0, we have

(||vd||v0)
−ε ≤ H(vd)

−ε/N .

Now take for S the following set of places: all archimedean places,
and all places over primes p which divide Q. We now specify which lin-
ear forms to take at these places. At places s ∈ S other than the chosen
archimedean place v0, take the n forms Li,s(X) := Xi, for i = 1, ..., n.
At the chosen archimedean place v0, we must be a bit more careful. We
have our given nonzero linear form L, and after renumbering the vari-
ables we may assume that the first variable X1 occurs in L. Then at v0

we take for the n linearly independent forms L1,v0 := L and Li,v0 := Xi

for i = 2, ..., n.
Observe that for d ≥ 1 we have the identity∏

s∈S

n∏
i=1

||Li,s(vd)||s = ||L(vd)||v0/||αd
1||v0 .

Indeed, the ratio of the two sides is∏
s∈S

∏
i

||αd
i ||s =

∏
i

(
∏
s∈S

||αd
i ||s).

As each αi is a unit outside of S, this last expression is identically 1,
by the product formula.

Now suppose that d ≥ 1 is such that

L(vd) < (||αd
1||v0)

1−ε.

Then∏
s∈S

n∏
i=1

||Li,s(vd)||s = ||L(vd)||v0/||αd
1||v0 < (||αd

1||v0)
−ε ≤ H(vd)

−ε/N .

So by the subspace theorem, applied with this S and with ε/N , there
exist finitely many hyperplanes Ht ⊂ Kn such any vector vd with

L(vd) < (||αd
1||v0)

1−ε

lies in one of the finitely many hyperplanes Ht. By Theorem 3.1, any
given hyperplane contains only finite many vectors vd with d ≥ 1. �

We now apply this result to the traces of interates.
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Theorem 3.3. Let Q > 1 and n ≥ 1 be integers. Let (α1, ...., αn)
be an n-tuple of integral Q-Weil numbers. Choose a number field K
containing all the αi. Fix a complex embedding ι : K ⊂ C, and a real
number ε > 0. Denote by D the order of the finite subgroup of K×

generated by all those roots of unity which can be written as αi/αj for
some choice of i, j. For each integer d ≥ 1, denote by S(k) the sum

S(k) :=
n∑

i=1

αk
i .

For a fixed integer 0 ≤ d < D, consider the sums S(d+kD) for variable
integers k ≥ 1. Then we have the following results.

(1) For a fixed integer 0 ≤ d < D, consider the sums S(d+kD) for
variable integers k ≥ 1. Either S(d+ kD) = 0 for all k ≥ 1, or
for all but finitely many integers k ≥ 1, we have the archimedean
lower bound

|ιS(d+ kD)|C ≥ (Q(d+kD)/2)1−ε.

(2) Suppose that any of the three following conditions holds.
(a) D = 1.
(b) For some αi0, no ratio αi0/αj is a nontrivial root of unity.
(c) For some absolute value || ||v on K, and for some real

number r, there is a unique index i0 such that ||αi0||v = r.
Then S(k) is nonzero for all but finitely many k, and hence for
all k sufficiently large we have

|ιS(k)|C ≥ (Qk/2)1−ε.

Proof. We first treat the case where, for all i 6= j, the ratio αi/αj

is not a root of unity. Then we have D = 1, and we have only to
apply the previous theorem, with the linear form there taken to be
L(X) :=

∑n
i=1Xi. Consider next the most general case in whichD = 1,

i.e., the case in which for i 6= j, either αi/αj is not a root of unity, or
αi = αj. In this case, we renumber so that α1, ...αr are the distinct
α’s which occur, with αi occurring with multiplicity ni. In this case,
we apply the previous theorem to (α1, ...., αr) and to the linear form
L(X) :=

∑r
i=1 niXi. So we have established asserted implication (2a)

of the theorem.
Now let us consider the general case. Partition the α’s into equiv-

alence classes according to the equivalence relation a ≡ b if and only
if b/a is a root of unity. Renumbering, we may assume that α1, ...αr

are representatives of these equivalence classes, and that the class of αi

consists of ζi,jαi, for j = 1, ..., ni, where each ζi,j is some D’th root of
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unity. Then for a fixed integer 0 ≤ d < D, and any integer k ≥ 1, we
have the identity

S(d+ kD) =
r∑

i=1

(

ni∑
j=1

ζd
i,j)α

d+kD
i .

