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Abstract

We consider the problem of nding a sparseset of edgescontaining the minimum spanning
tree (MST) of a random subgraph of G with high probabilit y. The two random models that we
consider are subgraphs induced by a random subset of vertices, eac vertex included indepen-
dently with probabilit y p, and subgraphs generated as a random subset of edges,eath edgewith
probabilit y p.

Let n denote the number of vertices, choosep 2 (0;1) possibly depending on n and let
b= 1=1 p). We show that in both random models, for any weighted graph G, there is a set
of edgesQ of cardinality O(nlog, n) which contains the minimum spanning tree of a random
subgraph of G with high probabilit y. This result is asymptotically optimal. As a consequence,
we also give a bound of O(kn) on the size of the union of all minimum spanning trees of G
with somek vertices (or edges)removed. More generally, we show a bound of O(nlog, n) on
the size of a covering set in a matroid of rank n, which contains the minimum-weight basis of
a random subset with high probabilit y. Also, we give a randomized algorithm which calls an
MST subroutine only a polylogarithmic number of times, and nds the covering set with high
probabilit y.

1 Intro duction

In a variety of optimization settings, one hasto repeatedly solve instancesof the sameproblem in
which only part of the input is changing. It is important in such casesto perform a precomputation
that involvesonly the static part of the input and possibly assumptionson the dynamic part, and
which allows to speed-upthe repeated solution of instances. The precomputation could possibly be
computationally intensive.

In telecommunication networks for example, the topology may be considered xed but the de-
mands of a given customer (in a network provisioning problem) may vary over time. The goal is
to exploit the topology without knowing the demands. The samesituation happensin performing
multicast in telecommunication networks; we needto solve a minimum spanningtree or Steiner tree
problem to connecta group of users,but the topology or graph does not change when connecting
di erent groupsof users. Or, in igh t resenation systems,departure and arrival locations and times
change for ead request but schedulesdo not (availability and prices do change as well but on a
lessfrequert basis). Yet another exampleis for delivery companies;they have to solve daily vehicle
routing problemsin which the road network doesnot changebut the locations of customersto serne
do.
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Examples of such repetitive optimization problems with both static and dynamic inputs are
courtlessand in many casest is unclear whether one can take advantage of the advance knowledge
of the static part of the input. One situation which has beenmuch studied (especially from a prac-
tical point of view) is the s-t shortest path problem in large-scalenavigation systemsor Geographic
Information Systems.In that setting, it istoo slow to compute the shortest path from scratch when-
ever a query comesin. Various preprocessingstepshave beenproposed,often creating a hierarchical
view of the network, seefor example[7]. Here, we have a modest (but neverthelesschallenging) goal,
to study another simple combinatorial optimization problem: the minimum spanning tree (MST),
for instancesrepeatedly drawn either randomly or deterministically from a xed given graph.

The MST-co vering problem. Assumewe are given an edge-weighted graph G = (V;E) with
n vertices and m edgesand we would like to (repeatedly) nd the minimum-weight spanning tree
of either a vertex-induced subgraphH = G[W]; W  V (the vertex casg or a subgraphH =
(V;F); F E (the edgecasd. In general,we needto considerthe minimum spanning forest, i.e.
the minimum spanning tree on eat componert, since the subgraph might not be connected. We
denote this by M ST (W) or M ST (F).

Our primary focus is a random setting where eat vertex appearsin W independertly with
probability p (in the vertex case;we denoteW = V(p)); secondly a setting where ead edgeappears
in F independertly with probability p (in the edgecase;we denoteF = E(p)). The questionwe ask
is whether there exists a sparse set of edgesQ which contains the minimum spanning forest of the
random subgraph with high probability. This is what we refer to asthe MST-covering problem.

We alsoaddressa deterministic setting wherewe assumethat W is obtained from V by remaving
a xed number of vertices, or F is obtained from E by removing a xed number of edges(by a
malicious adversary). Then we seeka sparse set of edgesQ containing the minimum spanning
forests of all such sutgraphs

In the above models, if the minimum spanning tree is not unique, we ask that Q contains some
minimum spanning tree. Alternativ ely, we can break ties by an arbitrary xed ordering of edges,
and require that Q contains the uniqgue minimum spanning tree. This is a stronger requirement
and in the following, we will indeed assumethat the minimum spanning trees are unique (e.g. by
assumingthat the edgeweights are distinct).

Example. Consider a complete graph G on verticesV = f1;2;:::;ng where the weight of edge
(i;j);i < jisw(i;j) = 2 (seeFigure 1). Assumethat W V is sampled uniformly, ead vertex

with probability 1=2. It is easyto seethat M ST (W) is a star of edgescertered at the smallesti

in W and connectingi to the remaining verticesin W. The probability that (i;j) 2 M ST (W) (for

i <j)is1=2"*1 sincefi; jgmust bein W and no vertex smallerthan i canbein W. Note that when
we order the edges(i; j) lexicographically, their probabilities of appearancein MST(W) decrease
exponertially, by a factor of 2 after eat block of roughly n edges.An example of an MST-covering

set hereis

Q=1(;j)2 E:i< 3log,ng;

sinceany edgein E nQ appearsin M ST(W) with probability at most 1=n3.

In general,we show a similar behavior. For an arbitrary weight function, if we order the edgesby
their non-increasingprobability of appearancein the MST, these probabilities drop exponertially .
As a result, we are able to take O(nlogn) edgeswith the largest probability of appearancein
M ST (W), and the probability that M ST (W) contains one of the remaining edgesis polynomially
small.



Figure 1: A complete graph K s with lexicographically ordered edges. The edgeweights are marked
by thickness.

