HERMITIAN CURVATURE FLOW

JEFFREY STREETS AND GANG TIAN

ABSTRACT. We define a functional for Hermitian metrics using the curvature
of the Chern connection. The Euler-Lagrange equation for this functional is an
elliptic equation for Hermitian metrics. Solutions to this equation are related to
Kahler-Einstein metrics, and are automatically Kéhler-Einstein under certain
conditions. Given this, a natural parabolic flow equation arises. We prove
short time existence and regularity results for this flow, as well as stability for
the flow near Kahler-Einstein metrics with negative or zero first Chern class.

1. INTRODUCTION

In this paper we introduce a new curvature evolution equation on compact com-
plex manifolds. Specifically, given (M?",g,J) a manifold with integrable complex
structure J and Hermitian metric g, let V denote the Chern connection of g, which
is a metric compatible connection with torsion 7' [12]. Let 2 denote the curvature
of V. Define

Kkl
S5 = (tro Q)5 = 9" Y5
and let s = g’;Sﬁ be the scalar Chern curvature. Furthermore let w; = ngTijE
denote the trace of the torsion. Consider the functional

Jor |8 = 21T = L jwf?| dv
(1) F(g) = | = | :
(Jyrdv) ™

o
As we will see in section 3 this is the unique functional yielding S as the traceless
component of the second-order terms in the associated Euler-Lagrange equation.
Moreover, the form of the Euler-Lagrange equation suggests a flow equation in the
same way that Ricci flow is suggested by the usual Hilbert functional. In particular
we define an evolution equation

) R

where @ = Q(T) is a certain quadratic polynomial in the torsion T of V which is
made precise in section 3. We call equation (2) Hermitian curvature flow (HCF).
Of course now it is known that Ricci flow is indeed the gradient flow of the lowest
eigenvalue of a certain Schréodinger operator, although a corresponding statement
for HCF is not yet known. It is also possible to write HCF in terms of Hodge-type
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operators. In particular, if w(¢) denotes the Kahler form of the time varying metric,
then it satisfies the equation

%w = — (5‘;8w — 00w — gaglog det g — 2¢/—1 (5‘;w48w)> +Q'.
where here Q' is a distinct fixed quadratic expression in the torsion.

We observe that when a solution g(¢) to HCF exists, the metric is Hermitian
with respect to the fixed complex structure J for all time. Secondly, we will show
that when the initial metric ¢g(0) is Kéhler, then the solution g(t) is Kéhlerian
and consequently the solution to HCF is given by Kahler-Ricci flow. Thirdly, we
prove that certain static solutions are Kahler-Einstein metrics. It will be a very
interesting problem to classify all static solutions. It is possible that they are all
Kaéahler. Hence, in some sense, this new flow evolves Hermitian metrics towards
Kahler metrics.

Next we will prove a local existence theorem for HCF and develop some regularity
properties for this flow. In particular we derive higher order derivative estimates
in the presence of a curvature bound. A consequence of these estimates is the
following short-time existence theorem.

Theorem 1.1. Let (M?", go,J) be a complex manifold with Hermitian metric go.
There exists a constant c(n) depending only on the dimension such that there exists
a unique solution g(t) to HCF for

c(n)
) 2
max{[Q|co(g) + VT loo(go) + 1T cogo) }

Moreover, there exist constants Cy, depending only on m such that the estimates

te

2
Cm max{|Q|CO(gO) ) |VT‘CO(90) ) |T|CO(QO)}

‘VmQ|CO(Qt) ? tm/2

—+1
VT gy, <

hold for all t in the above interval. Moreover, the solution exists on a maximal time
interval [0,7), and if T < 0o then
lim sup max{[Q go(q,) - [V leog,) - Tleo(g } = o0-
—T

In some sense, the simplest possible behavior for this flow should occur near
Kaéhler-Einstein metrics, where we expect the flow to be not too much different
from Ké&hler-Ricci flow. To that end we prove a stability result for HCF around
Kahler-Einstein metrics with negative or zero first Chern class. Specifically, we
show

Theorem 1.2. Let (M?",g,J) be a complex manifold with Kdihler-Einstein metric
g and ¢1(M) < 0 or cy(M) = 0. Then there exists € = €(g) so that if g is a
Hermitian metric on M compatible with J and |g — g|ow < € then the solution to
HCF with initial condition g exists for all time and converges to a Kdihler-Einstein
metric.

There are two natural directions which motivate defining this flow. First, given
all of the success of Ricci flow it is natural to study it on complex manifolds.
However, it is usually the case that the Ricci tensor of a Hermitian metric is not
(1,1), and thus the Hermitian condition for the metric is not preserved. Thus the
Ricci flow is not the best tool for studying complex geometry which is not already
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Kéhler. The tensor S is a natural (1,1) curvature tensor associated to a Hermitian
metric which differs from the Ricci tensor by torsion terms, meaning that it equals
the Ricci tensor in the Kéhler setting. Moreover, the operator g — S(g) is strictly
elliptic, giving HCF nice existence properties. Thus from this perspective HCF is
the right analogue of Ricci flow for Hermitian geometry.

The second motivation, and actually our original motivation for HCF is that it
serves as a “holonomy flow.” If one looks on the level of the Kéahler form and asks
for a parabolic flow which preserves the Hermitian condition and is stationary on
Kéhler manifolds, HCF comes up quite naturally. There is the side effect that one
ends up looking not just for Kahler metrics, but Kdhler-Finstein metrics. Given the
excellent existence properties of the Kéhler-Ricci flow, this is an acceptable price to
pay. Indeed, other natural analytic approaches to this question which strictly look
for Kéhler metrics among Hermitian metrics (see for instance [19]) yield equations
which are not elliptic. In [4] it is shown that if the usual Ricci-type curvature of
the Chern connection is a nonzero scalar multiple of the metric, then the metric is
automatically Kahler-Einstein. However, this Ricci tensor is not in general (1,1), so
from the perspective of Hermitian geometry, especially defining a flow of Hermitian
metrics, this condition is not natural.

Here is an outline of the rest of the paper. In section 2 we define all of the
relevant objects and notation and provide various curvature formulas. In section 3
we discuss the Hermitian Hilbert functional. Section 4 gives the definition of HCF
and provides various equivalent formulations using Hodge-type operators and the
Levi-Civita connection. In sections 5-7 we prove existence and regularity properties
for HCF. In section 8 we prove the stability result for HCF around Ké&hler-Einstein
metrics. We conclude in section 9 with a discussion of some related questions.
Section 10 is an appendix containing various useful calculations related to Hermitian
geometry.

Acknowledgments The first author would like to thank Aaron Naber, Yanir
Rubinstein, and Jeff Viaclovsky for interesting conversations.

2. DIFFERENTIAL OPERATORS ON HERMITIAN MANIFOLDS
Let (M?2",g,J) be a complex manifold with a Hermitian metric g. In particular
J:TM —-TM

is an integrable almost complex structure, i.e.

N;y(X,)Y)=[JX,JY]-JJX,) Y] - JX,JY]-[X,Y]=0
for all X,Y € T'M,,. Furthermore

g(u,v) = g(Ju, Jv).
This equation is written in a unitary frame as
9i5 = 97 =0, 95 = 95 = 93

First we recall the Chern connection V. In complex coordinates, the only nonvan-
ishing components of the connection are given by

Fi‘cj = gklaing~
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This connection is compatible with g, but has torsion 7. In particular in complex
coordinates we have

k Kl
=9 (az‘ i~ 3jgﬂ) :
Also, there is a natural trace of the torsion

As we will see in the next section w is just a multiple of 9 w but this separate
definition will be useful to us. We will also need certain quadratic expressions in
the torsion. Specifically let

1 _ kI mamq
Qz? =99 zknlem

2 kl, mm
Q5=9" 9" T Tem;

3 Kkl _mn
Q5= 9"9"" T Timm
1
4 —
Note that each @Q° is a real symmetric (1,1) tensor. The covariant derivatives of
torsion also satisfy an identity.

