NONLINEAR SPECTRAL CALCULUS AND SUPER-EXPANDERS

MANOR MENDEL AND ASSAF NAOR

ABSTRACT. Nonlinear spectral gaps with respect to uniformly convex normed spaces are
shown to satisfy a spectral calculus inequality that establishes their decay along Cesaro aver-
ages. Nonlinear spectral gaps of graphs are also shown to behave sub-multiplicatively under
zigzag products. These results yield a combinatorial construction of super-expanders, i.e.,
a sequence of 3-regular graphs that does not admit a coarse embedding into any uniformly
convex normed space.
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1. INTRODUCTION
Let A = (a;;) be an n x n symmetric stochastic matrix and let
L=XM(A) 2 A(A) =2 A\, (4) > —1

be its eigenvalues. The reciprocal of the spectral gap of A, i.e., the quantity #Q(A), is the

smallest v € (0, oo] such that for every z1,...,x, € R we have
1 n n ,y n n
EZZ(%—%)Q < EZZ%(% — ;)% (1)
i=1 j=1 i=1 j=1

By summing over the coordinates with respect to some orthonormal basis, a restatement
of is that —— is the smallest v € (0, o] such that for all z1,...,z, € Ly we have

T2 (A)
%ZZH%_%’@ < %ZZGUH%—%H% (2)

i=1 j=1 i=1 j=1

It is natural to generalize in several ways: one can replace the exponent 2 by some
other exponent p > 0 and, much more substantially, one can replace the Euclidean geometry
by some other metric space (X, dx). Such generalizations are standard practice in metric
geometry. For the sake of presentation, it is beneficial to take this generalization to even
greater extremes, as follows. Let X be an arbitrary set and let K : X x X — [0,00) be a
symmetric function. Such functions are sometimes called kernels in the literature, and we
shall adopt this terminology here. Define the reciprocal spectral gap of A with respect to K,
denoted (A, K), to be the infimum over those v € (0, 0] such that for all z1,...,z, € X

we have
%ZZK(%%‘) S %ZZ%K@“%’)‘ 3)

i=1 j=1 i=1 j=1

In what follows we will also call v(A, K) the Poincaré constant of the matrix A with
respect to the kernel K. Readers are encouraged to focus on the geometrically meaningful
case when K is a power of some metric on X, though as will become clear presently, a
surprising amount of ground can be covered without any assumption on the kernel K.

For concreteness we restate the above discussion: the standard gap in the linear spectrum
of A corresponds to considering Poincaré constants with respect to Euclidean spaces (i.e.,
kernels which are squares of Euclidean metrics), but there is scope for a theory of nonlinear
spectral gaps when one considers inequalities such as with respect to other geometries.
The purpose of this paper is to make progress towards such a theory, with emphasis on
possible extensions of spectral calculus to nonlinear (non-Euclidean) settings. We apply
our results on calculus for nonlinear spectral gaps to construct new strong types of expander
graphs, and to resolve a question of V. Lafforgue [29]. We obtain a combinatorial construction
of a remarkable type of bounded degree graphs whose shortest path metric is incompatible
with the geometry of any uniformly convex normed space in a very strong sense (i.e., coarse
non-embeddability). The existence of such graph families was first discovered by Lafforgue
via a tour de force algebraic construction [29] . Our work indicates that there is hope for a
useful and rich theory of nonlinear spectral gaps, beyond the sporadic (though often highly
nontrivial) examples that have been previously studied in the literature.



1.1. Coarse non-embeddability. A sequence of metric spaces {(X,,dx,)}>2 is said to
embed coarsely (with the same moduli) into a metric space (Y, dy) if there exist two non-
decreasing functions «, 5 : [0,00) — [0,00) such that lim; . a(t) = oo, and there exist
mappings f, : X,, = Y, such that for all n € N and z,y € X,, we have

a(dx, (z,y)) < dy(fa(2), fu(y)) < B (dx, (2,)) - (4)

is a weak form of “metric faithfulness” of the mappings f,,; a seemingly humble require-
ment that can be restated informally as “large distances map uniformly to large distances”.
Nevertheless, this weak notion of embedding (much weaker than, say, bi-Lipschitz embed-
dability) has beautiful applications in geometry and group theory; see [I8] [71} 12} [68] 20]
and the references therein for examples of such applications.

Since coarse embeddability is a weak requirement, it is quite difficult to prove coarse non-
embeddability. Very few methods to establish such a result are known, among which is the
use of nonlinear spectral gaps, as pioneered by Gromov [19] (other such methods include
coarse notions of metric dimension [I8], or the use of metric cotype [45]. These methods do
not seem to be applicable to the question that we study here). Gromov’s argument is simple:
fix d € N and suppose that X,, = (V,,, E,,) are connected d-regular graphs and that dx, (-, )
is the shortest-path metric induced by X,, on V,,. Suppose also that there exist p,y € (0, 00)
such that for every n € N and f:V,, — Y we have

1
T 2 WU IEP < s 3 dn(f@), W), (5)
" (u) €V X Vi " (z,y)€E,
A combination of and yields the bound
1
‘2 Z o (an(u7 U))p < 76(1)1)

| n (u,0)EVR X Vp

But, since X, is a bounded degree graph, at least half of the pairs of vertices (u,v) € V,, x V,,
satisfy dx, (u,v) = ¢qlog|V,|, where ¢4 € (0,00) depends on the degree d but not on n. Thus
a(cqglog |V,])P < 295(1)P, and in particular if lim,, . |V,| = oo then we get a contradiction
to the assumption lim; o, a(t) = co. Observe in passing that this argument also shows that
the metric space (X,,dx,) has bi-Lipschitz distortion Q(log|V},|) in Y; such an argument
was first used by Linial, London and Rabinovich [35] (see also [41]) to show that Bourgain’s
embedding theorem [10] is asymptotically sharp.

Assumption (5)) can be restated as saying that v(A,, dy) < v, where A,, is the normalized
adjacency matrix of X,,. This condition can be viewed to mean that the graphs {X,}°°,
are “expanders” with respect to (Y, dy). Note that if Y contains at least two points then ([5))
implies that {X,,}52, are necessarily also expanders in the classical sense (see 211 [36] for
more on classical expanders).

A key goal in the coarse non-embeddability question is therefore to construct such {X,,}5°,
for which one can prove the inequality for non-Hilbertian targets Y. This question has
been previously investigated by several authors. Matousek [41] devised an extrapolation
method for Poincaré inequalities (see also the description of Matousek’s argument in [6])
which establishes the validity of for every expander when Y = L,,. Works of Ozawa [57]
and Pisier [60], 63] prove for every expander if Y is Banach space which satisfies certain
geometric conditions (e.g. Y can be taken to be a Banach lattice of finite cotype; see [34]
for background on these notions). In [56, 53] additional results of this type are obtained.



A normed space is called super-reflezive if it admits an equivalent norm which is uniformly
convex. Recall that a normed space (X, || - ||x) is uniformly convex if for every ¢ € (0,1)
there exists § = dx(g) > 0 such that for any two vectors x,y € X with ||z]|x = |ly||lx =1
and ||z — y||x > € we have || 252 « S 1—4. The question whether there exists a sequence of
arbitrarily large regular graphs of bounded degree which do not admit a coarse embedding
into any super-reflexive normed space was posed by Kasparov and Yu in [27], and was solved
in the remarkable work of V. Lafforgue [29] on the strengthened version of property (7') for
SL3(F) when F is a non-Archimedian local field (see also [3, B1]). Thus, for concreteness,
Lafforgue’s graphs can be obtained as Cayley graphs of finite quotients of co-compact lattices
in SL3(Q,), where p is a prime and Q, is the p-adic rationals. The potential validity of the
same property for finite quotients of SL3(Z) remains an intriguing open question [29].

Here we obtain a different solution of the Kasparov-Yu problem via a new approach that
uses the zigzag product of Reingold, Vadhan, and Wigderson [67], as well as a variety of
analytic and geometric arguments of independent interest. More specifically, we construct a
family of 3-regular graphs that satisfies for every super-reflexive Banach space X (where
~ depends only on the geometry X); such graphs are called super-expanders.

Theorem 1.1 (Existence of super-expanders). There exists a sequence of 3-reqular graphs
{Gn = Vo, Ep) 352 such that lim,,_, |V,,| = 00 and for every super-reflexive Banach space
(X, || |lx) we have

sup 7y (AGna H : H%() < o0,
neN
where Ag, is the normalized adjacency matriz of G,,.

As we explained earlier, the existence of super-expanders was previously proved by Laf-
forgue [29]. Theorem yields a second construction of such graphs (no other examples are
currently known). Our proof of Theorem is entirely different from Lafforgue’s approach:
it is based on a new systematic investigation of nonlinear spectral gaps and an elementary
procedure which starts with a given small graph and iteratively increases its size so as to
obtain the desired graph sequence. In fact, our study of nonlinear spectral gaps constitutes
the main contribution of this work, and the new solution of the Kasparov-Yu problem should
be viewed as an illustration of the applicability of our analytic and geometric results, which
will be described in detail presently.

We state at the outset that it is a major open question whether every expander graph
sequence satisfies () for every uniformly convex normed space X. It is also unknown whether
there exist graph families of bounded degree and logarithmic girth that do not admit a coarse
embedding into any super-reflexive normed space; this question is of particular interest in the
context of the potential application to the Novikov conjecture that was proposed by Kasparov
and Yu in [27], since it would allow one to apply Gromov’s random group construction [19]
with respect to actions on super-reflexive spaces.

Some geometric restriction on the target space X must be imposed in order for it to
admit a sequence of expanders. Indeed, the relation between nonlinear spectral gaps and
coarse non-embeddability, in conjunction with the fact that every finite metric space embeds
isometrically into £, shows that (for example) X = /., can never satisfy for a family of
graphs of bounded degree and unbounded cardinality. We conjecture that for a normed space
X the existence of such a graph family is equivalent to having finite cotype, i.e., that there



exists g9 € (0,00) and ny € N such that any embedding of ¢2° into X incurs bi-Lipschitz
distortion at least 1 + eq; see e.g. [42] for background on this notion.

Our approach can also be used (see Remark below) to show that there exist bounded
degree graph sequences which do not admit a coarse embedding into any K-convex normed
space. A normed space X is K —convexﬂ. if there exists eg > 0 and ng € N such that any
embedding of ¢7° into X incurs distortion at least 1+ ¢¢; see [61]. The question whether such
graph sequences exist was asked by Lafforgue [29]. Independently of our work, Lafforgue [30]
succeeded to modify his argument so as to prove the desired coarse non-embeddability into
K-convex spaces for his graph sequence as well.

1.2. Absolute spectral gaps. The parameter (A, K) will reappear later, but for several
purposes we need to first study a variant of it which corresponds to the absolute spectral
gap of a matrix. Define
def
AA) = max  [Ai(A)],

and call the quantity 1 — A(A) the absolute spectral gap of A. Similarly to , the re-
ciprocal of the absolute spectral gap of A is the smallest v, € (0,00] such that for all
L1y Ty Y1y - - -, Yn € Lo we have

=D 9) DI EEES B S A (6)

i=1 j=1 i=1 j=1
Analogously to (3), given a kernel K : X x X — [0,00) we can then define 74 (4, K) to be
the the infimum over those v, € (0, 0] such that for all xy,..., 2., 41, ..,y € X we have
EZZK(%Z&') < ;Zzaiﬂ((ﬂ?i,yﬂ (7)

i=1 j=1 i=1 j=1

Note that clearly v, (A, K) > v(A, K). Additional useful relations between (-, -) and v, (-, -)
are discussed in Section 2.2l

1.3. A combinatorial approach to the existence of super-expanders. In what follows
we will often deal with finite non-oriented regular graphs, which will always be allowed to
have self loops and multiple edges (note that the shortest-path metric is not influenced
by multiple edges or self loops). When discussing a graph G = (V, E) it will always be
understood that V is a finite set and E is a multi-subset of the ordered pairs V' x V| i.e.,
each ordered pair (u,v) € V x V is allowed to appear in F multiple timesﬂ We also always
impose the condition (u,v) € E = (v,u) € E, corresponding to the fact that G is not
oriented. For (u,v) € V x V we denote by E(u,v) = E(v,u) the number of times that
(u,v) appears in E. Thus, the graph G is completely determined by the integer matrix
(E(u,v))@w)evxv. The degree of v € V' is degg(u) = >, o, E(u,v). Under this convention
each self loop contributes 1 to the degree of a vertex. For d € N, a graph G = (V| E) is
d-regular if deg.(u) = d for every u € V. The normalized adjacency matrix of a d-regular

K -convexity is also equivalent to X having Rademacher type strictly bigger than 1, see [49] [42]. The
K-convexity property is strictly weaker than super-reflexivity, see [22, [24] 23] [64]

2Formally, one can alternatively think of E as a subset of (V' x V) x N, with the understanding that for
(u,v) € VxV,if we write J ={j € N: ((u,v),j) € E} then {(u,v)} x J are the |J| “copies” of (u,v) that
appear in E. However, it will not be necessary to use such formal notation in what follows.



graph G = (V| E), denoted Ag, is defined as usual by letting its entry at (u,v) € V x V be
equal to E(u,v)/d. When discussing Poincaré constants we will interchangeably identify G
with Ag. Thus, for examples, we write A(G) = A\(Ag) and v, (G, K) = v, (4g, K).

The starting point of our work is an investigation of the behavior of the quantity v, (G, K)
under certain graph products, the most important of which (for our purposes) is the zigzag
product of Reingold, Vadhan and Wigderson [67]. We argue below that such combinatorial
constructions are well-adapted to controlling the nonlinear quantity v, (G, K). This crucial
fact allows us to use them in a perhaps unexpected geometric context.

1.3.1. The iterative strategy. Reingold, Vadhan and Wigderson [67] introduced the zigzag
product of graphs, and used it to produce a novel deterministic construction of expanders.
Fix ny,dy,ds € N. Let G be a graph with n; vertices which is d;-regular and let G5 be a
graph with d; vertices which is dy-regular. The zigzag product G1@G, is a graph with nid;
vertices and degree d3, for which the following fundamental theorem is proved in [67].

Theorem 1.2 (Reingold, Vadhan and Wigderson). There exists f : [0,1] x [0,1] — [0, 1]
satisfying
Vte (0,1), limsup f(s,t) <1, (8)

s—0
such that for every ni,dy,dy € N, if G 1s a graph with ny vertices which is dy-regular and
Gy is a graph with dy vertices which is dy-reqular then

MG1@G2) < F(A(G1), A(G2)). (9)

The definition of G1@) G5 is recalled in Section [8] For the purpose of expander construc-
tions one does not need to know anything about the zigzag product other than that it has
nid, vertices and degree d3, and that it satisfies Theorem . Also, [67] contains explicit
algebraic expressions for functions f for which Theorem holds true, but we do not need
to quote them here because they are irrelevant to the ensuing discussion.

In order to proceed it would be instructive to briefly recall how Reingold, Vadhan and
Wigderson used [67] Theorem to construct expanders; see also the exposition in Sec-
tion 9.2 of [21].

Let H be a regular graph with ng vertices and degree dy, such that A\(H) < 1. Such a
graph H will be called a base graph in what follows. From we deduce that there exist
g,0 € (0,1) such that

s€(0,0) = f(s,\(H)) <1—e. (10)
Fix ty € N satisfying
max {A(H)*, (1 —¢g)*} <. (11)

For a graph G = (V, E) and for ¢t € N, let G* be the graph in which an edge between
u,v € V is drawn for every walk in G of length ¢ whose endpoints are u,v. Thus Agt = (Ag)?,
and if G is d-regular then G* is d'-regular.

Assume from now on that ng = di°. Define G; = H? and inductively

G = GP@H.

Then for all i € N the graph G is well defined and has nj, = d5"° vertices and degree d2.
We claim that A(G;) < max{\(H)? 1 — ¢} for all i € N. Indeed, there is nothing to prove
for i = 1, and if the desired bound is true for i then implies that A(G1°) = \(G;)% < 4,
which by (9) and implies that A\(Giy1) < f(AMGP),MN(H)) <1 —e.

6



Our strategy is to attempt to construct super-expanders via a similar iterative approach.
It turns out that obtaining a non-Euclidean version of Theorem [1.2| (which is the seemingly
most substantial ingredient of the construction of Reingold, Vadhan and Wigderson) is not
an obstacle here due to the following general result.

Theorem 1.3 (Zigzag sub-multiplicativity). Let G; = (Vi, Ey) be an ny-vertex graph which
is di-reqular and let Gy = (Va, Ey) be a dy-vertex graph which is do-reqular. Then every
kernel K : X x X — [0,00) satisfies

Y+ (Gl@G27K) < 7+(G17K) '7+(G27K)2' (12)
In the special case X = R and K(z,y) = (x — y)?, Theorem |1.3| becomes
1 1 1
(13)

NGOG ST-NG) = NGa))?
implying Theorem [1.2] Note that the explicit bound on the function f of Theorem that
follows from coincides with the later bound of Reingold, Trevisan and Vadhan [66].
In [67] an improved bound for A\(G;@Gs) is obtained which is better than the bound of [66]
(and hence also (13))), though this improvement in lower-order terms has not been used (so
far) in the literature. Theorem shows that the fact that the zigzag product preserves
spectral gaps has nothing to do with the underlying Euclidean geometry (or linear algebra)
that was used in [67, [66]: this is a truly nonlinear phenomenon which holds in much greater
generality, and simply amounts to an iteration of the Poincaré inequality @

Due to Theorem|[I.3]there is hope to carry out an iterative construction based on the zigzag
product in great generality. However, this cannot work for all kernels since general kernels
can fail to admit a sequence of bounded degree expanders. There are two major obstacles
that need to be overcome. The first obstacle is the existence of a base graph, which is
a substantial issue whose discussion is deferred to Section [1.3.4] The following subsection
describes the main obstacle to our nonlinear zigzag strategy.

1.3.2. The need for a calculus for nonlinear spectral gaps. In the above description of the
Reingold-Vadhan-Wigderson iteration we tacitly used the identity A\(A") = A(A)" (t € N) in
order to increase the spectral gap of G; in each step of the iteration. While this identity is
a trivial corollary of spectral calculus, and was thus the “trivial part” of the construction
n [67], there is no reason to expect that v, (A, K) decreases similarly with ¢ for non-
Euclidean kernels K : X x X — [0,00). To better grasp what is happening here let us
examine the asymptotic behavior of v, (A, |- |?) as a function of ¢ (here and in what follows
| - | denotes the absolute value on R).

t — 1 = !
7+(A7H)—1_/\(At)_1—)\(A)t

1 A2

_ txmax{LM}, (14)
(e f

AT

where above, and in what follows, =< denotes equivalence up to universal multiplicative
constants (we will also use the notation <, 2 to express the corresponding inequalities up to

universal constants). ([14]) means that raising a matrix to a large power ¢t € N corresponds
to decreasing its (real) Poincaré constant by a factor of ¢ as long as it is possible to do so.

7



For our strategy to work for other kernels K : X x X — [0, 00) we would like K to satisfy a
“spectral calculus” inequality of this type, i.e., an inequality which ensures that, if v, (A, K)
is large, then v, (A", K) is much smaller than v, (A, K) for sufficiently large ¢ € N. This is,
in fact, not the case in general: in Section [9.2] we construct a metric space (X, dx) such that
for each n € N there is a symmetric stochastic matrix A, such that v, (A,,d%) = n yet for
every t € N there is ng € N such that for all n > ny we have v, (AL, d%) 2 v+ (An, d%). The
question which metric spaces satisfy the desired nonlinear spectral calculus inequality thus
becomes a subtle issue which we believe is of fundamental importance, beyond the particular
application that we present here. A large part of the present paper is devoted to addressing
this question. We obtain rather satisfactory results which allow us to carry out a zigzag type
construction of super-expanders, though we are still quite far from a complete understanding
of the behavior of nonlinear spectral gaps under graph powers for non-Euclidean geometries.

1.3.3. Metric Markov cotype and spectral calculus. We will introduce a criterion for a metric
space (X, dy), which is a bi-Lipschitz invariant, and prove that it implies that for every
n,m € N and every n x n symmetric stochastic matrix A the Cesaro averages % Z?:Ol Al
satisfy the following spectral calculus inequality.

m—1
1 § : t j2 Y+ (A7d§()
+ (E o A 7dX> < O(X) max{l, W s (15)

where C(X),e(X) € (0,00) depend only on the geometry of X but not on m,n and the
matrix A. The fact that we can only prove such an inequality for Cesaro averages rather
than powers does not create any difficulty in the ensuing argument, since Cesaro averages
are compatible with iterative graph constructions based on the zigzag product.