Also, our example demonstratesthat we needto include ( nlogn) edgesin Q if Pr[M ST(W) n
Q 6 ;] should be polynomially small. More generally, this is true for any weighted graph - just
considerthe evert that a vertex is isolated in Q[W]. UnlessQ contains at leastlog, n edgesincident
with every vertex, somevertex getsisolated in QW] with probability at least 1=n. Then Q cannot
be a good MST-covering set. We will make a more preciseargumert in Section 7 but this example
indicates that jQj = O(nlogn) is the correct bound to aim for.

Overview of results. Consider the random setting where either vertices or edgesare sampled
with probability p (possibly a function of n). Let b= 1=(1 p). We prove that, for any weighted
graph, there exists a sparseset Q of e(c+ 1)nlog,n + O(n) edgeswhich contains M ST (W) (or
M ST (F)) with probability at least1 1=n®. On the other hand, for p ni with < 1, we shov
the existenceof weighted graphs for which one needs ( nlog,n) edgeseven to achieve a constart
probability of covering the MST of a random subgraph. So O(n log, n) is the best size of an MST-
covering setthat we can achieve. For low probability of failure, in particular p= 1 1=n , we obtain
a covering set of linear size O(n).

We believe that our proof technique is quite interesting in its own right. We dene (u;v)
to be the probability that (u;v) 2 M ST (W), conditioned on u;v 2 W. (Note that 1 p(U; V)
represens the u-v reliability in the subgraph with all edgeslighter than (u;v).) We obsene that
p(u; V) is the probability of a down-monotoneevent which is crucial for our analysis. We show a
boosting lemma which states that for any down-monotone evert, as p decreases, , increasesvery
rapidly. More precisely we show that , = (1 p)" (P wheref (p) is a non-decreasingfunction (see
Lemma 3). From the boosting lemma, we deducethat not many edges(u; v) canhavea\large" value
of p(u;v), otherwise the expected number of edgesin the minimum spanning forest of a suitably
chosenrandom subgraph would be larger than possible. This meansthat we can include all the
edgeswith su cien tly large ,(u;v) in our set Q, which implies the MST-covering property and Q
is still not too large.

Our boosting lemma bears somesimilarity to a result of Bollobas and Thomason [3]; howewer,
they useadi erent random model, in which a random subsetof a xed cardinality is sampled. They
usethe Kruskal-Katona theorem (and its simpli cation due to Lovasz)to derive their lemma, while
our lemma has an elemerary probabilistic proof. We could use the Bollobas-Thomasonlemma in
someof our proofs aswell (for instance, it would seemquite natural to apply it to prove Corollary



7, which is concernedwith the minimum spanning trees after removing a xed number of vertices),
but this would produce an additional factor of logn which we are able to shaveo with our boosting
lemma.

In order to nd Q, we could try to calculate ,(u;v) for eath edge; however, as 1 p(U; V)
corresponds to the u-v reliability in an arbitrary graph, this is #P-hard [10]. It is even unknown
how to e cien tly approximate the u-v reliability. However, in our case,we only needto chedk
if p(u;v) is (polynomially) large enough and this can be done by random sampling. This leads
to a randomized algorithm for computing Q that makesa polynomial number of calls to an MST
subroutine. We canreducethe number of MST callsto polylogarithmic by usingthe boosting lemma,
and choosing the edgeswhich appear su cien tly often. With high probability, we nd a covering
set of asymptotically optimal sizeO(n log,n), by invoking an MST procedureO(log, n logn) times.
If we are interested in deterministic algorithms only, we are only able to canstruct in polynomial
time a covering set Q of cardinality O(n®2In n) in the vertex caseand O(n € ") in the edgecase.
These latter constructions are not described in this paper. The reader can refer to [11] for more
information.

Going badk to our original motivation, sincewe are able to construct a set Q of size O(nlog, n)
covering almost all MSTs, we can therefore with high probability nd the MST of any random
subgraph by focusing on this precomputed set of O(n log, n) edges,henceleading to an algorithm
whoserunning time is near-linear in n instead of m. This is almost a quadratic speed-upif the
original graph is dense.

In the deterministic setting where the subgraph is obtained by deleting at most k 1 vertices
(or edges),we show that there exists a set Qx of cardinality at most ekn which corntains the MST
of all these subgraphs,seeCorollary 7. In the edgecase,we prove that the cardinality of Qx can be
actually bounded by kn kgl , which is tight and the proof is by elemenary induction. For the

vertex case,however, we can only obtain a linear bound by probabilistic reasoning.

Our results only usethe fact that the evert e2 M ST (H ) for a random subgraphH , conditioned
one2 E(H), is down-monotone. This holds for any matroid; thusall our results extend to matroids,
seeSection 6.

Literature discussion. Not assumingthat all the input data is known in advanceor assumingit
changesover time is a typical paradigm in the areasof optimization and algorithms. For example,
in stochastic programming, part of the input is stochastic and one has to make decisionsin the
rst stagewithout knowing the realization of the stochastic componerts; further decisionare made
when the complete input is revealed. Although the minimum spanning tree problem (as a proto-
typical combinatorial optimization problem) has beenconsideredin a wide variety of settings with
incomplete or changing data, it has not beenunder the particular viewpoint consideredhere.

In dynamic graph algorithms, oneassumeshat the graph is dynamically changing and one needs
to update the solution of the problem after eadh input update. For a minimum spanningtree problem
in which edgescan be inserted or deleted, the best known dynamic algorithm has amortized cost
O(log* n) per operation [6]. This is not e cien t here though, since our instancesare changing too
drastically.

