ASYMPTOTIC CURVATURE DECAY AND REMOVAL
OF SINGULARITIES OF BACH-FLAT METRICS

JEFFREY STREETS

ABSTRACT. We prove a removal of singularities result for Bach-
flat metrics in dimension 4 under the assumption of bounded L?
norm of curvature, bounded Sobolev constant and a volume growth
bound. This result extends the removal of singularities result for
special classes of Bach-flat metrics obtained in [6]. For the proof we
emulate [I] and analyze the decay rates of solutions to the Bach-
flat equation linearized around a flat metric. This classification
is used to prove that Bach-flat cones are in fact ALE of order 7
for any 7 < 2. This result is then used to prove the removal of
singularities theorem.

1. INTRODUCTION

In dimension 4, the Euler-Lagrange equations for the functional
(11) Wig)i= [ W, av,
M
where W is the Weyl curvature, are given by
1
(12) Bij == vkleikﬂ + QRleikjl - 0

where Wi and RF! correspond to the components of the Weyl and
Ricci tensors respectively [2], H]. B;; are the components of the Bach
tensor, and a metric which is critical for W is called Bach-flat.

A smooth Riemannian manifold (X4, g) is called an asymptotically
locally Euclidean end of order 7 if there exists a finite subgroup I' C
SO(4) which acts freely on R*\ B(0, R) and a C*° diffeomorphism ¢ :
X — (R*\B(0, R)) /T such that using this identification

(1.3) Gij = 0 +O(r™")
(1.4) Mgi; = O(r—™)
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for any partial derivative of order k as r — co. We say an end is ALE
of order 0 if there exist coordinates as above so that

(16) 8‘k|gw = O(T’_k)
as r — oQ.

Theorem: 1.1. Let (X4, g) be a complete, noncompact four-dimensional
Bach-flat space with zero scalar curvature which is ALE of order 0. As-
sume further that

(1.7) / IRy, |* dV, < A < 00,Cs < K < 00
X

Then the cone is ALE of order T for any T < 2.

This theorem is an extension of theorem 1.1 of [7], where under the
same hypotheses on curvature and Sobolev constant and also assuming
b1(X) < oo where by (X) is the first Betti number it is proved that the
end is ALE of order zero.

Theorem: 1.2. Let (X, d, x) be a complete locally compact length space
with base point x. Let B(xz,1)\ {z} be a connected C* Bach-flat four-
manifold satisfying

(1.8) / IRm,|* dV, < oo
B(z,1)

(1.9) ||ul|aB@iny < CsllVullraB@ingay, v € C* (B(z, 1)\ {z})
(1.10)

Vol(B(xz,r)) < Virt,r >0
(1.11)

b1 (X) < o0

where Cy and Vy are positive constants. Then the metric g extends to
B(x,1) as a smooth orbifold metric.

This is an extension of theorem 6.4 of [6], and indeed this result
was suggested in the work of Gang Tian and Jeff Viaclovsky [6], [7].
There removal of singularities is proved for certain subclasses of Bach-
flat manifolds, specifically half-conformally flat metrics, metrics with
harmonic curvature, and constant scalar curvature Kahler metrics. The
proof uses certain Kato inequalities which are satisfied in these special
cases to improve the decay of the Ricci tensor, which in turn can be
used to get improved decay of the full curvature tensor. The techniques
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used herin also suffice to give this result assuming that the metric has
harmonic curvature, that is,

(1.12) SRm = —V'Rii =0

We now give an outline of the rest of the paper. In section 2 we de-
compose the action of the Bilaplacian acting on symmetric two-tensors
according to the radial separation of variables on a cone. In section 3
we compute the linearization of the Bach-flat condition around a flat
metric. We observe that after applying a change of diffeomorphism
gauge and possibly a conformal change this equation is equivalent to
the equation A%h = 0 where h is the perturbation of the metric. Us-
ing the separation of variables we further simplify this equation and
classify the solutions in terms of their decay or growth rates at infinity.
Section 4 gives the proof of theorem [[LT], which consists of considering
the Bach-flat equation at infinity in the cone as a perturbation of a
flat metric, and using our analysis of the linearized equation. Section
5 uses theorem [Tl to prove theorem L2

Acknowledgements: The author would like to express deep grati-
tude to Gang Tian for suggesting this problem and suggesting that the
arguments of [I] could be used to prove theorem [C2

2. DECOMPOSITION OF THE BILAPLACIAN

In this section we will decompose the action of the Bilaplacian on
symmetric two-tensors on R* according to the cone structure. These
tensors naturally decompose according to radial and tangential direc-
tions. We reintroduce the notation of [I] and recall the decomposi-
tion of the Laplacian proved there. These lemmas are then used in a
straightforward way to decompose the action of the Bilaplacian. The
calculation is greatly simplified by restricting to R*, where we com-
pletely understand the curvature tensor, and how it decomposes ac-
cording to the cone structure.