Kkl mn
g g'm ' (kazzTﬁji + TﬁikTmZE) .

Lemma 2.1. Given g a Hermitian metric,

ViTjki + VkTiﬂ + VT = TZ'TkpZ + TfkTipZ + Tlfiijf

Proof. We directly compute
Vil + Vil + Vil = 0T + 0T + 05T,
—T2T,;— T8 T, —T0T

ij " pkl Jpl it pjl

P __ TP __ TP _

- ijjjipl ijTpil FjiTkpl
— P _ P _ /g -
=TTy + Tj Ty + Ty Ty

]

Next we collect some useful formulas for the Chern curvature. In particular, let
Q denote the curvature of the Chern connection and let S be the trace, i.e.

SO‘B = (tI‘w Q)QE = Q#VQ#UQE-
Further, let
s =g SaE'
We will let P denote the trace of the transpose of {2, namely
PC“B = gHyQaEuU'
In the Kahler case Saﬁ = PaE is the Ricci curvature and s = r is the scalar
curvature.

Lemma 2.2. Given g a Hermitian metric we have

Sg= —9"95m + 9" 995 mia
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Proof. First of all we have
le{ = — Gg,Om (gpaalgﬁ)
= = Yium T 9 Gk mYial
Thus
Im
S ik = 9 szﬁ
= 0" gm0 I G w5
as required. (I
Lemma 2.3. (Bianchi Identity) For X,Y,Z € T,,(M) we have
Lemma 2.4. Given g a Hermitian metric we have
kl
Ps;—=S5=9 (ViTm; + Vz‘TTjk)
Proof. We compute using the Bianchi identity and the symmetries of the torsion
Qi = g + Vil
=y + VT
= Wz + Vi, + Vil
Taking the trace and relabelling indices gives the result. (I
Now we focus on Hodge operators associated to g. Let
w(uv U) = 79(“7 JU)
be the Kéhler form of g. In local complex coordinates we have

=1 , ,
w = Tgﬁdz’ Adz7.

Let
A= Are
p+q=Fk
denote the usual decomposition of complex differential two-forms into forms of type
(p, q). The exterior differential d decomposes into the operators 9 and 9

o AP? — APTLa

D APY s APatL

Also the operator dg, the L? adjoint of d, decomposes into 0, and 5;
9y APTL g — AP
B ;AP AP
Using these operators we can define the complex Laplacians
O, = 9,0+ 00, : AP? — AP
O, = 8,9+ 00,, : AP — AP
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It is well known that the operator o — [, « is a second-order elliptic operator with
symbol that of the Laplacian in complex coordinates [12]. Moreover, one has the
formula

(5) Ay, =0, + 0, + lower order terms

However, we will be interested in the action of these operators on w itself, so the
terms which are lower-order in (5) become highest order terms in this context.
In the lemmas which follow we compute the action of these differential operators
explicitly.

Lemma 2.5. Given g a Hermitian metric we have in complex coordinates

. VT g
(6) (Opw)7 = — 9" (569;)% - 3@%@)
. =1 -
(7) (3gW)j = —5 9" Op953 — 9;9p1)

Proof. We compute using integration by parts. Given a € A%! we have

(Fpw,a) = (w,0a)

- -1
= —~— [ @ (9) |-9"0gmmg™ + 9" =0:7| .
2 Ju g

This gives the first formula, and the second follows analogously. O

Lemma 2.6. Given g a Hermitian metric we have in complex coordinates

* v—l1 q q TS
®)  (905w) 7= 5~ |9 (9,0 = 9yazs) + 979 9025 (9,5 — 955 |
Proof. In general for a € A%! we have
(8a)ﬂ = 8jag.
Thus we compute using Lemma 2.5

(aa;w)]% = gaj (gpa (5'1791,% - 359;»6))

_V —1 Pq P ng
= o |9 \Ukai ~Ipaki) 9 Imni9 \Ipka ~ Ipak) |-
The result follows. O

Lemma 2.7. Given g a Hermitian metric we have in complex coordinates

VI e o
(500) 55 = 5 {gpq (%E,ja - ng,pa) +9"9" (9ps.a — 9pas) (gjz,r - grﬁ,j)

+9"9" 9535 (gpg, - ng,p) +9"9" 9,75 (9. — grﬁ,j):| :
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Proof. First of all we know that

(Ow) ;5 = g (gjﬁi - giE’j)

Now, we use the general formula for 9} and compute
* a 1 — mpq
(agaw)ﬂ = ~ 9ip9kq ﬁ + gamg (&u)

V-1 O ' mi prs
g |9PR em (976" 5° (9r5,i — Giz.r)]

+g™" gP agpiﬁ (gjm - gnE,jﬂ
_ Vv -1 Pq — _g-
9 9 \Ipk,ja ~ Yjkra
+ 95595, (9rs,i — Gis,r) [gﬁ“gua,mgﬁgﬁrggq]
+ 9i505g (956 — 9izr) (97 97" Gunmg” 9>
+ 9ip95q (9rsi — gizr) [0 97" 9™ Guwmg™?]

0" g (950~ 9k )|
v_1r - o
= 9 [gpq (gpﬁ’jq - ng’pq) + 99" (9ps,q — 9pg;s) (ngJ“ - grﬁ’j>

+9"9" g5 (gp;,r - g@p) +9"9" 9,75 (930 — grq,j)] :

O
Lemma 2.8. Given g a Hermitian metric we have in complex coordinates
V-1l 5 V=1l g 7 sq
(283 logdetg | === (9"70;059p7 — 9" 099" Ogpa)
ik
Proof. We compute directly in coordinates
=1 _ v—1 _
(238 log det g T 9; (9”0 9pa)
J
V-1 g 7 sq
= ~5— (9"0;0k957 = 9" 0;97+9" O 9pq) -
|

Also in this section we introduce canonical coordinates for g. We know that if
g is not Kéhler then we cannot choose complex coordinates so that all the first
derivatives of g vanish. However, we can always ensure that a certain symmetric
part of the first derivatives vanishes. This is made clear in the lemma below.

Lemma 2.9. Given a point p € M, there exist coordinates around p so that
9i7 = 9ij
and

61‘ng + @giE = 0.
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Proof. Let {z;} be arbitrary complex coordinate functions around p so that z¢(p) =
0 for all . We briefly change our point of view and consider the Hermitian metric
h associated to g. The coordinate expression for h takes the form

h = h;jdz"dz’

where h;; = hj;. Without loss of generality by a rotation and rescaling we can
assume

(9) hij(p) = 0s;
Define new coordinates {w'} by the equation

. 1] 0 0 ,
T __ - - A Jjk
wh =24 ;k (azk hij(p) + 527 hzk(p)> 2z

so that
) o1 0 0 ;
T 7 - R _— h. J k
dw' =dz' + 3 E‘k (azkh”(p) +55 hzk(p)) Zldz
7,

Note also that (9) still holds in these coordinates. In these new coordinates write
h = hyjdw' dw’
It is clear that
h 1 9 9 k 2
hij = hij — 5 Jzk: (azkhij(p) + azjhik(p)) 2+ 022

The claim follows directly by differentiating. ]

3. THE HERMITIAN HILBERT FUNCTIONAL

Let (M?",g,J) be a complex manifold. See section 2 for the definition of various
quantities related to the torsion. Consider the functional

I [s —lrPol \wﬂ av

(s dv) ™

Lemma 3.1. Let g(a) be a one-parameter family of Hermitian metrics with vari-
ation h. Then

1—n

0 n 1 1 1
aro= ([, ) " [ (n-5+30 -0 g0 @

fops = 2T = Lw*) av
M 4 2 ) g dV

1 2 1 2 n—l(
Sty T _
eI =gl T dv

Moreover, F is the unique second-order functional which yields S as the leading
order term in the traceless part of the variational equation through Hermitian met-
TiCS.
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Proof. Combining Lemmas 10.7, 10.8 and 10.9 we see

ﬂ L L e _ _ Iy 1.5 135 4
aa/M [s 1171 = 5 [wl ]dV— /M Kh S+3Q -9 -50°+Q
+trh<s—i|T|2—;|w|Q>}dV.

