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Abstract

We study a model of random uniform hypergraphs, where a random instance is obtained by
adding random edgesto a large hypergraph of a given density. The researt on this model for
graphs has beenstarted by Bohman et al. in [7], and continued in [8] and [16]. Here we obtain
a tight bound on the number of random edgesrequired to ensure non-2-colorability. We prove
that for any k-uniform hypergraphwith ( n* ) edges,adding! (n*=2) random edgesmakesthe
hypergraph almost surely non-2-colorable. This is essetially tight, sincethere is a 2-colorable
hypergraphwith ( n¥ ) edgeswhich almost surely remains2-colorableeven after adding o(n* =2)

random edges.

1 Intro duction

Researth on random graphs and hypergraphs has a long history with thousands of papers and

two monographsby Bollobas [9] and by Janson et al. [15] dewoted to the subject and its diverse
applications. In the classicalErdps-Renyi model [14], a random graph is generatedby starting from

an empty graph and then adding a certain number of random edges.More recertly, Bohman, Frieze
and Martin [7] considereda generalizedmodel where one starts with a xed graph G = (V;E) and

then inserts a collection R of additional random edges. We denote the resulting random graph by

G+ R. The initial graph G canberegardedasgiven by an adversary, while the random perturbation

R represerts noiseor uncertainty, independert of the initial choice. This scenariois analogousto the

smaothed analysis of algorithms proposedby Spielmanand Teng[19], where an algorithm is assumed
to run on the worst-caseinput, modi ed by a small random perturbation.

Usually, one investigatesmonotone properties of random graphs or hypergraphs;i.e., properties
which cannot be destroyed by adding more edges,like the property of cortaining a certain xed
subgraph. Given a monotone property A of graphson n vertices, we can askwhat are the parameters
for which a random graph has property A almost surely, i.e. with probability tending to 1 as the
number of verticesn tendsto in nit y. In our setting, we start with a xed hypergraphH and inquire
how many random edgesk we have to add sothat H + R hasproperty A almost surely. This question
is too generalto get concreteand meaningful results, valid for all hypergraphsH . Therefore, rather
than consideringa completely arbitrary H, we start with a hypergraph from a certain natural class.
One sudh classof graphs was consideredin [7], where the authors analyzethe question of how many
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random edgesneedto be addedto a graph G of minimal degreeat leastdn, 0< d < 1, sothat the
resulting graph G + R is almost surely Hamiltonian. Further properties of random graphsin this
model are exploredin [8].

In [16], Kriv elevich et al. considereda slightly more general setting, in which one performs a
small random perturbation of a graph G with at leastdn? edges.The authors obtained tight results
for the appearanceof a xed subgraphand for certain Ramseypropertiesin this model. In the same
paper, they alsoconsideredrandom formulas obtained by adding random k-clauses(disjunctions of k
literals) to a xed k-SAT formula. Kriv elevich et al. proved that for any formula with at leastn
k-clauses,adding ! (n¥ ) random clausesof sizek makesthe formula almost surely unsatis able. This
is tight, sincethere is a k-SAT formula with n¥  clauseswhich almost surely remainssatis able after
adding o(n® ) random clauses.A related question, which wasraisedin [16], isto nd a threshold for
non-2-colorability of a random hypergraph obtained by adding random edgesto a large hypergraph
of a given density.

For anintegerk 2, a k-uniform hypergraph is an ordered pair H = (V;E), whereV is a nite
non-empty set, called the set of verticesand E is a family of distinct k-subsetsof V, called the edges
of H. A 2-coloring of a hypergraph H is a partition of its vertex setV into two color classesso that
no edgein E is monochromatic. A hypergraph which admits a 2-coloring is called 2-colorable

2-colorability is one of the fundamenal properties of hypergraphs, which was rst introduced
and studied by Bernstein [6] in 1908 for in nite hypergraphs. 2-colorability in the nite setting,
also known as\Prop erty B" (a term coined by Erdpsin referenceto Bernstein), has been studied
extensiwely in the last forty years (see, e.g., [10, 11, 13, 5, 18]). While 2-colorability of graphs is
well understood being equivalert to non-existenceof odd cycles, for k-uniform hypergraphs with
k 3it is already N P-complete to decide whether a 2-coloring exists [17]. Consequetly, there is
no e cient characterization of 2-colorable hypergraphs. The problem of 2-colorability of random
k-uniform hypergraphsfor k 3 was rst studied by Alon and Spencer[4]. They proved that sud
hypergraphswith m = (c2¢=k?)n edgesare almost surely 2-colorable. This bound was improved
later by Achlioptas et al. [1]. Recerly, the threshold for 2-colorability has been determined very
precisely In [2] it was proved that the number of edgesfor which a random k-uniform hypergraph
becomesalmost surely non-2-colorableis (2 1In2 O(1))n.

Interestingly, the threshold for non-2-colorability is roughly one half of the threshold for k-SAT.
It hasbeenshown in [3] that a formula with m random k-clausesbecomesalmost surely unsatis able
form= (2KIn2 O(k))n. The two problems seemto be intimately related and it is natural to ask
what is their relationship in the caseof a random perturbation of a xed instance. Recall that from
[16] we know that for any k-SAT formula with nX clauses,adding ! (n* ) random clausesmakes
it almost surely unsatis able. In fact, the sameproof yields that for any k-uniform hypergraph H
with nk  edges,adding ! (n¥ ) random edgesdestroys 2-colorability almost surely. Nonetheless,t
turns out that this is not the right answer. It is enoughto usesubstartially fewer random edgesto
destroy 2-colorability: roughly a squareroot of the number of random clausesnecessaryto destroy
satis abilit y. The following is our main result.