It may happen that for a given integer 0 ≤ d < D, all the coeffi-
cients B(i, d) :=

∑ni

j=1 ζ
d
i,j for i = 1, ..., r vanish. In this case, there is

nothing to be done, all the sums S(d + kD) vanish. If, on the other
hand, for a given integer 0 ≤ d < D, at least one of these coefficients
B(i, d) is nonzero, then we have only to apply the previous theorem to
(α1, ...., αr) and the nonzero linear form

L(X) :=
r∑

i=1

B(i, d)Xi,

and then restrict attention to the arithmetic progression {d + kD}k≥1

in question.
This concludes the proof of assertion (1). We have already proven

(2a). If (2b) holds, then the α’s in the equivalence class of αi0 are just
repeats of αi0 , say ni0 times. Renumbering, we may assume that the
index i0 is one of the chosen indices, i.e., that 1 ≤ i0 ≤ r. Then for any
given integer 0 ≤ d < D, the linear form

L(X) :=
r∑

i=1

(

ni∑
j=1

ζd
i,j)Xi,

is nonzero, because the coefficient B(io, d) of Xi0 is the integer ni0 .
Finally, if (2c) holds, then the equivalence class of αi0 is a singleton, so
we have a special case of (2b). �

4. Application to varieties and exponential sums over
finite fields

We begin with the qualitative version of the unboundedness results
established in section 2.

Theorem 4.1. Let X/Fq be a proper smooth variety over Fq. Fix an
integer i ≥ 1, and a prime ` 6= p. Consider the sequence of integers
Ai(n), n ≥ 1,(independent of the auxiliary choice of `, cf. [De-Weil II,
3.3.9]) defined as

Ai(n) := Trace(Frobnq |H i
et(X ⊗Fq Fq,Q`)).
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Fix a real number ε > 0. Then for all sufficiently large n, either
Ai(n) = 0 or

|Ai(n)| ≥ (qid/2)1−ε.

Moreover, the set of n ≥ 1 for which Ai(n) = 0 is the union of a
finite set and of at most finitely many arithmetic progressions to some
common modulus.

Proof. This is an immediate consequence of Deligne’s theorem [De-Weil II,
3.3.9], by applying Theorem 3.3 to the eigenvalues of Frobq on H i,
which are integral qi-Weil numbers. �

We now turn to the situation with pure exponential sums. In nearly
all examples, the situation is the following. We are given an affine
smooth, geometrically connected variety U/Fq of some dimension d ≥
1, a prime number ` 6= p, and a lisse Q`-sheaf F on U which is integral
(all local Frobenii have algebraic integer eigenvalues) and pure of some
integer weight w0 ≥ 0. We have somehow proven that for all i, the
”forget supports” map

H i
c(U ⊗Fq Fq,F) → H i(U ⊗Fq Fq,F)

is an isomorphism. It then follows, cf. [De-Weil II, 3.3.6] and [Se], that
H i = 0 for i 6= d, and that, putting

w := d+ w0,

the Frobenius eigenvalues on Hd
c are integral qw-Weil numbers. The

sequence of algebraic integers

A(n) := Trace(Frobnq |Hd
c (U ⊗Fq Fq,F))

is the sequence of exponential sums, over bigger and bigger finite ex-
tensions of Fq, that we are interested in.

So in any such situation, Theorem 3.3 assures us that for any chosen
embedding ι of Q(the eigenvalues of Frobq) into C, and any chosen real
number ε > 0, we have that for all n sufficiently large, either A(n) = 0
or |ιA(n)|C ≥ (qnw/2)1−ε.

It is consequently of some interest to know in what situations of this
type we know in addition that A(n) 6= 0 for n large. Here are three
such situations, where in fact A(n) 6= 0 for all n ≥ 1.

(1) The d variable Kloosterman sums Kld(ψ, a,Fq), for d ≥ 2, ψ a
nontrivial additive character of Fq, and a ∈ F×q , defined by

Kld(ψ, a,Fq) :=
∑

x1x2...xd=a, all xi∈Fq

ψ(
∑

i

xi).
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Here only the Hd−1
c is nonzero, and the d Frobenius eigenvalues

are integral qd−1-Weil numbers. This sum lies in Z[ζp] and never
vanishes, because mod the unique prime P lying over p, we have
Kld(a,Fq) ≡ (q − 1)d−1 ≡ (−1)d−1 (simply because ψ is trivial
mod P). Here the sequence of A(n) is

A(n) = (−1)d−1Kld(ψ ◦ TraceFqn/Fq , a,Fqn).