Write (R*, ggat) as C(S?, gean), the cone over the three-sphere with
its canonical metric. Let P : T(1,S5%) — T(r,S®) denote the identi-
fication of tangent bundles induced by parallel transport along radial
geodesics, and let V" denote the Riemannian connection with respect
to the induced metric on (7, 53). Define the connection

(2.1) V =prVvip!

A basic formula is then

(2.2) V' =r"'V
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Also let d” ,gr, ﬁrr be defined with respect to the induced metric on

(r,S%) and let d” denote exterior differentiation on (r, S®). Then define
§=Pspt

(2.3) d= Pd'P™
tr= Pir P!

The following formulae are immediate

A" = 7“‘2&

5 = 7“_15

d = r_la

tr = tr

(2.4)

Now say e is a vector tangent to (r, S?) and e* is its dual 1-form. Let
1 be a 1-form such that

o5 /()0

(2.6) V%n =0

Some simple formulas are then

(2.7) Ven =7 (Y, n(e)dr)

(2.8) Vedr = rte*

(2.9) v;%:va@rdr:o

Now fix 88—7,, e1, es, e3 a local orthonormal basis satisfying
(2.10) Viej =0

at a fixed point (r,z) and also

(2.11) Vg)_re =0

Finally, given wy,wy 1-forms let
(2.12) wi Xwy = w; @wy + ws @ wy

Using this frame the symmetric two-tensors naturally decompose into
three distinct types. In the next four lemmas we record the action of
divergence and the Laplacian on these tensors. We will need these
preliminary calculations to calculate the action of the Bilaplacian on
each of these types of tensors. The proofs of these lemmas can all be
found in [1].
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Lemma: 2.1. Consider f(r)B where B = Y n; K n; and n; satisfies
(Z33) and (Z4). Then

VV(fB) = (—f” _3Lf g2 (i*i + 2)) B

(2.13) N -
+2r 2 f8(B) R dr — 2r 2 ftr(B)dr ® dr

Lemma: 2.2. Consider k(r)r X dr where T satisfies (Z2) and (Z4).
Then

(2.14)
VV(krRdr) = —2r2%kV T

+{[-r =3 2 (V4 6) |} mar
+ 47’_2k§7'd7’ ® dr

where
(2.15) V=Y V.rRe

Lemma: 2.3. Consider [(r)¢(x)dr @ dr. Then

(2.16)
V*V(lgdr @ dr) = —2r21¢g — 2r 21d¢ W dr

(= =3 4+ 2N N + 6))dr @ dr

Lemma: 2.4. For tensors of the three types considered above, we have
the following formulas:

(2.17) 5 (fB) = r7'fo(B) —r~" ftx(B)dr
(2.18) 5 (kr ®dr) = K1 + 45kt + 7'k (57) dr
(2.19) §(lpdr @ dr) = (I'+ 3r~'1) ¢dr
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Proposition: 2.5. Consider f(r)B where B =Y n; K n; and n; sat-
isfies (Z2) and (Z4). Then

(2.20)

(VY)Y (fB) = (FD+6r71 1@ 2 (142V'V) ) B
(o (') By (T2 42)) B
R (B) + 4 (B)g
w42 =t (Y 4 2) ]| 3B) p war
+ 8~ fdix(B) R dr
HA (2 = (T ) ) BB 0 dr
+ 81 f50(B)dr @ dr

Proof. This will be a straightforward calculation using the three above

lemmas. First of all using ([2I3) we see that
VYV (F'B) = (W L3010 _ 2 (Y'V +2) ) B
21 e Al CAA )
—2r2f"5(B) R dr + 2r 2 f"tr(B)dr @ dr

Next
(2.22)
V'V (=37 f'B) = 3 (7’_1 FO 2 s (i*i + 3)) B
— 6r 2 f'6(B) R dr + 6r > f'tr(B)dr ® dr

Now it is clear that V*V B satisfies () and @0). Thus apply ZI3)
again to compute