Theorem 1.1 Letk;™ 2, 0 be xed and let H be a 2-colorable k-uniform hypergraph with
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( n* ) edges. Then the hypergraph H © obtained by addingto H a collection R of | n =2 random
“-tuples is almost surely non-2-colorable.

Obsenwe that for 2=", the result is easy Regardlessof the hypergraph H, it is well known
that a collection of ! (n) random "-tuples on n vertices is almost surely non-2-colorable. So we will
be only interested in the casewhen < 2=". For such we obtain the following result, which shaws
that the assertionof Theorem 1.1 is essetially best possible.

Theorem 1.2 For xedk;” 2andO < 2=", there exists a 2-colorable k-uniform hypergraph
H with ( n® ) edgessuchthat its union with a collection R of o n =2 random "-tuples is almost
surely 2-colorable.

The rest of this paper is organizedas follows. In the next section we presert an example of the
hypergraph which proves Theorem 1.2. In Section 3, we discusssomenatural di culties in proving
Theorem 1.1 and describe how to deal with them in the caseof bipartite graphs. This result also
sernes as a basis for induction which we usein Section 4 to prove the general caseof 2-colorable
k-uniform hypergraphs.

Remark 1.3 We havetwo alternative waysof adding random edges. Either we can samplea random
“-tuple jRj times, each time uniformly and independently from the setof all " “-tuples. Or we can
pick each *-tuple randomly and independently with prokability p = jRj= " . Since 2-colorability is a
monotone property, it follows, as in Bollobas [9], Theorem 2.2 and a similar remark in [16], that if
the resulting hypergraph is almost surely non-2-colorable (2-colorable) in one model then this is true
in the other model as well. This observationcan sometimessimplify our calculations.

Notation. Let H = (V;E) be a k-uniform hypergraph. In the following, we use the notions of
degree and neighlorhood, generalizingtheir usual meaning in graph theory. For a vertex v 2 V, we
de ne its degreed(v) to be the number of edgesof H that contain v. More generally for a subsetof
verticesA  V;jAj < k, wede ne its degreed(A) = fe2 E: A egj: Fora(k 1)-tuple of vertices
A, we de ne its neighlorhood asN(A) = fw 2 VnA : A fwg2 Eg: Also, for a (k 2)-tuple of
verticesA, wedene its link as ( A) = ff u;vg2 VnA:A[ fu;vg2 Eg:

Throughout the paper we will systematically omit o or and ceiling signsfor the sake of clarity
of presenation. Also, we usethe notations a, = ( b,), a, = O(b,) ora, = ( by) for ay;b, > 0
andn! 1 if there are absolute constarts C; and C, such that C1 b, < a, < Cyh,, a, < Csh, or
an > Cih, respectively. The notation a, = o(b,) meansthat a,=h, ! Oasn! 1 ,anda,="!(b,)
meansan=k, ! 1 . The parametersk;’; are consideredconstart.

2 The lower bound

The following exampleprovesTheorem 1.2 and showvsthat our main result is essetially bestpossible.



Construction. Partition the set of vertices [n] into three disjoint subsetsX;Y;Z where X =
jYj=n! =2 Let H be a k-uniform hypergraph whoseedgeset consistsof all k-tuples which have
exactly onevertex in X, onevertex in Y and k 2 verticesin Z. By construction, the number of
edgesin H is ( nk ).

jXj=nt =2 jyj=nt =2

Figure 1: Construction of the hypergraphH.

Claim. Color all the verticesin X by color 1 and verticesin Y by color 2. Note that no matter
how we assigncolorsto the remaining vertices, this givesa proper 2-coloring of H. Let R be a set
of o n =2 random "-tuples. Then almost surely we can 2-color Z sothat none of the “-tuples in R
is monochromatic, i.e., there exists a proper 2-coloring of H + R.

To prove this claim we transform R into another random instance R that cortains only single
vertices with a xed prescribed color and edgesof size two which must not be monochromatic.
Following Remark 1.3 we can assumethat R was obtained by choosing every " -tuple in [n] randomly
and independertly with probability p= o n =2 . First note that almost surely there is no *-tuple
in R whoseverticesareall in X orin Y. Indeed, sincejXj = jYj= n! =2 the probability that there
is sudh an “-tuple is at most 2 nt =2 p = o(1). Also, every “-tuple in R which hasverticesin both
X and Y is already 2-coloredso we discard it.

For every v 2 Z we add it to R®with prescribed color 1 if there is a subsetA of Y of size™ 1
such that A[ fvg2 R. Since < 2=" 1, the probability of this evert is
jY] nt =2 p nl DA =2, 1422 _ 1=2 .

1
Similarly, if there is a subsetB of X of size” 1 sud that B [ fvg2 R then we add v to R°with
prescribed color 2. The probability p; of this evert is alsoo n 72 .

Fix an ordering v1 < vp < ::: of all verticesin Z. For every pair of verticesu;w 2 Z we add an

edgefu; wg to ROif there is an “-tuple L 2 R such that the two smallestverticesin L\ Z are u and
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w. Sincethe number of such possible -tuples is at most .", , and < 2=7, the probability of this

evert is

n , P=0 n 2
Also note that by de nition all the above evernts are independert sincethey depend on disjoint sets
of “-tuples. By our construction, any 2-coloring of Z in which singletonsin R° get prescribed colors
and no 2-edgeis monochromatic givesa proper 2-coloring of R. Therefore, to complete the proof of
Theorem 1.2, it is enoughto prove the following simple statemern.