Note that Cesaro averages have the following combinatorial interpretation in the case of
graphs. Given an n-vertex d-regular graph G = (V, E) let ¢7,,(G) be the graph whose vertex
set is V and for every t € {0,...,m — 1} and u,v € V we draw d™ '~! edges joining u,v
for every Walk in G of length ¢ which starts at « and terminates at v. With this definition
Ay = 23 AL, and o, (G) is md™ -regular. We will slightly abuse this notation
by also usmg the shorthand

S

def 1
D (A) = — At, (16)
t

Il
o

when A is an n X n matrix.

In the important paper [4] K. Ball introduced a linear property of Banach spaces that he
called Markov cotype 2, and he indicated a two-step definition that could be used to extend
this notion to general metric spaces. Motivated by Ball’s ideas, we consider the following
variant of his definition.

Definition 1.4 (Metric Markov cotype). Fix p,q € (0,00). A metric space (X,dx) has
metric Markov cotype p with exponent q if there exists C' € (0,00) such that for every
m,n € N, every n x n symmetric stochastic matrix A = (a;;), and every zi,...,z, € X,
there exist yy,...,y, € X satisfying

de (x4, yi) —i—mq/pZZaUdX Vi, yi)? quzgf )ijdx (xi, ;)9 (17)

i=1 j=1 =1 j=1



The infimum over those C' € (0, 00) for which holds true is denoted C? (X,dx). When
q = p we drop the explicit mention of the exponent and simply say that if holds true
with ¢ = p then (X, dx) has metric Markov cotype p.

Remark 1.5. We refer to [51, Sec. 4.1] for an explanation of the background and geometric
intuition that motivates the (admittedly cumbersome) terminology of Definition . Briefly,
the term “cotype” indicates that this definition is intended to serve as a metric analog of
the important Banach space property Rademacher cotype (see [42]). Despite this fact, in the
the forthcoming paper [47] we show, using a clever idea of Kalton [25], that there exists a
Banach space with Rademacher cotype 2 that does not have metric Markov cotype p for any
p € (0,00). The term “Markov” in Definition refers to the fact that the notion of metric
Markov cotype is intended to serve as a certain “dual” to Ball’s notion of Markov type [4],
which is a notion which is defined in terms of the geometric behavior of stationary reversible
Markov chains whose state space is a finite subset of X.

Remark 1.6. Ball’s original definition [4] of metric Markov cotype is seemingly different from
Definition [1.4} but in [47] we show that Definition is equivalent to Ball’s definition. We
introduced Definition [1.4] since it directly implies Theorem below.

The link between Definition and the desired spectral calculus inequality is con-
tained in the following theorem, which is proved in Section [3]

Theorem 1.7 (Metric Markov cotype implies nonlinear spectral calculus). Fiz p, C' € (0, 00)
and suppose that a metric space (X,dx) satisfies

CP(X,dx) < C.
Then for every m,n € N, every n x n symmetric stochastic matriz A satisfies
2 2 7+ (4, dg()
V4 (Fm(A), d%) < (45C)% max § 1, [

In Section |6.3| we investigate the metric Markov cotype of super-reflexive Banach spaces,
obtaining the following result, whose proof is inspired by Ball’s insights in [4].

Theorem 1.8 (Metric Markov cotype for super-reflexive Banach spaces). Let (X, |- ||x) be
a super-reflezive Banach space. Then there exists p = p(X) € [2,00) such that

O (X, || - [lx) < oo,
i.e., (X,||-|lx) has Metric Markov cotype p with exponent 2.

Remark 1.9. In our forthcoming paper [47] we compute the metric Markov cotype of ad-
ditional classes of metric spaces. In particular, we show that all C'AT(0) metric spaces
(see [I1]), and hence also all complete simply connected Riemannian manifolds with non-
negative sectional curvature, have Metric Markov cotype 2 with exponent 2.

By combining Theorem [I.7] and Theorem [T1.§ we deduce the following result.
Corollary 1.10 (Nonlinear spectral calculus for super-reflexive Banach spaces). For every
super-reflexive Banach space (X, || - ||x) there exist e(X),C(X) € (0,00) such that for every
m,n € N and every n x n symmetric stochastic matriz A we have

Vi (DA, |- 11%) < C(X) maX{L %} .



Remark 1.11. In Theorem below we present a different approach to proving nonlinear
spectral calculus inequalities in the setting of super-reflexive Banach spaces. This approach,
which is based on bounding the norm of a certain linear operator, has the advantage that
it establishes the decay of the Poincaré constant of the power A™ rather than the Cesaro
average @,,(A). While this result is of independent geometric interest, the form of the
decay inequality that we are able to obtain has the disadvantage that we do not see how
to use it to construct super-expanders. Moreover, we do not know how to obtain sub-
multiplicativity estimates for such norm bounds under zigzag products and other graph
products such as the tensor product and replacement product (see Section below).
The approach based on metric Markov cotype also has the advantage of being applicable to
other classes of (non-Banach) metric spaces, in addition to its usefulness for the Lipschitz
extension problem [4], 47].

1.3.4. The base graph. In order to construct super-expanders using Theorem [1.3|and Corol-
lary one must start the inductive procedure with an appropriate “base graph”. This is
a nontrivial issue that raises analytic challenges which are interesting in their own right.

It is most natural to perform our construction of base graphs in the context of K-convex
Banach spaces, which, as we recalled earlier, is a class of spaces that is strictly larger than
the class of super-reflexive spaces. The result thus obtained, proved in Section [7] using the
preparatory work in Section [5.2) and part of Section [6] reads as follows.

Lemma 1.12 (Existence of base graphs for K-convex spaces). There exists a strictly in-
creasing sequence of integers {m,}>>, C N satisfying

VnéeN, /10 < m <27, (18)

with the following properties. For every 6 € (0,1] there is ng(0) € N and a sequence of
reqular graphs {H,(6)};2,, 5y such that

o |V(H,(6))| = my, for every integer n = ny(0).

e For every n € [ng(d),00) NN the degree of H,(0), denoted d,, (), satisfies

d(6) < ellosmn)'™*, (19)

e For every K -conver Banach space (X, || - ||x) we have v, (H,(8),|| - ||%) < oo for all
d €(0,1) and n € NN [ng(d),00). Moreover, there exists 6o(X) € (0,1) such that

Vo € (0,00(X)], ¥n € [no(d),00) NN, 71 (Ha(0), ]l I%) < 9% (20)

The bound 9% in (20 is nothing more than an artifact of our proof and it does not play
a special role in what follows: all that we will need for the purpose of constructing super-
expanders is to ensure that
sup sup 74 (Ha(0), || %) < oo, (21)
5€(0,80(X)] n€[no(6),00)NN
i.e., for our purposes the upper bound on v, (H,(d), ] - ||%) can be allowed to depend on X.
Moreover, in the ensuing arguments we can make do with a degree bound that is weaker

than : all we need is that

1
Vs e (0,1), lim log dn(0)

= 0. 22
n—oo logm,, (22)
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However, we do not see how to prove the weaker requirements (21), in a substantially
simpler way than our proof of the stronger requirements ,

The starting point of our approach to construct base graphs is the “hypercube quotient
argument” of [28], although in order to apply such ideas in our context we significantly modify
this construction, and apply deep methods of Pisier [61) 62]. A key analytic challenge that
arises here is to bound the norm of the inverse of the hypercube Laplacian on the vector-
valued tail space, i.e., the space of all functions taking values in a Banach space X whose
Fourier expansion is supported on Walsh functions corresponding to large sets. If X is a
Hilbert space then the desired estimate is an immediate consequence of orthogonality, but
even when X is an L,(u) space the corresponding inequalities are not known. P.-A. Meyer [48]
previously obtained L,, bounds for the inverse of the Laplacian on the (real-valued) tail space,
but such bounds are insufficient for our purposes. In order to overcome this difficulty, in
Section [5| we obtain decay estimates for the heat semigroup on the tail space of functions
taking values in a K-convex Banach space. We then use (in Section [7]) the heat semigroup
to construct a new (more complicated) hypercube quotient by a linear code which can serve
as the base graph of Lemma [1.12

The bounds on the norm of the heat semigroup on the vector valued tail space (and
the corresponding bounds on the norm of the inverse of the Laplacian) that are proved
in Section [5] are sufficient for the purpose of proving Lemma but we conjecture that
they are suboptimal. Section |5 contains analytic questions along these lines whose positive
solution would yield a simplification of our construction of the base graph (see Remark .

With all the ingredients in place (Theorem , Corollary Lemma , the actual
iterative construction of super-expanders in performed in Section 4} Since we need to con-
struct a single sequence of bounded degree graphs that has a nonlinear spectral gap with
respect to all super-reflexive Banach spaces, our implementation of the zigzag strategy is
significantly more involved than the zigzag iteration of Reingold, Vadhan and Wigderson
(recall Section . This implementation itself may be of independent interest.

1.3.5. Sub-multiplicativity theorems for graph products. Theorem is a special case of a
a larger family of sub-multiplicativity estimates for nonlinear spectral gaps with respect to
certain graph products. The literature contains several combinatorial procedures to com-
bine two graphs, and it turns out that such constructions are often highly compatible with
nonlinear Poincaré inequalities. In Section [§| we further investigate this theme.

The main results of Section [8| are collected in the following theorem (the relevant termi-
nology is discussed immediately after its statement). Item below is nothing more than
a restatement of Theorem [L.3l

Theorem 1.13. Fiz m,n,ny,d;,ds € N. Suppose that K : X x X — [0,00) is a kernel
and (Y, dy) is a metric space. Suppose also that G1 = (V1, E1) is a di-reqular graph with nq
vertices and Gy = (Va, Ey) is a dy-regular graph with dy vertices. Then,
(I) If A = (ai;) is an m x m symmetric stochastic matriz and B = (b;;) is an n X n
symmetric stochastic matrix then the tensor product A ® B satisfies

(II) The zigzag product G1@)G2 satisfies
74 (G1@Gs, K) < 74.(G1, K) - 74 (Ga, K)?. (24)
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(III) The derandomized square GGy satisfies

T+ (G1©G27K) <’7+ (G%K) '7+<G27K)' (25)
(IV) The replacement product G;®G, satisfies
T+ (Gl@GQa d%/) <3(d2+1) -4 (Gh d%,) "+ (G2a d%/)2- (26)
(V) The balanced replacement product G;®G, satisfies
Y4 (G1®G, d3) <674 (G1,dy) - 74 (Ga, d?/)2- (27)

Since the (mn) x (mn) matrix A ® B = (a;;bke) satisfies A\(A ® B) = max{A(A), \(B)},
in the Euclidean case, i.e., K : R x R — [0,00) is given by K(z,y) = (x — y)?, the product
in the right hand side of (23)) can be replaced by a maximum. Lemma below contains a
similar improvement of under additional assumptions on the kernel K.

The definitions of the graph products G1@Gs, G18)Gy, G1@0)Gy, G1OG, are recalled in
Section The replacement product G;(@)Gs, which is a (dy + 1)-regular graph with njd;
vertices, was introduced by Gromov in [17], where he applied it iteratively to hypercubes of
logarithmically decreasing size so as to obtain a constant degree graph which has sufficiently
good expansion for his (geometric) application. In [I7] Gromov bounded A(G1@)G2) from
above by an expression involving only A\(G1), A(G3),ds. Such a bound was also obtained by
Reingold, Vadhan and Wigderson in [67]. We shall use in the proof of Theorem (1.1}

The breakthrough of Reingold, Vadhan and Wigderson [67] introduced the zigzag product,
which can be used to construct constant degree expanders; the fact that holds true for
general kernels K, while (26) assumes that dy is a metric and incurs a multiplicative loss of
3(dy + 1) can be viewed as an indication why the zigzag product is a more basic operation
than the replacement product.

The balanced replacement product G1(®)G,, which is a 2ds-regular graph with nid; ver-
tices, was introduced by Reingold, Vadhan and Wigderson [67], who bounded \(G;®Gs)
from above by an expression involving only A(G;), A(Gs).

The derandomized square G1()Go, which is a dids-regular graph with n, vertices, was
introduced by Rozenman and Vadhan in [69], where they bounded A(G1®G2) from above
by an expression involving only A(G1), A(G2). This operation is of a different nature: it aims
to create a graph that has spectral properties similar to the square G2, but with significantly
fewer edges. In [67, 69] tensor products and derandomized squaring were used to improve
the computational efficiency of zigzag constructions. The general bounds and can
be used to improve the efficiency of our constructions in a similar manner, but we will not
explicitly discuss computational efficiency issues in this paper (this, however, is relevant to
our forthcoming paper [46], where our construction is used for an algorithmic purpose).

2. PRELIMINARY RESULTS ON NONLINEAR SPECTRAL GAPS

The purpose of this section is to record some simple and elementary preliminary facts
about nonlinear spectral gaps that will be used throughout this article. One can skip this
section on first reading and refer back to it only when the facts presented here are used in
the subsequent sections.
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2.1. The trivial bound for general graphs. For x € [0,00) a kernel p: X x X — [0, 00)
is called a 2"-quasi-semimetric if p(z,z) = 0 for every z € X and

Va,y,z€ X, pla,y) <27 (o, 2) + p(2,9)) - (28)

The key examples of 2#-quasi-semimetrics are of the form p = d%, where dx : X x X — [0, 00)
is a semimetric and p € [1,00), in which case kK = p — 1 (in fact, all quasi-semimetrics are
obtained in this way; see [26, Sec. 2] and [38, 58]).

Lemma 2.1. Fizn,d € N and k € [0,00). Let G = (V, E) be a d-regular connected graph
with n vertices. Then for every 2%-quasi-semimetric p : X x X — [0,00) we have

(G, p) < 2 Ldn" T (29)
If in addition G is not a bipartite graph then

14(G, p) < 2%dn" . (30)
Proof. For every .y € V choose distinet {ug? = z,ui?, ... up? _jup? =y} CV such
that (u;Y,u;*)) € E for every i € {1,...,my,}, and (u;"?,u;")) # (ufy,uffl) for distinct
i,j €{Ll,...,my,}. Fixing f: V = X, a straightforward inductive application of yields

Mg,y Mz,y

p(f(@), [(y)) < (2may)" Z p (f (ui%), f(u”)) < (2n)" Z p(f (ul%), f ().

Thus
! (2n)" S .
> @) <R 3D S e (f () S ()
(z,y)EV XV (z,y)eV XV i=1
< CE) S ortan 50 < (2”;% = S ONI0)
(ab)€E (a,b)eE

This proves . To prove suppose that G is connected but not bipartite. Then for
every x,y € V there exists a path of odd length joining x and y whose total length is at most
2n and in which each edge is repeated at most once (indeed, being non-bipartite, G contains

an odd cycle ¢; the desired path can be found by considering the shortest paths joining x

and y with ¢). Let {wy? = @, w?, ... wy? wy? o =y} CV be such a path. For every

fyg:V — X we have

o oplf@),ey) <> (4€x,y+2>”<p(f(w§’y),g(wf’y))

(z,y)EV XV (x,y)EV XV
+ Z (p (g (w3?y), f (w3”)) +p (f (w3”) . g (@é%))))
< (An)*-n® Y p(fla), g(b)),

(a,b)eE

implying : 0
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Remark 2.2. For n € N let C,, denote the n-cycle and let C; denote the n- cycle with self
loops (thus C¢ is a 3-regular graph). It follows from Lemma [2.1] that v(C,, p) < (2n)~*!
and v, (C2,p) < (4n)"+! for every 2%-quasi-semimetric. If (X, dx) is a metric space and
p € [l,00) then one can refine the above arguments using the symmetry of the circle to get
the improved bound

(n—l—l)p.

o P\ <

(31)

We omit the proof of since the improved dependence on p is not used in the ensuing
discussion.

2.2. v versus 7,. By taking f = ¢ in the definition of v, (-, -) one immediately sees that
7(A4, K) < 74(A, K) for every kernel K : X x X — [0,00) and every symmetric stochastic
matrix A. Here we investigate additional relations between these quantities.

Lemma 2.3. Fiz k € [0,00) and let p: X x X — [0,00) be a 2"-quasi-semimetric. Then
for every symmetric stochastic matriz A we have

2

s (A8)0) <o (A ) <29((54)0) (32)

Proof. Fix f,g:{1,...,n} — X and define h: {1,...,2n} — X by

hi) déf{ f(@) ifie{l,...,n},

gli—n) ifie{n+1,...,2n}.

Suppose that A = (a;;) is an n x n symmetric stochastic matrix. Then

D plr) 9() wzzp A +n)) 2222/)

< %j‘),p) Z Z (44, p(h(D), h(j)) = w Z Zaijp(f(i),g(j))-

This proves the rightmost inequality in . Note that for this inequality the quasimetric
inequality was not used, and therefore p can be an arbitrarily kernel.

To prove the leftmost inequality in (32)) we argue as follows. Fix h: {1,...,2n} — X and
define f,g : {1,...,n} = X by f(i) = h(i) and g(i) = h(i + n) for every i € {1,...,n}.
Then

22 plhli). k() < % > 2% (p(h(@), h(£ + 1)) + p(h(j), B(£+n)))
= 27 p(F@),90). (33)
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Similarly,

SN plhli b n) b ) < 2% (p((i + ), h(0)) + p(h(j + ), h(0)))
S W) WEORTE) (34)
Hence,
s 20 D (A1) )
= G 20 Do PG + s D0 S phli+ ). kG )
+ciy§:§jmmwmu+n»+ciy§jA plh(i + ). 1))
% 2*‘+1 + 1 Z":z":p

< (2N+1 + )7+(A, P Z Z a”p

_ (2+1 ¢ 12)7+(A,p) . % ZZ (9 é)ijp(h(i)7 h(5)),
which is precisely the leftmost inequality in (32)). O

Lemma 2.4. Fiz k € [0,00) and let p: X x X — [0,00) be a 2"-quasi-semimetric. Then
for every symmetric stochastic matrix A we have

(ot 6 ) o0) < 724 1) 1 (I (58)10). (35)

Proof. Suppose that A = (a;;) is an n x n symmetric stochastic matrix. It suffices to show
that for every h: {1,...,2n} — X and every m € N we have

DA ITUCREDEI CaseD 39 Dl G WU O RCD

For simplicity of notation write B = (b;;) o (94). Then

L(m—1)/4] L(m 3)/4] L(m—2)/2]

éme(B) - I+ = Z B4s Z 32(25+1 Z BZs+1 (37)

Observe that
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Hence,

1 I.(m 2 /QJ 25+1 0 1 ZLm 2)/2] A25+1
Z B LZL(:%L—Z)/?J A2s+1 0 : (38>

For every s € N, using the fact that B?*~! and B?**! are symmetric and stochastic, we have

S5 (BS),, (i), h(j)

i=1 j=1

=1

Z (Z (B*71),, (B*"),; 2" (p(h(i), h(0)) + p(h(L), h(j))))
= 2" Z Z <A23—13_A23+1 A25_13A23+1 )ab p(h(a), h(b)) (39)

Similarly, for every s € NU {0},

SN (B ph(i), h(3) < 230D (e A4, plh(a), A(B)). (40)

i=1 j=1 a=1 b=1

It follows from , , and ( @ ) that
2n  2n 2n  2n
SN (B)yp(h ZZ (&5, p(h(D), h(5)), (41)
i=1 j=1

=1 j5=1
where
wr 1 on [(m—1)/4] Rt [(m—3)/4] [(m—2)/2]
C é _] A2S 1 A2s+1 A23+1 A25+1
2SS e 2T e LTS
To deduce from it remains to observe that
Vi,je{l,....n}, Cy < (272 +1) #,(A);. O

The following two lemmas are intended to indicate that if one is only interested in the
existence of super-expanders (rather than estimating the nonlinear spectral gap of a specific
graph of interest) then the distinction between (-, -) and v, (-, ) is not very significant.