So in addition to Deligne’s bound [De-ST, 7.1.3, 7.4], that for
any complex embedding of Z[ζp]

|Kld(ψ ◦ TraceFqn/Fq , a,Fqn)| ≤ dqn(d−1)/2,

for any given real ε > 0 we have the lower bound

|Kld(ψ ◦ TraceFqn/Fq , a,Fqn)| ≥ (qn(d−1)/2)1−ε

for all n sufficiently large.
(2) Here we start with the projective line P1/Fq and remove a

nonempty set S of Fq-rational points, with #S − 1 invertible
mod p. We take U := P \ S. On U , we take a regular function
f ∈ H0(U,OU) whose pole orders es at the points s ∈ S are all
prime to p. For ψ a nontrivial additive character of Fq, we have
the sum

S(ψ, f,Fq) :=
∑

u∈U(Fq)

ψ(f(u)).

Here only theH1
c is nonzero, and the #S−2+

∑
s∈S es Frobenius

eigenvalues are integral q-Weil numbers. This sum lies in Z[ζp]
and never vanishes, because mod the unique prime P lying over
p, it is congruent to q + 1−#S ≡ 1−#S, again because ψ is
trivial mod P and we assumed #S − 1 to be invertible mod p.
The seqence A(n) in this case is

A(n) = −S(ψ ◦ TraceFqn/Fq , f,Fqn).

So in addition to the Weil bound [W2], that for any complex
embedding of Z[ζp]

|S(ψ ◦ TraceFqn/Fq , f,Fqn)| ≤ (#S − 2 +
∑
s∈S

es)q
n/2,

for any given real ε > 0 we have the lower bound

|S(ψ ◦ TraceFqn/Fq , f,Fqn)| ≥ (qn/2)1−ε

for all n sufficiently large.
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(3) Here we have a slight variant on example (2) above. Take for U
the affine line A1/Fq, f ∈ Fq[X] a polynomial of degree d ≥ 1.
Under the hypothesis that

p ≡ 1 mod d,

Sperber [Sp, 3.11] tells us that the d−1 Frobenius eigenvalues on
H1

c have all distinct P-adic valuations at any prime lying over
p; their P-adic ordinals, normalized so that q has ordP(q) = 1,
are 1/d, 2/d, ..., (d− 1)/d. Here the A(n) are

A(n) = −S(ψ ◦ TraceFqn/Fq , f,Fqn),

they never vanish, and we have the same conclusion as in (2)
above.

5. Appendix: Applications of Baker-Wüstholz,

In some cases there are only two Frobenius eigenvalues, they are
complex conjugates of each other, and their ratio is not a root of unity.
These cases include an ordinary elliptic curve over Fq, and also the
classical Kloosterman sums, denoted Kl2(ψ, a,Fq) in the previous sec-
tion. In both of these cases, the two Frobenius eigenvalues are integral
q-Weil numbers, say α and α, with αα = q. After we fix a complex
embedding, we can write the two eigenvalues as q1/2e±iθ for a unique
θ ∈ [0, π]. Then the A(n) are given by

A(n) := αn + αn = 2qn/2 cos(nθ).

Here is the key technical result, an immediate application of the
Baker-Wüstholz, theorem [BW].

Theorem 5.1. Let θ ∈ [0, π]. Suppose that e2iθ is not a root of unity,
but is an algebraic number, algebraic of degree d over Q. Define the
real constant

C(N, d) := 18(N + 1)!NN+1(32d)N+2 log(2Nd).

Define

h′(e2iθ) := Max(log(H(1, e2iθ)), θ/d, 1/d),

h′(−1) := π/d.

Then for any integer n ≥ 1 and any integer k, we have the inequality

log(|2nθ − kπ|) > −C(2, d)h′(e2iθ)h′(−1) log(2n).
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Proof. Fix n ≥ 1. Since θ ∈ [0, π], we have 2nθ ∈ [0, 2nπ]. So the
closest approach of nθ to an integer multiple of π occurs for some
k ∈ [0, 2n]. [Indeed, for any integer k outside this interval, we trivially
have |2nθ − kπ| ≥ π, and log(π) > 0.] Because e2iθ is not a root of
unity, log(e2iθ) = 2iθ and log(−1) = iπ are linearly independent over
Q. Now apply the Baker-Wüstholz theorem, to the N = 2 algebraic
numbers e2iθ and −1, and to each of the linear forms nX1 − kX2 for
k = 0, 1, ..., 2n in their logarithms. �

Corollary 5.2. Let θ ∈ [0, π] be as in the theorem. Given a real number
q > 1, define the real constant

c = c(θ, q) := C(2, d)h′(e2iθ)h′(−1)/ log(q).