=2 2

p =on =on!:

P3 .

Lemma 2.1 Let RYbe a random instance which is obtained as follows. For i = 1;2 we chose every
vertex in [n] with probability p; = o n ¥ (independently for i = 1;2) and prescrike to it color i.
In addition we choose every pair of vertices to be an edgein R®with probability ps = o(n 1). Then
almost surely there exists a 2-coloring of [n] in which all singletonsin R get prescrited colors and
no edgeis monachromatic.

Pro of. Let G be the graph formed by edgesfrom R% The probability that there is a vertex with
%on icting prescribed colorsis npip2 = 0o(1). The probability that G contains a cycle is at most
o3 N°p3 = O(n®p3) = o(1). Finally the probability that there exists a path betweentwo vertices
W|th any prescribed color is also bounded by
X
(p1+ p2)°n® 1p§ = o n(py+ p2)® = ofl):
s=1
Therefore almost surely no vertex gets prescribed con icting colors, every connectedcomponert
of G is a tree and contains at most one vertex with prescribed color. This immediately implies the
assertion of the lemma, since every tree can be 2-colored, starting from the vertex with prescribed
color (if any). 2

3 Bipartite graphs

Now let's turn to Theorem 1.1. First, considerthe caseof k = * = 2. Here, we claim that for any
bipartite graph G with n?  edges,adding ! (n ) random edgesmakesthe graph almost surely
non-bipartite. This will follow quite easily sinceit turns out that almost surely we will insert an
edgeinside one part of a bipartite connectedcomponert of G, creating an odd cycle (seethe proof
of Proposition 3.1).

Howewer, with the more general hypergraph casein mind, we are also interested in a scenario
whererandom " -tuples are addedto a bipartite graph, and” > 2. Then we askwhat is the probability
that the resulting hypergraphis 2-colorable(i.e., no 2-edgeand no " -edgeshould be monochromatic).
We prove the following special caseof Theorem 1.1.

Prop osition 3.1 Let™ 2,0 < 2= and let G be a bipartite graphwith n?  edges. Then
the hypergraph H obtained by addingto G a collection R of ! n =2 random -tuplesis almost surely
non-2-colorable.



Figure 2: Componerts of the bipartite graph G.

Pro of. Let G have cn? edges,c > 0 constart. Consider the connectedcomponerts of G which
are bipartite graphs on disjoint vertex sets(A1;B1), (A2;B>);::: (seeFigure 2). Denote a; = jAi]j,
b = jBij and assumeg; . The number of edgesin eath componert is at most ajby. Sincethe
total number of edgesis cn? , we have

X X

a? abh cn

2

Obsenethat for ° = 2, the number of pairs of verticesinside the setsf Ajg is P "’; %(cn2 n)
c¢h? |, so a random edge lands inside one of these sets with probability at least ch . Conse-
qguertly, the probability that none of the ! (n ) random edgesends up inside someA; is at most
(1 ch ) (™) = o). Thusalmost surely, G + R cortains an odd cycle.

On the other hand, in the generalcasewe areadding! n =2 random "-tuples, which might never
end up inside any vertex set A;. The probability of hitting a specic Aj is ¥ =" = O a=n .
For_example, if G has n componerts with a = b = n! , then this probability is at most
O a=n =0n (1Y . Henceweneed! nC Y random *-tuples to hit almost surely some
Aj. This suggestsa di cult y with the attempt to place a random "-tuple in a set which is forced
to be monaochromatic by the original graph. We have to allow ourselves more freedomand consider
setswhich are monochromatic only under certain colorings.

More speci cally, under any coloring, ead of the sets A; must be monochromatic and at least
half of these sets must have the same color. We do not know a priori which of the sets A; will
share the samecolor, yet we can estimate the probability that any of these con gurations allows a
feasible coloring together with the random "-tuples. First, it is corveniert to assumethat the sets
have roughly equal size,in which casewe have the following claim.

Lemma 3.2 Supmwse we havet disjoint subsetsAj;:::;A¢ of [n] of size ( nt ). Let =2,
t= n 10 =2 andletR be a collection of | n =2 random "-tuples on [n]. Then the prokability
that R can be 2-colored in sucha way that each A; is moncchromatic is at moste ' (M,

Pro of. Considerthe 2' possiblecoloringsin which all A; are monochromatic. For ead suc coloring
there is a set of indices | ;jlj t=2 sud that the setsA;;i 2 | sharethe samecolor. SinceA; are



disjoint we havej[ i2; Ajj citn!  for somec; > 0. The probability that one random "-tuple falls
inside this setis at least ™" =" cytn ) for somec, > 0. Hence

1(n'=2)

Pr [i2 Aj cortains no “-tuple from R 1 (ctn ) e !tn € =) - g1
whereweusedt =t t 1=t ( n( =2). Therefore, by the union bound over all choicesof |, we
get

Pr 91 such that [ i A cortains no “-tuple from R 2le ' = ¢ '®;
In particular, almost surely there is no 2-coloring of R in which all A; are monochromatic. 2

Now we can nish the proof of Proposition 3.1 for ° 3. Recall that G has cn? edges.