In practice, graph optimization problemsare often solved on a sparsesubgraph, and edgeswhich
are not included are then priced to seeif they could potentially improve the solution found, seefor
example[1] for the matching problem. Our results can therefore be viewed as a theoretical basisfor
this practice in the caseof the MST, and give precisebounds on the sparsity required.



2 The boosting lemma

We start by analyzing the evert that a xed edgeappearsin the minimum spanningtree of a random
induced subgraph. We would like to shaw that the probability of this evert cannot be too high for
too many edges. We prove this statemert by a random sampling argumert. It turns out that the
only property of MST that we useis the obsenation that for any given edge,being contained in the
minimum-weight spanning forest of a random subgraph is a down-monotoneevent The following
lemma is an easyconsequencef the fact that an edgeis in the minimum spanning tree unlessits
endpoints are connectedby a path containing only edgesof smaller weight.

Lemma 1. For an edge(u;Vv) 2 E, let X = V nfu;vg and let F denote the family of vertex sets
A X for which (u;Vv) is in the minimum spanning forest of the induced sulgraph G[A [ fu; vqg].
Then F is a down-monotonefamily:

A2F;B A=) B2F:

For a random A X, we say that A 2 F is a down-monotone event We prove a general
inequality for down-monotoneeverts. We call this inequality the boosting lemma, sinceit stateshow
the probability of a down-monotone evert is boosted, when we decreasethe sampling probabilit y.
We rst give a generalversionin which the sampling probability of eat elemert could be di erent
(asymmetric version), and then we specializeit to the casein which every elemen is sampled with
the sameprobability (Lemma 3).

Lemma 2 (The Boosting Lemma, asymmetric version). Let X be a nite setand F  2X a down-
monotone family of subsetsof X. Let p 2 [0;1]" and sample a random subsetX (p) by chasing
elementi independently with prokability p;. De ne

p=PriX(p) 2 Fl:

Let 2 (0;1) and similarly dene ¢ = Pr[X (&) 2 F] where elementi is samplel with prokability
G=1 (1 p) . Then
qa (p):

Proof. We proceed by induction on jXj. For X = ; the statemert is trivial ( , = ¢ = 0or
p= g=1). Otherwise,let a2 X, Y = X nfag and de ne

Fo=fA Y:A2Fg
Fi=fA Y:A[fag2Fg

By down-monotonicity, wehaveF; Fo. Next, weexpress g by the law of conditional probabilities:
q= PriX(e) 2 F]= caPriY(e) 2 F1]+ (1 ca) PrIY (&) 2 Fo]

where Y (g) denotesa subsetof Y sampledwith the respective probabilities ¢; Y (§) = X (¢) nfag.
We denote! , = Pr[Y(p) 2 F1] and , = Pr[Y(p) 2 Fo]. By induction, we can apply the boosting
lemmato the down-monotoneevents Fg;F;  2Y: ! a 'pia p- We get

A= G!qgt* (@1 G)qg (@ @ pa))p+(@ Ppa) p:
Note that ! p becauseF; Fq. It remainsto prove the following:

@ @ p) +Q@ p (Pt + (@ p)) (1)



forany p2 [0;1]; 2 (0;1);0 ! . Then we can concludethat

a Palp*t (@ pa)p) =
using the law of conditional probabilities for , = Pr[X(p) 2 F].

We verify Equation (1) by analyzing the di erence of the twosides: ( )=(1 (1 p) ) +
@ p (p'+ (1 p)).Weshovthat (t) Ofort !. Fort="1!,wehave (t) = 0. By
di eren tiation,

M= @ ptt @ pE+e opy,t
L !
_ 1 1 pt
- @t pl+ (1 pt
Therefore (t) Oforanyt ! which completesthe proof. O

Note. The boosting lemmais tight for F = 24; A X in which case , = QiZXnA 1 p)and
g = ( p) . This form of the lemma is the most general we have found; more restricted versions
are easierto prove. For probabilities p;; g satisfying (1 p) = (1 g)%, k 2 Z, we give now a
simple probabilistic proof using repeated sampling. Sampleindependertly subsetsY; = X (¢);] =
1;2;::k, andsetY = Yi[ Yo :::[ Yk. Elemert i hasprobability (1 ¢)*= (1 p) that it does
not appear in any Y;, therefore Y is e ectiv ely sampled with probabilities p;. Then we get, from
the monotonicity of F: , = Pr[Y 2 F] Pr[8j;Y; 2 F] = '(;: This is actually sucient for the
asymptotic results on covering MSTs of random subgraphs. See[5] for details.

In the remainder of this paper, we use a symmetric version of the boosting lemma where the
sampling probabilities p; are uniform.

Lemma 3 (The Boosting Lemma, symmetric version). Let X bea nite setand F a down-monotone
family of subsetsof X . For p2 (0;1), de ne

p= PriX(p) 2 F]
where X (p) is a random subsetof X , each elementsamplal independently with probability p. Then
p=(1 p'®
whet f (p) is a non-decreasing function for p 2 (0;1).

Proof. Considerp;q2 (0;1) whereq< p. Write ,= (1 p)*and(1 q) = (1 p) where 2 (0;1).
Then Lemma 2, with pj = pand g = q, implies:

o (p)=0Q p*=@1 9%
O

Connection with the Krusk al-Katona theorem. Consider another special case, where

p=(1 p)k for somek 2 Z. Denote by F; the number of setsof sizej in F. The Kruskal-Katona

theorem [2] systhat F; " impliesF; " ¥ fori j,andthis (togetherwith = (1 p)¥)
can be shown to imply that

X X | |
FP@ pn | " Kga pn
j=0 =0}



foranyl n k. An ane combination of theseinequalities then implies a similar statemert for
any g p. Therefore,

X . noj X k n k . noj K
o= Fd@ 9 4@ 9"'=@1 o
j=0 j=0 ]
which provesthe symmetric boosting lemma in this case. It is not clear if this argument appliesto
p= (1 p)* for non-integer k.