Lemma 2.5. Fiz n,d € N and let G = (V,W, E) be a d-reqular bipartite graph such that
V| = |W| = n. Then there exists a 2d-reqular graph H = (V, F') for which every kernel
K : X xX —10,00) satisfies v+ (H, K) < 2v(G, K).
Proof. Fix an arbitrary bijection ¢ : V' — W. The new edges F' on the vertex set V' are
given by
Y(u,v) €V xV, Flu,v) % E(u,0(v)) + E(o(u),v).
Thus (V, F) is a 2d-regular graph.
Given f,g:V — X define ¢1,¢o : VUW — X by
def [ f(x) if eV, def [ g(z) ifzeV,
P1(x) = { g(c~Hx)) if z €W, and - ¢a(z) = { f(o7Hz)) if zeW.
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<(2;)2 S (K@), i) + K(ba(a), 62(u))

O S B (K@), 61) + K6a(0), 620)

(z,y)e(VxW)U(W X V)

= L > (E(u,0(v)) + E(o(u),v)) K(f(u),g(v))

(u,0)EV XV

~ 2v(G,K) ). oo
-6 X, Ko 0

Lemma 2.6. Fiz n,d € N and let G = (V, E) be a d-reqular graph with |V| = 2n. Then
there exists a 4d-reqular graph G' = (V', E') with |V'| = n such that for every k € (0,00) and
every p: X x X — [0,00) which is a 25-quasi-semimetric we have v, (G', p) < 2°72~(G, p).

Proof. Write V.= V' U V", where V', V" C V are disjoint subsets of cardinality n, and fix
an arbitrary bijection o : V' — V”. We first define a bipartite graph H = (V', V" F) by

V(JI, y) S V' x VU? F(J?, y) déf E(I,y) +F (l’, Uﬁl(yD + dl{yza(a:)}a (42>

where I is extended to V" x V’ by imposing symmetry. This makes H be a 2d-regular
bipartite graph. We shall now estimate v(H, p). For every f:V — X we have

(2711)2 Z p(f(w), f(v)) < V(Qi’dp) ( Z E(u,v)p(f(w), f(v))
(u,)

(u,0)EV XV e(VIxVMU(V"xVv?)

+ Y Blwup(fu), fe)+ Y E(u,v)P(f(U),f(v)))- (43)

(uw)EVI XV’ (uw) €V XV

Now, using the fact that p is a 2"-quasi-semimetric we have

Y Buwwp(fu), f0) < Y 2°E(u,0) (p(f(u), f(0(v)) + p(f(a(0)), f(0))

(u,0)eV’ XV (u,0)eV’/ xV!
=2¢ Y E(z,0' ) p(f(2), f®) + 25 Y p(f(0(2)), f(2)- (44)
(z,y)eV/xV" zeV!
Similarly,
Y. Blw)p(f(u), f(v))
(u,0)eV XV

<2 Y E(x,o()p(f(x), f(y) +2°d ) p(f(2), f(o(2))). (45)

(z,y) eV xV! zeV’
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Recalling , we conclude from , and that
1 219(G, p)

(u)E(V/UV*)x (VIUV")

> olf@), f(v).

(z,y)EF

Hence y(H, p) < 2°t19(G, p). The desired assertion now follows from Lemma [2.5] O

2.3. Edge completion. In the ensuing arguments we will sometimes add edges to a graph
in order to ensure that it has certain desirable properties, but we will at the same time want
to control the Poincaré constants of the resulting denser graph. The following very easy facts
will be useful for this purpose.

Lemma 2.7. Fiz n,dy,dy € N. Let Gy = (V, Ey) and Gy = (V, E3) be two n-vertex graphs
on the same vertex set with Fo O FEy. Suppose that G is dy-reqular and Gy is ds-regular.
Then for every kernel K : X x X — [0,00) we have

maX{V(G%K) 7+(G27K)} < @
7(G17K)’7+(G17K) h dl

Proof. One just has to note that for every f,g:V — X we have

1 1 4 1

w2 KU@w) 2o 3 K@) = 7o 3. K(f@)gly). O
(

nd2
xvy)EEl

(I,y)GEQ (I7y)€El

Definition 2.8 (Edge completion). Fix two integers D > d > 2. Let G = (V, E) be a
d-regular graph. The D-edge completion of G, denoted €p(G), is defined as a graph on the
same vertex set V', with edges F(%p(G)) 2 E defined as follows. Write D = md + r, where
m € Nand r € {0,...,d—1}. Then E(%p(G)) is obtained from E by duplicating each edge
m times and adding r self loops to each vertex in V| i.e.,

V(.’L" y) € V X ‘/7 E(CKD(G»(xu y) déf mE('Tu y) + Tl{CE:y}' (46>
This definition makes €p(G) be a D-regular graph.

Lemma 2.9. Fiz two integers D > d > 2 and let G = (V, E) be a d-regular graph. Then for
every kernel K : X x X — [0, 00) we have

Y %n(G), K) 7, (€p(G), K)
max{ V(G K) (G K) }@'

Proof. Write |V| = n and D = md + r, where m € N and r € {0,...,d — 1}. For every
fyg:V — X we have

1 1 mdE(x,y) + rdl—y,
— K = K
— Y KG@ee) @ 3 L (F(x).9(v))
(zy)€E(CD(G)) (z,y)eV XV
1

m 1
2ra 2 mritenKUElew) > S 3 KU@.g0).

(47)
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3. METRIC MARKOV COTYPE IMPLIES NONLINEAR SPECTRAL CALCULUS

Our goal here is to prove Theorem [I.7, We start with an analogous statement that treats
the parameter (-, -) rather than v, (-,-).

Lemma 3.1 (Metric Markov cotype implies the decay of ). Fiz C,e € (0,00), q € [1,00),
m,n € N and an n x n symmetric stochastic matric A = (a;;). Suppose that (X,dx) is a
metric space such that for every xy,...,x, € X there exist yy,...,y, € X satisfying

ZdX i, y;)? + me ZZade Yir Yj)? C";’ZZ% )ijdx (@i, ;)7 (48)

=1 j=1 =1 j=1
Then A g
7 (). ) < (30 max {1, T (49)

mE

Proof. Write B = (b;;) = 4,,(A). If v(B,d%) < (3C)? then holds true, so we may
assume from now on that v(B,d%) > (3C)?. Fix

(3C)T < v < ~(B,d%). (50)
By the definition of 7(B d%) there exist 1,...,x, € X such that
ZZdX T, ;) VZZbUdX (i, x)%. (51)
i=1 j=1 i=1 j=1
Let yq,...,y, € X satisfy . By the triangle inequality, for every i, 5 € {1,...,n} we have
dx (i, 25)" < 397 (dx (i, 4:)* + dx (yi, y7) " + dx (y;, 77)7) - (52)
By averaging we get the following estimate.

% Do dx(wiy)

> 30— 1n2 ZZdX ZEZ,ZL‘] ZdX %,yz
=1 j=1 i=1 j=1
(1)
> 30— 17”L lelszdX xwm] - ZdX xwyz
=1 j
W) 3ym® 3y 2\ —
> i d i) - d 1y Y1 1
W oo+ (G ) B o
(50 3ym*®
2 30 an, ZZaUdX ywyj . (53)
At the same time, by the definition of fy(A, d%) we have
1y YA ) S
ﬁzzdx(yuyj)q < szzaijdX<yiyyj)q' (54)
i=1 j=1 i=1 j=1
By contrasting with and letting v  v(B, d%) we deduce that

A dy)

mE

(ol A), ) = (B ) < 3o 0ot D)
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The special case ¢ = 2 of the following theorem implies Theorem [1.7]

Theorem 3.2 (Metric Markov cotype implies the decay of v, ). Fiz C,e € (0,00), ¢ € [1,00),
m,n € N and an n x n symmetric stochastic matric A = (a;;). Suppose that (X,dx) is a

metric space such that for every X1,...,%9, € X there exist yl, oy Yo € X satisfying
de x;, y;) ! +me ZZ )i Ax (i, y;)? CqZZ% )ij dx (@i, ;). (55)
=1 j=1 i=1 j=1
Then A
e (6t ), %) < (150 e { 1 M} | (56)
mE

Proof. By Lemma and Lemma we have

v (A(A), dL) < 27(@%”0 ) dq) < 2(2 £ 1)y (A (44),d%).  (57)
Lemma [2.3] yields the estimate

At the same time, an application of Lemma (3.1} and
(4. ) < (30)max {1 M}
B2 2941 A, dd
< (3C)qmax{1, +1 o2, X)} (58)
2 me
The desired estimate is a consequence of and . 0

4. AN ITERATIVE CONSTRUCTION OF SUPER-EXPANDERS

Our goal here is to prove the existence of super-expanders as stated in Theorem [1.1}
assuming the validity of Lemma [1.12] Corollary [I.10] and Theorem [1.13] These ingredients
will then be proved in the subsequent sections.

In order to elucidate the ensuing construction, we phrase it in the setting of abstract ker-
nels, though readers are encouraged to keep in mind that it will be used in the geometrically
meaningful case of super-reflexive Banach spaces.

Lemma 4.1 (Initial zigzag iteration). Fiz d,m,t € N satisfying
td*=Y < m, (59)

and fix a d-reqular graph Gy = (V, E) with |V| = m. Then for every j € N there exists a
reqular graph Fj = (V}, E}) of degree d* and with |V}| = m? such that the following holds
true. If K : X x X — [0,00) is a kernel such that v, (G, K) < oo then also v4 (F}, K) < oo
for all 7 € N. Moreover, suppose that C,~ € [1,00) and € € (0,1) satisfy

> (204%)"°, (60)

and that the kernel K is such that every ﬁmte reqular graph G satisfies the nonlinear spectral
calculus inequality

Y (A(G), K) < Omax{l,@}. (61)

Suppose furthermore that
V+(Go, K) < 7. (62)
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Then
sup vy, (Fy, K) < 20%°,
jEN

Proof. Set F} aef %.2(Gyp), where we recall the definition of the edge completion operation
as discussed in Section . Thus F} has m vertices and degree d?>. Assume inductively
that we defined F f to be a regular graph with m’ vertices and degree d. Then the Cesaro
average 7 (F7) has m? vertices and degree td**=1) (recall the discussion preceding (16])). It
follows from that the degree of o7 (FY) is at most m, so we can form the edge completion
Gm (i (F})), which has degree m, and we can therefore form the zigzag product

iy = (Gulh(F))) @Go. (63)

Thus F ]t 1 has m/*! vertices and degree d?, completing the inductive construction. Using
Theorem and Lemma , it follows inductively that if K : X x X — [0,00) is a kernel
such that v, (Go, K) < oo then also v, (F}, K) < oo for all j € N.
Assuming the validity of , by Lemma we have
©2)

V4 (F, K) = 74 (62(Go), K) < 274 (Go, K) < 27.
We claim that for every j € N,
Assuming the validity of for some j € N, by Theorem [1.3| we have

21 ([63) @EDAE2)
Y (Fjn K) < v (Gul(h(F))) v4(Go, K)? < 29 (4(F)), K)

Ft.K)) @ 20~
< QCvzmax{l,%} < 26’72max{1, tj } < 26’72. O

Corollary 4.2 (Intermediate construction for super-reflexive Banach spaces). For every
k € N there exist reqular graphs {F;(k)}52, and integers {di}7,,{n;(k)}jren € N, where
{n;(k)}52, is a strictly increasing sequence, such that Fj(k) has degree dy, and n;(k) vertices,
and the following condition holds true. For every super-reflexive Banach space (X, || - |x),

Vj,kaN, T+ (F’](l{)’H ' ”%() < 00,
and moreover there exists k(X) € N such that
sup ¢ (Fj(k), || - 1) < k(X).
7,keN
K2R(X)

Proof. We shall use here the notation of Lemma [1.12] For every k£ € N choose an integer
n(k) = no(1/k) (recall that ng(1/k) was introduced in Lemma [1.12]) such that

==

1—
k62(k71)(logmn<k)) < M) - (65)
By ([19), it follows from that d,(1/k), i.e., the degree of the graph H,(1/k), satisfies
k—
Koy < may = [V (Hag (1/K))],
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where here, and in what follows, V(G) denotes the set of vertices of a graph G. We can
therefore apply Lemma with the parameters ¢t = k, d = dyu)(1/k), m = myy) and
Go = Hypy(1/k). Letting {F}(k)}32, denote the resulting sequence of graphs, we define

ef ef j
dy C (dogy(1/K))" and  ny(k) = (maw)’ .
If (X,]-]|x) is a super-reflexive Banach space then it is in particular K-convex (see [61]).
Recalling the parameter dy(X) of Lemma [1.12] we have
1
k> — = H,o0 (LK), |- I1%) < 9.

It also follows from Corollary that there exists C'(X) € [1,00) and ¢(X) € (0,1) for
which every finite regular graph G satisfies

ViteN, v (#(G),| %) <C(X) max{l, M(j(—W} (66)

We may therefore apply Lemma 4.1 with C' = C(X), ¢ = ¢(X) and v = 9% to deduce that if

we define
k(X) o [max{

then for every j € N,
k2 k(X) = supyy (F5(k), 1 I%) < 20(X) - 9° < k(X). u
je

50(1X)’ (QC(X) . 93)1/5(X) 20(X) - 96}“ :

Corollary provides a sequence of expanders with respect to a fized super-reflexive
Banach space (X, || - || x), but since the sequence of degrees {dj}?2; may be unbounded (this
is indeed the case in our construction), we still do not have one sequence of bounded degree
regular graphs that are expanders with respect to every super-reflexive Banach space. This
is achieved in the following crucial lemma.

Lemma 4.3 (Main zigzag iteration). Let {d}32, be a sequence of integers and for each
k€ N let {n;(k)}52, be a strictly increasing sequence of integers. For every j,k € N let
F;(k) be a regular graph of degree dj, with n;(k) vertices. Suppose that K is a family of
kernels such that

VK e X, VjkeN, ~(Fk),K)< oo, (67)
Suppose also that the following two conditions hold true.

o For every K € & there exists ki(K) € N such that
sup 74 (F(k), K) < ks (K). (63)

J,keN
k>k1(K)

o For every K € A there exists ko(K) € N such that every regular graph G satisfies
the following spectral calculus inequality.

v+(G, K
ViEN, w(dt(G),K)<k2<K>max{1,%}. (69)
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Then there ezists d € N and a sequence of d-reqular graphs {H;}5°, with
lim [V(H;)| = o
1— 00

and
VK e, supvi(H;, K) < oo. (70)

jeN

Proof. In what follows, for every k € N it will be convenient to introduce the notation

My < (287)". (71)
With this, define
j(k) 4 nin {j eN: n;(k) >2d; + Mk+1dkﬁk+l 1)} : (72)
and
Wi € Fyg (k). (73)

We will next define for every k € N an integer ¢(k) € NU {0} and a sequence of regular
graphs W2, W} ... ,W,f(k), along with an auxiliary integer sequence {hz(k)}f(:kg C N. Set

W2 W, and  ho(k) < k. (74)
Define ¢(1) = 0. For every integer k > 1 set
ha (k) % min {heN: njg(h) = dyw } - (75)
Observe that necessarily hy(k) < ho(k) = k. Indeed, if hl(k) > k then

:,
=~

(™) )
i @ k- 1) @ aponn S g,

a contradiction. By the definition of hi(k) we know that n;m, ) (hi(k)) = dpoa), so we
may form the edge completion €, , . (n (k) y (W), Since the number of vertices of W, () is

Njthy (k) (P1(k)), which is the same as the degree of €, . (k) (WR), we can define

Wl «© th (k) <%ﬂ Nj(hy (k)) (h1(K)) (Wk> @Whl(k )

The degree of W} equals

2(Myy 1 —1)
M, (k) dm (k) ' .

Assume inductively that k,7 > 1 and we have already defined the graph W,i_l and the
integer h;_;(k), such that the degree of W, equals

2(Mp;_y(wy—1
Mhifl(k)dhg—l}{k) ) ) (76)

If h;—1(k) = 1 then conclude the construction, setting ¢(k) =i — 1. If h;_1(k) > 1 then we
proceed by defining

hi(k) & min{h e N: njp(h) = My, 1k)dh(ﬂf§;)“’” 1)}. (77)

Observe that
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Indeed, if h;(k) > h;_1(k) then
2(My, . -1) @ 2(Mp,_ (1)—1)
Mhifl(k)dhg_l}(Lk) ® ) > nj(hi,l(k)—l)(hi—l(k> — 1) > 2d2 + Mhi 1(k)dh- l}zk)l(k) ,

a contradiction. Since the degree of W,i_l is given in 1.' which by ( is at most
Mj(hi(k)) (hi(k)), we may form the edge completion €, ) (hs(k) y (W), The degree of the
resulting graph is s, k) (hi(k)), which, by ., equals the number of vertices of Wi, ). We
can therefore define

7 def i—
Wi = D0 <(‘9ﬂ"j<hi<k>>(hi(k)) (W) @Whi(k)) . (79)

The degree of W} equals Mhi(k)dig(j‘g)hi(m_w, thus completing the inductive step.
Due to the above procedure must eventually terminate, and by definition Ay (k) = 1.
Since ho(k) = k, it follows that
VkeN, (k)<k. (80)

We define
def

Hy € wi®,

The degree of Hj. equals d oo 2d? for all k € N. Also, by construction we have
-
Vi) = [V (W) = v (WO = v )] P w6 S M
Thus limg_,o |V (Hg)| = 0o. It remains to prove that for every kernel K € £ we have

sup v+ (Hg, K) < 0. (81)
keN

To prove we start with the following crucial estimate, which holds for every £ € N
and i € {1,...,0(k)}.

i—1
; ©9DA @D T+ ((gn'(hi(k))(hi(k)) (Wk ) @OWhi (k) K)
+ (Wk7K) < kQ(K) max 17 d 1/ko(K)
Mhz‘(k)
@ @A) vy (Wit K vy (Finen (ha(k)), K)
2 k(K ) max 4 1, T+ ( k ) 7+1(k i) (hi()) ) . (82)
M k2 (K)
h;(k)
In particular, it follows from that the following crude estimate holds true.
i i— 2
v (Wis K) < 2o (K) s (Wi K) v (B (ha(k)), K™ (83)
A recursive application of yields the estimate
2
4 (e K) = 75 (Wi, K ) < (2ka(K)) Dy (W2, K H7+ (hi(k)), K)°
Due to the finiteness assumption , it follows that
VkeN, 7. (HgK) < 0. (84)
In order to prove we will need to apply more carefully. To this end set
k(K) % max {k (K), a(K)} (85)
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and fix k > k3(K). We will now prove by induction on i € {0,...,¢(k)} that

hi(k) > ks(K) = vy (Wi, K) < ks(K). (86)
If i = 0 then ho(k) = k > k3(K) > ki(K), so by our assumption (68)),
2 WE
7 (WY, K) O.® Y4 (Fiy(k), K) < ki(K) < ks(K).
Assume inductively that ¢ € {1,...,¢(k)} satisfies
hi(k) > ks(K). (87)
By and the inductive hypothesis we therefore have
e (Wi K) < ha(K). (58)
Hence,
GBI EDAES) 2k3(K)ky (K)?
T+ (Wk7K) < k2(K>maX{17 3( 1/)k tfg) ) }
M 2
hi(k)

BB () max {1, —%f/(f(f) } D 1K),
My
This completes the inductive proof of .
Define
io(k) ¥ max {i € {0,...,0(k) — 1} : hy(k) > ks(K)}. (89)
Note that since ho(k) = k, the maximum in is well defined. By we have
s (W,?(’“), K) < ks(K). (90)
A recursive application of , combined with , yields the estimate
£(k)
o (Hi K) <ho(K) TT (2R (Bynage (i (R)), K)°) (91)
i=io(k)+1

By (89), for every i € {ig(k) + 1,...,4(k)} we have hi(k) < ks(K). Due to the strict
monotonicity appearing in , it follows that the number of terms in the product appearing
in is at most k3(K), and therefore
ks(K) )
i (Hes K) < ka(5) (2 ()Y T 3 (Fyo (). K. (92)

r=1

We have proved that holds true for every integer k > k3(K'). Note that the upper bound
in (92) is independent of k, so in combination with this completes the proof of . O

Proof of Theorem[1.1l Lemma applies when " consists of all K : X x X — [0,00) of
the form K (z,y) = ||x —y||%, where (X, ||-||x) ranges over all super-reflexive Banach spaces.
Indeed, hypotheses and of Lemma are nothing more than the assertions of
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Corollary Hypothesis of Lemma holds true as well since, by Corollary [1.10}
every super-reflexive Banach space (X, || - ||x) satisfies (66]), so we may take

e(X)

Let d € N and {H,}2, be the output of Lemma Recalling the notation of Remark ,
(3 denotes the cycle of length d with self loops, and Cy denotes the cycle of length 9 without
self loops. For each ¢ € N, since H; is d-regular, we may form the zigzag product H;@Cj,
which is a 9-regular graph with d|V (H;)| vertices. We can therefore consider the graph

ko (X) & max {C(X), ! } .

H “ (H,@C5) ®Co.