Partition the componerts of G accordingto their sizeand let Gg contain all the componerts with
jAij 2 [2° 1;29). If there is any A; of sizeat leastn® =2, we are done immediately becauseone of
the! n =2 random “-tuples almost surely endsup in A; and this destroys 2-colorability. Sowe can
assumethat Gs is nonempty only fors b(1  =2)log, nc. If we can choosea subgraph Gs with
su cien tly many edges,then we canuseLemma 3.2to nish the proof as follows.
Supposethereiss b1 =2)log,nc sudh that Gs has mg L%Z%Snﬁ(1 =2) edges. As
ead componert of Gs has at most 2% edges,the number of componerts of Gsists 2 Smg =
2 51 "D weset2s=nl | =2, which meansthat ts= n—1( 72 _ Tosum-
marize,wehave n—1( =2 disjoint setsA; of size ( n* ), ead of which must be monochromatic
under any feasiblecoloring. Thus we can apply Lemma 3.2 to concludethat for H = G+ R, almost

surely there is no feasible 2-coloring.

Finally, supposethat for any s b(1 =2)log,nc, the number of edgesin Gg is mg <

S 2 ) —
c2—1°n 1 =2 and Gs is empty for s > b(1  =2)log,nc. Then the total number of edges
is

b(1 =>g)logznc b(1 =>g)logznc . \
ms < ¢ 211 =2)
s=1 4 s=1
—2(1 =2 .
< SN T gt =2
41 21

(in the last inequality, we used™  3). This cortradicts our assumptionthat G hascn? edges. 2

4 Proof of Theorem 1.1

In this section we deal with the general caseof a 2-colorable k-uniform hypergraph H, to which we
add a collection of random "-tuples R. Our goalis to prove the main theorem which assertsthat if H
has nK edgeshenaddingtoit! n =2 random '-tuples makesit almost surely non-2-colorable.
The proof will proceedby induction on k. The basecasewhenk = 2 follows from Proposition 3.1, so
we canassumethat k 3 and that the result holdsfor k 1. Sincewehave! n =2 random "-tuples
available, we can divide them into a constart number of batches, where eat batch still has! n =2



“-tuples. We will usea separatebatch for ead step of the induction. Wewrite R = R1[ Ro[ :::[ Rk
wherejR;j=! n =2 for ead j.

We proceedin a seriesof lemmaswhich allow us to make simplifying assumptions,and evertually
nish the proof of the theorem. The high-level structure of the proof is as follows.

1. If Hy cortains ( nk ) edgesthrough (k 1)-tuples of degreegreaterthan n =2, we can prove
by induction that Hy + R is almost surely non-2-colorable. Lemma 4.1 takes care of this case.

2. If Hy cortains ( nk ) edgesthrough (k 2)-tuples of degreegreater than n? T , We can
also prove by induction that Hy + R is a.s. non-2-colorable. This is proved in Lemma 4.4.
Also, a variant of this lemma can be usedto nish the prooffor * = 2andall k 3.

3. If neither of the rst two casesapply, we can \clean up" our hypergraph (Lemma 4.5 and
Lemma 4.6) to obtain a near-regular hypergraph H . The hypergraph provided by these
lemmas satis es the conditions of Lemma 4.9 which proves directly that H + R is almost
surely non-2-colorable.

Lemma 4.1 Letk 3, 2andlet Hy be a k-uniform hypergraph on n verticeswith c;n  edges.
Considerall (k 1)-tuplesA  V(Hy) with degree greater than n! =2 If there are at least $-n* 1
such(k 1)-tuplesin Hy then Hy + R is almost surely non-2-colorable.

Pro of. For eath (k 1)-tuple A of degree> n! =2, the neighborhood N (A) cortains n =2

distinct "-tuples. Therefore a random "-tuple lands inside N (A) with probability n =2 . Con-
sequettly, the probability that noneof ! n =2 random "-tuples from Ry endsup inside N (A) is
1 (n 79 BN o1). If wehavet %nk 1 sud (k 1)-tuples, then the expected
number of them, whose neighborhood does not cortain any “-tuple in Ry, is o(t). Therefore, by
Markov's inequality, we get almost surely at Ieast% %nk 1 (k 1)-tupleswith an-edgein their
neighborhood. Denote by Hy 1 the (k  1)-uniform hypergraph formed by these(k 1)-tuples.

By induction, we know that Hy ; + Ry + :::+ Rg 1 is almost surely non-2-colorable. Hence
for every 2-coloring respecting R1[ :::[ Rk 1, there is a monochromatic (k 1)-tuple A in Hy 1.
Without loss of generality assumethat all verticesin A are colored by color 1. By de nition, the
neighborhood N (A) cortains an “-edgeL 2 Ry. Either L is monochromatic, or one of its vertices x
is coloredby 1 aswell. But then A[ fxgis a monochromatic edgeof Hy. This implies that there is
no feasible2-coloring for Hy + Ry + ::: + Ry. 2

Thus we only needto treat the casewhere there are at most %nk 1 (k 1)-tuples with degree
greater than n! =2, therefore at most %nk edgesthrough such (k. 1)-tuples. We will get rid of
these high degreesby removing their edgesand making all degreesof (k  1)-tuples at most n =2,
This would also imply a bound of n? =2 on the degreesof (k 2)-tuples, etc. Howewer, in the
following we shaw that for (k  2)-tuples we can assumean even stronger bound. More speci cally,
we prove that if we have many edgesthrough (k  2)-tuples whosedegreeis at least n? 2o , then
we can proceedby induction. For this purpose,we rst show the following.