In [3], Bollobas and Thomason prove a lemma about down-monotone everts which applies to
random subsetsof xed size: If P, is the probability that a random subsetof sizer isin F, then for
any s r,

P, P
Consideringthat the two random modelsare roughly equivalent (instead of samplingwith probability
p, take a random subsetof size pn), this lemma has a very similar a vor to ours. However, putting
the two random modelsside by side, the Bollobas-Thomasonlemma s weaker; for example,compare
p=1 1=n;g= 1=2andr = n 1;s= nz2. Our boosting lemma implies o ( p)*'°9". The
Bollobas-Thomasonlemma says only Ps P;. For our purposes,the boosting lemma appliesin a
cleanerway and we gain a factor of logn comparedto using the Bollobas-Thomasonlemma.

3 Covering MSTs of random vertex-induced subgraphs

Now we prove the bound on the size of covering setsfor the caseof randomly sampledvertices. As
noted before, for any edge(u;v) 2 E, the event that (u;v) 2 M ST(W), conditioned onu;v 2 W, is
down-monotone. Let's denote

p(U;v) = Prw[(u;v) 2 MST(W) ju;v2 W]
whereW = V(p) contains eat vertex independertly with probability p.

Lemma 4. For a weightel graph G on n vertices,0< p< 1, and any k  1=p, let

QY= fUuV2E: puyv) @ pf g

Then
iQlPj < ekn:

Proof. Sample a random subsetS = V(q), with probability q = 1=k p. For every edge(u;v) 2

(P ‘we have ,(u;v) (1 p)¥ I, and therefore by the boosting lemma, 4(u;v) (1 @) !

implying

Pri(i:v) 2 MST(S)] = ¢ o(uv) @ ok ‘= = 1 1 LA
’ a k2 k ek?’
and
X jQ(P)j
E[M ST(9)j] Pr[(u;v) 2 MST(S)] > eEz ;
(uv)2QP
On the other hand, the size of the minimum spanning forest on S is at most the sizeof S, and so
. . S
E[MST(S)j]l EI[jSjl= E:
Combining thesetwo inequalities, we geth(kp)j < ekn: O



This lemma shows that the exponertial decreaseobsened in the examplein Section 1 always
occurs. In particular, choosingk = - shaws that the ith largest , valueis lessthan (1 p)e 1

The constart factor e in the above lemma can be improved; we give here an improved versionin
the caseof integral k.

Lemma 5. For a weightal graph G on n vertices,0< p< 1, and an integerk 1=p, let
QP =f(;v)2E: Hu;v) (1 p* g

Then e
QPj< 1+ > kn:

Proof. For every |, we have that ,(u;v) (1 p)' 1 for (u;v) 2 Q,(p) and henceby the boosting
lemma, q(u;v) (1 q' forq= % p. By consideringmore carefully the argument bounding

jQ(kp)j in the proof of the previous lemma, we get that, for S = V(Q):

R X
gn E[[M ST(9)j] Pri(u;v) 2 M ST(S)]
1=1 (U;V)ZQI(P)nQI(P)l

:~(P) (P) ; 42 |1 R (p) | 1
QU NQMg(l g T = il 9

1=1 |=1
implying

% (p) I 1.

n jf@ 9 - )
|=1

Our previous argumert replacedall the terms for | < k by zero, which leadsto the factor e. We
can however improve this by using a better lower bound oan(p)j for | < k. Let usassumethat G is
a complete graph; this is without lossof generality as this can only mcreaseJQ(p) But Ql(p) must
be |-vertex-connected;otherwise there would be an edge(u;v) 2 E an(p) without | vertex-disjoint
paths in Ql(p) betweenu and v, which would imply p(u;v) (1 p)' 1. Therefore, for any I, we

have that jQ,(p)j In=2. Using this lower bound in (2), we get:

Xlln X
n 2(1 q)l 1+JQ(p) qZ(l q)l 1
1=1 1=k
n5(15(1 2 i 1, :~M k 1
= 5 @ 9 '+iQlial q
1=1 j=1
nb(l

g @' @ 9* H+ijQPjgr g+ *

1
P

@ of *a+qk 1) +iQPjgr g~

NS N

Using the fact that q= % we get:

1q(1+q(k ) M iwnz 14 & wn

(p); n +
QT @ gt it 2 2 >



We are now ready to prove our MST-covering result.

Theorem 6. Let G be a weightel graph on n vertices,0< p< 1, andc> 0. Letb= 1=1 p).
Then there existsa setQ E of size

iQf 1+ g (c+ )nlog,n + O(n)
suchthat for a randomW = V (p),

Pro[MST(W) Q]>1 —:

nC

Proof. Assumethat n > €® (otherwise Q can be chosento cortain all edges). Order the edges
in E by decreasingvalues of (u;v). Partition the sequenceinto blocks By;B2;:::  E of size
d(1+ e=2)ne. Lemma 5 implies that for any (u;v) 2 Byk+1, k 1=p,

Pri(u;v) 2 MST(W)] = p* p(u;v) < p*(1 p)*

S
De ne Q to contain the rst h = d(c+ 1)log,ne+ 2 blocks, Q = ',2:1 Bk: We haveh  1=p (for
p 1=2it's obviousthat h 2 1=p, andfor p< 1=2, h > log,n > ";—F:‘ > 1=pfor n > €?). Sowe
can apply the above bound to blocks starting from h + 1:

X
PriIMST(W)nQ 6 ;] Pr{(u;v) 2 M ST(W)]
(u;v)2EnQ
R —
A1+ e2ne’@ P 2 = di+enepa pP t< LTEEMRE P L,
k=h+1
O

4 Covering MSTs of subgraphs of xed size

Directly from Lemma5, we alsoget the following interesting implication for the deterministic version
of the problem, whereat most k 1 vertices can be removed arbitrarily .