Thus {H;}32, are 3-regular graphs with lim, . |V (H;)| = oc. By Theorem|[L.3|and part
of Theorem [1.13] for every super-reflexive Banach space (X, || - ||x) we have

Y+ (Hika | - H,QX) < 94 (sz [ - Hg() Y+ (037 | - |’§()27+ (097 | - H?X)2

By Lemma we have v, (C5,] - [|%) < 12d% and 4 (Co, | - [|%) < 648 (since Cy is not
bipartite). Therefore v, (H}, || - |%) < d*yy (Hy, || - ||%), so due to the graphs {H}}°,
satisfy the conclusion of Theorem [1.1 0

Remark 4.4. V. Lafforgue asked [29] whether there exists a sequence of bounded degree
graphs {G}72, that does not admit a coarse embedding (with the same moduli) into any
K-convex Banach space. A positive answer to this question follows from our methods.
Independently of our work, Lafforgue [30] managed to solve this problem as well, so we
only sketch the argument. An inspection of Lafforgue’s proof in [29] shows that his method
produces regular graphs {H;(k)}, ken such that for each k € N the graphs {H;(k)};en have
degree dj, their cardinalities are unbounded, and for every K-convex Banach space (X, ||-||x)
there is some k € N for which sup, ey v4 (H;(k), || - [|%) < oo. The problem is that the degrees
{dy }ren are unbounded, but this can be overcome as above by applying the zigzag product
with a cycle with self loops. Indeed, define G(k) = H;(k)@Cj, . Then G;(k) is 9-regular,
and as argued in the proof of Theorem , we still have sup;cy 74 (G;(k), || - %) < oo. To
get a single sequence of graphs that does not admit a coarse embedding into any K-convex
Banach space, fix a bijection ¢ = (a,b) : N = N x N, and define G,, = Gq(m)(b(m)). The
graphs G, all have degree 9. If X is K-convex then choose k € N as above. If we let m; € N
be such that 1(m;) = (j, k) then we have shown that the graphs {G,, }32, are arbitrarily
large, have bounded degree, and satisfy sup;cy 4 (G, || - |%) < oco. The argument that was
presented in Section implies that {G,,}2°_; do not embed coarsely into X.

5. THE HEAT SEMIGROUP ON THE TAIL SPACE

This section contains estimates that will be crucially used in the proof of Lemma [1.12]
in addition to geometric results and open questions of independent interest. We start the
discussion by recalling some basic definitions, and setting some (mostly standard) notation
on vector-valued Fourier analysis. Let (X, ||-|x) be a Banach space. We assume throughout
that X is a Banach space over the complex scalars, though, by a standard complexification
argument, our results hold also for Banach spaces over R.
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Given a measure space (€2, 1) and p € [1,00), we denote as usual by L,(u, X) the space
of all measurable f : Q2 — X satisfying

def 1/p
T ( / Hf||§<du) o

When X = C we use the standard notation L,(p) = L,(p, C). When Q is a finite set we
denote by L, (€, X) the space L,(u, X), where p is the normalized counting measure on §2.
For n € Nand A C {1,...,n}, the Walsh function Wy : F§ — {—1,1} is defined by

Wa(x) & (~1)ea®
Any f:F} — X has the expansion

where

For ¢ : Fy — C and f : F} — X, the convolution ¢ * f : F — X is defined as usual by
def 1 AN
px fla) = 5o Yowle—w)fw)= Y GA)F(AWa(z).
wely AC{1,...,n}

For k € {1,...,n} and p € [1,00] we let L>*(F3, X) denote the subspace of L,(F%,X)
consisting of those f : F? — X that satisfy f(A) =0 for all A C {1,...,n} with |A| < k.

Let eq,. .., e, be the standard basis of Fy. For j € {1,...,n} define 0;f : F§ — X by
aof f(x) = fz +e))

9;f(x) 5
Thus
0;f = Z f YWa,
AC{1,...,
]EA
and

AFEN 0 f= > JAIF(AW

Jj=1 AC{1,...n}
For every z € C we then have
Af= > CMFAWL =R« f, (93)
AC{1,...,n}
where .
é 1 -+ e — (1 _ ez)”le (1 + ez)n_Hm”l ; (94)
J=1

and we identify F} with {0,1}" C R™. Hence, for every x € F} we have

A= Y (l_zez)lx_wl (126z)n—ux—wnlf(w)' .

wely
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In particular,

o L e\ levl /4 goy n-llo—ulh
veyer, @am-(5)  (55) (96

where 6, (w) o 1{z—yy is the Kronecker delta.
Given n € N and f : Fy — X, the Rademacher projection [43] of f is defined by

Rad(f) = > F({iH Wy

The K-convexity constant of X is defined [43] by

def
K(X) = 51€1le ||Rad||L2(Fg,X)—>L2(Fg,X)'

If K(X) < oo then X is said to be K-convex. Pisier’s deep K-convexity theorem [61] asserts
that X is K-convex if and only if it does not contain copies of {7}, with distortion
arbitrarily close to 1, i.e., for all n € N we have
inf  |T|lenssx - 1T ey =1

redE Tl 1T gy = 1
where Z (¢}, X) denotes the space of linear operators T : /7 — X (and we use the convention
HT_I”T(Z{L)%QL = oo if T' is not injective).

Our main result in this section is the following theorem.

Theorem 5.1 (Decay of the heat semigroup on the tail space). For every K,p € (1,00)
there are A(K,p) € (0,1) and B(K,p),C(K,p) € (2,00) such that for every K-convex
Banach (X, || - ||x) with K(X) < K, every k,n € N and every t € (0, 00),

O(K, p)efA(K,p)k min{t,tB(K*p)}' (97)

—tA H <
e L3 (F2,X)—>L3H(Fp,x)

The fact that Theorem [5.1f assumes that X is K-convex is not an artifact of our proof: we
have, in fact, the following converse statement.

Theorem 5.2. Let X be a Banach space (X, || - ||x) for which exist k € N, p € (1,00) and
t € (0,00) such that

sup ||e_
neN

tA
HL,%’“(IF;,XHL,?’“(F;,X) <Ll (98)

Then X is K-convex.

Remark 5.3. We conjecture that any K-convex Banach space satisfies for every k € N,
p € (1,00) and t € (0,00). Theorem implies if k or ¢ are large enough, but, due to
the factor C(K,p) in , it does not imply in its entirety. The factor C'(K,p) in (97))
does not have impact on the application of Theorem that we present here; see Section [7]

5.1. Warmup: the tail space of scalar valued functions. Before passing to the proofs
of Theorem and Theorem [5.2], we address separately the classical scalar case X = C, since
it already exhibits interesting open questions. The problem was studied by P.-A. Meyer [4§]
who proved Lemmal5.4 below. We include its proof here since it is not stated explicitly in this
way in [48], and moreover Meyer studies this problem with F% replaced by R™ equipped with
the standard Gaussian measure (the proof in the discrete setting does not require anything
new. We warn the reader that the proof in [48] contains an inaccurate duality argument).
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Lemma 5.4 (P.-A. Meyer). For every p € [2,00) there exists ¢, € (0,00) such that for every
k €N, every tail space function f € LZ*(Fy) and every time t € (0, 00),

—tA —cpk min{t,t2
e fHLp(Fg) < emerbmintt) 112, e - (99)
Hence,
IASI L, 2 epVE - fll L ep)- (100)

Proof. The estimate (100]) follows immediately from as follows.
TN
< [t ap] oy
Ly(F3) 0

@ / [ ) oo IAflz, )
< e crht dt—l—/ ecpktdt> A n S ———.
(/ 1 Il 5 12

1|z, @) = H/ e A fdt
0

To prove (99), we may assume that || f||z,@r) = 1. Since p > 2, it follows that

™2 1] gy < €M llzacey) < €N fllnycey) = €7 (101)
By classical hypercontractivity estimates [8, [7], if we define
g1+ e*p-1). (102)
then
—tA
le™ fHLq(Fg) < fllepmg) = 1. (103)
Since p € [2, q] we may consider 6 € [0,1] given by
1 6 1-4
=, 104
PR R (104)
Now,

He tAf”Lp(Fg) < He tAfHLz(JFS) ' He tAinq(FS)

(o1~ [@03) 2(p — 1)kt(e® — 1
g e—k’t9 é ex (_ (p o ) (e )) ) (105)
p(e*(p—1)—1)
By choosing ¢, appropriately, the desired estimate is a consequence ([105)). 0

Remark 5.5. For the purpose of the geometric applications that are contained in the present
paper we need to understand the vector-valued analogue of Lemma [5.4] i.e., Theorem [5.1]
Nevertheless, The following interesting questions seem to be open for scalar-valued functions.

(1) Can one prove Lemma also when p € (1,2)? Note that while A and e~ are
self-adjoint operators, one needs to understand the dual norm on L>*(F3, R)* in order
to use duality here.

(2) What is the correct asymptotic dependence on & in (100)? Specifically, can be
improved to

IAflp Zp KN I1? (106)
(3) As a potential way to prove ({L06]), can one improve (99) to
f e LMFy) = vt e (0,00), eS|, gy < Ml ep? (107)
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As some evidence for , P. Cattiaux proved (private communication) the case k = 1,
p = 4 of when the heat semigroup on [} is replaced by the Ornstein-Uhlenbeck
semigroup on R". Specifically, let v,, be the standard Gaussian measure on R"™ and consider
the Ornstein-Uhlenbeck operator L = A—z-V. Cattiaux proved that there exists a universal
constant ¢ € (0, 00) such that for every f € Ly(v,,R) and every t € (0, c0),

/Rn fdm=0 = [ f|l 0 < €N llzacn- (108)

We shall now present a sketch of Cattiaux’s proof of (108). By differentiating at ¢t = 0,
integrating by parts, and using the semigroup property, one sees that (108)) is equivalent to
the following assertion.

/fdvn=0:> Faw< [ IV (109)
n Rn

Rn

The Gaussian Poincaré inequality (see [9} [32]) applied to f? implies that

2
f4d%—( / f2d%) < | IV dy.
Rn n

Rn
The desired inequality (109) would therefore follow from
2
[ =0 = ([ ran) 5 [ £1esgao. (110
n n R”
Fix M € (0,00) that will be determined later. Define ¢5; : R — R by
0 if |x| < M,
def ) 2(x — M) if z € [M,2M],
Om(®) =N o(r 4 M) if @ € [—2M, - M], (111)
x if |z| > 2M.
Since |¢'| < 2, an application of the Gaussian Poincaré inequality to ¢ o f yields the estimate
) 2 ,
[ @ortan ([ oorm) S [ Vs (12
R R {If1=M}
Now,
()
[@orpanS [ P [ pa,-are (113)
R {If1>2M} R
Also,
2 1 2 2
IVl < 55 [ PVl (114)
{7120} R

If in addition [g, fdy, =0 then

(I8
bo fdy| = / (60 f — fdy,| Z / (6o f—f)dn| <4M.  (115)
Rn Rn {|fI<2M}
Hence, by (112)), (113), (114) and (115),
1
=0 = [ Py <My L / PIV AR (116)
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The optimal choice of M in (L16]) is

1/4
M:( f2||Vf||§d%) |
]Rn

yielding the desired inequality (110]). It would be interesting to generalize the above argument
so as to extend (L08) to the setting of functions in all the Hermite tail spaces {L.*(7,,, R) }ren
(i.e., functions whose Hermite coefficients of degree less than k vanish).

5.2. Proof of Theorem For every m € {1,...,n} consider the level-m Rademacher
projection given by

Rad,(f) = Y f(AWa

ACA{1,...,n}
|[Al=m

Thus Rad; = Rad and for every z € C we have

n

A = Z e“"Rad,,.

m=0

We shall use the following deep theorem of Pisier [61].

Theorem 5.6 (Pisier). For every K,p € (1,00) there exist ¢ = ¢(K,p) € (0, w/4) and
M = M(K,p) € (2,00) such that for every Banach space X satisfying K(X) < K, n € N
and z € C, we have

largz| < ¢ = He_zAHLp < M. (117)

(F3,X) = Lp(F3,X)

One can give explicit bounds on M, ¢ in terms of p and K; see [42]. We will require the
following standard corollary of Theorem Define
o
~ tang’
so that all the points in the open segment joining a — ¢w and a + ¢7 have argument at most
¢. Then

||Radm||L (Fp,X) > Ly(Fp,x) S Me™™. (118)
Indeed,
1 [ . . S ,
% ezmte—(a-‘rzt)Adt _ % /_7r gimt kg e—(a—i—zt)kRadkdt — ¢ ™ Rad,,.

Now ((118) is deduced by convexity as follows.

ema

= (a+it)A ma
HRadmHLp(FS,XHLpUFS,X) < or ). He HLP (F3,X)—+Lyp(F3,X) dt < Me™.
It follows that
M M
zA —kRz/2 —ka
Rz 220 = He HL% F3,X)—L2* (F3,X) S 1 _oa® S 1 _ o’ (119)
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Indeed,

n

Z e “"Rad,,

le==1] =
L7 *(Fp, X)L " (Fp,X)

m=k L7 Py, X)— L3 * (P2, X)
18 & M M
—mRz am —m§Rz/2 —kRz/2 —kRz/2
< E e Me"™ < M E =it é—l_e_ae .

m=k
The ensuing argument is a quantltatlve variant of the proof of the main theorem of Pisier
in [62]. Let
ety Va2,
and define
d—ef{zeC |z| <7 A |argz| < ¢} .
The set V C C is depicted in Figure [T}

2a + 127

FIGURE 1. The sector V C C.

Denote
Vo def {rtirtang: z €[0,2a)},

and
def

Vi = {re? . 10| < ¢},
so that we have the disjoint union 0V = VU V;.
Fix t € (0,2a). Let u; be the harmonic measure corresponding to V' and ¢, i.e., p; is the

Borel probability measure on 0V such that for every bounded analytic function f: V — C
we have

ft) = - f(2)dpu(2). (120)

We refer to [16] for more information on this topic and the ensuing discussion. For con-
creteness, it suffices to recall here that for every Borel set £ C 9V the number p;(E) is the
probability that the standard 2-dimensional Brownian motion starting at ¢ exits V at E.
Equivalently, by conformal invariance, p; is the push-forward of the normalized Lebesgue
measure on the unit circle S' under the Riemann mapping from the unit disk to V' which
takes the origin to t.
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Denote

0, dﬁf Nt(‘/l)

and write
p = (1= 00 + Opay, (121)

where p?, !l are probability measures on Vj, V4, respectively. We will use the following bound
on 6;, whose proof is standard.

Lemma 5.7. For every t € (0,2a) we have

6> % (f) ” (122)

r

Proof. This is an exercise in conformal invariance. Let D = {z € C : |z| < 1} denote the
unit disk centered at the origin, and let D, denote the intersection of D with the right half
plane {z € C: Rz > 0}. The mapping hy : V — D, given by

hi(2) = (E) “

,
is a conformal equivalence between V and D,. Let Q, = {x + iy : z,y € [0,00)} denote
the positive quadrant. The Mobius transformation hy : Dy — Q. given by

hg(z) def . Z+1

Z—1

is a conformal equivalence between D, and Q.. The mapping hs(2) 2 is a conformal

o,
equivalence between Q. and the upper half-plane H, = {z € C: (z) > 0}. Finally, the
Mobius transformation

def 2 — 1
h =
4(2) z4+1
is a conformal equivalence between H, and ID. By composing these mappings, we obtain the
following conformal equivalence between V' and D.

S
&

)?
)?

F(z) et (hgohgohyohy)(z) = <E
a
Therefore, the mapping G : V' — D given by
dof I ( ) — F(t)
F()F(2)
is a conformal equivalence between V' and D with G(t) =
By conformal invariance, 6; is the length of the arc G(Vl) C oD = St divided by 2.
Writing s = hy(t) = (t/r)™ %) € (0,1), we have
—4s(s? — 1) —i((s* — 1)% — 4s?)
(82 + 1)2 ’

&

+
+

=N

G(z) =

G(2a +1427) =

and

4s(s? — 1) —i((s* — 1)% — 4s?)
(82 + 1)2 ’

G(2a — i27) =
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It follows that if s > v/2 — 1 then 6, > %, and if s < v/2 — 1 then

1 . [(4s(1 — s?) s
Qt = ; arcsin (W > 5, (123)
where the rightmost inequality in ((123)) follows from elementary calculus. O

Lemma 5.8. For every ¢ € (0,1) there exists a bounded analytic function Wt .V — C
satisfying

U =1,
o |Ui(z)| = for every z € Vp,
o |\Ij§(z)| c(1-6,)/6; et)/et fO'f’ every z € V1.

Proof. The proof is the same as the proof of Claim 2 in [62]. We sketch it briefly for the
sake of completeness. Consider the strip S = {z € C: R(z) € [0,1]} and for j € {0,1} let

S; ={2€C: R(z) =7} Asexplained in [62, Claim 1|, there exists a conformal equivalence
h:V — S such that h(t) = 0;, h(Vy) = Sp and h(V}) = S;. Now define ¥ (z) o -5 O

Proof of Theorem[5.1. Take t € (0,00). If t > 2a then by (119)) we have

”efm” < M o kt/2
Ly"(F3,. X)=Lg"(F5,X) = ] _ g—a :

(124)

Suppose therefore that ¢ € (0,2a). Fix ¢ € (0,1) that will be determined later, and let W’
be the function from Lemma [5.8. Then

A gt (f)e A B (2)e B dp(2)

oV
(1-0) [ We)e2due) + 6, [ Ve (). (125
\% i
Hence, using in combination with I()Jemma Theorem and , we deduce that
He_tAHpk(w X)oL2h g x) S (1 —01)eM + 5(1_991)/(% : 1M_€;C;
1% eM + 1M_€:: : 52(r/t)3/<2¢>—1 (126)
We now choose i
€ = exp (—% (;) v ka) ,
in which case ([126)) completes the proof of Theorem , with B(K,p) = % O

5.3. Proof of Theorem [5.2] The elementary computation contained in Lemma [5.9] below
will be useful in ensuing considerations.

Lemma 5.9. Define f,, : Fy — Li(F%) by
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Then f, € L' (F3, L1(F3)), yet for every t € (0,00) we have

eitAfn n n

lim H HLP(IF2,L1(IE‘2)) _1 (128)
n=oo || fall Ly, La o)

where the limit in (128)) is uniform in p € [1,00).

Proof. By definition 3, e fu(2) = 0, ie., fo € L7 (F5, Ly (F3)). Observe that

1
| follz,@p, L. Epy) = 2 (1 — 2—n) (129)

and note also that for every x,y € F} we have

ST ) 1= Y Wal)Wal). (130)

i=1 AC{1,..n}
A0

It follows from that for every x € F we have

¢ 1 1 — et [lo—wllx 1+ et n—|lz—wlj
He Afn“Ll(JF;) ~ on Z Z ( B ) < 5 ) fn(w)(y)
on

yeFy |weky
o (1= le=vls /1 4 ot n—ux—mh_l |
2 2
yeFy

A B " /n I—e'\" 1+ \"™ 1
HetanLp(]Fg,Ll(Fg))_ o(m)‘< 9 ) ( 5 ) ~on |

m

Let Uy, ..., U, be ii.d. random variables such that Pr[U; = 0] = Pr[U; = 1] = % By the
Central Limit Theorem,

1 1
/3 1 2/3
EUG(2 -n ,2n+n )]
— lim ) "L (139)
n—o00 m) 2"

me( n—n?2/3 1n+n2/3) NN

Similarly, if V3,...,V}, are i.i.d. random variables such that Pr[V; = 1] = (1 —e™")/2 and
Pr[Vi = 0] = (1 4+ e7%)/2, then by the Central Limit Theorem,

1—et 0y 1—et
23 2/3
g VE( 5 n—n’?, 5 n+n )]
, n\ [(1—e\" [1+et\"™
= 2 () () (F5) - o

—t
me(k; n—n2/3 1=¢"t n+n2/3>

!

Hence,

(131)

1= lim Pr

n—o0

1= lim Pr

n—0o0

35



Fix € € (0,1). It follows from (132)), (133 that for n large enough we have

3 (Z) 2% >1- % (134)

me(%n7n2/3,%n+n2/3)ﬁN

and
n\ [(1—e ™\ [1+e\"" €
>1--. 135
N o)1 G B o e L
mE(lfgit nfn2/3,17§7t n+n2/3)ﬁN

Moreover, by choosing n to be large enough we can ensure that

1 1 1—et 1—et
<§n—n2/3,§n+n2/3) N ( 26 n —n?3, 26 n+n2/3) =0. (136)

Since

1 1
m E (§n—n2/3,§n+n2/3> >

2/3

T—e ™ \" [14+e\"™ 1 w2 (14+e\"
<—(1—¢*
(2)(2) o (=) 0= )
if n is large enough then

1 a3 1 2/3 L—e™\" (14e\"T" £
me(gn—n ,§n+n = 5 5 < Surt- (137)

def

Moreover, because ¢ > 0 we have h((1—e™")/2) > %, where h(s)
Noting that

s*(1—s)17* for s € [0, 1].