Likewise we compute

a</ dV) ! :”1/trhdv</ dV) "
da M n M M

Combining these two calculations gives the result. The claim of uniqueness is also
clear by inspection of the variational formulas in Lemmas 10.7, 10.8 and 10.9. O

Let
1 1

_ -l _ = 2_1 3 4
(10) Q—QQ 462 262 +Q

and let K := S — Q). Note that

1,2 1, 9
k::trgK:571|T| f§\w|
We can rephrase the above situation in a very simple manner. In particular

F(g) = kdV
M

and

(11) %F(g(a)) - / <h K+ kg— ”; 1 f}” kdd‘fg> av
M M

which is exactly analogous to the form of the gradient of the normalized Hilbert
functional.

Definition 3.2. Given (M?",g,J) a complex manifold we say that g is static if g
is critical for F.

Proposition 3.3. Let (M?",g,J) be a complex manifold with g static. Then
1
K- —kg=0.
n

Also k is a constant function. Finally, if F(g) > 0 and [,, sdV, < 0 then g is
Kahler-Einstein.

Proof. The first property follows immediately by letting h = K — %kg in (11). Next
let h = —(Apk)g where Ap means the Laplacian with respect to the Levi-Civita
connection. Plugging this into (11) yields

0= —/ (ADk)k;dV:/ |dk|? .
M M

To see the last claim we simply note that together the hypotheses imply
1
Vi
which implies T' = 0. If the torsion of g vanishes, g is Kéhler and moreover K is
given by the Ricci tensor of g, so g is K&hler-Einstein. ([

1 1
0<Flg)=V *h=V—+ ( el |w|2) < Lrp
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To emphasize, S is in a sense the only natural curvature tensor associated to a
Hermitian metric which is a symmetric (1,1) tensor and which is a second order
elliptic operator. In seeking a functional which yields S as the leading term in the
Euler-Lagrange equation, F above is the only choice. We note that the functional
Jys sdV, was considered in [9]. Our Lemma 10.7 contains the main calculation of
that paper. Indeed for this functional one gets automatically that critical points
are Kéahler-Einstein if the value of the functional is nonzero. However, there the
leading term in the Euler-Lagrange equation is P, which is not an elliptic operator
on Hermitian metrics. Finally, we remark that F is not the Hilbert functional
restricted to Hermitian metrics. Indeed a straightforward calculation (see also [8]
line (33)) shows that if r denotes the usual scalar curvature,

1
/rdVg:/s—f|T|2.
M M4

Therefore we see that F = [}, (7“ -3 |w|2> dVy, restricted to Hermitian metrics.

This bears a certain formal similarity to functionals related to renormalization
group flows arising in physical models [13] [16], [17].

4. HERMITIAN CURVATURE FLOW

In this section we give the definition of Hermitian curvature flow in terms of the
Chern curvature. We then provide an equivalent definition using Hodge operators.
In all the calculations below @ is defined by (10).

Proposition 4.1. Let (M*",g,J) be a Hermitian manifold and let
o(g) = (S - Q) (9)
Then ® is a map
®(w) : RSym" ' T*M — RSym"! T*M

where R Sym"! T*M are the real symmetric type (1,1) tensors. Moreover, ® is a
nonlinear second order elliptic operator.

Proof. Tt follows from Lemma 2.2 that

®(g);5 = —9" 9,7 47 + O(9g)

and so ® is a nonlinear second order elliptic operator since g is positive definite.
Also, by definition each of the tensors Q' is a real symmetric (1,1) tensor and thus
Q is. It also follows from Lemma 2.2 that S is as well. Therefore ®(g) is a real
symmetric (1, 1)-tensor. The result follows. O

Definition 4.2. Given (M?",J,gy) a complex manifold with Hermitian metric
go. We say that a one-parameter family of Hermitian metrics g(t) is a solution to
Hermitian curvature flow (HCF) with initial condition go if

%g(t)

= S(g(t)) +Q(g(1))
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Next we compute a formula for HCF using Hodge operators. Define
2=5(,J).
We will write Z(g) using Hodge differentials. Let

(12) V(w) 1= 0;0w — 00w — %aglog detg —2v—1 (5;,‘) 4&4})

We choose to isolate this term because as we will see in the calculations below, this
term is a real (1,1) form.

Proposition 4.3. Given g a Hermitian metric, we have
_ VI, 1,
E(g) = ¥(w) — Il QQJ-E + 5@@ -
Proof. Choose coordinates according to Lemma 2.9 so that at a fixed point p € M
91955 = —0;95-
Using this we have that at the point p
1 1
3LE =5 (@'sz - 53'91-%) =0i9;%
Next we compute a formula for ¥ in coordinates. In particular we compute a
formula for 090 logdet g.

V1

5 (00 1og det g)jﬁ = 1

2
v -1 q T sq
= (9790;059p7 — 977 09759 O3:9p7)

2
-1 q 1 .7 13
S 5 |9 95— 1979 TiraTrsy ) -

9; (9" 0r9yq)

Next we compute using Lemma 2.5
~2V/1 (Fpw-Bw) = —2v/~1g" (5;w)p (Bw)_
v—1

= 5 979 T Ty

We now combine these calculations with Lemma 2.6 and Lemma 2.7 to get

v -1 q L 7 s
V(W)= o —9"9% pg T ggpqg [QT%PTME + 2T g1
1

g Ty + TigpTrja — Tira Ty + 5 Tirg ksp:|:|

— 7V_1 _ Pl

-9 9" 9ik.pg

1 5 +5 1
+59"9" | 2w T+ 2D Ty + Ts Ty + 5 TiraTsy | | -
Likewise we have from Lemma 2.2

— \/jl q L a TS
295 = 5 | 79" T 7979 TinsTige | -

The result follows by combining these calculations. ([
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Corollary 4.4. The HCF equation is equivalent to

o= -+ Y (30 + 10 - 0t aet)).

Proof. This follows immediately from the definition of HCF and Proposition 4.3.
O

5. SHORT-TIME EXISTENCE

Proposition 5.1. Given (M?",J,go) a compact complex manifold, there exists a
unique solution to HCF with initial condition go on [0,€) for some € > 0.

Proof. Since the operator ®(g) is strictly elliptic by Proposition 4.1 the HCF equa-
tion is strictly parabolic, and thus short-time existence and uniqueness follows from
standard theory. O

Proposition 5.2. Given (M?",J, go) a compact complex manifold with Kdhler
metric go, let g(s) denote the solution to HCF with initial condition go, which
exists on [0,T). Then for allt € [0,T), g(t) is Kdhler, and is a solution to Kdhler
Ricci flow.

Proof. Let g(t) be the solution to Kéhler Ricci flow with initial condition gg. Ricci
flow preserves the Kahler condition, thus g(t) is Kahler for all time, hence T =
dw =0 and S = Re. Together this implies that g(t) satisfies

9~(t> = —Re

at?
- ~5+40

Thus g(¢) is a solution to HCF with initial condition gg. Since solutions to HCF
are unique, it follows that g(¢) = ¢(t) for all time and hence ¢(t) is K&hler for all
time and solves Kahler-Ricci flow. (]

6. EVOLUTION EQUATIONS

Lemma 6.1. For a solution to HCF we have
0

o kign = Mg +gm" (Tp Vi + T Vi )

7" “pmkl

+gm”(Qp Qg + 070

ijm” pnk
=% (81— Q) — V;Vz‘ka

Proof. First consider the term @ in the evolution of g. Using Lemma 10.2 we see
that this contributes

ipkl + QkaQmﬂ + anﬁgiﬁkﬁ)

ngsz = V3ViQy
to the evolution of Qi}ki' Next we consider the contribution of the term —S in the

evolution of g. Using Lemma 10.2 we see that the evolution %g = —§ yields

9 m
aﬂﬁki Qz]kSml + vjviskf'
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Now we must apply the second Bianchi identity. We have
V; (Vszz) = V*-gmn (V Q — )

mnkl
= V5. gmn (V Qg + T’Ig)’LiQpﬁkZ>
= gmn (vainnkl + V_] mi pnk Tr?@ivjﬂpﬁkf)
Next we commute covariant derivatives to get

9VN Qg = g (vmv;szmz + Qg+ Q00

mjn Zpkl

Ik
Finally, we apply the Bianchi identity again to get

+OP Qo Qmﬁam,@) .