Corollary 7. For any weightal graph G on n vertices, and k 2 Z., there existsa setQx E of

size e
iQd< 1+ kn

which contains M ST(W) for any jWj> n k.

S
Proof. Let Qx = jyjsn
spanning forest of G and thusjQij n 1. Fork 2, choosep= 1=2 and considerQ(kp) asde ned

in Lemma 5, which statesthat jQ(kp)j < (1+ e=2)kn. For any edge(u; v) which appearsin M ST (W)
forjWj>n k, p(u;v) (1 p)¥ 1, sincethe verticesin V nW are removed with probability at

least(1 p)* 1; thereforeQx Q. O

« MST(W). For k = 1 the lemma is trivial as Q; is the minimum

Obsene that the set Qx can be found in polynomial time. For every edge(u; V), its membership
in Qkx can be tested by computing the vertex connectivity between vertices u; v in the subgraph
Gy of edgeslighter than (u;v). By Menger's theorem, (u;v) 2 Qg if and only if there are no k



vertex-disjoint u-v paths in G, . This, however, doesnot seemto imply a bound on the sizeof Qg
easily The only way we can prove our bound is through probabilistic reasoning.

It isnot dicult to seethat jQij n landjQzj 2n 3. It is also possibleto de ne edge
weights sothat Qg must contain (n 1)+ (n  2)+ +(n Kk)=kn kgl edges(see Section
7 for an example). We conjecture this to be the actual tight upper bound. Similarly, we conjecture

that kn k? is the best possiblebound on jQ(kp)j in Lemma 5 (and this would be achieved for

the graph described in Section 7).

The same question in the edge caseis easierto answer. The number of edgesin all MSTs
obtained after remaoving at most k 1 edgescan be upper bounded by k(n 1), by nding the
minimum spanning tree and removing it from the graph repeatedly k times. (Which also works for
multigraphs, and more generally matroids.) For simple graphs, we can prove a bound of kn kzl

which is tight (seethe weighted graphs constructed in Section 7).

Lemma 8. For any (simple) weightal graph on n vertices, m edgesand integer1 k n, there
existsa setQx E of size

X . k+1
Qd ( D=kn T
i=1
which contains the minimum spanning forestM ST(F) for any jFj> m k.
S
Proof. Let Qg = iFj>m kM ST(F). For given k, we proceedby induction onn k. For n = k, it
is trivial that jQxj 5 =n? "3' . Soassumen > k.

Consider the heaviest edgee 2 Qg. Sincee 2 M ST(F) for somejFj > m Kk, there is a cut
(V1) = f(u;v) 2 E :u2 Vv 2Vigsud that e is the lightestedgein (Vi) \ F. Consequetly
Qk\ (Vi) (EnF)[ fe g, which meansthat at most k edgesof Qk are in the cut (Vi). Let
V, = V nV; and apply the inductiv e hypothesison G; = G[V4] and G, = G[V;], and their respective
MST-covering setsQx:1; Qk:2. We usethe following characterization of Qk: (u;Vv) 2 Qx , there are
no k edge-disjoirt u-v paths in the subgraph of edgedlighter than (u; v) (again by Menger'stheorem,
for edgeconnectivity). Sincethe edgeconnectivity in G is at least asstrong asthe edgeconnectivity
in Gy or Gy, it followsthat Qx[Vi] Qk:.1, Qk[V2] Qk.2 and we get

JQkJ ij;lj + ij;zj + k:

Let ny = jV4j;n2 = jVj; n = ny + ny > k. We distinguish two cases:

P
If oneof ny; nyisat leastk, assumet is n;. By the inductiv e hypothesis,jQx:1] :(:1 (ny i),
and jQx.2j k(nz 1) (for any n,, smaller or larger than k), so

X X
jQul (n )+ k(nz +k= (n i)

i=1 i=1
If both n1;nz < k, then we estimate simply jQi.1j % < M Q2 2 < M
We get
.. k(n 1 k(n 1 kn X .
i=1
O
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5 Algorithmic  construction of covering sets

It is natural to ask whether the MST-covering sets can be found e cien tly. In the deterministic
case,we have shown that this is quite straightforward. However, in the probabilistic case,it is not
possibleto test whether (u;v) 2 Q(kp) directly. This would amount to calculating the u-v-reliability
in the graph of edgeslighter than (u; v), which is a #P-complete problem [10].

However, we can nd a covering set Q using an e cien t randomized algorithm, which takes
advantage of the boosting lemma aswell. It is a Monte Carlo algorithm, in the sensethat it nds a
correct solution with high probability, but the correctnessof the solution cannot be veri ed easily.

The algorithm: GivenG= (V;E), w:E! R,0<p<1,c>0.

Let b= 1=(1 p) andk = d(c+ 2)log,ne+ 1.

Repeat the following for i = 1;:::;r = d32ek?In ne:
{ SampleS; V, ead vertex independertly with probability q= 1=k.
{ Find T{ = M ST(S)).

For eath edge,include it in Q if it appearsin at least 16Inn dierent T;'s.

The running time of the algorithm is determined by the number of calls to an MST procedure,
which is O(Iogﬁ ninn). Sincea minimum spanning forest can be found in time O(m (m; n)) deter-
ministically [4] or O(m) randomized|[8], for constart b= 1=(1 p) we get a running time near-linear
in m.