1_ —t 1_ -t
e e n—n2/3,—en+n2/3 N
2 2
1—e '\ [14+et\"™ 1—e\\" /1—et\""
> | h —_— ,
2 2 2 1+et
we see that if n is large enough then
1 —et g 1—et 1 efl1—et\"/14+e\"
S ) = — <= . (138
m€<2nn, 2n+n> 2n<2(2)(2 (138)

Consequently, if we choose n so as to ensure the validity of (134]), (135)), (136]), (137)), (138]),
then recalling (129) we see that

A e\ 2 (129)
e nll oy 2 egy) = 2 (1 N 5) > = elhnlle e -

Proof of Theorem[5.9. Suppose that there exists € (0,1), k € N, p € (1,00) and ¢ € (0, 00)
such that

VneN, [le™?| <1-4. (139)

F3,.X)—L; " (F5 . X)
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For n € N, identify F5" with the k-fold product of F3. Define F': F5"* — L, (Fk") by

k
Flatsat) o) € [T a6, (140)

where f, € L>'(F%, L1(F%)) is given in (127). Then F € LZ*(F5", L(F5")). For every
injective linear operator T : Ly (F5") — X we have T'o F' € L>*(F§", X), and therefore

—tA —tA
B e <T°F>HLP(F§n,X) - 1 ' e F”Lp(an,Ll(]Fg"))
1T o Fllp,@mxy  ~ ITI-ITH IF I, @n ey
—tA k
) 1 . e f”HLP(IFQ,L1(F§)) / 1 (141)
17 71 | foll 2, 5,0 Fp)) nooo ||T|| - | T
where in the last step of (141)) we used Lemma[5.9} It follows that
1
inf IS [[S7! > —.
sup b ISI-1S71 = 1=
By Pisier’s K-convexity theorem [61] we conclude that X must be K-convex. O

5.4. Inverting the Laplacian on the vector-valued tail space. Here we discuss lower
bounds on the restriction of A to the tail space. Such bounds can potentially yield a sim-
plification of our construction of the base graph; see Remarks [5.12] and [7.5] below.

Theorem 5.10. For every K,p € (1,00) there exist 6 = 0(K,p),c = ¢(K,p) € (0,1)
such that if X is a K-convexr Banach space with K(X) < K then for every n € N and
ke{l,...,n},

fe L;?k (F3,X) = HAfHL,,(ng,X) > ck’ - /1], 5. )- (142)
Proof. The estimate (142) is deduced from Theorem [5.1| as follows. If f € L>* (Fy, X) then

- A &7 ! AktB = Ak
/ €_t Afdt § C / e ¢ dt + / e tdt HAfHLp(FEL,X)
0 Ly (F§,X) 0 1

[(1/B) e 4 CB 1
<C ((Ak)l/g i IAfllz, @) S Yok WHAJCHLP(F;)(y O

1Nz, Ep.x) = ‘

We also have the following converse to Theorem [5.10}
Theorem 5.11. If X is a Banach space such that for some p, K € (0,00) and k € N we

have
lim inf —| A/ Lp(®5 X)

n—o0 rerzkmp x) || fllL, %)
f#0

> 0, (143)
then X s K-convex.
Proof. For f € L,(Fy, X) define
1 ~
A= ) Ty AW
AC{1,...,n}

A#0
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In [54, Thm. 5] it was shown that if X is not K-convex then

-1 .
i‘ég HA ||Lp(IFg,X)—>Lp(IFg,X) = .
Here we need to extend this statement to the assertion contained in (144]) below, which

should hold true for every Banach space X that is not K-convex and every k € N.

el HA?I||L5’“(F£L,X)—>L5’“(F3,X) - (144)

Arguing as in the proof of Theorem by Pisier’s K-convexity theorem [61] it will suffice
to prove that for n > 2, if F': F5* — L, (Fi") is given as in (140)) then

||A_1FHLP(]F’2“",L1(F§")) -, logn

1N 2, w5m, £ (et 8k
Note that by (129)),
k
1
1Pl =2 (1= 55 <2 (146)

By ([130)) and (140)), for every (x!,... 2%), (y',...,y*) € F5" and every ¢ € (0, c0),

e AR 2Nt ) = ﬁ ﬁ (1 + e_t(—l)xé‘er;) — 1)

[y

— ﬁ <(1 — e_t)“xi_yi”l (1+ e_t)n_W_yi”l B 1) - (147)

b

Vo € Fy, o Q] > 2" (148)

For every x € F§ denote

def

oY {yer: ly-al <

|3

Then

and by ([147)) we have

k
(y', ...,y € HQxl = |e_tAF(ac1,...,xk)(y1, Ly > (1 —(1- e_Qt)n/Q)k. (149)
i=1
Now,

HA_IF(xl,...,xk)||L1(]F,§n) = H/OO eTAR(xt, . 2Nt
0
1

Ly (F5™)

/ el 2 (A [ (TR ,yk)dt‘
0

L[ —2t\n/2
> | (1 ~ (1 ) ) dt, (150)
where in ((150) we used ((148]) and ((149). Finally,
[B0) 1 [2len k 1o
-1 —2t\n/2 gn
A FHLP(F’gle(F’gn)) > ﬁ/o (1 — (=) > dt 2 T (151)
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The desired estimate (145)) now follows from ([146|) and (151)). O

Remark 5.12. The following natural problem presents itself. Can one improve Theorem 5.10
so as to have § = 1, i.e., to obtain the bound

fe Ly (FX) = [AfllL,@px) = Pk fllL,mp07 (152)

As discussed in Remark this seems to be unknown even when X = R. If were true
then it would significantly simplify our construction of the base graph, since in Section [7] we
would be able to use the “vanilla” hypercube quotients of [28] instead of the quotients of the
discretized heat semigroup as in Lemma see Remark below for more information on
this potential simplification.

6. NONLINEAR SPECTRAL GAPS IN UNIFORMLY CONVEX NORMED SPACES

Let (X, | - |lx) be a normed space. For n € N and p € [1,00) we let L7 (X) denote the
space of functions f: {1,...,n} — X, equipped with the norm

n 1/p
I/ lzg00 = (%Z ||f<i>r\§> -

Thus, using the notation introduced in the beginning of Section , Ly(X)=Ly({1,...,n}, X).
We shall also use the notation

LX) & {f € LX) : Zf(z’) = 0} :

Given an n x n symmetric stochastic matrix A = (a;;) we denote by A ® I} the operator
from L}(X) to L;(X) given by

(A®I%) f(i) = Y _aif():
j=1
Note that since A is symmetric and stochastic the operator A ® Iy preserves the subspace
def n

MP(A) E NA® x|y x0m0x00 - (153)

Note that, since A is doubly stochastic, N5 (A) < 1. It is immediate to check that
2 2
A (A) = AZ(A) = MA) = max [ (4)].

.....

Thus )\()?)(A) should be viewed as a non-Euclidean (though still linear) variant of the absolute
spectral gap of A. The following lemma substantiates this analogy by establishing a relation

between AP (A) and 4 (A, || - |[%).

Lemma 6.1. For every normed space (X, || - ||x), every p > 1 and every n X n symmetric
stochastic matriz A, we have

p 4 ’
V(A - [5) < (1 + m) : (154)
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Proof. Write A = )\g?)(A). We may assume that A < 1, since otherwise there is nothing to
prove. Fix f,g:{1,...,n} — X and denote

TS ) and g 129

=1
Thus
def - n def _ n
fo=f—-felj(X) and go=g—7€ Ly(X)o.
Therefore
(A @ I%) foll by xy) S AMlfollyxy  and (A @ IX)goll L x) < Allgollzgx)- (155)

Let B be the (2n) x (2n) symmetric stochastic matrix given by

B- C)l 6‘) | (156)

Letting h = fo @ go € L2"(X) be given by

h(i) déf{ fo(4) if i € {1,...,n},

g(i—n) ifie{n+1,...,2n},

we see that

1
N[ foll7 ) + A7 ||go||pgm> ”
2

(1= ) 1l 300 = Il znc) - (

1 . 1 . e
< llzznx) — (5 I(A® IX)fOHpg(X) T3 (A® [X)gl)H]zg(X))
(I16) n

= [Illzrco) = [[(B ® IR 1an x,

<| (IW -Boi)n,,

v . . p\ /P
2SS e (i) - a0)) o SIS a (i) — o)
i=1 || j=1 x =1 || j=1 X
. 1/p
< (EZZCLMH]% )Hp

n n 1/p
1
<[f-3 (n > ayl| £(3) )||p> - (157)
=1 j=1
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Note that

7=l = | 3D ats) - 9i)
n n n n 1/p
<23 lf6) — o)l < Ql > all () W) - (159)

Combining (157) and (158) we see that

1> 1/p 9 T 1/p
<%Z(Hfo(i)||§<+||go(i)\|§c)) <m(ﬁ‘ >~ a1 £6) >Hp> . (159)

i=1
But,
1 n o n 1/p 1 n n 1/p
(m 0 Hp> <7 - (n— N0 Hp>
=1 j=1 =1 j=1
1 1/p
< T-all+ (5 27 (| fo(o) + o >||§(>>
=1
9715 N
(1 25) B et -l )
i=1 j=1
which implies the desired estimate (154]). O

6.1. Norm bounds need not imply nonlinear spectral gaps. One cannot bound
Y+ (A ]| - |I%) in terms of )\g?)(A) for a general Banach space X, as shown in the follow-
ing example.

Lemma 6.2. For every n € N there exists a 2™ x 2" symmetric stochastic matrix A, such
that for every p € [1,00),

Sup Y, (Ans - 117,) < o0, (160)
yet
lim A\P(4,) = 1. (161)
n—oo

Proof. We use here the results and notation of Section . For every t € (0,00), the operator
e ' is an averaging operator, since by it corresponds to convolution with the Riesz
kernel given in (94). Hence the Fy x F} matrix A, whose entry at (z,y) € Fy x Fy is

—t\ ==yl —t\ n—llz=yl1
—tA 1— e t 1 + e

is symmetric and stochastic. Lemma implies the validity of (161]), so it remains to

establish ({160]).
By Lemma there exists ¢, € (0,00) such that

)\(217) (An) < e Cp min{t7t2}.

Lap
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It therefore follows from Lemma [6.1] that
5 _ e—cp min{t,t2} P def
T+ (Am || ’ ||%Zp> < (1 — e—cpmin{t,t2} = Cp(t) < 0.

Since L, embeds isometrically into Lo, (see e.g. [70]), it follows that v (A, | - ||i’; ) < Cy(t).

It is a standard fact that L; equipped with the metric d(f,g) = +/||f — g/l admits an
isometric embedding into Ly (for one of several possible simple proofs of this, see [50, Sec. 3]).
It follows that v (A, || - I7,) = 7+ (An, d) < Cy(2). O

6.2. A partial converse to Lemma [6.1] in uniformly convex spaces. Despite the
validity of Lemma [6.2] Lemma [6.6] below is a partial converse to Lemma [6.1] that holds true
if X is uniformly convex. We start this section with a review of uniform convexity and
smoothness; the material below will also be used in Section [6.3]

Let (X, || - ||x) be a normed space. The modulus of uniform convezity of X is defined for
e€l0,2] as

o(e) @int {1 LU Ly € X ol = s =1 o=yl =<} (02
X is said to be uniformly convex if ix(¢) > 0 for all € € (0,2]. Furthermore, X is said to
have modulus of convexity of power type p if there exists a constant ¢ € (0,00) such that
dx(e) = ce? for all € € [0,2]. It is straightforward to check that in this case necessarily
p = 2. By Proposition 7 in [5] (see also [14]), X has modulus of convexity of power type p
if and only if there exists a constant K € [1,00) such that for every z,y € X

lz +yllx + llz —yllx
2
The infimum over those K for which holds is called the p-convexity constant of X, and
is denoted K,(X).
The modulus of uniform smoothness of X is defined for 7 € (0,00) as

1
Il + 5wl < (163)

def |z + 7yl x + llz — 7yllx
px(T) = sup 5

“Linye X, el =l =1f. (o1
X is said to be uniformly smooth if lim, o px(7)/7 = 0. Furthermore, X is said to have
modulus of smoothness of power type p if there exists a constant C' € (0,00) such that
px (1) < C7P for all 7 € (0,00). It is straightforward to check that in this case necessarily
p € [1,2]. It follows from [5] that X has modulus of smoothness of power type p if and only
if there exists a constant S € [1, 00) such that for every x,y € X

2 + yll5 + [l= — yllx
2

The infimum over those S for which holds is called the p-smoothness constant of X,
and is denoted S,(X).

The moduli appearing in (162) and (164) relate to each other via the following classical
duality formula of Lindenstrauss [33].

px+(T) = sup{7—76 —o0x(e): €€ [0,2]}.

< lzllx + SPllyll- (165)
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Correspondingly, it was shown in [5, Lem. 5] that the best constants in (163) and (165]) have
the following duality relation.
Kp(X) = Spyp-1)(X7). (166)
Observe that if ¢ > p then for all z,y € X we have

1 1
(Hw+y!l§< + |je - yn’;() v (HH@/HB& + |l —yu?x) a
~X )

2 2
and
1 1/q 1 1/p
(1ol + o) < (helt + ol )
Hence,
¢=2p = K,/(X) < Ky(X). (167)

Similarly we have (though we will not use this fact later),
< p = S5y(X) < Sp(X).

The following lemma can be deduced from a combination of results in [15, [14] and [5]
(without the explicit dependence on p,q). A simple proof of the case p = 2 of it is also
contained in [52]; we include the natural adaptation of the argument to general p € (1, 2] for
the sake of completeness.

Lemma 6.3. For every p € (1,2], ¢ € [p,o0), every Banach space (X,| - ||x) and every
measure space (£, ), we have

Sp (Lq</~57 X)) < (5PQ>1/pSp(X)~
Proof. Fix S > S,(X). We will show that for every z,y € X we have

4yl + llz —ylls
o 2ol 02 =90 < o + spasmii)”. (168)

Assuming the validity of ((168) for the moment, we complete the proof of Lemma as
follows. If f,g € L,(it, X) then

/
1 + 000 1 = 9y (1 00T + 1S = 0l )
2 - 2
_ (/ If +gl% + 1 —glk, )P/"
= 1
2
m

1715 + 5pasvlgly
q/p(“)

< ||f“1£q(y,X) + 5pqu||g||I£q(u,X).

This proves that S, (L, (1, X))? < 5pgS,(X)?, as desired.

It remains to prove {168). Since [yl + 5pgs7llall% < lall% + 3pasPllyll if zlx < ullx.
it suffices to prove (168)) under the additional assumption ||y||x < ||z|lx. After normalization
we may further assume that ||z||x = 1 and ||y||x < 1.

Note that

[z + g% = llz =yl < @+ lyllx)” = (0= lyllx)” < 2pllylx- (169)
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We claim that for every o € [1,00) and € [—1, 1] we have

((1+6)“+ (1—p)

2

Indeed, by symmetry it suffices to prove ((170) when g € [0, 1]. The left hand side of is
at most max{1+ 3,1 — 5} = 1+ 3, which implies when 8 > 1/(2«). We may therefore
assume that 3 € [0,1/(2«)], in which case the crude bound (1 + 8)* + (1 — 8)* < 2+ 40?32
follows from Taylor’s expansion, implying in this case as well.

1/a
) <1+ 206 (170)

Set
ool o=l g el = o=yl .
2 Iz +yll% + llz — yll%’
and define
. 1 alp 4 (1 — Bya/pP\P/1
ed—f(( +5) ;( ) > —1el0,1]. (172)

Observe that by convexity b > 1, and therefore
@G 2 (2
g 'L 9950 B _Q( pllyllx

P 2b
where we used the fact that p € [1,2] and |ly|]|x < 1. Now,

2
) < 2pallyll%. (173)

I+ 9l + iz = % @D

q/p
5 1+6))

< (L4 SPlyl%) (L +0)7" < (1 + 5paSPllyll3)*” . O

By (166]), Lemma implies the following dual statement.

Corollary 6.4. For every p € [2,00), q € (1,p], every Banach space (X, | - ||x) and every
measure space (§, 1), we have

1-1/p
Kp<Lq<u,X>><(( 5P >) K,(X).

p—1(g—-1
The following lemma is stated and proved in [4] when p = 2.

Lemma 6.5. Let X be a normed space and U a random vector in X with E[||U|%] < oo.

Then
1

ERENTAeI

IE U1l + IV = EUI%] <EUI%]-

Proof. We repeat here the p > 2 variant of the argument from [4] for the sake of completeness.
Let (€2, Pr) be the probability space on which U is defined. Denote

of . JEIVIE] = IEV]]
= f{ X X VelL,(Q,X) AE[V-EV]E >0} (174)
EfV - E[V][] ' .
Then 6 > 0. Our goal is to show that
1
0> : (175)

@ T DE,(X)y
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Fix ¢ > 6. Then there exists a random vector V € L,(§2, X) for which
SE[[[Vo - E[Volllx] > E[[IVollx] — IE[Vo] [l (176)
Fix K > K,(X). Apply the inequality (163) to the vectors

1 1 1 1
T = §V0+§E[Vo] and y= §VO_§E[VO]7

to get the point-wise estimate

p
< Vol + [1E[Vo] Il (177)
X

P 2
xR

1 1
Vo — 5 E[V]

1 1
2= —E
HZVO+2 [Vol 5

Hence

¢E[[Vo —EVolllx] =" E[IVollk] — IE[Valllx
1

S ([ - e ][ 2 o

¥ 2

|

1 1 1 1 P 1 P
S - Z _ - Z i il A
2 | (e ) ]| -,
0 1 »
= (5o + gmis ) ElIVo— EVII]
Thus
9 1

Since (178 holds for all ¢ > 6§ and K > Kp(X ), the desired lower bound (175]) follows. [

Lemma 6.6. Fizp € [2,00) and let X be a normed space with K,(X) < co. Then for every
n x n symmetric stochastic matriz A = (a;;) we have

1 1/p
(1 (2 = DR (X (A ] H’)})) '

Proof. Fix vy > v (A |- %) and f € L3(X)o. For every i € {1,...,n} consider the
random vector U; € X given by

A (A) <

Pr[U; = f(j)] = ay;.
Lemma implies that
p n
. 1
Zamf(]) < Zazj“f( )HP (2p—1—1)K (X)pzazj
j=1 x =l P

Define for i € {1,...,n},

n
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By averaging (179 over i € {1,...,n} we see that

H<A®[;L(>f“pg(x) = _Z Zawf
=1 || j=1

< ;ZZ%Hf@JH%—n(Qp_l S 2o 2 el ) = 9%
=1 j=1 i=1 j=1
= 100~ = Z AFG) - 9@l (180)
i=1 j=

The definition of vy (A, || - ||%) implies that

—ZZ% HOBYO n2 S - 9

=1 j=1 i=1 j5=1

> Ly -2 3o

T+
where we used the fact that since f € Lj(X)o we have

Zg Z(Z) Fe) =S f(k) =0,

k=1 =1

1 — 1
= — FONS = —f 5 xy, (181
o jE_l (bl 7+H Iy x), (181)

X

3

Substituting (181)) into (180]) yields the bound

" 1
R (e ez L -
Since ([182)) holds for every f € L7(X)o and v, > v, (A4, - [|%), inequality (182)) implies the
required bound on )\g?)(A) =[A® I}"°<||L;(X)O—>L;(X)O- O

Theorem 6.7. Fizp € [2,00) andt € N. Let X be a normed space with K,(X) < co. Then
for every n x n symmetric stochastic matriv A = (a;;) we have

(AL R < BEL(X)P - max {1, (M)} |

Proof. Note that since A ® I§ preserves L7 (X)y we have

AP (AN = ||Af e 1% =A%)

HL;( X)o—Lp(X)o ||L$(X)0—>L§(X)o

<A ® Il xymsipx)0 = A0 (A (183)

Lemma applied to the matrix A’, in combination with (183)), yields the bound

- 5224y )" 5 '
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On the other hand, using Lemma [6.6) we have

») 1 o
AP (4) < (1 - )
* (2071 = DEG(X)Py (A ] - (%)
< ( ! ) (185)
<exp | — ,
p(2r~t = DG (X)Pyy (A ] - (%)
Thus
¢
1— APy > 1—exp(— >
< PO T DK, (0 (AT %)
1 t
> —min< 1, . (186
smin{t s m T ) (%
The required result is now a combination of (186]) and (184)). O

6.3. Martingale inequalities and metric Markov cotype. Let X be a Banach space
with K,(X) < co. Assume that {M;}7_, C X is a martingale with respect to the filtration
Fo CFL C--- C Fo, e, E[M;1|F] = M; for every i € {0,1,...,n— 1}. Lemma
implies that

) p
E[1M0 = Mol | Faa| > | [ M = o| Foca] |
! E |6, — Mo —E [ M, — M| 7| |7
T T SR, [H no [ " 0’ ”—1} x ”—1]
1
= IMas = Mol + ey B (1M = Ml [ o] (187)

Taking expectation in ([187)) yields the estimate

1
(2071 = 1) (X)

E | My, — Mollx] > E[|| My — Mollx] + S B[ My — My lX]-

Iterating this argument we obtain the following famous inequality of Pisier [59], which will

be used crucially in what follows.