9"V Vi = 9" Vi (Vﬁ%kl + 17 kal)

= AQ5 + 9" (VT Qg + TEVin Q)
Combining these calculations yields
0

ot ngz AQﬁki

+ g (VT Qi + T Qi + V5T Qs + Th V3%

+ gmn (er]n]zQpnkl + Qm anpkl + Qm kapl + anj’lQim’@) QZ]kSml
Now we can apply the Bianchi identity to the terms

Qﬁ
mjn

=0 4V, T
mnj jn
and

P =Qr +V-T) .
mji gm Jjoram:
Plugging these two in yields
0
% = A5+ 0™ (T Qg + T5,V5 )

+ gmﬁ (Qp Qpnkl -+ Q szkl + Qmijznpl + Q ka;p)
-Q7 5

ijk ml*

Combining this with the above terms gives the result.

Lemma 6.2. For a solution to HCF we have
8
ST = AT+ g™ | T8V aT, 5 + VT Ty + T8, VT,

mj~ipk ipk

P P
FVATD Ty + Th VT ]

+ gmn |:thjm ipk + Qp zmp Qp

nim jpk

79 ,ijp Qpnkap:| o le; (SPE o QPE>
+ vinE = ViQ-
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Proof. First we compute the contribution from the term @ in the evolution of g.
In particular using Lemma 10.4 this yields

ViQr — ViQi + TZ’QpE'
Next we focus on the term —S. Applying Lemma 10.4 we have.

ijiE - VZ-SJ% —TPS -

i~ pk*
Now we rewrite using the Bianchi identity
ViSxE=9""ViQmz

and
V’iSjE = mﬁvi (QjﬁmE + vﬁijE) .

Combining these yields

a mn
Lk =9 (Vjﬁmmz = Vil + ViVaTli,g — viVﬁijE)
P Qo
=T3S ,5-
Applying the Bianchi identity again yields
gmﬁ <vaiﬁmE - vinﬁmE) - = gmﬁTﬁQpﬁmE'

Also, we commute derivatives

Vj VﬁTimE = VﬁVjT’imE + Q%jiTme + Q%jmTipE + ngETimﬁ

and
T S vl v _ 14 _ 4 _ D o
VZV”'/ijk - v”vlijk + Qﬁiijmk + Qﬁimijk + QﬁiET}mP‘

Finally, using Lemma 2.1 we see

9"V (VjTim; - ViT’mE) =¢""Vx (va.

J 3

_ /g _ g _ /g _
7k + TjiTmpk + ijT;pk + CZ—;WLTjjplc)

— _ mnyy__ P _ P _ P _
- AT’ijk tg v" (TjiTmpk + ijTipk + ,‘Timijk> .

Combining these calculations yields

8 mn P P D
aTijE: ATij*—f'gman (leT — 4+ TP T E—|—T. T'pE)

mpk mjip im=j

mn | P _ P _ D -
+9 [QﬁjiTpmk + QﬁjmTz'pk + QﬁjETmp

P __ QP __Op o P | _ P g _
_Qﬁij Tpmk Qﬁimijk QHZE/TJ mp Qpﬁkaji} T‘ij Spk .

Using the Bianchi identity we can simplify

mn p e Y4 _| — ,mn P P _
g [QﬁjiTpmk Qﬁiijmk:| =49 [Qﬁji + Qiﬁj} Tpmk‘

=9 mﬁVﬁT’jpi Tpm% .
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Plugging this in yields

gt F = AT+ g™ [ THVRT,, 5+ VTl T+ Th, VT,
+Va TﬁnT]pk + TfmvﬁijE}
+9mn [Qfmm ipk +Qp Timp anm jpk
*Q TJmP QpﬁmETp] Tz}; Sp%
Combining this with the terms from @ gives the result. ]

7. HIGHER DERIVATIVE ESTIMATES

In this section we will prove derivative estimates for HCF. It will be most conve-
nient to phrase these results in terms of the curvature of the Chern connection. All
of the calculations below will be done in canonical coordinates at a fixed point. In
particular, in these coordinates any first derivative of g can be expressed in terms
of the torsion 7', and any second derivative can be expressed in terms of a sum of
curvature and torsion.

Lemma 7.1. Given (M?",g(t),J) a solution to HCF we have

k k
%vm = AVFQ + ZV]T* \VARE o INE va * VFIQ)
j=0 j=0
k J
+ZZVIT*VJ I %« VFiQ).
=0 I=

Proof. The case k = 0 is covered by Lemma 6.1. We directly compute

Oy 0
&vg_at

v’“<§tQ>+(;r) %« (O+T)---%x(0+1)Q

+(0+T) (gtr)*...*(mr)mr...

O+D)*(0+TD)x---x(0+T1)Q

+(O+T)*---*(0+T)* (;1“)9

We apply Lemma 10.1 to see that

6 *2\ __
5l = V(Q+T*?)=VQ+TxVT.
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Plugging this in yields

%vm =VF (AQ+ T+ VQ+ Q2 + QT*?)
k—1
+ D VI(VQ+ T VT) « V1790
j=0

k k
= AVFQ + ZVJ‘T * VA=) 4 Z VIO« VI

3=0 7=0

k
+Y° z]:VlT « VITUT « VEIQ.

=0

=0

Lemma 7.2. Given (M?",g(t),J) a solution to HCF we have

k+1
0

k k+1— k—
5 VT = AVT+JZOVJT*V JT+]ZOVJT*V —iQ)

>
|
—

J
+ ZVZT*VJ'*Z+1T*V’€*1*J'T.
=0

<.
Il
o

Proof. The case k = 0 is covered by Lemma 6.2. We directly compute
0 0O
&VT t(8+F)*~~*(8+F)T
vt (2r - 9y %« (O+TD)---%x(O+D)T
- el ot
0
+(0+T) % (at )*-~-*(8+F)T—|—...

+(@4+T)x---%(0+T)x (;F)T.
Again we apply Lemma 10.1 to yield

=VF(AT + VT« T+ Q«T)
k—1
+3 VI (VQ+ T« VT« VF17IT
=0
k+1
= AVFT + ) " VIT % VAT~ 7T+ZV]T*V’“ i0
Jj=0 Jj=0

J
+ ZVT*VJ l+1T*vk1JT

O

Theorem 7.3. Let (M?",g(t),J) be a solution to HCF for which the mazimum
principle holds. Then for each o > 0 and every m € N there exists a constant C,,
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depending only on m,n and max{c, 1} such that if
[Qcogg,) < K,
(13) |VT|CO(_‘H) = K,

2
‘T|Co(gt) < K

forallz € M and t € [0, %} , then

m CnK
V™ Qcoggy < Sz
(14) K
m+1 m
|V T|C“(g ) < tm/2
for allz € M and t € (0, &].
Proof. Our proof is by induction on m. First consider m = 1. The following

evolution equation for |Q|? follows from Lemma 7.1:
(15) %|Q\2:A\Q|2—2|VQ|2+T*VQ*Q+Q*3+T*2*Q*2.
Also from Lemma 7.1 we conclude
% VO = AIVQP - 2| V20" + T % V?Q VO
(16) + Q4 V2 4 VT 5 VO 4 T2 5 Q02
+ T« VT % QxVQ.