Theorem 9. This algorithm nds with high prokability a setQ E suchthat
jQi  2e(c+ 2)nlog,n + O(n)
and for a randomW = V(p),

Prw[MST(W) Q]>1 n—lcz

Proof. Let k = d(c+ 2)log,ne+ 1, r = d32ek?In ne and Q(kp) =f(uVv)2E: p(u;v) (1 p* o
We will arguethat (1) Ql(f’) Q with probability > 1 n% (2) Q(kp) is a good covering set, and (3)
jQi  2ekn+ O(n) with probability > 1 2.

Let Si = V(q), g= 1=k, and T; = M ST(Sj). As in the proof of Theorem 6, k 1=p (for n large
enough), thereforeq p and by the boosting lemma, for any (u;v) 2 Q(kp),
1.
ek2’
Denoting by t(u;v) the number of T;'s containing edge(u;v), we get E[t(u;v)] r=(ek?) 32Inn:
By Cherno bound (see[9, Theorem4.2];Pr[Xx < (1 ) ]<e 2=2), with 32Inn, = 1=2:
Prlt(u;v) < 16Inn] < e " = 1=n* and thus Pr[9(u;v) 2 Q:t(u;v) < 16Inn] < 1=n2:
Therefore with high probability, all edgesin Q(kp) are included in Q. On the other hand, Q(kp)
cortains M ST (W) with high probability (with respectto a random W = V (p)):

Pri(u;v) 2 il qf(1 9" !

X
PrIMST(W)nQl” 6 ;] Pri(u;v) 2 MST(W)] < n2p%(1 p)* 1< et
(uv)2EnQP

11



Now we estimate the size of Q. For k  n=(4e), the condition jQj 2ekn + O(n) is satisifed
triv&lly. So assurqgk < n=(4e). Since we are sampling S; = V(qg), we have E[jS;j] = gn; and
E[ ,iTil E[ [, iSil ran. We can usethe Cherno bound again ([9, Theorem 4.1];
PriX > (1+ ) ]<e °=3), with rgn and = 10Inn=(rq):

#
X 2z - 1
Pr jSij> (rq+ 10lnn)n < e 100n"n=@ra) ¢ g ninnzek o =z
i=1

In Q, we include only edgeswhich appear in at least 16Inn dierent T;'s, and jTij |Sij, sothe
number of such edgesis, with high probability,

P
iSij  (rg+ 10Inn)n

16Inn 16Inn = 2ekn+ O(n):

iQj

6 Covering minim um-w eight bases in matroids

Next, we considerthe variant of the problem where the subgraphis generatedby taking a random
subset of edgesE (p). We approach this problem more generally, in the cortext of matroids. The
matroid in this casewould be the graphic matroid de ned by all forests on the ground setE. In
general, consider a weighted matroid (E;M ;w), wherew : E | R. Let m denote the size of
the ground set E and n the rank of M , i.e. the size of a largest independert set. If the weights
are distinct, then any subset F E has a unigue minimum-weight basis M B (F), which in the
caseof graphs correspondsto the minimum-weight spanning forest. These basessatisfy exactly the
monotonicity property that we used previously.

Lemma 10. For an elemente 2 E, let X = E nfeg and let F denote the family of setsA X
for which e is in the minimum-weight basis of the matroid induced by A[ feg. Then F is a down-
monotone family:

A2F;B A=) B2F:

Proof. If e2 M B(A[ feg), it meansthat there is no circuit in A[ feg in which eis the largest-weight
elemen. However, then there is no such circuit in B[ fegeither, and thereforee2 MB(B[ feg). O

Thus, we can apply the samemachinery to matroids. De ne
p(€) = Pre[e2 MB(F)je2 F]

where F = E(p) is a random subset of elemerns, sampled with probability p. We get statemerts
analogousto the vertex case. It is interesting to notice that the bounds given in these statemerts
depend only on the rank of the matroid, irrespective of the size of the ground set.

Lemma 11. For a weightal matroid (E;M ;w), of rankn, 0< p< landk 1=p, let
QP =fe2E: &) (1 p* 'g

Then
jQ(kp)j < ekn:

12



Proof. The proof is similar to the proof of Lemma 4. Sample a random subsetS = E(q), eath

elemen with probability gq= 1=k p. For any e 2 Q(kp), p(€) (1 p), therefore the boosting

lemma implies that

1 R |
k 1- = = .
Prle2 MB(S)] q q4(8) q1 0 = K 1 K > oK.
Summing over all e 2 Q(kp), we get
X in(P);
, : 191,
E[jM B(S)j] Prle2 MB(S)] > ok

e2Q(®
On the other hand, any independert setin M hassizeat most n, therefore E[jM B(S)j] n which
implies jQ{”j < ekn: O

In the caseof matroids, we don't get the equivalent to Lemma 5 asthe improvemert there was
basedon connectivity properties.

Theorem 12. For any weightel matroid (E;M ;w) ofrankn, 0< p< 1,¢c> 0, andb= 1=1 p),
there existsa setQ E of size

iQj e(c+ L)nlogyn + O(n=p)

suchthat for a random F = E(p),

Pre[MB(F) Q]>1 n—lc:
Proof. Order the elemens of E by decreasingvaluesof (€). Partition the sequenceinto blocks
B1;By;:::  E of sizedene. Lemma 11 implies that for any e 2 By.+1, k  1=p
Prle2 MB(F)]=p p(e)<pl p*

S
Takethe rst h = d(c+ 1)log,n+ 2=pe+ 1 blocks: Q = L‘:l Bk. Then, sinceh 1=p

X s
PrIMB(F)nQ 6 ;] Prle2 MB(F)] denep(l p)* 2
e2EnQ k=h+1
deng(l p)&=* 1
= dene(1 p)" ! —e(nc+1 D7 o

O

The forestsin a graph on n + 1 vertices form a matroid of rank n, and minimum-weight bases
correspond to minimum spanningforests. Thereforethis solvesthe edgeversionof the MST-covering
problem as well:

Corollary 13. For any weightal graph G on n + 1 vertices,0< p< 1, c> 0and b= 1=1 p),
there existsa setQ E(G) of size

jQj e(c+ L)nlogyn + O(n=p)

suchthat for a random F = E(p),

Pre[MST(F) Q]>1 n—lc:

13



Also, we have arandomizedalgorithm nding the covering setfor any weighted matroid (E; M ; w);
the algorithm makesO(log, n In m) calls to a minimum-weight basis procedure.