Theorem 6.8 (Pisier’s martingale inequality). Let X be a Banach space with K,(X) < 0o.
Suppose that {My}7_, C X is a martingale (with respect some filtration). Then

1 n
E[|M,, — M|5] > E[||M, — My_1]|%] .
[H OHX] (2p_1 — 1)Kp(X)p ; [H k k 1“X]

We also need the following variant of Pisier’s inequality.

Corollary 6.9. Fiz p € [2,00), q € (1,00) and let X be a normed space with K,(X) < co.
Then for every q-integrable martingale {My}7_o C X, if ¢ € [p, 00) then

E (1M~ M) > Gy O BUIMe ~ M 4] (188)

k=1
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and if ¢ € (1,p], then

_ _ q(1-1/p) n
(S(l—ll/g?zg}( (;(/)q))q)m_q/p ZE ([ My — My—1||%] - (189)
P k=1

E[|[M, — My|%] >

Proof. Denote the probability space on which the martingale {Mj}}_, is defined by (€2, p).
Suppose also that Fy C F; C --- C F,,_; is the filtration with respect to which {M}}_, is
a martingale.

If p < g then is an immediate consequence of Theorem and (167). If ¢ € (1,p]
then by Corollary [6.4] we have

1-1/p
K ey (Ly(n X)) < (@L”)) K,(X).

- 1Dg—-1
We can therefore apply (163) to the following two vectors in L, (i, X).
M, — M, _ M, — M, _
$:Mn—1—M0+Tl and y:Tl,

yielding the following estimate.

M, Mn
(E H‘M My 4 Mo = Mo 7 (B 1M, — M)

D

B (1M, ~ MHX])”/" + (B (| Mooy — Moll%])"

5 (190)

Now,

r q
E (| Mooy = Moll4] = E [||Ma1 = Mo+ E [ My = Moa | Foca ||| <EN1M, = 254,

and
M, — M, _ ‘
B0t - Mol = B ([ - 20+ | 2ot
L X
M, — M, |
[ ]
2 X
Thus ((190) implies that
1

(E (|| M-y — Mol %)™ + (E (Mo = Moa |57 < (E (M = MolIS])7 . (191)

(2K)
Applying (191)) inductively we get the lower bound

n

(2K)P (B [| My, — Mol ])” =Y~ (B[|IMy, — My |[%])"

k=1

n p/q
1
Z 57 <ZE[HM1€_Mk1H§(]> :
ne k=1
which is precisely ((189)). O
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We are now in position to prove the main theorem of this section, which establishes
metric Markov cotype p inequalities (recall Definition for Banach space with modulus
of convexity of power type p. An important theorem of Pisier [59] asserts that if a normed
space (X, || - ||x) is super-reflexive then there exists p € [2,00) and an equivalent norm || - ||
on X such that K,(X,| - ||) < co. Thus the case ¢ = 2 of Theorem below corresponds
to Theorem

Theorem 6.10. Fiz p € [2,00) and let (X, | - |x) be a normed space with K,(X) < oo.
Then for every m,n € N, every n x n symmetric stochastic matriv A = (a;;) and every
x1,..., T, € X there exist yy, ...y, € X such that for all g € (1,00),

n B g . .
e (=YD= )N "
max {ZZI ||J;z yzHXa ( 16 - 51_1/pr(X) m Z Zalﬂ ||yz yJHX

i=1 j=1

<SS Al % (192)

=1 j5=1

In particular, for ¢ = 2 we have

ani—yz-u%wm?/pzzawuyz yill% < (320K,,( ZZ% A)ijllzs — 251l
=1

=1 j=1 i=1 j=1
Thus X has metric Markov cotype p with exponent 2 and with C’Z(;Q) (X) < 320K,(X).
Proof. Define f € L3 (X) by f(i) = ;. For every £ € {1,...,n} let
40.20,2

be the Markov chain on {1,...,n} which starts at ¢ and has transition matrix A. In other
words Z = ( with probablhty one and for all t € {1,...,m} and i,j € {1,...,n} we have

Pr [Zt( :j‘ 70 = z} = ay;.
For t € {0,...,m} define f; € L}(X) by
i (At IR

Z) def f, ( >

then Méz), M I(Z), cooy M “isa martingale with respect to the filtration induced by the random
variables Zée), Z{Z), cee Z,(f . Indeed, writing L = A ® I} we have for every t > 1,

B MO 20, 20| =& | (L) (29)| 20] = 17 ' | £ (27)| 22)]

= L) (20) = (0 (20) = MO

Observe that if we set

Write
(193)

K = 5¢1-1/p) (2K, (X))em!i—a/p .
((171/p)((171(/q))))q<1—1/p) if g € (1,p).

def { (2971 = 1)K, (X)1 if ¢ € [p,00),
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Then Corollary applied to the martingale {Mt(é)} implies that
t=0

K[l (29) - el > 358 e (20) - v (2

Let {Z:}:°, be the Markov chain with transition matrix A such that Z; is uniformly dis-
tributed on {1,...,n}. Averaging (194 over ¢ € {1,...,n} yields the inequality

m . (194)

KEI[f (Zm) = (L") (Zo)lIk] = Z]E L™ ) (Z) = (L) (2] (195)

Which is the same as

KY Y (A 6 = (L)%

i=1 j=1
>33 > el HE) - @ HG)E - (196)
t=1 =1 j=1
In order to bound the right-hand side of (196)), for every i € {1...,n} consider the vector
1 n m—1 1 m—1
def s s .
Yi = EZZ(A )ijxj:EZL f(@), (197)
j=1 s=0 s=0
and observe that
LS L) =g Lt L) =g LS Ui, (199
m — - y’L m 1 m - yl m gt r 1 )
Therefore, using convexity we have:
D> ag (L) — (L O]
t=1 i=1 j=1
n n 1 m q
> mY Y ay | = (L6 - (L)
i=1 j=1 t=1 X

q

@A L~ ym
= mzzaij yi_yj"i_EZ(A )ir(j — )

i=1 j=1 N
q
S ST R [ o o P Z T
=1 j=1 i=1 j=1 =1 b%
n n q
N A 201 ZZCLU Hyl yJHq md—1 Z Z(Am>jr(xj - xr)
i=1j=1 j=1 ||r=1 X
m n n 1 n n -
= 9q-1 Zzaij ||yz - yjH()]( - ma—1 ZZ(A )j,,_ ||:L‘] — Ir“g( (199)
i=1 j=1 g

50



At the same time, we can bound the left-hand side of (196]) as follows:

DD (AM 116 -

i=1 j=1

n

(LN =D D (A |l

i=1 j=1

r=1

< ZZZ Am z] ]7“ H‘rl xr”%{

=1 j=

N

1 r=1

i=1 j=1 r=1

= 293 Y (Al — x|k

=1

We note that,

Jj=1

ZZA’"UH% illk =)

=1 j=1

n n 1 m—1
(— ALA™ t) s — 5l
i=1 j=1 t=0 ij

n n n m-—1

N

S S S S A (s = I + s )

i=1 j=1 r=1 t=0

i=1 r=1

DRI

i=1 j=1

it

which, assuming that m >

7j=1 r=1

n

A)jllz; — 4% + _ZZ Al — 2l%

i=1 j=1

27 gives the following bound.

DO (Al — gl < 2q+1zzﬂ A)yjllzi —

;i I%-
i=1 j=1 i=1 j=1
On the other hand, if m < 27 then
n n n n n
DO Al — 2% <D OD 0D an(A™ gl — 2%
i=1 j=1 i=1 j=1 r=1
n n n
< 2SS S (A, (s — w1 + e — %)
i=1 j=1 r=1
n n n n
= 273 N allw — % 27 Y Y (A gl — w5l
i=1 j—l i=1 j=1
< mZZﬂf Jigllai =l < 2% IZZ% )isll: -
=1 j=1 i=1 j=1

51

=) (A,

270 D (A (A) (s = gl + llzy — 1)

X

%

(200)

m—1 m—1
ZAt> i — @ ]|% + 27 122 (% ZA"”> 2z — 5l1%
— = Tj

(201)

(202)



Thus, by combining (201)) and (202]) we get the estimate

ZZ (A™)ijlli — 5% < 4qzzﬂf Jisllwi — % (203)

=1 j=1 =1 j=1

Substituting (199) and (200]) into (196)) yields the bound
mY Y ailly =yl 4K DYDY (Al — %

i=1 j=1 i=1 j=1

LYY A . (200)

i=1 j=1
At the same time,
1 n m—1 q n n
Z i — will% = Z (AN = 25)|| <D Al Aiglles — 25l (205)
J=1t=0 x i=1j=1

Recalling ((193)), the desired inequality ((192)) is now a combination of (204)) and (205). O

7. CONSTRUCTION OF THE BASE GRAPH
For t € (0,00) and n € N write

def 1 — et

Tt — 9

We also define e} : {0,...,n} — NU{0} by

en(k) V(l_—f)nkJ ‘ (207)

Oy

and o & pinn (] g,y (-dmn, (206)

The following lemma records elementary estimates on binomial sums that will be useful
for us later.

Lemma 7.1. Fizt € (0,1/4) and n € NN [8000, 00) such that

1

> 1 208
23/ (208)

Then
1 n 1
1 (k) < —. 209
< 2 (Paws (20)
kEZﬂ[0,4Tﬂ’L]
Moreover, for every s € Z N (4mn,n] we have

> (S _n2 >€t (s —2m) > 181% (210)

meZN|[(s—4mn)/2,s/2]
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Proof. For simplicity of notation write 7 = 7, and 0 = o}'. The rightmost inequality in (209))
is an immediate consequence of (207)). To establish the leftmost estimate in (209)) note that
by the Chernoff inequality (e.g. [2, Thm. A.1.4]) we have

|
> (Z) TR — )R < e 3 (211)
keZN(4mn,n]

For every k € {1,...,n} satisfying k < 4rn we have 7F(1 — 7)"°F

ep(k) = 5= (1 — 7)"*. Hence
n 1 n 1 1 1
rk) > — =) —(1-2)=—. (212
2 (/c)et( )25 2. (k:)T (1-7) 2% ( 3) 3 (212)
keZN[0,41n] keZN|0,47n]

This completes the proof of (209)).
To prove (210]), we apply a standard binomial concentration bound (e.g. [2, Cor. A.1.14))
to get the estimate

> o, and therefore

> <Z> TRl =) h > 1 —2e7 /10 > §, (213)
]

k€ZN[Tn/2,3mn/2

where in the rightmost inequality in (213 we used the assumptions (208) and n > 8000.
Observe that for every k € Z N [rn/2,3mn/2], since by the assumption ¢ € (0,1/4) we have
7€ (0,1/8),

©

n 7_lc+1 1—171 n—k—1 _ _ _
()T (1 —7) _ =k [1=3r/2 2-7] (1T o14)
(Z)Tk(l—T)"_k 1—7 k+1 31—=7)"1—71 4
It follows that
n\ S 1 n\ S 1
Z <k:)T (1—1) > 3 Z i ™1 —17) > 9
ke(2Z)N[tn/2,3™n/2] keZN[tn/2,3mn /2]
and, for the same reason,
1
> ()ra-oeg
ke(2Z+1)N[tn/2,3™n/2]
Thus,
n s—2m n—(s—2m) 1
1-— > —. 215
) (, )= : (215)
meZN[(s—3tn/2)/2,(s—mn/2)/2]
Finally,

S (et 2m

meZN[(s—4mn)/2,s/2]

(207) 215))
g 2i Z ( n )T52m<1 o T)nf(szm) > L 0

o 5—2m
meZN[(s—3mn/2)/2,(s—1n/2)/2]
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Lemma 7.2 (Discretization of e 7' w.r.t. Poincaré inequalities). Fizt € (0,1/4), p € [1, 00)
and n € NN [23 00) such that

plog(18n)
18n
Let G} = (F3, E!") be the graph whose vertex set is Fy and every x,y € Fy is joined by
e(lxr —yl|l1) edges. Then the graph G} is d} € N regular, where
1 1
<dP < (217)

n 7t n
30} o,

t =

(216)

Moreover, for every metric space (X,dx) and every f,g: Fy — X we have

_3|1§n| Y @l <5 3 () k(@) g)
EV (zy)eEp (z,y)EFY xF}
< X @) @)

(z,y)EE}

Proof. Observe that the assumptions of Lemma imply the assumptions of Lemma [7.1]
We may therefore use the conclusions of Lemma in the ensuing proof. For simplicity of
notation write 7 = 7, and o = o}'. By definition G} is a regular graph. Denote its degree by

d = d}. Then,
" /n 1 1
d= k —. — . 219
Z(k)<> 2 [30,(,] (219)

This proves (217)). We also immediately deduce the leftmost inequality in (218)) as follows.

2_111 Z (e’mdx) (y)dx(f(z), 9(y))”

(z,y)€EFy xFy

L > gl — myrrlelidy (f(2), g(y))P

n
(z,y)€Fy xFy

207) o

S Y eyl ew)
(x,y)€Fy xFZ

217) 1

> 3|E7| Z dx(f(x), 9(y))",

t
(w,y)eEf

where we used the fact that |El| = 2"d.

It remains to prove the rightmost inequality in . To this end fix k € Z satisfying
0 < k <4rn and m € NU {0} satisfying k + 2m < n. For every permutation 7 € S,, define
2 2 UG Yomyr € Y by setting 2§ = yJ =0 and for i € {1,...,2m + 1},

= €r(j) T er(k+i-1);
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and
i

7 def T
ui =) A (220)

j=1
where the sum in (220]) is performed in F% (i.e., modulo 2), and we recall that ey, ..., e, is
the standard basis of F. For every x € F we have

dx (f(x),9 (2 + Y3mi1))

m m—1

< ZdX (f (r+v5),9 (1’ + y§i+1)) + Z dx (9 (“" + ygwl) f (9‘3 + y§¢+2)) :

i=0 =0

Hence, Holder’s inequality yields the following estimate.

dX (f(x),g (x + yngrl))p

(2m 4+ 1)p-1
m m—1
< ZdX (f (T +v3),9 (35 + y§¢+1))p + Z dx (9 (35 + yg’iJrl) S (13 + y§i+2))p' (221)
i=0 i=0
Note that
k+2m
Vi1 = D €x(i)-
j=1

Therefore, if m € S,, is chosen uniformly at random then y3,, ., is distributed uniformly over

the (. J:;m) elements w € Fy with ||w||; = k 4+ 2m. This observation implies that
1 T p 1 p
ol Z Z dx (f(l")ag (33 + y2m+1)) = m Z dx (f(z),9(v)". (222)
z€FY TESy k+2m/  (z,y)€Fy xF3

lz—yll1=k+2m

Similarly, for every j € {0,...,2m} we have

SN dx (fle+y]).g@+ufn) =D dx (f(x+u]) g (x+y]+2]))

z€Fy mesSy, TESy TEFY
!
=3 > dx (f(u),g(u+2)) = % > dx (f(u),g ()P, (223)
7T€Sn ’U,E]Fg k (U,U)G]F; X]Fg
llu—olf =k

where in the penultimate equality of we used the fact that for each w € S, if x is
chosen uniformly at random from Fy then x +y7 is distributed uniformly over F3, and in the
last equality of we used the fact that, because ||z ||, = &, if 7 € S, is chosen uniformly
at random then 27 is distributed uniformly over the (}) elements w € Fy with |jwl|; = k.

A combination of (221)), (222) and (223)) yields the following (crude) estimate.
1 nP
() Y. dx(f(@),9(y) < 0 Yo dx (f@)g ) (224)
(

2n
(k+2m z,y)EFY xFP k) (x,y)EFY xFD
lz—yll1=k+2m lz—ylli=k
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If we fix s € NN (47n, n| then (224]) implies that for every m € NN [(s — 4mn)/2, s/2],

i) S~ ey Y ax (@) (225)

(%)
S (x,y)EIFS xFy (x,y)EIFg xFy
lz—yll1=s lz—yll1=s—2m

Multiplying both sides of (225]) by el'(s — 2m) and summing over m € NN [(s —47mn)/2, s/2]
yields the following estimate.

Zmem[(s—4m)/2,s/2] (S_’;m)e?(s _ 2m) Z dx (f(:z:),g (y))p

np<8) z,yclfy
lz—ylli=s
< > ef(s—2m) > dx(f(@),gW)< Y. dx(f(2),9())"
meZN[(s—4mn)/2,s/2] (x,y)€Fy xFY (z,y)EE}

lz—ylli=s—2m

Due to (210)) it follows that for every s € NN (47n,n| we have

(% S Ay (F@) g ) <180 S dx(f(x), g). (226)

s) (z,y)€FP XF} (zy)eEr
lz—yll1=s
Now,
LY (€120) Wk (F@). 9(n)”
(z,y)€Fg xFy
(196) 1 - s n—s
= Y -7 Y. d(f(@),9(y)”
s=0 (z,y)EFy xFy
lz—yll1=s
@07 A ([@226)
S EREED SN (4 ECEE i B iR O RO
s€ZN(471n,n] 5 (z,y)EE]
RII)ARI) 1
< (2asme) — 3T da(f(e), g(y)”
(zy)eER
3
< X U@y
" @y)eny
This concludes the proof of (218)). O

In what follows for every n € N we fix V,, C 7 which is a “good linear code”, i.e., a linear
subspace over Fy with

def n

D, dim(V,) > - and k%Y min |z >

—. 227
10 €V {0} 10 (227)

Also, we assume that the sequences {D,}>° , and {k,}>2, are increasing. The essentially
arbitrary choice of the constant 10 in (227)) does not play an important role in what follows.
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The fact that {V,,}5°, exists is simple; see [39]. We shall use the standard notation

deef{ ey : VyelV,, Zx]y]_() mon}

7=1

Lemma 7.3. For every K,p € (1,00) there exists n(K,p) € N and 6(K,p) € (0,1) with the
following properties. Setting

m,, 2 Ey v, & 2 (228)
there exists a sequence of connected reqular graphs
{Hn(K p)}zozn (K,p)
such that for every integer n > n(K,p) the graph H,(K,p) has m,, vertices and degree

d, (K, p) < ellogmn)' =" (229)
and for every K-convex Banach space X = (X, || - ||x) with K(X) < K,
¥n € [n(K,p),00) NN, vy (Ha(K,p), |- %) < 9" (230)

Proof. Fix K,p € (1,00). Let A = A(K,p), B = B(K,p),C = C(K,p) be the constants of
Theorem [5.1l Recall that B > 2. Set

o 1/B
t=t(n,K,p) (1 i(f)) , (231)

where k, is given in . Then there exists n(K, p) € N such that every integer n > n(K, p)
satisfies the assumptlons of Lemma [7.2] and moreover there exists 6(K,p) € (0,1) such that
for every integer n > n(K, p) we have

1

8n7’t
t

(To verify (232) recall that logm,, = D, log2 > n/20.)
Assume from now on that n € N satisfies n > n(K,p). Let G} = (F}, E}') be the graph
constructed in Lemma [7.2] The degree of G is
PLER DRI

— — e
t n X Snmy X
O T

The desired graph H,, = H, (K, p) is defined to be the following quotient of G}". The vertex
set of H,, is F3/V:-. Given two cosets z + V-, y+ V- € F4/V;-, the number of edges joining
r+ V) and y + Vb in H, is defined to be the number of edges of G with one endpoint
in x + V- and the other endpoint in y + V1, divided by the cardinality of V*. Thus, the
number of edges joining x + VX and y + VnL in the graph H,, equals

v X dle-vret=ohl) = X @ (le-yeut])

n
(utwlh)eV b xV- uteVi

1-6(K,p)

g ellogmn) TR (232)

Hence H, is a regular graph of the same degree as G} (i.e., the degree of H, equals d}'). In
what follows we let 7 : F§ — F3/V:t denote the quotient map.