Lemma 4.2 Let® 2 andlet G be a graph on n verticeswith n2  edges. Then G contains %nl
disjoint subsetsof verticesF1;F;::: suchthat in every F;j, eachvertexv 2 F; can be assignel a set
of neighlors X (v) N (v) sothat x, = jX (V)] %nl , X(V)\ X(w) =; for viw 2 F;, and
X . g€y
V2F;j
We construct the setsFq; Fo;::: by a simple algorithm. First, we showv how to construct one suc
setfor ~ = 2.

Claim 4.3 Assumethat G has at most n vertices and at least %nz edges. Then G contains a set
of vertices F suchthat

We can assigndisjoint setsof neighlors X (v) N (v) to verticesv 2 F, sothat x, = jX (V)]

sn! and
X 1
x2 —n?
v 16
V2 F

The numkber of edgesin G incident to F is at most 3n.

Pro of. We nd F by the following procedure. We start with F = ; and add verticesoneby one. We
denoteby N(F) = [ v2r N (v) the vertices connectedby an edgeto F and by W = V n(F [ N(F))
the remaining vertices. For a set S, we denoteby ds(v) the number of neighbors that vertex v hasin
S. Intuitiv ely, we choosea vertex from W which has a large neighborhood but not overlapping very
much with N (F). Note that no vertex v 2 W has neighbors in F, otherwise v would be in N (F)
itself. Hence,by our construction,lf is an independent set.

We repeat the following, until =, X3  +sn?

1. Find a vertex u 2 W maximizing

2 1 X 1, .
z, = dy(u) 5 dw (V) ik dn (F) (U):
V2N (u)\ W

2. SetX(u) = N(u)\ W, xy, = jX(u)j=dw(u) andinclude u in F.
3. Update W = V n(F [ N(F)).

We claim that aslong asp u2F X4 < 75N, wecanalways nd avertexwith z, = ( n? 2) 0.
Assuming this has beentrue up to a certain point, we have beenchoosing vertices with z, 0 and
therefore 5y w Aw (V) 2dZ,(u) = 2x2 for ead vertex when it was chosen. By including u
in F, we ir}g:reasethe number of edgesincident to N (F) by ;) w dw (V) 2x2. Therefore,
aslongas ¢ X2 < +=n? , there are at most gn?  edgesincident to N (F), and at least 3n?
edgesdisjoint from N (F). Theseedgescannot touch F either (or elsethey would touch N (F)), so
they are in the subgraphinduced by W.



Now considerthe choice of the next vertex u. Summing up z, over all available vertices, we get
X

— 2 1 1, X
z, = diy (u) > dw (V) ik dn () (U)
uz2w u2w u2W v2N (u)\ W uz2w

X 1 X 1

= U 5 d gnt eN(F):W)
u2w v2W
X 1

= 5 & Znt &NEFERW)
u2w

where e(N (F); W) denotesthe number of edgesbetween N (F) and W, As we mertioned above,
the number of edgesinduced by W is at least 3n?  which meansthat =~ ,,, dw(v) 3n? . By

Caudhy-Schwartz,

|
. 2 2
9
dy (u) 2 = 1"

X @ 1 X
o o (U) JWJ

3 2.

Sl
Alw
o

u2w

Also, the number of edgesincident to N (F) is bounded by %nz . Sowe get

X 1 X ) 1,
2o 5 dy(u) gnt eN(F:W)
u2w u2w

932 14 1o _ 135
n “nl Zn22=2p32;
32 4 8 4

Thus, there must be a vertex u 2 W sudh that z, %nz 2 . Consequetly, we alsohave X P Zu
snl . At the point we stop, we have - X2 n? , asrequired.

Finally, we verify the number of edgesincident to F. We distinguish two kinds of such edges.
When we include a vertex u in F, call the edgesconnectingu to N (F) \red", and call the other
edgesconnecting it to W \blue". There can be at most n blue edges,becausetheir endpoints form
the disjoint setsX (u). The number of red edgescan be boundedin the following way. Whenewer we
include a vertex u in F, we have z, d\z,v(u) %nl dn(ry(u) 0. Therefore, the number of red
edgescortributed by vertex u at the momert whenit is included in F is dy (g)(u) 4d\2,\,(u):n1 =
é}xﬁ:nl . Let v be the last vertex which we added to F. By our construction, we have that

uw2Enfv gXa  1gN° . Therefore the total number of red edgescortributed by the vertices in
Fnfvgis X X e . . )
u _* ~—p2 = ..

u2F nfv ng(F)(U) u2Fnfv g nt nt 16n 4

The last vertex v can possibly cortribute at most n red edges.Sothe total humber of red and blue
edgesis at mostn+ n=4+ n < 3n. 2

Pro of of Lemma 4.2. Given the above claim, the proof of the lemma follows easily We start with
a graph G = G. We iterate the construction of onesetF, for j = 1;2;:::;int . We apply the
claim to the graph G; and nd a setF; asrequired. Then we remove F; from the graph, to obtain
Gj+1. SinceF; is incident to at most 3n edges,ws can iterate up to in! times, and Gj.; still

i 12 . sati 2 1.2 i 1nl :
cortains at least 3n“  edges.Each setF; satises ,¢ Xj gN“° . Sincex, 3n- , for 2
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this implies

X S 2X 0
X i 2 7
u 2 u 2 +2
U2F; U2F;
2
Lemma 4.4 Letk 3, 2andlet Hy beak-uniform hypergraph on n verticeswith cin®  edges.