VAV (r—2f (i*i + 2) B)
s - (—7’_2f” b3 A (i*i + 2)) (i*i + 2) (B)
22 oy (i*i - 2) (0B) R dr + 4r~* fdtrB R dr

oty (i*i + 2) &(B)dr © dr

Note that we have applied lemma to commute 5 past i*i Now,
since 7 satisfies (ZH) and (26, so does § B, thus we may apply ZI4)
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to conclude

(2.24)
ARV (27"_2 fo(B) K dr)
= — 47V Y(B)
+ { [—2r—2 e ey (i*i + 6)} E(B)} X dr
+ 84 f88(B)dr  dr

Similarly we apply (2I6) to conclude

V*V (=2r 72 fiz(B)dr @ dr)
(2.25) = 4r~'ftx(B)g + 4r~* fdtr(B) K dr
+ <2r_2f” — 23— pTf (i*i + 6)) tr(B)dr @ dr

Summing together (Z21]) - (22H) gives the result. O

Proposition: 2.6. Consider k(r)t X dr where T satisfies (Z2) and
(Z4). Then

(2.26)
(V*V)? (kr X dr)

=4 (T’_2k‘” + 73K — <i*i + 5)) (isym7‘>
— 87"%57‘@
+ (K9 67D — 2 (38T 4 9) — K (29T + 15)
+r 4k ((i*if + lﬁi*i + 28)) X dr

- 127“_41{:&;57' X dr
+8 (—r‘2k” R g (i*i + 6)) Srdr @ dr

Proof. We must start from the expression in (ZI4]) and apply ZI3),
([ZId), and ([ZId) to the individual terms. First of all it is clear that

if 7 satisfies () and (Z8) then so does V"7, thus we may apply
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(ZI3) to conclude

(V*V) (—2r‘2kisym7'>
(2.27) - (27"2k” — 93— oY, (i*i + 2)) <isym7')

4ot (i*i & - 2) R dr + 8~ kdrdr @ dr

where we have used the equations

~ sym

J (isymf) — YV Vr+dor+27, ir (Z

7‘) = 257‘
from lemma B2 Now we apply (ZI4) to conclude

(V*V) (=K"7 R dr)

= 2LV ymT

+ { [k(4) + 3r B — 2 (i*i + 6)] 7'} X dr
— 47‘_2143"57'd7" ® dr

(2.28)

And similarly

(V*V) (=3r~ "K't K dr)

= 6r K'Y T

2.29 g~
(229) +3{ [ 42— (VY 47) ] 7 ®ar
— 127’_31{:'57'dr ® dr
And again
(2.30)

(V*V) (ﬂk (i*i + 6) T) X dr
= — % (i*i + 8) vy
+ { [—r—Qk” 3K (i*i + 6)] (i*i + 6) 7} = dr

+ 4r~ (i*i + 4) gTdr ® dr
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where we commuted derivatives using lemma Finally using (Z10))
with [ = r=2k and ¢ = d7 we compute

(2.31)
(V*V) (u-%&) dr @ dr
= — 8 kdTg — 8r~kddT R dr
4 [ W 4k (VY 4 6)] (37) dr @
Collecting together (Z2Z1) - ([Z31) gives the result. O

Proposition: 2.7. Consider [(r)¢(x)dr @ dr. Then

(2.32)
(V*V)? (l¢dr @ dr)

—4 <r‘2l” + 3 —r Y <i*i + 4)) (¢9)
+4r v do
4 (r-%” 43— Y (i*i + 8)) doé X dr
+ (z<4> +6r B — 2 (ﬁ*i n 9) s (2§*i + 15)
4 ((i*i)Q +20V' V + 48)) odr @ dr

Proof. We need to compute the action of the Laplacian of the right
hand side of (ZT6). First of all it is clear that ¢g satisfies (Z3) and

&d) thus we may apply ([ZI3) to conclude
(V'V) (=2r163)
(2.33) = (272 =2 -2 (VT 4 2) ) (69)
— 4r_4l3¢ X dr + 12r ¢dr ® dr

where we used that Eg =0 and ﬁg = 3. Next we note that 3¢ satisfies
@3) and (Z4d) so that we can apply [ZI4]) to conclude
(V*V) (—2r721) dp ¥ drr
=4IV do
+{ [z =2 - 2 (Y'Y 1 6) | do f mar

+ 8NV Vodr ® dr

(2.34)
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Where we have used the equation i*i = —g_g Next using ([ZI6) we
compute