Fix a K-convex Banach space (X, || - ||x) with K(X) < K. For every f € L,(Fy/V;}, X)
define 7f : F — X by nf(x) = f(m(z)). Thus 7f is constant on the cosets of V1. It follows
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from [28, Lem. 3.3] that if erFg/VL f(x) = 0 then nf € L>*(F, X), where k, is defined
in (227). By Theorem we therefore have

H(e‘tAW) fHLp(Fg/Vni,X) < CoAn min{t,t5 }
11 2 o v )

%. (233)

Let Q be the (F%/V.1)x (F% /V}) symmetric stochastic matrix corresponding to the averaging
operator e A1, i.e., the entry of Q at (z + V', y +V}) € (F3/Vh) x (F3/Vih) is

€ — 1 r— —Np—
Qorvi g def ((e tAﬂ_) 5”%) (y + VnL) _ Z 7_tII ylll(l — )" =yl (234)

|Vn| u€z+Vt
vEy—i—VnJ'

Since ([233) holds for all f € L,(F3/Vih, X) with 3,0 1 f(x) = 0, we have AP(Q) < 3
(recall here the notation introduced in (153))). Consequently, Lemma implies that

Y+ (@ - %) < 97
Thus every f,g: Fy/VE — X satisfy

1 p
W( > 1£(S) = g(D)%

S,T)e(]Fg/an)x(urg/an)
gp
<—|Fn/w| Z qs,r|| f(S) — g(T)|%. (235)
20T (8, T)e(Fy V) (FE V)
Observe that
1
- S _ T p
RV ) asxl| /(S) = g(T)II%

S T)E(Fy V)< (Fg /Vih)

&9 QL ST (e728,) (B)llmf(a) — mg(b)[I%

(a,b)EFy xF3

> mfla) — g0k

(a,b)€ED

@ 3
|ET|

N

3 n
S > > Bab) | 1£(S) - g%
L (ST)e®y Vi) x(FR V) \(ab)eSxT

3 p

In (236 we used the fact that for every S, T € F3/V:L. by the definition of the graph H,,
the quantity

1 n
[ > El(ab)
n (a7

b)eSxT

equals the number of edges joining S and 7" in H,,, and that since H,, is a d}-regular graph
we have |V1|/(2"d}) = 1/|E(H,)|.
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The desired estimate (230) now follows from ([235) and (236). O

The case p = 2 of Corollary - 7.4 below (Whlch is nothing more than a convenient way to
restate Lemma corresponds to Lemma [1.12]

Corollary 7.4. For every ¢ € (0,1) and p € (1,00) there ezists ny(6) € N and a sequence of
reqular graphs {Hﬁ(é)}zo:ng((s) such that for every every n = ng(9) the graph HP(9) is reqular
and has my, vertices, with m,, given in (228|). The degree of HP(J), denoted d(9), satisfies

& (5) < elosmn)' ™ (237)

Moreover, for every K-convex Banach space (X, | - ||x) we have vy (HE(S), | - |I%) < oo for

all integers n = np(9), and there exists 6§(X) € (0,1) such that for every 0 < 6 < 05(X) and
every integer n > nb(0) we have

v (HR(), |- %) < 97 (238)

Proof. We shall use here the notation of Lemma [7.3] We may assume without loss of
generality that 0(K,p) decreases continuously with K and that limg .o 6(K,p) = 0. If
§ € (6(2,p),1) then let nh(d) be the smallest integer such that (logm,)!™° > log3 and
set HP(0) = Cp, be the m,-cycle with self loops. Since in this case d£(5) = 3, the
desired degree bound holds true by design. Moreover, in this case the finiteness
of v+ (HE(0),] - II%) is a consequence of Lemma 2.1 For 6 € (0,8(2,p)] we can define
K} =sup{K € [2,00) : §(K,p) = d}. Set nfj(0) = n(K},p) and for every integer n = nf(d)
deﬁne HP(0) = H,(K%,p). Thus dt(9) = d,,(K},p) and follows from (229)). Finally,
setting op (X) = inf{d € (0,0(2,p)] : K} < 2K(X)}, it follows that for every ¢ € (0, ¢ (X)]
we have K¥ > 2K (X), so that follows from (230)). O

Remark 7.5. In Remark we asked whether Theorem [5.10[ can be improved so as to yield
the estimate

IAfI Ly, Zxp KIS N 2,0, x) (239)
for every f € L*(Fy,X). Here (X, - ||x) is a K-convex Banach space and the implied
constant is allowed to depend only on p € (1,00) and the K-convexity constant K (X). If
true, this would yield the following simpler proof of Lemma [7.3] with better degree bounds.
Continuing to use the notation of Lemma [7.3] we would consider instead the “vanilla” quo-
tient graph G on F3/V:L ie., the graph in which the number of edges joining two cosets
r+ V2 y+ V2t equals the number of standard hypercube edges joining these two sets divided
by |V:]. The degree of this graph is n =< logm,. Given a mean-zero f : F3/V+ — X we
think of f as being a V::-invariant function defined on F%, in which case by [28, Lem. 3.3]
we have f € Lik” (F2, X), where k, < n is given in . Assuming the validity of ,

nlflle, e x) S Eall fllzoesx) Sxp IAflL,mp.x)

n n n 1/p
> o <D N0f gz <t (Z ||5if||§p<F3,X>> - (240)
=1

LP(FS’X) 1=1 =1

It follows that

1 @O 1
g 2 @) = FOI% < LN, e Sxo - ZH O fNIL, ) (241)

(z,y)€Fy xFY
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By the definition of the quotient graph G, it follows from (241)) that v(G, X) <, x 1. Using
Lemma we conclude that there exists a regular graph G’ with m,, /2 = 2P»~1 vertices
and degree at most a constant multiple of log m,, such that v, (G’, X) <, x 1.

8. GRAPH PRODUCTS

The purpose of this section is to recall the definitions of the various graph products that
were mentioned in the introduction, and to prove Theorem [1.13]

8.1. Sub-multiplicativity for tensor products. The case of tensor products, i.e., part
of Theorem [1.13] is very simple, and should mainly serve as warmup for the other parts of
Theorem [1.13]

Proposition 8.1 (Sub-multiplicativity for tensor products). Fiz m,n € N. Let A = (a;;)
be an m x m symmetric stochastic matriz and let B = (b;;) be an n x n symmetric stochastic
matriz. Then every kernel K : X x X — [0,00) satisfies

V+(A® B, K) <7+(A, K)74(B, K). (242)
Proof. Fix f,g:{1,...,m} x {1,...,n} = X. Then for every fixed s,t € {1,...,n},
] K& ) < A K) (A, K)
WZZK(]C(Z:S)MQ( ) + ZZGU (]a )) (243)
i=1 j=1 i=1 j=1

Also, for every fixed 7,7 € {1,...,m} we have

n n

(B, K)
—ZZK i) < w88 ZZ%K (i,5),9(5,1)) . (244)
s=1 t=1 s=1 t=1
Consequently,
mgng ZZZK(]C(Z’S)MQ(]’O):EZ WZZK(f(sz)ag(j7t))
i=1 j=1 s=1 t=1 s=1 t=1 i=1 j=1
[243) "o A

n >0 LR D> ayK (f(is), 905, 1))

X ) m
=1 i=1 j=1
A m m m m
_ H#@ZZ%%ZZMW%WW
i=1 j=1 s=1 t=1
- A m m non
@I%EZZ%B“ZZM< 9Gi1)
i=1 j=1 s=1

:/MMM@miizgmmwwwmm» (245)

i=1 j=1 s=1 t=1

Since (245)) holds for every f,g:{1,...,n} x {1,...,m} — X, (242)) follows. O

This concludes the proof of part of Theorem [1.13| Nevertheless, when the kernel in
question is the pth power of a norm whose modulus of convexity has power type p it is
possible improve Proposition [8.1] as follows.



Lemma 8.2. Fizm,n € N andp € [2,00). Let A= (a;;) be an m x m symmetric stochastic
matriz and let B = (b;;) be an n X n symmetric stochastic matriz. Suppose that (X, | - | x)
is a Banach space that satisfies the p-uniform convezity inequality (163). Then

Yo (A@ B, |- [I%) <277 max {yp (A, ][ - %), (277" = 1) Kp(X)4 (B - %)} - (246)

Proof. For simplicity of notation write

= TR
and
r % 2 (o (A1 ). 2 (B0 50 (247)
Fix f,g : {1,...,m} x{1,...,n} = X. For every i,5 € {1,...,m} and s € {1,...,n}
consider the X-valued random variable Uj; which, for every t € {1,...,m}, takes the value

f(i,s) — g(j,t) with probability bs. An application of Lemma with U = U;; shows that
if for every j € {1,...,m} and s € {1,...,n} we define

3) d:ef Z bstg(j> t)
t=1

then for every i,7 € {1,...,m} and s € {1,...,n} we have

1f iy 8) =BG )% + ¢ Y bt (G, 8) — 9GOk < sttllf i) — g0 tlx . (248)
=1
By the definition of v, (4, || - ||%), for every fixed s € {1,...,n} we have
Il o~ v < (4 H %) S~ :
NS ) — G < T SN ayllfts) ~ kG (249)
=1 j=1 =1 j=1

Similarly, for every fixed j € {1,...,m} we have

—ZZHM, .0l < 2B S5 b lhGos) — gGO% . (250)

s=1 t=1 s=1 t=1

By the triangle inequality, for every fixed i,5 € {1,...,m} and s € {1,...,n} we have
- D Gy s) = 9GOl <2771y s) = hiG, o) I + - > lInG,s) = g Ok - (251)
t=1 t=1
By averaging (251)) over i, € {1,...,m} and s € {1,...,n} we deduce that
1 . .
LSS S S ) — a0

m m m n n

% >_NfGis) = hjis ”p+—2; Ih(5,8) — g(4,t)|/% - (252)

s=1 i=1 j=1 s=1 t=1
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By substituting (249) and (250 into (252) we obtain the estimate

S S I — g0l

i=1 j=1 s=1 t=1

n

’ 2071y, A|| %) iiz%ﬂfzs h(j, )%

=1 j=1 s=1

n n m

L2 (B, || %) SOSTS b linGs) — gD I%

s=1 t=1 j=1

BT T m n n

el DD DLID Y (Hf(z’, 8) = h(j,s)l5 +e D bl s) = g(j7t)||’§(>

i=1 j=1 s=1

248 F m n n n

< D > DD auballflis) — g% (253)

i=1 j=1 s=1 t=1

Since (253)) holds for every f,g: {1,...,m} x{1,...,n} — X, (246| follows. O

/N

8.2. Sub-multiplicativity for the zigzag product. Here we prove Theorem [I.3] Before
doing so, we need to recall the definition of the zigzag product of Reingold, Vadhan and
Wigderson [67]. The notation used below, which lends itself well to the ensuing proof of
Theorem [1.3], was suggested to us by K. Ball.

Fix ny,dy,ds € N. Suppose that G; = (V1, Ey) is an ny-vertex graph which is d;-regular
and that Gy = (V3, E3) is a d;-vertex graph which is do-regular. Since the number of vertices
in G5 is the same as the degree of G1, we can identify V5 with the edges emanating from a
given vertex u € V;. Formally, we fix for every u € V; a bijection

7o {(u,v) € {u} x Vi : (u,v) € By} — Va. (254)

Moreover, we fix for every a € V5 a bijection between {1,...,ds} and the multiset of the
vertices adjacent to a in G, i.e.,

Ko i {l,...;da} = {be Va: (a,b) € Ey}. (255)

The zigzag product G1(@G5 is the graph whose vertices are V; x V5 and the ordered
pair ((u,a), (v,b)) € Vi x V5 is added to E(G1@G2) whenever there exist i,7 € {1,...,ds}
satisfying

(u,v) € By and  a = Kry(ue)(i) and b= kr,(u) () (256)
Thus,
do  do
def
E(G1@G2)((u,a), (v,0) = > " Er(u,0) - Loz, )@} * Homrny ()}
i=1 j=1

The schematic description of this construction is as follows. Think of the vertex set of
G1@ G5 as a disjoint union of “clouds” which are copies of Vo = {1,...,d;} indexed by V;.
Thus (u,a) is the point indexed by a in the cloud labeled by u. Every edge ((u,a), (v, b))
of G1@G, is the result of a three step walk: a “zig” step in Gy from a to m,(u,v) in u's
cloud, a “zag” step in G from u’s cloud to v’s cloud along the edge (u,v) and a final “zig”
step in Gy from 7, (u, v) to b in v’s cloud. The zigzag product is illustrated in Figure . The
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number of vertices of G1@G> is nid; and its degree is d3. The zigzag product depends on

G1@G>

(U, vj %;(v,u)

FIGURE 2. A schematic illustration of the zigzag product. The upper part of
the figure depicts part of a 4-regular graph GG1, and a 4-vertex cycle G5. The
bottom part of the figure depicts the edges of the zigzag product between u’s
cloud and v’s cloud. The original edges of G; and G5 are drawn as dotted and

dashed lines, respectively.

the choice of labels {m,}4e1;, and in fact different labels of the same graphs can produce
non-isomorphic productﬂ However, the estimates below will be independent of the actual
choice of the labeling, so while our notation should formally depend on the labeling, we will
drop its explicit mention for the sake of simplicity.

Proof of Theorem[1.3. Fix f,g: Vi x Vo — X. The definition of v, (G, K) implies that for
all a,b € V5 we have

3 K<f<u,a>,g<v,b>><% S K(fwa)gwd).  (257)
(u,w)eVI XV (u,v)EEL

3
o

Hence,

1 Z K(f(u,a),g(v,b))

Vi x Vy[?
((uva)v(vvb))e(vl XVQ)X(Vl ><V2)

S Y Y K(fwa)gb)

1 ny
(a,b)GVgXVQ (u,v)eV1 xVi

E RCICIE R o 9(0,0)). (258)

nld:f
a b eVaox Vs (u U)EEl

Next, fix u € V7 and b € Vs, and define ¢} : Vo — X as follows. Recalling (254)), for ¢ € V;
write 7,1 (c) = (u,v) € E; for some v € V;, and define ¢}(c) = g(v,b). The definition of

3The labels {Ka }aev, do not affect the structure of the zigzag product but they are useful in the subsequent
analysis.
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7+(Ge, K) implies that

dQZZK u,a) CFZZK u,a),p(c))

aEVg veVy aeVz ceVr
(u,v)€E

< Cz?jl; 3 ZK (Uy Ko (1)) 1 g (0,0)) , (259)

veVy i=1
(’LL,U)GEl

Summing (259)) over u € V; and b € V5 and substituting the resulting expression into (258)
yields the bound

\v;w > K (f(u, 0), g(v.0))

,a (’U b)) (V1><V2) (V1><V2)

< ’Y+(G1,n1d’2y§2G2, Z Z Z Z K u For, uv)(z)) . g (U,b)) . (260)

veVy i=1 weVy beV;
(u,v)€EL

Fix i € {1,...,dy} and v € Vi, and define ¢! : Vo — X as follows. For ¢ € V; write
7, (c) = (v,u) for some u € V; such that (v,u) € E; (equivalently, (u,v) € Ej), and set
w}’(c) = f (¢, Kry(uw)(i)). Another application of the definition of v (G2, K) implies that

d2 Y D E(f (s kmn () 9 ( ZZK ¥¥(0), g(v, b))

( UE)V1E' beVs CEVQ beVs
u,v)EL]

S < dcjji; Z ZK (U K (u) (1) 3 9 (V) By (7)) - (261)

ueVi  j=1
(U,U)€E1

Summing (261)) over v € V; and i € {1,...,d>}, and combining the resulting inequality
with (260)), yields the bound

ﬁ S K (f(u,a), (v, b))
((u,

(u,a),(v,0))€(V1 X V2) x (V1 x V2)

+(G, + (G, S ]
< il ( i?(zldg ) Z ZZK U R, uv)(Z)) g (Ua Kﬂv(v,u)(])>)
2 (u,v)€E; =1 j=1
(G B (O KSR () (0,8) (262)

4,2
MAE (a0 ) B @C)

Since (262)) holds for every f,g: Vi x Vo — X the proof of Theorem is complete. O

8.3. Sub-multiplicativity for replacement products. Here we continue to use the no-
tation of Section . Specifically, we fix ny,d;,dy € N and suppose that G; = (V1, Ey) is
an ni-vertex graph which is dj-regular and that Gy = (V4, Es) is a dj-vertex graph which
is dy-regular. We also identify Vi = {1,...,n1} and V5, = {1,...,d;}, and for every u € V)
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and a € V, we fix a bijections m, and k, as in and , respectively. The re-
placement product [I7, [67] of G; and G5, denoted G1(@)Gs, is the graph with vertex set
{1,...,m} x{1,...,dy} in which the ordered pair ((u,i), (v,7)) € {1,...,n1} x {1,...,d;}
is added to E(G1(®G>) if and only if either v = v and (i,7) € Ey or (u,v) € E; and
i = my(u,v) and j = m,(v,u). Thus,

. . def ..
E(Gi®G2)((u,1), (v, 7)) = Ea(4,7) - Liu=v) + E1(1,0) - Liizr, (wo)} * Lijmmo(wu)}-

This definition makes G1@®)Gs be a (dy + 1)-regular graph.
The following lemma shows that the “discrete gradient” associated to G1(@)G5 is dominated
by 3P~ !(dy + 1) times the “discrete gradient” associated to G1@Gs.

Lemma 8.3. Fiz p € [1,00), a metric space (X,dx) and ni,d;,ds € N. Suppose that

G1 = (Vi, Ey) is an ny-vertex graph which is dy-reqular and that Gy = (Va, Es) is a dy-vertex
graph which is ds-reqular. Then every f,g: Vi x Vo — X satisfy

1 § ; a .9
Y ) ’
| ( @ )| ((u,a)y(vzb))EE(G1®G2>

3P (dy +1
s W%G))l > dx (f (u,a),g(v,0))". (263)
OF2 (w0),(0.0) €BG1 D)

Before proving Lemma we record two of its immediate (yet useful) consequences.
Corollary 8.4. Under the assumptions of Lemma[8.3 we have
14 (G1®G2, dy) <377 Hdz +1) - 74 (G1@Ga, dy)

Now, part of Theorem corresponds to the case p = 2 of the following combination
of Theorem [I.3] and Corollary [8.4]

Corollary 8.5. Under the assumptions of Lemma[8.5 we have
V4 (Gr@Go, dy) <377 (da + 1) -y (G, d) - 4 (Gaydy)

Proof of Lemma[8.3. Fix ((u,a), (v,b)) € E(G1@G3). Thus by the definition of the zigzag
product we have (u,v) € Ey and (a, m,(u,v)), (b, my(v,u)) € Ey. Observe that the following
three pairs are edges of G1@)Gs.

((u, @), (u, mu(u,0)) 5 ((u, mu(u, 0), (0, (0, ) 5 (0, (0, 1), (v,0))

By the triangle inequality,

dx (f(u,a), g(v,0))" <3 (dx (f(u, a), g(u, mu(u, v)))”

+dx (g0, mul,0), £ (0,7 (0,0) + dx (0, w0, ), g0, D)) ). (264)
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Therefore,

1
TETA A dx (f (u,a), g (v,0))"
Sy gt
E(G1@ 2)‘((%) (0,0))EE(G1@GC2)
= ndd2 > > Z dx (f (u,a) g (v,0))"
1 2( )GEl acVs be
(a,mu(u,))EES (bymy (v, ))GEQ
RUa
< —5 G1+5+5), (265)
nldld

where the quantities S7, Ss, S5 are defined as follows.