Let b= 1=(1 p)andk = d(c+ 2)log,ne+ 1.
Repeat the following for i = 1;:::;r = dl6ekIln me:

{ SampleS; E, eat elemen independertly with probability g= 1=k.
{ Find T, = M B(Si).

For eath edge,include it in Q if it appearsin at least8Inm dierent T;'s.

Theorem 14. This algorithm nds with high probability a setQ E suchthat

iQi  2e(c+ 2)nlog,n + O(n)

and for a random F = E(p),
1
Pre[MB(F) Q>1

Proof. Let k = d(c+ 2)log,ne+ 1, r = dl6ekin me and Q(kp) =fe2 E: p(6) (1 p* g We
claim that (1) Ql(f’) Q with high probability, (2) Ql(f’) is a good covering set and (3) Q is not too
large. As in the proof of Theorem 6, k  1=p for n large enough, therefore for any e 2 Q(kp), for
Si = E(q) and T; = M B(S;), the boosting lemma implies

— 1.
Prle2 Ti]=q q(e) > ok

Letting t(e) denote the number of T;'s containing elemen e, we obtain Eft(e)] r=(ek) 16lnm:
By the Cherno bound, Pr[t(e) < 8Inm] < e 2"™ = 1=m?2; implying that Pr[9e 2 Q\”;t. <
8In m] < 1=m: Therefore with high probability, all edgesin Q(kp) are included in Q.

On the other hand, Q(kp) cortains M B (F) with high probability. Considerthe elemers in E nQ.
We order them in a sequenceof decreasingvalues of (€), and again divide them into blocks
B1;By;::: asbefore. Sincewe have included all edgeswith ,(e) (1 p)* 1in Q, in the rst k
blocks the valuesof ,(€) cannot be larger than (1 p)% 1. Then, the I-th block can have valuesof

p(€) at most (1 p)' 2 (by Lemma 11). Thus
I
(kp+ 1)dene _ O(In n) < 1

" !
PrIMB(F)nQ6 ;] p k@@ p* '+ 1 p)'? dene oz = =i =
I=k+1

P
Finally, we estimate the size of Q. We have i':l iTij  rn: Every elemen e 2 Q appearsin
8Inm dierent T;'s, therefore =)

N -
iQj 1

Sinm 2ekn + O(n):
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7 Lower bounds

For both variants of the problem, we have a closely matching lower bound on the size of Q, even
if we only want to achieve a constart probability of covering the MST. We get a lower bound of
( nlogy(n=Inn)) for p> Inn=nin the edgecaseand ( nlog,(pn=5)) for p > 5=nin the vertex case.
Both boundsreduceto ( nlog,n), for a wide range of p, namely the lower bound of ( nlog,n)
holdsforp 1=n; < 1.

The constructions for the vertex and edge variants are di erent; rst let's describe the edge
variant which is simpler.

Lemma 15. For any n > e and '”T” p< 1l b=1=1 p), thereis a weightel graph G on n
vertices, suchthat if Pr[M ST(E(p)) Q] % then jQj > In '+21 where | = blog,(n=Inn)c.

Proof. Considerthe complete graph K, with edgeweights ordered lexicographically. Fori < j, let
Wi = ni + ]

(seeFigure 1 in Sectionl). Let F = E(p) be a random subsetof edges.For eat edge(j; k), j < k,
consideran evert Ajy, which occurs when

(;K)2F & 8i<j;(i;k) 2F:

Due to the ordering of edgeweights, A implies that (j; k) 2 M ST(F), sinceit is the lightest edge
in F, incident with vertex k. Also, for givenk, A;jk can occur only for one value of j. For a set Q
of given size, we estimate the probability that Ajx occursfor some(j; k) 2 E nQ.

Let Jx = fj :j < k;(j; k) 2 EnQg. Sincethe everts Ay for di erent elemeris of Ji are disjoint,
[ X -
Pr[ Ajl= p(l p’
j23x j2Jx

S
The events i29, Ajk for di erent k's are mutually independert, sincethe setsof edgesinvolved for
dierent Jy's are disjoint. Therefore:

\ Y \
Pr[MST(F) Q] Pr[ Ajl=  Pr[ Ayl
(j;k)zgnQ k i23x 1
\'% X _ X _
= (1 pl pl Y exp @ pl p A:
k j2J¢ (ik )2ENQ

For a givensizeof Q, the last expressionis maximized when Q contains edged(j; k) with minimum

Bossiblevalues of j. Assumethat Q contains all the edges(j; k) for j = 1;2;:::1. Then jQj =
|

j=1 (n j)=1In |+21 and

X S X _ -
pl p! "= (n pp@ p’ =
(k)2ENQ j=1+1

Let's denote this sum by S(I). As can be veri ed by backward induction on I,
1 1
si)=n 1 = @1 p'+=a p"
(M) 5 @ p p( P)

15



Figure 2: The lower bound example for random sampling of vertices. Edge weights are marked by
thickness.

