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1. Internal set theory. We present here a new approach to Abraham
Robinson’s nonstandard analysis [10] with the aim of making these powerful
methods readily available to the working mathematician. This approach to
nonstandard analysis is based on a theory which we call internal set theory
(IST). We start with axiomatic set theory, say ZFC (Zermelo-Fraenkel set
theory with the axiom of choice [1]). In addition to the usual undefined binary
predicate € of set theory we adjoin a new undefined unary predicate standard.
The axioms of IST are the usual axioms of ZFC plus three others, which we
will state below.

All theorems of conventional mathematics remain valid. No change in termi-
nology is required. What is new in internal set theory is only an addition, not
a change. We choose to call certain sets standard (and we recall that in ZFC
every mathematical object-a real number, a function, etc.~is a set), but the
theorems of conventional mathematics apply to all sets, nonstandard as well
as standard.

In writing formulas we use A for and, V for or, ~ for not, = for implies,
and < for is equivalent to. We call a formula of IST internal in case it does
not involve the new predicate “standard” (that is, in case it is a formula of
ZFC); otherwise we call it external. Thus “x standard” is the simplest example
of an external formula. To asSert that x is a standard set has no meaning
within conventional mathematics-it is a new undefined notion.

The fact that we have adjoined “standard” as an undefined predicate (rather
than defining it in terms of € as is the case with all of the predicates of
conventional mathematics) requires a readjustment of an engrained habit. We
are used to defining subsets by means of predicates. In fact, it follows from the
axioms of ZFC that if A(z) is an internal formula then for all sets x there is a
sety = {z € x: A(z)}such that for allsets zwehavez € y & z € x A A(2).
However, the axioms of ZFC say nothing about external predicates. For
example, no axioms allow us to assert that there is a subset S of the set N of
all natural numbers such that for all » we have n € § <= n € N A n standard. We
may not use external predicates to define subsets. We call the violation of this rule

illegal set formation.
We adopt the following abbreviations:

Vtx for Vx(x standard) =, 3%x for 3x(x standard) A
vinx  for Vx(x finite) =, Afiny  for Ix(x finite) A
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vetfing  for Vox(x finite) =,  3%60x  for I x(x finite) A
Vx € y for Vx(x € y) =, Ax €y forIAx(x €Ey) A

Here “x finite” has its usual meaning: it is an abbreviation for the internal
formula which asserts that there is no bijection of x with a proper subset of
itself (or equivalently that there is a bijection of x with {m € N: m < n} for
some natural number 7).

The axioms of IST are the axioms of ZFC together with three additional
axiom schemes which we call the transfer principle (T), the principle of
idealization (1), and the principle of standardization (S). They are as follows.

Let A(x,t,...,t4) be an internal formula with free variables x, 1, ...,
and no other free variables. Then

(T) VSt e S (VS X A, 1y, e t) = X A(x . 8)

Let B(x,y) be an internal formula with free variables x, y and possibly other
free variables. Then

() vstinz3xVy € z B(x,y) & IxVy B(x,y).

Finally, let C(z) be a formula, internal or external, with free variable z and
possibly other free variables. Then

(S) VXIS (z ey oz € x A C(2)).

This completes the description of internal set theory.

A statement is a formula with no free variables. Let 4 be an internal
statement and let 4 be the statement obtained by replacing each occurrence
of 3x by 3%x and each occurrence of Vx by V'x, for all variables x
occurring in 4. We call 4% the relativization of A to the standard sets. By
successive applications of (T) (working from outside in) we see that 4 < 4%,
Thus all theorems of conventional mathematics also hold when relativized to
the standard sets. Conversely, to prove an internal theorem it suffices to prove
its relativization to the standard sets.

So far we have made no mention of constants (such as & for the empty set
and R for the set of all real numbers). Constants are a matter of convenience.
If we introduce them into the theory then all of our axioms remain valid for
formulas containing constants, except that the transfer principle is only valid if
all of the constants occurring in the formula are standard.

Before applying transfer to an assertion, we must verify two things: that the
assertion is internal and that all parameters in it have standard values. We call
the violation of this rule illegal transfer. It is the most insidious pitfall awaiting
the mathematician who wants to use nonstandard analysis.

Suppose that there exists a unique x such that A(x), where 4(x) is an internal
formula whose only free variable is x. Then that x must be standard, since by
transfer 3x A(x) = 3% x A(x). For example, the set N of all natural numbers,
the set R of all real numbers, the real number =, and the Hilbert space I?(R)
are all standard sets, since they may be uniquely described in conventional
mathematical terms. Every specific object of conventional mathematics is a
standard set. It remains unchanged in the new theory. For example, in internal
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set theory there is only one real number system, the system R with which we
are already familiar.

Let B(x,y) be an internal formula with free variables x and y and possibly
others. Then (I) asserts that the relation is simultaneously satisfiable for all
standard y if and only if it is simultaneously satisfiable on every standard finite
set. Whether or not the latter is true may depend on the other free variables,
if any.

THEOREM 1.1. Let X be a set. Then every element of X is standard if and only
if X is a standard finite set.

PrOOF. Let B(x,y) be x € X A x # y. Then the right-hand side of (I) is
equivalent to 3x € X ~ (x standard). Taking negations, we have

Vx € X(x standard) & 3%i:¥xIy € z(~ (x € X) V x = y)
o Fthng(x C )

If X is a standard finite set then every element of it is standard, because we
may take z = X. Conversely, if every element of X is standard then X C z,
where z is a standard finite set. Hence X € P(z), where P(z), the power set of
z, is also a finite set. By what we have already proved, this means that X is
standard, and it is finite since it is a subset of a finite set. Q.E.D.

In particular, every infinite set has a nonstandard element. Thus there exists
a nonstandard natural number. On the other hand, by transfer, 0 is a standard
natural number, and for all natural numbers n, if » is standard then n + 1 is
standard. This does not contradict the induction theorem (which says that if
S is a subset of N, such that 0 € § and such that for all n we have
ne S=(n+1) € S, then S = N)-it merely shows that there does not exist
a subset S of N such that a natural number is in § if and only if it is standard.

THEOREM 1.2. There is a finite set F such that for all standard x we have
x € F.

ProOOF. Apply (I) to B(F,X) given by (x € F A F finite). Q.E.D.

Such a set F cannot be standard, for if it were then by transfer it would
contain all sets x. Also, there is no smallest such F. If we attempt to define the
intersection of all such F we are engaging in illegal set formation, because we
may only define intersections of sets of sets and we cannot use an external
predicate to define the set of sets to be intersected.

Although we cannot use external predicates to define subsets, the principle
of standardization provides a substitute. Two sets are equal if they have the
same elements. By transfer, two standard sets are equal if they have the same
standard elements. Thus the set y given by (S) is unique. We denote it by

S{z € x: C(z)}. This may be read as “the standard subset of x whose standard
elements are those which satisfy C”. Do not read it as “the set of all standard
elements in x which satisfy C” because this is illegal set formation. When a
standard set is defined by the standardization principle, the criterion for set
membership applies only to standard elements. The standardization principle
does not give a direct criterion for deciding whether a nonstandard element z
of xisin y = 5{z € x: C(2)} or not. It may happen that z € y but ~ C(2),