Sl d:ef Z Z Z dX (f(u7a’)7g<u77TU(u7U)))p

(u,w)€EL a€Vs beVs
(a,mu(u,0))EES (bymy(v,u))EES

By Y dx(fwa) gl mw o),

(u v)EF a€Vs
(a,mu(u,v))EES

Sy déf Z Z Z dx (g(u,wu(u,v)),f(v,wv(v,u)))p

(u v EEl a€Vr beVy
(a,mu(u,v))EES (bymy(v,u))EES

Z dx (g(u, 7y (u,v)), f(v, m (v, u)))",

(u v)EE

SY Y Y Y (femw), o, b)

(u,w)EEL a€Vy beVy
(a,mu(u,v))EE2 (bymy(v,u))EES

dy ) > dx (f(v,m(v, ), g(v,0))

(u,w)EEL beVs
(b,mu(v,u)) }EES

By the definition of the replacement product we have

S1+ 5+ Ss
o> 3 dxlf(w) 9w, ) +d3 Y dx (gl mu(u, 0), f(0, (v, 1))
u€Vr (i,j)EFE2 (u,w)EE]
< & 3 dx (f(u,1),9(v,5))". (266)

((w1),(v,3))EE(G1DG2)

Recalling that |E(G1@®G2)| = nidi(dy + 1), the desired estimate (263)) is now a consequence
of (265)) and ([266)). O

The balanced replacement product of G; and G5, denoted G1[B)Gs, is a useful variant of
G1® G, that was introduced in [67]. The vertex set of Gi®G2 isstill {1,...,ni}x{1,...,d1},
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but the edges of GG, are now given by

W((u,d), (v, 7)) € {1,....m} x {1,....d\},
E<G1@G2)<(uv ’L), (Uaj)) déf EQ(LJ) ' 1{u:v} + d2E1(u7 U) ’ 1{i:ﬂ'u(uvv)} : 1{j:7r/u(v,u)}‘

This definition makes G;(®G, be a 2ds-regular graph.
Arguing analogously to the proof of Lemma [8.3] we have the following statements.

Lemma 8.6. Fiz p € [1,00), a metric space (X,dx) and ni,d;,ds € N. Suppose that
G1 = (V4, Ey) is an ny-vertex graph which is di-reqular and that Gy = (Va, Es) is a dy-vertex
graph which is dy-regular. Then every f,g: Vi x Vo — X satisfy

1 E (l X ; ) a ) 9
‘ (Gl G )‘ ((u,a),(v,b))EE(C 1®G2)

9. 3p-1
<SEeooy | X G(Fag@n)y. @)
(w,0),(v,))€E(G1BG2)

Corollary 8.7. Under the assumptions of Lemma[8.6 we have
V4 (G1OGa, d5) < 237" 7, (G1@Ga, dy ) .

Part of Theorem corresponds to the case p = 2 of the following combination of
Theorem [I.3] and Corollary

Corollary 8.8. Under the assumptions of Lemma[8.6 we have
T+ (GI@G%CF)){) <2377 "+ (Ghdg() "+ (G2ad§<)2'

Remark 8.9. An analysis of the behavior of spectral gaps under the balanced replace-
ment product was previously performed in a non-Euclidean setting by Alon, Schwartz and
Shapira [I]. Specifically, [I, Thm. 1.3] estimates the edge expansion of G;(B)G2 in terms of
the edge expansion of G; and G5 via a direct combinatorial argument. The edge expansion
of a graph G is equivalent up to universal constant factors to v(G,| - |), where | - | is the
standard absolute value on R. The corresponding bound arising from Corollary is better
than the bound of [I, Thm. 1.3] in terms of constant factors.

8.4. Sub-multiplicativity for derandomized squaring. Here we continue to use the
notation of Section and Section [8.3] The derandomized squaring of GGy and G, as
introduced by Rozenman and Vadhan in [69] and denoted G1®)Gs, is defined as follows.
The vertex set of G1&Gq is Vi = {1,...,n,}, and the edges E(G1(8)G3) are given by

Y(u,v) € Vi x Vi, B(Gi®G2)(u,0) E Y Ei(w,u) B (w,v) By (1 (w,u), my (w,v)).
weVy
Thus, given (u,v) € V1 X V1, we add a copy of (u,v) to E(G1&Gs) for every (i,7) € Ey such
that there exists w € Vi with (w,u), (w,v) € E; and m,(w,u) = i, m,(w,v) = 7. With this
definition one checks that G1(&)Gs is dids-regular.
The following proposition corresponds to part of Theorem m
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Proposition 8.10. Fiz ny,d;,dy € N and suppose that Gy = (Vi, E1) is an ni-vertex graph
which is dy-reqular and that Go = (Va, Ey) is a dy-vertex graph which is dy-reqular. Then for
every kernel K : X x X — [0, 00) we have

74+ (Gi®Gs, K) < 74 (G, K) 74 (Ga, K). (268)

In [69] Rozenman and Vadhan used a spectral argument to prove the Euclidean case
of (268), i.e., the special case of (268) when K : RxR — [0, 00) is given by K (z,y) = (z—y)>.

Proof of Proposition[8.10 Fix f,g: Vi — X. The definition of v, (G2, K) implies that

< 2GR S k(). Fw)

(u,)EVI X V3 L (uw)eB(G?)

%n(ilz’?K S Y Y K(fw).g(v). (269)

weVl (u,w)eEr (w,v)€E

=
=
S
=

For every fixed w € V; define ¢, " : Vo — X as follows. For i, 7 € V5, consider the unique
vertices u,v € V; such that m,(w,u) = ¢ and m,(w,v) = j, and define ¢*(i) = f(u) and
YU(j) = g(v). The definition of v, (Gs, K) implies that

2 3 Y KU =g Y K@0).9"0)

di (uw)EE) (wv)eB) L ij)eVaxVa
Y (G27K> w w
< = > K (¢ (1), 4" (5))
didy 4
(27])EE2

2+(G2, K) Z N By (mu(w,u), m(w,0)) K (f(u),g(v)).  (270)

(u,w)eE: (ww)EE]
The definition of G;1(®)G5 in combination with (269) and (270) now yields the estimate

LY K(fw), )

ny
(u,w)eVI XV

< A KO0 K) S~ 5 S ), (0, 0)) K (1), g(0))

nyd;d
12 weVy (u,w)eEr (w,w)eE]

n1didy (z,y)EE(G16B)C2)

9. COUNTEREXAMPLES

9.1. Expander families need not embed coarsely into each other. As was mentioned
in the introduction, it is an open question whether every classical (i.e., Euclidean) expander
graph family is also a super-expander. Here we rule out the most obvious approach towards
such a result: to embed coarsely any expander family in any other expander family. Formally,
given two families of metric spaces 2, %, we say that 2~ admits a coarse embedding into
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% if there exist non-decreasing «, 5 : [0,00) — [0, 00) satisfying lim;,, a(t) = oo such that
for every (X,dy) € 2 there exists (Y,dy) € # and a mapping f : X — Y that satisfies

Vao,ye X, al(dx(z,y) <dv(f(z), f(y) < B (dx(z,y)).

Y y
This condition clearly implies that a(0) = 0, and for notational convenience we also assume
without loss of generality that 5(0) = 0.

Let € denote the set of all increasing sub-additive functions w : [0,00) — [0, 00) with
w(0) = 0. If (X,dx) is a metric space and w € € then (X,w o dy) is also a metric space,
known as the metric transform of (X, dx) by w.

In what follows, given a connected graph G = (V, E), the geodesic metric induced by G on
V' will be denoted dg. Recall that a sequence of graphs {G,,}°, is called a constant degree
expander sequence if there exists d € N such that each G,, is d-regular and sup,, .y A(G,,) < 1.
The purpose of this section is to prove the following result.

Theorem 9.1. There exist two constant degree expander sequences {G;}2, and {H;}32, such
that {(V(H;),dy,)}2, does not admit a coarse embedding into the family of metric spaces
{(V(Gy),wodg,): (i,w) € Nx E}.

Proof. 1t is well known (see e.g. [37, 40]) that there exists ¢ € (0,00), an integer d > 3, and
a sequence of d-regular expanders {G;}°, such that if we set n; = |V (G;)| then {n;}2, is
strictly increasing and each G; has girth at least 4clogn;. By adjusting ¢ to be a smaller
constant if necessary (as we may), we assume below that
1

Q(d + 1)2clogni '

We also assume throughout the ensuing argument that clogn; > 7 for all 7 € N.

The desired expander sequence {H;}:2, will be constructed by modifying {G;}3°; so as to
contain sufficiently many short cycles. Specifically, fix i € N and write G; = (V;, E;). We
will construct H; = (V;, F;) with F; D E;, i.e., H; will be a graph with the same vertices as
G; but with additional edges. The construction will ensure that

diam(H;) > glog n;. (272)

clogn; < (271)

(Here, and in what follows, diameters of graphs are always understood to be with respect
to their shortest-path metric.) We will also ensure that for every integer h € [3,clogn;]
the graph H; contains a cycle of length h which is embedded isometrically into (H;,dpn,),

i.e., there exist xy,...,z, € V; such that dg,(z,,xp) = min{|la — b, h — |a — b|} for every
a,be{1,...,h}, and {xy, 22}, {xo, 23}, ..., {xn_1, 21}, {zn, 21} € F}.
Set
A |clogn;] . (273)

We will define inductively sets of edges E = F* C F' C ... C F* with [Fj \ Fj_4| = 1 for
all j € {1,...,¢}. Fix j € {0,...,¢ — 1} and assume inductively that 7 has already been
defined so that the graph

Gl (V. F)
has maximal degree at most d 4+ 1. Write

deéf{uevi: Jee FPNE, uce} = U .

ecFIi\E
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Thus |M;| < 2j. Hence, if we set

D; @f{uevéidmﬁhﬂﬁ><20bgm}’

then

27I)AER73)
|D;| < 2j(d + 1)%1°8m < 20(d 4 1) 18™ e,

Therefore V \ D; # (). Choose an arbitrary vertex « € V \ D;. Since G; has girth at least
4clogn; and j < Z there exists y € V with dg,(z,y) = 7 + 2. Define Fitl — FJ U {{x,y}}.
This creates a new cycle of length j + 3.

By construction, the graph G7™ = &f (V;, F7T1) contains a cycle C, of length h for every
he{3,...,j+3}. Moreover, we clalm that these cycles are embedded isometrically into the
metric space (V;, dgs+1). Indeed, due to the choice of z, if h € {3,...,j + 2} then

di (Chy {2,y}) > 2clogn; — (5 + 2),

which is at least h/2 (the diameter of C}) because clogn; > 7. Thus the new edge {z,y}
does not change the isometric embeddability of Cj,. The new cycle C3 is isometrically
embedded into (V;, dg,) since the girth of G; is at least 4clogn; > 2(j + 2). Since

+3
de(Mj,Cj+3) > 2clogn; — (] + 2) > jT

The cycle Cj3 remains isometrically embedded into (V;, ds+1). Note also that by construc-
tion the new edge {z,y} is not incident to any vertex in M; " Therefore the maximum degree
of (V;, F7*1) remains d + 1. This completes the inductive construction.

The degree of every vertex of GY™ is either d or d 4+ 1. Add to every vertex of degree d a
self loop so as to obtain a d + 1 regular graph H; = (V}, F;) without changing the induced
shortest path metric. Note that holds true because D, # V.

It follows from Lemma [2.7] that for every kernel K : X x X — [0, 00),

d+1 d+1

In particular, since {G;}$2, is an expander sequence also {H,}5° = is an expander sequence.

Assume for the sake of obtaining a contradiction that {(V;, dgy, }5°, admits a coarse embed-
ding into {(V;,wodg,): (i,w) € N x €}. Then there exist {w;}32; C % and nondecreasing
moduli a, 8 : [0,00) — [0, 00) with

7+(Gi7 K)

lim a(t) = oo, (274)

t—o00

and for every ¢ € N there exists j(i) € N and f; : V; — Vj;) satisfying

Vv € VIH), oy, (u0)) < wi (da, (hw), fi(0)) < 8 (w0) . (275)

Note that only the values of § on NU {0} matter here, and that since 3(-) serves only as an
upper bound in (275)) we may assume without loss of generality that the sequence {5(n)}52,
is strictly increasing.

Define
h; déf \‘% min {571 (sz (clog nj(i))J) 7clog nZ}J . (276)
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We claim that
lim h; = oco. (277)

1—00
Indeed, since {G;}32, is an expander sequence,
A Y sup MGj) < L.
jeN
We therefore have the following bound on the diameter of G; (see [13]):

2logn;
di )< ——L. 2
iam(G;) Tog(1/\) (278)
Observe that since G; has girth at least 4clogn;, it follows from (278) that clog(1/X) < 1.

It now follows from (272)), (275 and (278) that

c 2log nj) 4
Slogni) <w, 0 < i (clognjq) 279
a<2 oen “ (log(l/)\) clog(l/)\)w (clognj) (279)
where in the rightmost inequality of (279) we used the fact that w; is increasing and sub-
additive. Due to (274]) and (276)), we indeed have (277)) as a consequence of (279).

Our construction ensures that H; contains a cycle C def {z1,...,x3p,} of length 3h; which
is embedded isometrically into (H;,dp,). Then
©75)
fi(C) T Bg,, (filz1),w; 1 (B(3hy))) C B, (fi(z1), clognjg) - (280)

Since clogn;(;) is smaller than half the girth of Gj(;), the ball Bg, (fi(z1), clognyg)) is
isometric to a tree. We will now proceed to show that combined with the inclusion
this leads to a contraction, using a coarse version of an argument of Rabinovich and Raz [65].

Let C denote the one dimensional simplicial complex induced by C, i.e., in C, which is
isometric to the circle 32—}?5 ! all the edges of C are present as intervals of length 1. Similarly,
denote by T the one dimensional simplicial complex induced by Ba, ( fi(z1), clog nj(l-))
(thus T is isometric to a metric tree). Let f; : C — T be the linear interpolation of f;,
i.e., the extension of f; to C' such that for every u,v € C with {u,v} € F; the segment

[u, v] is mapped onto the unique geodesic [fi(u), fi(v)] € T with constant speed (see e.g. the
discussion preceding Theorem 2 of [55]). It follows from (275) that

ey (i), i) < wi (B(1)

whenever {u,v} is an edge of H;. Hence f; is w; '(B(1))-Lipschitz. Therefore f; is also
w; *(B(1))-Lipschitz.
Consider the three paths
ﬁ([xh$hi+1])7ﬁ([xhi+1,$2hi+1])7ﬁ([9€2h¢+171?1]) cT.

Arguing as in [65], since T is a metric tree, there must exist a common point
p € filles, wn]) () Filloncsns wona]) [ ) illwon, e, 7).
We can therefore find

(@,b,2) € [21, Th11] X [This1, Tangr1) X [Ton41, 1]
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such that
fi@="f;(b)="fic)=p
By considering the closest points to @, b, in C, there exist a, b, ¢ € C such that
- 1
max {dg (a,a),ds (b, b) ,de (C,E)} < 2
and
max {dg,(a,b),dg,(a,c),dg,(b,c)} = h;.

Without loss of generality we may assume that dg,(a,b) = dz(a,b) > h;.

Since f; is w; '(B(1))-Lipschitz and f (@) = f (b),

(275)

alh) < wi (day, (fi(a), 1(0))) <wi (day, (f (@), f @) +day, (f0), F (2)))
<wi (2303 ) = A1) (281)

The desired contradiction now follows by contrasting (274]) and (277)) with (281]). U

9.2. A metric space failing calculus for nonlinear spectral gaps. Let (X,dx) be a
metric space and p € (0,00). Observe that if A = (a;;) is an n x n symmetric stochastic
matrix then, provided X contains at least two points, the fact that v (A4, d%) < oo implies
that A is ergodic, and therefore

lim (A", d%) = lim 5, (#A(A), d) = 1. (282)

Thus, we always have asymptotic decay of the Poincaré constants of A* and «7(A) ast — oo,
but for the iterative construction presented in this paper we need a quantitative variant
of (282). At the very least, we need (X, d%) to admit the following type of uniform decay of
the Poincaré constant.

Definition 9.2 (Spaces admitting uniform decay of Poincaré constants). Let X be a set
and K : X x X — [0,00) a kernel. Say that (X, K) has the uniform decay property if for
every M € (1,00) there exists t € N and I' € [1,00) such that for every n € N and every

n X n symmetric stochastic matrix A,
A K
THAK) > T =y (e(d), k) < 2T

We now show that there exists a metric space (X,dx) such that (X,d%) does not have
the uniform decay property.

Proposition 9.3. There exist a metric space (X, p) and a universal constant n € (0, 00) with
the following property. For every n € N there is an n-vertex reqular graph G, = (V,, E,)
such that lim, o v, (G, p?) = 0o, yet for every t € N there exists ng € N such

n=ng = v (A(Gn),p*) = 174G, 7).
Proof. Define
XY Nz,

72



i.e., X is the set of all integer-valued bounded sequences. Consider the following metric
p: X xX —[0,00).
def
p(x,y) = log (1 + [lz —ylle) - (283)
Note that p is indeed a metric since the mapping 7" : [0, 00) — [0, 00) given by

T(s) o log(1 + s)
is concave, increasing and 7'(0) = 0.
Let G,, = (V,,, E,,) be an arbitrary sequence of constant degree expanders, i.e., G,, is an
n-vertex graph of degree d (say d = 4) satisfying
C = supy (G, | - [I3) < o0.
neN
We claim that
V4+(Gns p?) S (log(1 + logn))*. (284)
The goal is to prove that every f,g: G, — X satisfy

LY et 5 BRI S ) g0

(u,0)EVR XV, (u,v)EE,

To this end write

Su S (V) Ug(Va) C 2%,
By Bourgain’s embedding theorem [I0], applied to the metric space (S,, /), there exists
B S, — ls satisfying

Vu,v € Vo, [[f(u) = g(0)lle <[[6(f(w)) = Bg(v)]l2 < (1 +logn)|[f(u) = g(v)]loe, (285)

where ¢ € (1,00) is a universal constant. For every u,v € V,, we have

283/\285

p(f(u)

~—

9(0)) og (1 4+ [B((w)) — Blg())]l
< log (14 ¢(1 + log || f(w) — g(0)]l) < log(1 + logn) - p(f(u),g(v)). (286)

where in the last step of (286]) we used the fact that if f(u) # g(v) then || f(u) — g(v)[o = 1.
As shown in [44, Remark 5.4, there exists a universal constant x > 1 and a mapping
¢ : U5 — f5 such that

Vo,y€ly, T(z—yl2) <o) — o)l < kT ([lz —yll). (287)
A combination of (285, (286) and (287)) implies that the mapping ©» = ¢o 5 : S, — {5
satisfies

Vu,v € Vi p(f(u),9(v)) < [[o(f(u)) = ¢(g(v))ll2 < log(1 +logn) - p(f(u), g(v)),
Since v, (G, || - ]3) < C, we conclude that

Y P <y Y )~ vle)B

(u,0)EVR X Vy, (u,0)EVR X Vy

<O S s - wlep)z s WELEIBIE S o))

(u,v)€En (u,v)€ER,
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This completes the proof of .

We will now bound v, ((G,,), p?) from below. For this purpose it is sufficient to examine
a specific embedding of the graph «4(G,) into X. Let ¢ : V,, — Z® be an isometric
embedding of the shortest path metric on %(G,,) into (Z%, || - ||«). If {u,v} € E(H(G,))
then p(p(u), p(v)) = T(|le(u) — ¢(v)]|s) = T(1) = 1. On the other hand, since the degree
of o (G) is td', at least half of the pairs in V,, x V,, are at distance > tlffgz in the shortest
path metric metric on 2% (G). Hence for at least half of the pairs (u,v) € V,, x V,, we have

]
p(p(u), p(v)) = log (1 + St?ng) ,

where ¢ € (0,00) is a universal constant. If

n> 6(t log d)?

then we deduce that

=D 2 287
n2 u,0)EVy XV, p(¢(u)7 SO(U))
e e 5 2 (log(1 +1ogn))* 2 74(G. ),
ntdt Z(u,v)EE(M(Gn)) p(g&(U), 90<U))

V4 (#(Gr), p°) =

thus completing the proof of Proposition [9.3] ([l

Remark 9.4. Using Matousek’s L,-variant of the Poincaré inequality for expanders [41], the
proof of Proposition extends mutatis mutandis to show that (X, d% ) fails to have the
uniform decay property for any p € (0, 00).

Remark 9.5. We do not know if there exists a normed space which does not have the uniform
decay property, though we conjecture that such spaces do exist, and that this even holds for
(. Note that despite the fact that all separable metric spaces embed into /.., we cannot
formally deduce from Proposition [9.3|that /., satisfies the same conclusion since the uniform
decay property of the Poincaré constant is not necessarily monotone when passing to subsets
of metric spaces. We suspect that (¢1,] - [|3) does have the uniform decay property despite
the fact that ¢; does not admit an equivalent uniformly convex norm.
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