Consider (k  2)-tuples of dggree at least n? 20 . If there are at least %nk edgesthrough such
(k  2)-tuplesthen Hy + R is almost surely non-2-colorable.

Pro of. Considera (k 2)-tuple A of degreen? , where ﬂ . The link of A in Hy is a
graph ( A) with n> edges.By Lemma 4.2, we nd %nl disjoint setsF; sud that the verticesin
eat F; have disjoint setsof neighbors X (v) in ( A), with sizesx, = jX (v)j satisfying V2F; x;,

n (D =2*2_ \We repeat this construction for eah (k 2)-tuple of degreeD n? T . Note

that for ead such (k  2)-tuple of degreeD, we construct D=(6n) setsasabove. The sum of degrees
of such (k 2)-tuples is at least the total number of edgesthrough them, which is by assumption at
least &nk . Therefore, we obtain at least 34nk 1 setsFj in total.

Now considera setF; chosenfor a(k 2)-tuple A. Call it gaod if after adding the random "-tuples
in Ry, there is at least one vertex in F; whoseneighborhood in ( A) cortains a random "-tuple. If
this is not the case,call it bad. We estimate the probability that F; is bad. By Lemma 4.2, the total
number of "-tuples inside the setsX (v) for v 2 F; is

0 1 I
X XV:@X Xup _ n €1 S 2
: ! 2427 ’

V2F; V2F;
where we usedthat ﬂ I:)and " is aconstart. Thusthe probability that a random "-tuple falls
inside X (v) for somev 2 Fj is  5f, =" = n =2 After adding the ertire batch of random
“-tuples Ry,

. 1(n=2)
Pr Fjisbad = 1 n =2 = o(1):

Consequetly, the expected fraction of bad F;'s is o(1). By Markov's inequality, this fraction is
almost surely at most one half, which meansthat at least &n* ! setsFj have a vertex v 2 F;
whose neighborhood cortains some "-tuple from Ry. By the construction of the setsF;, for eah
one we have a set A of sizek 2 which together with v forms a (k  1)-tuple B = A[ fvg. Since
the Fj's for a given (k  2)-tuple A are disjoint, we obtain distinct pairs (A; v) which correspond to
distinct (k 1)-tuples with a marked vertex v. We could obtain the same(k 1)-tuple B = A[ fvg
in k 1dierent ways, but in any casewe have at least Wnk 1 (k 1)-tuples such that in
Hy, the neighborhood of eah of them cortains an “-tuple from Ry. Call the hypergraph of these
(k  1)-tuples Hy¢ ;.

By the induction hypothesis,Hy 1+ R;+ :::+ Rg 1 is almost surely non-2-colorable. Therefore,
for any 2-coloring which respectsthe “-edgesfrom R, + :::+ Ry 1, there must be a monochromatic
(k 1)-edgeB in H¢ 1. Howewer, sincethere is an “-edgefrom Ry in the neighborhood of B, one of
its vertices should have the samecolor asB. This forms a monochromatic edgein Hy sothere is no
feasible2-coloring for Hy + R1 + ::: + Rg. 2

11



Remark. Lemma 4.4 assumesthat there are ( nk ) edgesthrough (k 2)-tuples of degreeat
leastn® 2 D | Howewer, one can easily ched that constart factors are not signi cant in the proof.
In particular, if Hy is a k-uniform hypergraph on n vertices with c;nk ~ edgessud that there are
at least %nk edgesthrough (k  2)-tuples of degreeat least %fcln2 209 then Hyg + R is almost
surely non-2-colorable. Obsene that in the caseof * = 2, there are always at least %clnk edges

through (k  2)-tuples of degreeat Ieast%,rcln2 20 = chnz (the remaining (k  2)-tuples can

cortribute at most ", %cin? zcink  edges). Therefore in the caseof * = 2 we can already
concludethat Hy + R is almost surely non-2-colorable.
In the following, we can assumethat ©~ 3 and at most %nk edgesgo through (k  2)-tuples

of degreegreater than n® 21 . Recall that from before, we can also assumethat at most %nk
edgesgo through (k  1)-tuples of degreegreaterthan n* =2, In the following step, we remove these
edgessothat the degreesin the hypergraph are bounded. We also make the hypergraph \ k-partite”
as described below.

Lemma 4.5 Letk;" 3 andlet H = (V:E) be a k-uniform hypergraph with c;n¥  edges, such
that at most %nk edgesgo through (k ;)—tuples of deggree nl =2 and at most %nk edges
go through (k  2)-tuples of degree n? T . Then Hy contains a subhygrgraph HE with the
following properties

1. HE is k-partite, i.e. V can be partitioned into V1 [ Vo[ :::[ Vk so that every edge of HE
intersects each V; in one vertex.