Then for all integers n ≥ 1, we have the estimates

| cos(nθ)| ≥ (1/π)q−c log(2n),

|qn/2 cos(nθ)| ≥ (1/π)qn/2−c log(2n).

Proof. Fix n ≥ 1. By the theorem, for any integer k, we have the
inequality

|2nθ − kπ| ≥ q−c log(2n).

So we have the inequality

|nθ − kπ/2| ≥ q−c log(2n)/2.

For k an odd integer, cos(kπ/2) = 0 and sin(kπ/2) = ±1, so we have
the trigonometric identity cos(nθ) = ± sin(nθ − kπ/2). For the odd
integer k0 which minimizes |nθ − kπ/2|, we have

0 < |nθ − k0π/2| < π/2.

But for real x with |x| ≤ π/2, we have the inequality

| sin(x)| ≥ (2/π)|x|.
Thus we find

| cos(nθ)| = | sin(nθ − k0π/2)| ≥ (2/π)|nθ − k0π/2| ≥ q−c log(2n)/π.

�

Let us make this explicit in the two cases of ordinary elliptic curves
and of classical Kloosterman sums.

Corollary 5.3. (1) Givenan ordinary elliptic curve over Fq, the se-
quence of its A(n) has, for all n ≥ 1, the archimedean lower bound

|A(n)| ≥ (1/π)qn/2−239 log(2n).
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(2)Given a classical Kloosterman sum Kl2(ψ, a,Fq) over Fq, denote by
p the characteristic of Fq. If p = 2 or p = 3, the sequence of its A(n)
has, for all n ≥ 1, the same archimedean lower bound as for ordinary
elliptic curves,

|A(n)| ≥ (1/π)qn/2−239 log(2n).

If p ≥ 5, the sequence of its A(n) has, for all n ≥ 1, the archimedean
lower bound

|A(n)| ≥ (1/π)qn/2−−cp log(2n),

with cp the constant

cp := 18.3!.23.(32(p− 1))4. log(4(p− 1)).(5π/4).

Proof. We will compute, in the two cases, an explicit upper bound
for the constant c of the previous corollary. Denote by α and α the
two Frobenius eigenvalues. After possibly interchanging them, we have
α/α = e2iθ. Thus

H(1, e2iθ) = H(α, α) ≤ q1/2,

simply because α and α are integral q-Weil numbers.
In the case of an ordinary elliptic curve, α and α lie in a quadratic

imaginary field, and their ratio is irrational, so we have d = 2 in this
case. Then

h′(e2iθ) := Max(log(H(1, e2iθ)), θ/d, 1/d)

= Max(log(q)/2, π/2, 1/2) ≤ 5 log(q)/2,

the factor 5 to take care of the worst case q = 2. So the constant c of
the previous corollary is bounded by

c ≤ C(2, 2)(5/2)(π/2) = 18.3!.23.(64)4. log(8).(5π/4) ≤ 239.

In the case of a classical Kloosterman sum, the sum itself lies in
Q(ζp)

+, the real subfield of Q(ζp), and α and α lie in a CM quadratic
extension. Again their ratio is irrational (otherwise it would be a ra-
tional number of absolute value one, so ±1), so in this case we have
2 ≤ d ≤Max(p− 1, 2). So again we have

h′(e2iθ) ≤ 5 log(q)/2.

For p = 2 and p = 3, we have d = 2, so again the bound

c ≤ 239.

For p ≥ 5, the bounds becomes worse, namely

c ≤ C(2, p− 1)(5π/4) = 18.3!.23.(32(p− 1))4. log(4(p− 1)).(5π/4).

�
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Géométrie Algébrique du Bois Marie SGA 7 II. par P. Deligne et N. Katz
Lecture Notes in Mathematics, Vol. 340, Springer-Verlag, 1973.

[Sp] Sperber, S., On the p-adic theory of exponential sums. Amer. J. Math. 108
(1986), no. 2, 255-296.
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