We have that for any Q of sizeat mostin ', Pr[MST(F) Q] e SO,

Let's choosel = blog,(n=Inn)c. Then, for p '”T”

Inn N Inn Inlnn+1 Inn

S(1) n log, — 5 Inlnn 1:

n
Inn

Tl

Therefore, for any setQ of sizeat mostin '} , Pr[MST(W) Q] e S < 1=eforn> e’. O

Note. Forp 1=n; < 1,wehavel = (1 0o(1))log,n << n and thereforeany Q achieving at
least a constart probability of MST-covering must have sizejQj > (1  o(1))nlog,n.

We now describe our lower bound in the vertex case.

Lemma 16. For anyn> 5, and p 5=n, there exists a weightel graph G on n vertices, such that
if PrIMST(V(p)) Q] % then jQj > In "'21 where | = blog,(np=5)c.

Proof. Let G bethe completegraph K,,. Considerthe verticesplaced on a line uniformly and de ne
edgeweights by distancesbetween pairs of vertices, breaking ties arbitrarily , for example:

Wi = njj ij+ i

Let W = V(p) be a random subsetof vertices. For eat edge(j; k), j < k, consideran evert Aj as
a boolean function of W':

Aik(W) () j2W, k2W &8ijj <i<k) izWw

This event is equivalent to (j; k) 2 M ST (W), since (j; k) must be in G[W] and no path connecting
j; k via a vertex in betweencan be in G[W]. However, we have to be more careful here, because
theseeverts are not necessarilyindependert, which might ruin our bound on the probability of their

union. Therefore, we have to imposean additional condition which we deal with later. Assumethat

C is a set of edgessatisfying

(*) There is no pair of edges(i; j); (j; k) 2 C suchthati < j < k.

Then we claim that the everts Aj for (j; k) 2 C arenever positively correlated. More speci cally,
if (Uo; Vo); (U1;v1);:i:(Uk; k) 2 Ciui < v, then

PriAu,v: V Awv, V2T AG e T Augve] PITAGL N Auv, \ TITAG v ) 3)

We prove this in the following way: For any WV, dene W°%= W [ fug;vognfi :ug < i <
Vog. Then Ay, (W9 is true by de nition. In fact, if W = V(p) is a random subset, W° is a
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random subsetsampledin the sameway as W, but conditioned on A,,v,. Now considerthe other
edges,(us; Vv1);:::(uk; vk). Let's call an edge(u;;v;) \in terfering" with (uo; Vo), if its interval [u;; v;]
intersects [up; vo]. Property () implies that the intervals [ug; Vo], [ui;Vi] cannot share exactly one
point, so either one of u;;Vv; is an internal point of [ug; Vo], or one of ug;Vp is an internal point of
[ui;vi]. Either way, Ay v, (W9 cannot be true, becausethen u; and v; ought to be in W° and all
vertices inside [u;;v;] ought not to be in W which is impossible. Therefore, Ay, (W9 is always
false for (uj;v;) interfering with (ug;Vvp). On the other hand, if an edge(u;;Vv;) is not interfering
with (uo; Vo), then Ay, y, (W9 if and only if Ay, (W), becauseW® doesnot dier from W on the
vertices outside of [ug; Vo].

Thus we have demonstrated that in any case,Ay,v, (W) ) Ay, (W9, and WP corresponds to
random sampling conditioned on Ay, , which implies

PriAuv: V Awv, V2T AG v T Augve] PITAG N Auv, \ T1TAG v )

This is equivalent to Eqg. 3. As a consequencewe get
' _
Pr[ Ac] Pr{Acl:
e2C e2C
For a set C satisfying ( ), we can now estimate the probability that none of these edgesappear in
M ST (W):

\ Y
PriC\ MST(W) = ;]= Pr[ Aj] PriAjk]

jrk ik
O(J )2¢C (ik)2cC 1
o X o
= (1 p2(1 p)Jk i 1) < exp @ pZ(l p)]k 1A
(xyzc (ik)2¢C
i P' ; 1+1 . L
Supposethat Q hassizeat most ;_; (n j) = In " The optimal way to minimize

P LT )
(ik )2EnQ p?(1 p)k il 1isto chooseQ to cortain all the edgesof length at most . Then we

have

L X 1 )
PP plk = (n Hp*@ p’ t=ps)
(i;k)2ENQ j=1+1
where S(1) is de ned in the previous proof, S(I) = (n | %)(1 p) + %(1 p)". We choose
| = blog,(np=5)c and then:
5 In(np=5) + 1
PSI) (0 ) DA P (GO lognps) Do 5 1 MEDID g

P L
for np 5. Thuswe have (;y5enqPP(L P)* 11 1 4for any Q of sizeat most In HL

Now we apply the probabilistic method to choosea suitable subsetof E nQ. We samplea uniformly
random subsetof verticesS. Let C= f(j; k) 2 EnQ :j < k;j 2 S;k 2 Sg. For eath edgein E nQ,
there is probability 1=4 that it appearsin C. Therefore

X L 1 L
El prL pik i = pPa pik it
(jk)2cC (Jk)2EnQ

and there exists a set C which achievesat least this expectation. Due to the construction of C, it
satis es condition (*), and we can concludethat

PrIMST(W) Q] Pr[C\ MST(W)=;]<e

This is a contradiction, and so Q must be larger than In '*21 . O
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Note. This bound becomesvoid as p approaches5=n. On the other hand, for p= c=n,c> 5
xed, wegetjQj= ( n?). Forp=1=n; < 1,wegetjQj> (1 o(1))nlogyn. For p constart,
wegetjQj> (1 o(1))nlog,n. This conrms the optimality of our results up to a constart factor,
for a wide range of sampling probabilities p.
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