2. Every vertex has degree at mostn® 1 T

3. The degree of every (k  1)-tuple is at mostn! =2,
4. The numkber of edgesin HQ is at least c,n® |, ¢ = ok C1.-

Pro of. First, remove all edgesthrough (k  1)-tuples of degreegreater than nl =2 and through
(k  2)-tuples of degreegreater than n? 29 . We get a hypergraph suc that the degreesof
all (k 1)-tuples are at most n =2 and the degreesof all (k  2)-tuples are at most n? T
Consequetly, the degreeof every vertex is at most nk 3 n? 2 =npk?
remaining edgesis at least 3c;n¥

Next, we usea well-known fact, proved by Erdpsand Kleitman [12]. Every k-uniform hypergraph
with m edgescortains a k-partite subhypergraphwith at least i'(—‘!gm edges.(This canbe achieved for
example by taking a random partition V = Vi [ Vo[ :::[ Vk and computing the expected number
of edgeswhich intersect ead V; exactly once.) Let HE denotesuch a k-partite subhypergraphof Hy.
Its number of edgesis at leastcon®  wherec, = ey 2

Beforethe last part of the proof, we make further restrictions on the degreeboundsand structure
of our hypergraph, by nding asubhypergraphH with roughly regular (k 1)-degreesand su cien tly
many edges. The number of edgesthat we can guarartee here is no longer a constart fraction of
nX . The statemert of Lemma 4.6 may appear technical but it is exactly what we needfor our nal
construction which nishes the proof (Lemma 4.9).

2C D , The number of
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Lemma 4.6 Letk;” 3andlet HE be a k-uniform k-partite hypergraph on verticesVi[ Vo[ :::[ W
with conk  edges, where the degrees of (k  1)-tuples are bounded by n* =2. Then H? contains a
subhymrgraph H =2, suchthat

1. The degree of every (k  1)-tuplein Vi Vo ::: Vi 1is either O or betweenn! and 2n?

2. For someconstant c3 = cz(k;"; ¢2), the numkber of edgesin H is at least

g ¥ “Tanpk (=2
Pro of. Considerall (k 1)-tuplesin Vi V> ::: Vg 1 whosedegreein HE is lessthan %cznl
Delete all the edgesthrough sudch (k  1)-tuples, which is at most ", 3con? sconk  edgesin

total. We still have at least %cznk edgesleft. Now the degreeof every (k  1)-tuple in V1 V>
Vi 1 is either O or between 3c,n'  and n! =2,
We usean elemerary courting argumert to nd the subhypergraphH asrequired. Let nt =
2% and partition Vi Vo ::: Vi pinto groupsof (k 1)-tuples with degreesin intervals [25; 25*1),
with s ranging betweens; = log,(3cnt ) and s, = logy(n' =2). Let mg denote the number

of edgesthrough (k  1)-tuples with degreesbetween?2% = n! and 25*! = 2n! . We prove
1=(" 1)

the lemma with c3 = %cz min % 71 . Assume for the sake of cortradiction that ms <
s N TT+nk S0 D forewrys, ie.
1= 1) : 1=C 1) 1 2 :
= = R —Z<3
kS — 2 =2 _1_ «x &G nt, s 21
mg < —CoN £ n ~T+n "1 = —Cn < 2 "1+ —
T 1 16 ° 1 a1 =2)
1)
Taking a sumfrom s = s; to S, we get
xz s 2 leonl ) “10 40 1
2 "1 T~ i L E—(* 1))n =
s=s; 1 271 1 21 c
and , .-
»2 —=S2 —=1 =2)
o2s 2 1‘_2 _ht _ an—2 =2
i=s 1 271 1 271
P
Substituting into (1), we seethat then the total number of edgeswould be = 2 s Ms < %czn"
which is a cortradiction. 2

Note that in this lemma, we losemorethan a constart fraction of edges.However, from now on, we
do not useinduction anymore and will prove directly that H + R is almost surely non-2-colorable.
We will proceedin t = c3° kn—( =2 stages. For ead stage, we allocate a certain number of
random "-tuples. Namely, we setagainR = R1[ Ra[ :::[ Ry; jRjj=! n =2 . Furthermore, we
divide eah R; forj k 1lintot parts R 1;:::;Rjt sothat

!
N \
L n .
jRijj=! —— =1 n7%
t
The random setR;j;; will be usedfor the j-th \level" of the i-th stage. The following lemma describes

one stage of the construction. Finally, Ry will be usedin the last step of the proof.
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Lemma 4.7 Letk;” 3andlet H bea k-uniform k-partite hypergraph where the degree of every
(k 1)-tuplein Vi Vo ::: Vg 1is either zew or is in theinterval [n* ;2n! ], and the numker
of edgesin H is at least

cnk i =D,
Then after adding setsof random edgesR; + Ry + :::+ R 1 wher jRjij = ! n =2 —( =2 ,
there exists almost surely a family of q= "k 2 setsS;;:::;Sq VW, nt Si  2n! | suchthat

for every feasible 2-coloring of H + Ry + :::+ Ry 1, at least one S; is monochromatic.

Pro of. Weare goingto construct an "-ary tree T of depth k 1. We denoteverticeson the j -th level
by Va,a,::a, , Wherea 2 £1;2;::: ;'g. T is rooted at a vertex in V1 and the j-th level is cortained
in V. We construct T in such a way that the vertices along ewvery path which starts at the root and
haslength k 1forma(k 1)-tuple with degree ( n* )in H . The neighborhoods of all branches
of length k 1 will be our setsS; (not necessarilydisjoint). In addition, the setof * children of every
node on ead level j

Figure 3: Construction of the tree T, for k = 4 and °~ = 3. Branches of the tree form active
(k  1)-tuples, with neighborhoods S;. Each set of children on level j + 1 forms an edgeof R;; .