Now, we aim to use the term —2|V€Q|® in the evolution of |2 to control the
evolution of |VQ|2. Consider the function

F(z,t) :=t|VQ]* + 81Q)?
where (3 is a constant to be chosen below. Putting together (15) and (16) gives

9
o F < AF -2t V20| + (14 et [Q] — 28) VO
+t (T * V2Qx VQ+ Q% VQ2 + VT % VQ*2

+T 2 V2 4+ T VT % Qx VQ+ T+ Q02 % VQ)
+ 3 (|T|2 0 + |Q|3) FT*VQQ

where all the ¢; are universal constants depending only on dimension. We must es-
timate the different terms in (17). First of all we use the Cauchy-Schwarz inequality
and the assumption (13) to conclude

T V*Qx VQ < tes (|V2Q|) (IT]VQ))

V2017 o T VO
a9 §t63<\2 © el ivel

C3 2

< % V20 + st K [VOP.
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Similarly we simplify

1T % Q2 % VQ < tes (|Q|2) (IT] v

(19)

< ot K* 4 ctK |V
and also
(20) T*Q*Vﬁg%K3+6|VQ|2.

The remaining terms are estimated in an obviously analogous fashion. Plugging
these estimates into (17) gives that for ¢ € [0, %],

0

5 S AF + (14 csa =) IVQ? + ¢ (o + B) K°.

Choose 3 > H% and note that § depends only on the dimension and max{a, 1}.
Then we have that for t € [0, &],

0 .

—F < 108K

o = c10f8

Using that F(0) < 8K? and applying the maximum principle gives

sup F(x,t) < BK? + c10fK3t < (1 + cro0) BK? < C2K?
x€EM

where again C; depends only on n and max{a,1}. Thus

|[F  CiK

for all z € M and t € (0,%]. To get the estimate for V2T one computes the
evolution of a function

Fla,t) =t (|vm2 + |V2T|2> ek

and argues as above, the bounds being entirely analogous. This completes the case
m = 1.
For the induction step we first conclude from Lemma 7.1 the evolution equation

k
% IVFQl* = A|VFQ" —2[VHHO + 3 WIT « VEFITI0 « vEQ
§=0
k
+va*vk*m*vm
J
Y N VT« VT VIO VR,

=0
ko J
=0 [=0

J

We address the first sum in the above equation. We first make the bound
T+ VI« VEQ < ¢|T| |V Q| | VFQ|

e[VET1)? + C(o) [T [Vhe

e|VEQ)* + C(oK |Vral .

(21)

IN

N
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Also we have

VT« VEQ 5 VFQ < ¢ |VT||VFQ|”
(22) ko2
< K|VFQ|™.

For the rest of the summand we bound for j > 0

VIT « VFHIIQ« VFEQ < | VIT| V70 [VFQ|
oK K
(23) = CG-D/2 $kr1-))/2

3
< oK [940f + o

[V

A similar calculation yields a bound

VIQ« VIOV < ¢|VIQ| V0] |[VFQ|
K K x
tJ/2 t(k=3)/2 |V

3
oK [VHO* 4 e

| /\

(24) Qf

IN

Next we bound using the inequality K < %

VIT « VITIT « VFIQ VFQ < ¢ |VIT| V7T | | V7] | VFQ|
K K K
t0=1)/2 {G-1-1)/2 4(k—5)/2
K?
= t(k 2)/2
K?
t(k 1)/2

< V0|

[VEQl

—~
[\
(@34

~

|

[VEQ|

3
oK [VHO 4 e

IN

Using (21) - (25) we conclude
0 2 2 2 2 K?
2 vl < alvraf - [0l + oK (\vm| +tk>.
Furthermore, using completely analogous bounds one can conclude
2
% IVHHIT|? < A |VEHIT[* — | vR 2T o |V’““Q| +CK (|Vk+1T| + 2 > :

The extra term 1 |Vk+1Q|2 arises from the term T x VF+1Q « V*TIT. Together
these yield, if we set Hy =

0 1 K3
— < - — _
atHk_ AHy 2Hk+1+CKHk+ i

This bound is sufficient to carry out the inductive step analogously to the step
k = 1. The details of this construction are found in [6] page 229-230. O
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Corollary 7.4. There erists a constant ¢ = c(n) such that given (M*",g,J) a
complex manifold with Hermitian metric g, the solution to HCF with initial condi-
c(n)

. Moreover the solution exists on a
’ max{‘Qlcoa|VT|c07|leco}

tion g exists fort € {0
mazimal time interval [0,7), and if T < oo then

: 2
hrtnsupmaXﬂQ'CO(gt) ’ |VT‘CO(9t) ’ ‘T|CO(91)} =

Proof. This argument is standard. Using the evolution equations for 7', VT and (2
it is easy to prove a “doubling-time” estimate for these quantities on the interval
stated using the maximum principle. Once this is in place, the derivative estimates
follow from Theorem 7.3. These yield bounds on the curvature and torsion and
all covariant derivatives on the stated interval, which can be integrated in time to
show smooth existence of the flow on that interval.

Finally, if one has that the curvature, torsion and first covariant derivative of
torsion are bounded up to a time 7 < 0o, one concludes from Theorem 7.3 uniform
bounds on the derivatives of curvature and torsion on [0,7]. These bounds can
be integrated in time to get C* bounds on the metric on this whole time interval,
yielding smooth existence up to this time. (]

Note now that Theorem 1.1 is a consequence of Proposition 5.1, Theorem 7.3 and
Corollary 7.4.

8. STABILITY

In this section we prove dynamic stability of HCF near a Kahler-Einstein metric
with negative or zero first Chern class!. By examining the linearized deformation
equation we know that Kéahler-Einstein metrics are rigid in case where ¢; (M) < 0.
In the case ¢1(M) = 0, there can be nontrivial deformation of Kéhler-Einstein
metrics due to variation of Kahler class. There is a general technique for dealing
with stability of evolution equations around integrable stationary points [5], [14],
[15]. Given the discussion above, our problem falls squarely into the realm of these
techniques, and so we adopt them. We note that since the ¢; (M) < 0 case is rigid,
there may be an easier proof for this case, but in the interest of covering the most
cases possible with a single proof we choose the more general technique.

Consider the volume-normalized HCF equation

%g: S+Q+711</Mtrg(SQ)dV>g
=: —F(9).

n an earlier version of this paper we claimed stability for positive first Chern class as well.
However, such a stability result needs a further condition on initial metric, since for instance
the Kahler class under volume-normalized Ricci flow satisfies [wi] = c1(M) + e ([wo] — c1(M)).
Thus even nearby Kéhler metrics will not converge under the resulting Kihler Ricci flow. This is
reflected in the fact that Kéahler-Einstein metrics with positive first Chern class are not linearly
stable, which is what causes our proof to fail. We expect that for a given Kéhler-Einstein metric
g with ¢1 (M) > 0 there exist certain harmonic (1,1)-forms h such that the solution to HCF with
initial condition g + h converges modulo automorphisms to a K&hler-Einstein metric. This will
be the subject of future work.
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We compute the linearization of F around a Kéahler-Einstein metric. Since the ten-
sor F(g) is only defined for Hermitian metrics we obviously compute the variation
of F(g) through a family of Hermitian metrics.

Proposition 8.1. Let (M?",.J) be a complex manifold and suppose g(a) is a one-
parameter family of unit volume Hermitian metrics compatible with J with

0
2 9(@lamo = b

Moreover suppose g(0) is Kahler-FEinstein. Then

) . o
527 (9) = V*Vh = R(h)

where R(h),; = h' Ryz;.