Assuming the existenceof sud a tree, considerany 2-coloringof H + Ry + :::+ R¢ 1. Since
the children of ead vertex on level j < k 1 form an "-edgein Rj;, ewvery vertex has children of
both colors. In particular, there is always one child with the samecolor asits parent. Therefore,
starting from the root, we can always nd a monochromatic branch A of length k 1. Sinceall the
extensionsof this branch to edgesof H must be 2-colored, all the verticesin S; = N (A) must have
the samecolor.

We grow the tree level by level, maintaining the property that all brancheshave su cien tly many

extensionsto edgesof H . More precisely we call an r-tuple in V1 ::: 'V, active if its degreeis
at least
_CG kr 20 =2.
P = z—rn 1 :
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Claim 4.8 Every activer-tuple A, r k 2, can be extendal to at least

_ r _ G 1 =2+ 1 ( =2
dr = ank 1 - 2r+2n '

active (r + 1)-tuples A[ fxg;x 2 Vi+1.

Proof. Supposethat fewer than d, extensionsof A are active. Sincethe degreesof (k  1)-tuples
are at most 2n! | we get that any (r + 1)-tuple has degreeat most 2nX " 1 . Therefore the
number of edgesthrough all active extensionsof A is smallerthan d; 2n¥ * 1 =1 . Wealso
have inactive extensionsof A which have degreedessthan .1. The total nhumber of edgesthrough
these extensionsof A is smallerthan n 41 = % r. But the total number of edgesthrough A is at
least . This contradiction provesthe claim. 2

We start our construction from an active vertex v 2 V;. SinceH hasat leastn 1 edges,suc
a vertex must exist. By our claim, v can be extendedto at least d, active pairs fv;xg;x 2 W»
V,. Consider this set of d; vertices W,. The probability that a random “-tuple falls inside W5 is

d=n = (n 230 =) Nowweuse! (n =2 ~T =2y random “-tuples from Ry; that we
allocated for the rst level of this construction. This meansthat almost surely, we get an “-edge

We cortinue growing the tree, using the random "-tuples of R;; onlevel j. Sincewe have ensured
that eat path from the root to the level j forms an active j-tuple, it has at least d; extensions
to an active (j + 1)-tuple. Again, the probability that a random "-tuple hits the extension vertices
Wi+ Vi foragivenpathis 4 =7 = n =23 =21 Amost surely, one of the *-tuples
in Rj; will hit theseextensionvertices and we can extend this path to ~ children on level j + 1. The
number of paths from the root to level j is boundedby *} 1~k which is a constart, soin fact we
will almost surely succeedto build the ertire level.

In this way, we almost surely build the tree all the way to level k 1. Every path from the root to
one of the leavesforms an active (k  1)-tuple and hasdegree2 [n! ;2n! ]. Dene S;;Sy;::: ' Sq
to be the neighborhoods of all theseq= "k 2 paths. By construction, for any feasible 2-coloring of
H + Ry + :::+ Ry 1, oneof thesepaths is monochromatic which implies that the corresponding
set S; is monochromatic as well. 2

Lemma 4.9 Letk;” 3andletH bea k-uniform k-partite hypergraph where the degree of every
vertexis at mostn® 1 D , the dggree of every (k  1)-tuplein Vi Vo ::: Vi i is either zero
or is in the interval [nt ;2n' ], and the numker of edgesin H is at least

k

2 —
e TT 4 gk il 72

Let R be a setof ! (n =2) random "-tuples. Then almost surely, H + R is not 2-colorable.

Pro of. We apply Lemma 4.7 repeatedly in t = c3° |‘n‘\*l( =2) stages. We partition the setR as

described beforeinto [ [ -, Rji [ Rk, wherejRjij=1! n =2 —10 =2 andjRyj=! (0 =2). In
eat stagei, we almost surely obtain q= "% 2 setsS;.1;:::; Siq, n? jSijj 2n!  sud that for
any 2-coloring of the hypergraphH + Ry + :::+ Rg 1, oneof thesesetsmust be monochromatic.

15



If this happens,we call such a stage\successful". After ead successfulstage, we remove all edges

of H incident with any of the setsS;.1;:::; S;,q. Sincedegreesare bounded by n 1 0 andwe
repeatt = c3 kn=1( =2 times, the total number of edgeswe remove is at most
Xt Xa ~ \
jSijjn“ tam tg 2nt P am =2 2k T gk T
i=1 j=1
S2 —
In particular, beforeevery stage we still have at least 03nk —it =2 edgesavailable, so we can

useLemma 4.7. Sincethe expected number of stagesthat are not successfulis o(t), by Markov's
inequality, we almost surely get at least t=2 successfulstages. Evertually, we obtain sets S;; for
1 i t=2andl1l | qsud that

FOI’i]_@ i2 and anyjl;jz, Sil;jl\ Siz;jz = ;.

For any i and any 2-coloring of H + Ry + Roj + :i:+ Ry 1, thereis j; sudh that Sj;, is
monochromatic.

Finally, we add once again a collection Ry of ! (n =2) random "-tuples. We do not know a
priori which selection of sets S;; will be monochromatic but there is only exponertial number of
choicesq™2 = e°(M), For any specic choice of setsto be monochromatic, Lemma 3.2 says that the
probability that after adding! (n =2) random "-tuples, there is a feasible2-coloring keepingthesesets
monochromatic, is e ' (. By the union bound, the probability that there exists a proper 2-coloring
of H + [ijRji + Rk is at most g=2e ' = o(2). 2

This completesthe proof of Theorem 1.1, as outlined at the beginning of Section 4.
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