Proof. Choose complex coordinates which are normal for ¢g(0) at a point p € M.
First we note that

0

0
%T(a) * T'(a)

= hxT(0)*«T(0) + (aaT(a)> x T(0)

a=0
=0

since the metric g(0) is Kéhler and hence torsion-free. Now using Lemma 2.2

D55l = (o)™ (~0dmga),z + Dgta) » Doa) )

= — "R

a=0 a=0

glﬁal %hjg

Imjk

—_ o
Now —h"R;z; = —R(h);; from the Bianchi identity using that the metric g(0) is
Kahler-Einstein. Next, we compute an expression for V*Vh using complex coordi-
nates

(V*Vh) 5= — g7 ViVizh g
_ g™ (alamhjg - alr%hﬁ)
— 9" 00mh 7 — R him

— 1
= — glmalamh]% — EShkj

where R = S is the Ricci tensor of the Kéhler metric g(0) and s = r = tr, S is the
scalar curvature. Next we compute using Lemma 10.7

)
e ( /M tr, de)

= / ((h, =S) +trg htry, S)dV
M

_ /M (1 - :L) (try S) try hdV

=0

a=0
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where the last line follows since try S is the scalar curvature which is constant and
Jos trg hdV = 0 since the volume is fixed through g(s). Thus

01 1
%ﬁ (/M trg SdV) g a:() ﬁ (/M tI'g SdV) h

1
—sh.
Putting together these calculations yields the result. O

n

Definition 8.2. Let L = L(gy) = D,4,F be the linearization of F at a static metric
go- We say that gg is linearly stable if L > 0.

Definition 8.3. A static metric gg is integrable if for any solution h of the linearized
equation

Dy, (F(g)) (h) =0
there exists a path g(s),s € (—¢, €) of static metrics where ¢g(0) = go and

d

< —h
ds \3209(5)

In particular this implies that the set of Hermitian metrics g satisfying F(g) = 0
has a smooth manifold structure near go.

We note that by the analysis of Koiso’s Theorem it follows that Kahler-Einstein
metrics are integrable. Indeed, any solution to the linearized deformation equation
arises as the variation along a path of Kéahler-Einstein metrics, which are static.
This can be seen as follows: If ¢ (M) < 0, Kéhler-Einstein metrics are linearly sta-
ble. If ¢y (M) = 0, any infinitesimal deformation of K&hler-Einstein metrics is given
by Hermitian symmetric deformation of Einstein metrics which in turn correspond
to (1,1)-forms, moreover, we have that the eigenvalues L are the eigenvalues of the
operator

b — Dgip— 259
n

acting on (1,1)-forms ¢ ([2] pg. 362). If s = 0, nonnegativity follows easily and the
kernel of L consists of harmonic (1, 1)-forms which are simply variations of Kéhler-
Einstein metrics with vanishing scalar curvature due to the Calabi-Yau theorem.
So Kéhler-Einstein metrics are integrable in the case that ¢;(M) = 0. We now
proceed with the proof of Theorem 1.2.

Proof. Let (M, go, J) be a Kéhler-Einstein manifold. Fix h a symmetric two tensor
of type (1,1) such that |h|oe < € < € where ¢ and € are small positive constants
to be chosen later. We want to show that solution to the equation

%g: —S+Q(T)+i</Mtrg(S—Q)dV>g

g(0) =go+h

(26)
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exists for all time and converges for € chosen small enough. Let h(t) = g(t) — go.
First consider

3o sear ([ mis-aw),
(27) = — (F(90) + DFgo(h) + Algo, h))
= —DFy, (h) + A(QOyh)
= — L(h) + A(go, h)

where A represents the higher order terms in the approximation of F by DSy, (h).
Specifically we have the bounds

(28) [Ago W)low < € (1hlon [F2h] s + [l )

where the constant C' depends on bounds on the geometry of g(t), which we are
assuming is staying bounded along the flow anyways since |g(t) — go|ox < €. So, fix
T > 0 and a small € > 0. We would like to show that for € small enough as above
our solution exists on [0,7) and |h(t)|. < € on this interval. We start with an L?
growth estimate.

Lemma 8.4. There exists a uniform (independent of €,€', T ) constant C so that if
|h|cr < € for allt € [0,T), we have

[ mor av, < e [ fhol*av,,
M ’ M ’
Proof. Multiplying the final equation in (27) by h and integrating over M gives

o [ ol < [ @,
M M

since L is negative semidefinite. By straightforward bounds using integration by
parts and the assumed C* bound on h we are able to get the bound

/ (A% h)dV,, gce/ \h|* AV,
M M

where C' depends only on gqg. The result follows immediately. ([

Lemma 8.5. There exists € = € (T,n) << € such that if |ho|qe < €, then the
solution g(t) exists on [0,T) with |h(t)|, < e for allt €[0,T).

Proof. We use standard parabolic regularity theory. First we rewrite the evolution
equation for h as

(29) %h = Ah+ Rm(h) + A(go, h)

Fix a time 7 < T. We first will get an estimate for [ [,, |Vh|* dV,,dt. Take the
inner product of (29) with h and integrate over M to get

1
7ﬁ/ |h|? = _/ |Vh|2+/ Rm*h*2+/ V2h* h** + h* Vh*?
20t [y M M M
—/ |Vh|2+0/ \Vh\2+0(9)/ h|?

M M M

1
5 [ e [

2 M M

(30)

IN

IN
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Using this bound and integrating over time we conclude

1 T
7/ / Vh? < /\ho\ el Tsup/ (1)
2 0 M

Using Lemma 8.4 we see that fOT fM |Vh| can be made very small, in partic-
ular bounded uniformly in terms of €. We now show how to get estimates on

fOT fM }th|2 for all £ > 0 in terms of the small constant ¢’. Consider

a1, 7

,/ (V (Ah 4+ Rm(h) + A(go, ), Vh) dV
M
-+/ V2h *« Vh* Vh+ h* Vh*2dV
M
_/ﬂv%f+c/\mmwm2
M M

+9/]v%ﬁ+¢xm/iwm4+cg/|vm%w
M M M

s—l/ﬂv%ﬁ+c/|wﬁ.
2 M M

This implies the bound
1 /7 1 1 T
,/|v%f f/ﬂvmf+f/|mﬁ+c/‘/|wﬁ
2 Jo 2J/m 2J/m 0o Jum

< C¢

Continuing in this fashion we can induct to get a bound of the above form for all
covariant derivatives of h. Note that for instance we can now bound

LAl <o (f fwes [ f )

< Cé.
It is clear that we can in fact get bounds of the form

[

for all p,¢ > 0. One can now apply the Sobolev inequality (with respect to go)
to conclude C* bounds on h in terms of ¢’. These bounds will hold over any time
interval where the L? norm of A is still small. Since this time can be made arbitrarily
large with small choice of € by Lemma 8.4 the result follows. O

IN

IN

< C¢

We now improve these estimates to include L? decay of h, which will ultimately
yield the stated long-time existence and convergence. Say T is a maximal time
such that |h|, < € on [0,T). Divide the interval [0,7") into intervals of length 7
and let N be the integer so that N7 < T < (N + 1)7. Let I; = [j7,(j + 1)7]. On
M; := M x I; define the inner product

T

G+1)T
(31) £l = / 172 gyt
J

Let 77 denote the orthogonal projection onto ker (% + L) with respect to || f]|as-
Since L is positive semidefinite we see that 7 has no positive eigenvalues, but there
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is still the lingering question of zero eigenvalues. This is where the integrability
property comes in. Let 7 (h) denote the radial component, i.e. the kernel of L.
We will show using integrability that there exists a stationary solution g; on M;
such that @) (g(t) — g;) is very small compared to g(t) — g;. This will allow us to
conclude L? decay of h and then allow us to conclude convergence.

Lemma 8.6. Given a > 0 there exists 6 = §(n,7) such that if supy,, 4 [h(t)];, <
0 then there exists a Kdhler-Einstein metric g1 such that

(32) o= )| < alt =) g = g1]
and
(33) l91 — golcn < ngp 19— g0l

Proof. Recall from the discussion above that the set of metrics g near gy satisfying
F(g) =0, call it U, has a natural smooth manifold structure. The tangent space to
U is given by the kernel of L, call it K, which is finite dimensional since L is elliptic.
Let {B;} be a basis for K orthonormal with respect to the L? norm induced by go.
Also using ellipticity, we get a system of eigenvectors { £} for L orthonormal with
respect to the L? inner product above. We see that there exist constants ry such
that Cy = ryE\e™ is a basis for ker (% + L) which is orthonormal with respect to
the inner product in (31).

Define the map ¥ : U — K by ¥(g) = >, (g9, B;) B;. A simple calculation using
the bases described above shows that for g; € U, ¥(gy) = U (I (g1)) = ) (g1). Also
it is easy to see that the differential of W at g¢ is the identity map, so we can apply
the inverse function theorem. Fix the time 79 € I;. If |g(t) — gol,, is small enough,
then in particular 73 (g(10) — go) = 73 (g(70)) can be made small, so that by the
argument above there exists g; € U such that

U(g1) = ) (g(m0))-

Thus in particular using the above equalities we have 77 (g1 — g(70)) = 0. Using
the evolution equations satisfied by g and gy it is clear that one has estimate (32).
Also note that we have g; = U=1((77g)) and go = ¥~ 1((7/go)o) thus using our
bound from the inverse function theorem we get

lgr — gollar, < ClI7? (g — go)lln,

and again using that these are all solutions of the same parabolic equation, we can
get the bound

l91 — goler < Csuplg — golen -

J

O

Lemma 8.7. Let I = 19,70 + 7] and take g1 as in Lemma 8.6. Then there exists
€ > 0 depending only on go such that if |h1(0)|, < € where hy = g — g1 then

2 _TA 2
(34) sup l9—g1]"dVy, <e” 2 sup / lg — g1]” dVy,
[To+%77'0+7'} M [7'07To+%] M

where A\ = min{\; : \; is an eigenvalue of L, \; # 0} > 0.



26 JEFFREY STREETS AND GANG TIAN

Proof. Let hi(t) = g(t) — g1. If |h1(0)|, < €, a calculation like that in Lemma 8.4
combined with the bound on 7y(hi(t)) shows that

d
d / a2 = / (2Lhy, hy) dV,y, + / Alhi, g0)dVy,
dt [ M M

< —2/\/ ‘hl—ﬁg(hl)’dVgO+Ce/ |2V,
M M
3 2
< (—)\-i-Ce)/ |h1]
2 M
<

— X[ |h)?
M

aslong as € < &. Thus [,, |hi(t)]° dVy, < e 2 [ |hi(7)]? dVy, from which the
claim follows immediately. (]

We will need one more Lemma, which roughly says that if a solution to (26) is
decaying at a certain rate at a particular time then it decayed at that rate earlier
in time. This Lemma is inspired by Lemma 5.31 in [5], and the proof is the same.

Lemma 8.8. There exists a constant v(n, ) > 0 with the following property. Let
k be a symmetric two-tensor satisfying the equation

0
—k=—-Lk+ A k
ot + (907 )a

and

sup |k|ox <V

[T0,70+T]
and
[mo (k)| < ot — 7o) |K|

where here we mean projection onto the kernel of (% + L) restricted to the interval
[’7’0 — 5,70 —|—T], Then if

(35) sup /|k|2dvgoge*’% sup /|k|2dVg0
[ro+5,mo+7] /M [ro.mo+5] /M

then

(36) sup / |k|? dVy, <e” 5 sup / k| av,
[T0,70+%] [To—%,70]

Proof. First note that the the analogous claim where k satisfies the linear equation
(% + L)k = 0 and m(k) = 0 is obvious since L is positive semidefinite and by
definition 7(k)o = 0. In fact there is decay at the rate A as opposed to the A/2
in the statement above. So, if the claim were false, then for a sequence v; — 0
we would have k; satisfying the hypothesis but not the conclusion with the bound
|ki|ox < vi. By standard compactness arguments we can parabolically rescale k and
extract a subsequence converging to k., which satisfies the initial decay hypothesis
but not the conclusion. Moreover, given that A is quadratic in k, it is clear that
this koo satisfies the linear equation (% + L)k = 0 and mo(k) = 0, contradicting
the above. 0
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We now proceed with the main proof. Suppose the maximal existence time
satisfies T' < oo, and subdivide [0,7] into N intervals of length 7 labelled I; as
above. For fixed j, let g; be the metric such that 7)(g(t) — ¢g;) = 0 on I; given
by Lemma 8.6. Define h; := g(t) — ¢g;. By Lemma 8.7 and parabolic regularity we
have that
(37) sup |hj| < Ce” 3 sup byl

[(G+3)mG+1)7] [im(3+3)7]
And we can apply Lemma 8.8 inductively to conclude

sup  |h;] < e AU sup |hyl.
i+ 1)7] [0.3]

This allows us to conclude that on I; we have

o= |5 o—a)
atd| = a9
< Csup |kl
I;
< Cee MU—D = &
< "

Now note that simply integrating over time we see that

+ sup |g — gol -

j—1

9
at?

sup |[g — go| <27 sup
I]‘ IjUI]’71

Applying this estimate inductively we see that

N
0

suplg — go| <27 sup atg‘ +sup |g — gol
Ij kzllku"‘UIN Iy

o0

27C¢

(38) < ZF +S}1p|h0|

k=1 0

27Ce

p—1

IN

+ sup |h0| .
Io

Now we want to choose our constants ¢, ¢’ and 7 to derive a contradiction from this
equation. So, choose 7 initially so large that

1 20T 1 _ ESN
c(n)em™ TS c*
where ¢(n) is a fixed large constant and C' is a constant depending only on go.
Now let € = min{d(n, 7),v(n, 7), C%} where d(n, 7) is as in Lemma 8.6, v(n, 7) is
as in Lemma 8.8, and Cj is a constant depending only on gg and the dimension which
we now make explicit. By Lemma 8.4 we can bound the growth of L? derivatives
of h, and then by Sobolev embeddings we can bound C* norms. Specifically there
exists a constant depending only on gy so that

[hlca < Ce“T [R(0)] o
Then let Cy := 12C. Note that if € < C% and we start our flow with some h(to)

satisfying |h(to)|cs < Se” ™4, the solution exists at least on [to,to + 37) and
IMOTEOVer SUPp, ¢+ 13- [M(t)|ca <€

(39)
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Now again using Lemma 8.4 we see that we may choose € so that the solution

exists on [0, 37| and further
€ —TA
sup |h(t)], < —e
[0,37‘]| ()|k c(n)

Since € < min{d(n,7),v(n,7)} we can apply (38) to get that

| < 1 n 2Ct

sup |g — €

INp 9= 900= c(n)e™ e —1
< fo 3

Thus the solution to HCF with initial metric g(T'—7) exists on an interval of length
37 with |h|. < €, contradicting the maximality of 7. Thus the solution exists for
all time and |g(t) — go|,, < € for all time. Indeed we have decay

lg(t) — gj| < Ce™™

for all ¢ € [0, j7) and for all j. Since {g,} is a sequence of Kéhler-Einstein metrics
with uniform C* bounds, we get a convergent subsequence g; — goo a critical
metric, with exponential convergence g(t) — goo- O

9. FURTHER QUESTIONS

It bears mentioning that the Theorem 1.1 and Theorem 1.2 are both true for
more general equations. Specifically both results hold for solutions to (2) where @
can be any quadratic expression in the torsion.

The HCF is similar in some regards to certain renormalization group flows arising
in physics where external fields, say Yang-Mills or B-fields, are added to the pure
gravity theory and then arise in the flow equations, see for instance [13], [16], [17].
In these flows the torsion is given as an external field, whereas in HCF everything
is defined in terms of the metric. A similar case is studied in [3], [10] where a
“holonomy flow” is proposed for closed G5 structures. Here one evolves the definite
three-form o defining the G structure by the Hodge Laplacian of o taken with
the metric induced by o. This is a quasilinear equation which bears a certain
resemblance to HCF in that it can be written as “Ricci flow plus torsion,” where the
torsion is defined in terms of the underlying metric. The techniques of our stability
theorem likely apply to show stability of this flow near G3-holonomy spaces with
negative semidefinite Lichnerowicz operator.

Finally, Hermitian curvature flow provides a framework for addressing questions
on the existence of integrable complex structures. In particular, if one had a com-
plete description of the behavior of this flow for certain geometric conditions and a
complete understanding of the limiting objects, one could then describe the man-
ifolds admitting integrable complex structures with Hermitian metrics satisfying
the initial geometric conditions. With strong enough convergence results for this
flow one could in particular answer the question of the existence of an integrable
complex structure on S®. Since we expect our flow to be moving towards Kihler
metrics and we know that S does not support Kihler metrics, we expect the vol-
ume normalized flow to develop singularities either at finite time or at infinity. In
either case these singularities will have some extra structure and can possibly be
classified. It may lead to a contradiction to the assumption on the existence of
integrable complex structures on S°.
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10. APPENDIX: VARIATIONAL FORMULAS

In this appendix we collect variational formulas for quantities related to the
curvature and torsion of Hermitian metrics.

Lemma 10.1. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

9 7
%Fék = 9" Vihim
00 _ im
%F% =g Vghmg
Proof. We compute directly in canonical complex coordinates
9 m
%Fék = %gl (0igrmm)
= — W01 + 6" O b
= "™ (Bihwm — T hym)
= " Vil
Which gives the first formula and the second follows by conjugation. O

Lemma 10.2. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

0 l ml

50U = — 9"V Vi

8 m

9 Yt = gt — ViVilug

Proof. We compute directly

0 l 0 l
7235 = 34 (‘@*Fik)

= — 05 (9" Vilum)

_ P m

=970 i

— 9" (0¥l — T7_Vihug)
= — ngVFVihkm.
This gives the first formula and the second follows easily. O

Lemma 10.3. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

0
Ss= —Auwh—(hS+div T - Vuw).
da

Proof. We compute using Lemma 10.2

%S = %9 Skl
= — M8+ g" [‘Ahki - hijQijki + hkmem}

= —Atrh—(h,P).
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The result now follows from Lemma 2.4. O

Lemma 10.4. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

9 m
%Tiﬂ = vihjE — Vjhg+ Tz‘j h,.x
gw = Vitrh —divY h.
da
Proof. We compute directly
0 0
20 Lit = 3 0957 — 31'91%)
= Oihjr — b

= vth% + ]‘—‘ZlhmE - thz% —TI2h -

ji'"pk

This gives the first formula. For the second we see
0 0 %
s Jk
9

= 9a7 ik
= — W+ ¢ (Vihg = Vshig + T,z
= Vitrh —div" h,.

O

Lemma 10.5. Let g(s) be a family of Hermitian metrics compatible with the given
complex structure J. Then

)
s 71> = (h,—2Q + Q*) + 4(Vh,T)
where

1 = ;5 _
(Vh,T) = 59" grlgmm (VihknT-l

Jlm

+ T V5hg, ) -
Proof. We compute directly

O 0 O o o
_ WP o Jq ke
Ds IT|" = 839 g9 TijkquT

= — hiﬁgﬁngiﬁTw _ hjﬁgiﬁgETTiﬂTW _ pkr giﬁgﬁTiﬁTﬁr
+ 977G [(Vihyg = Vihig + Thog) Trar + Ty (Vohar = Vo + Toghes)|
= (h,—2Q" + Q*) + 4(Vh,T).
The result follows. O

Lemma 10.6. Let g(s) be a family of Hermitian metrics compatible with the given
complex structure J. Then

9 |w|2 = - <h,Q3>+2<Vtrh—divvh,w>.
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Proof. In canonical complex coordinates at a point we compute
0 ij mmn s B
7597979 TimnT5,
= — hﬁgmﬁgﬁTimﬁTﬁr - gﬁhmﬁgﬁTimﬁngr - gﬁgmﬁh@TimﬁTﬁr

jsr

+ggmmg™ [(Vihmﬁ = Vinhi + Tj how) T5
+ (thgr — Vsh;, + T;;hﬁr> nmﬁ}

= = (h@") +2(Virh—dv¥ hw).

O

Lemma 10.7. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

% /M sdV = /M [<h —S —divV T + Vw> +trh (s —divY w — |w|2)} dv.

Proof. From Lemma 10.3 we see

ai/MSdVZ /M [—Atrh+<h,—5—d1vVT+Vw>+strh}dv.

Now by Lemma 10.11 we see
/ —AtrhdV = / trh (— divY w — |w\2> av
M M
and the result follows. O

Lemma 10.8. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

o[t [ [0t an)

+ (trh) |T|2} dv.

Proof. We directly compute using Lemma 10.5

)
o /M IT]?dV = /M {(h, —2Q' + Q%) + 4 (Vh,T) + (trh) |T|2} dv.
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We now integrate by parts
/M <Vh, T> dV = /M giﬁgjagETVihjETﬁrdV

- /M 977G (O:h 5 — Dbz ) TogedV

- / hz0s (979719 TogedV' ) + 979719 T Ty AV
M
= / hj% [giﬁaigmﬁgmﬁgqukrTﬁr + giﬁgjﬁaigmﬁgmqgkrTﬁr
M
+97 979" 0,9 g™ Togr — 97 9779" 0i Ty
—97 979" Tgr g™ O g
—gmﬁgnng’Ti}mTw} v
= / (h,=div" T - Q") av
M
Plugging in this simplification yields the result. (I

Lemma 10.9. Let g(a) be a family of Hermitian metrics compatible with the given
complex structure J. Then

0
Z / w[?dV = / [<h, Q%+ 2Vuw) + trh [—2 divY w — |w|2H dv.
da [y M
Proof. We directly compute using Lemma 10.6 and integrating by parts using Lem-

mas 10.10 and 10.12

9 |w|2dV:/ [(h,—Q3>+2<Vtrh—divvh,w>+(trh)\w|2]dv
M

da Jur
= /M [<h, —Q3> +2trh [— divV w — \wﬂ

+2(h, Vo + Q®) + (tr h) |w|2] %

Lemma 10.10. Given ¢ € C*°(M) and o € TH°(M) we have

| @60 = [ o[-avTa-twa]av

Proof. We directly compute
[ woajav= [ giagazav
M M
= — [ 98 |¢7a=dV
., o [g%asav]
= /M ¢ [gigaigﬁgﬁa; - gﬁaiaj' - gﬁajgp Eaigpﬁ] av

= /M @ [— divY o — (w, a)} av.
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Lemma 10.11. Given ¢ € C*(M) we have

/ ApdV = / p [divV w+ |w|2} %
M M
Proof. We directly compute

/ ApdV = / 97 050;dV
M M
-~ ()
= /M 0 [gigay-grggﬁ — 979709 | AV
= [ ¢ |g7¢" T |dV
/M ¢ [9 g m]
= - / (Vo,w)dV
M
= / ¢[divvw+|w|z] dv.
M

In the line we applied Lemma 10.10. (]
Lemma 10.12. Given 8 € T"°M and h € Sym"* (M) we have

/M <divV h, 5> dv = /M (b, —Vf—w e B)] dV
Proof.

_ ik 17 _ TP
_ /M 9797 [Ohs; — TLhig | raV

- /M hisOg |9 9" BV | + g gTTT highav

his |97 0p0rs9™ 9" 51 + 9™ 9059597 1 — ™ 9" O
—g* g grg@;grgﬂz} AV — g™* g T hipdV

[(h,—V3 —w® B)]dV.

/ M
/ M
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