(V*V) (=" ¢dr @ dr)
(2.35) = 272" g + 2r21"d¢ R dr
+ (z<4> 43 U® (i*i + 6)) odr @ dr
And similarly
(V*V) (=3r~ " '¢dr ® dr)
(2.36) = 6r 3¢y + 6r31'dp X dr
+3 (r—1z<3> o — Y (i*i + 7))) odr @ dr
Finally we apply (ZI6) to conclude
(2.37)
(V*V) (7’_2l (i*i + 6) odr dr)
_ oY [(i*i + 6) gb] -2 [(i*i + 8) E_z'gb} < dr
v (—r—2z” 3 4 (i*i v 6)) [(i*i + 6) ¢>} dr @ dr

Collecting together (233)) - (Z37) gives the result. O

3. THE LINEARIZED EQUATION

In this section we derive the equation for the linearization of the
Bach-flat condition at a flat metric. The equation is of course not
strictly elliptic due to the diffeomorphism invariance of the Bach-flat
equation. After restricting to the case where the variation of the met-
ric is trace-free and divergence-free, we are reduced to the Biharmonic
equation. We can then use the decomposition of the Bilaplacian com-
puted in the previous section to classify solutions to this equation and
moreover compute the exact decay rates of solutions, which is the key
ingredient of our removal of singularities result.

Proposition: 3.1. Given g a flat metric, the linearization of the Bach-
flat equation at g is equivalent to the equation

0= A%h —2A6*6h
(3'1) 1 2 2 2 2¢2
+§(V Atrgh — (A*trgh) g+ (Ad°h) g +2V*6°h)
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Proof. Let g(s) be a family of metrics such that g(0) = g and 2 g(s)|s=0 =
h. First of all since the metric is flat it is clear that

1 /
(ﬁRleik‘jl) ~h=20
As a consequence of the Bianchi identity, in dimension 4 we have the
equation
VAV Wi = AAy; — VEV A
where A;; are the components of the Weyl-Schouten tensor
1 1
A= Re——R-
n—2 ( ‘T —1) g)
A further application of the Bianchi identity then yields
1 1 1
VN Wi = 5 (A Rey; _EARQU —3

First we compute the linearization

viij)

, 1
(ARe)'-h= — oA (Ah+V?trh—25°5h)

and next
1 ' 1
and finally
1o\ 1_,
—gv R -hzgv (Atrh —d0h))
The result follows. O

Now, by a diffeomorphism gauge-fixing procedure which we will
use in the applications, we may assume that h comes to us almost
divergence-free. In fact we cannot prescribe that h is exactly divergence
free. We will address this difficulty later in this section. Also, because
of the conformal invariance of the Bach-flat equation, the trace of the
right hand side of (Bl vanishes. Thus there is no a-priori separate
equation that the trace of h must satisfy. However, using this confor-
mal invariance in the applications, we can assume that our Bach-flat
metric has constant scalar curvature, which in the asymptotically flat
regime corresponds to the equation

(3.2) Atrh =0
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As it turns out we can now remove the trace entirely by adding a term
Lxg for some vector field X. This corresponds to solving for a vector
field X satisfying

(3.3) 0Lxg=0
to preserve the divergence-free condition and
(3.4) tr(Lxg) =20X =u

where u is a prescribed harmonic function. It is shown in [T] lines 4.11-
4.20 that on a Ricci-flat cone one can indeed solve for this X. Thus
a divergence-free solution to (B satisfying (B2) can be written as
Lxg + h where

0= A%
(3.5) 0= tr,h
0=0h

We now proceed to analyse solutions to (BH). Let h = f(r)B+k(r)TX
dr + l(r)¢(z)dr @ dr. First of all the equation tr h = 0 reduces to the
equation

(3.6) ftx(B) +1 =0

Next, using lemma Z4 and (B.0) the equation dh = 0 reduces to the
equations

(3.7) r U UfS(B) + (K +4r7k) T =0
(3.8) (U + 41 o+ 1k (37) = 0

Now we would like to write down and simplify the vertical component
of equation (BF). Using propositions 220, and we see that
this equation gives

0= (194671 — 72" (2V'V +9) =1~ (2¥'V +15)
Y ((i*i)Q +20V'V + 48)) é
B s (=W % (Y 4+6) ) o
44 (ﬂf” G iy (i*i + 4)) & (B)
+8r71f00(B)
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Now we want to use equations (B.6), (B7) and (BF) to simplify this

further. First of all using (B.6) it is clear that

(2 =t (V'Y 4 4) ) (B)
(3.10) s
= A (P (VY 4 4)) 6

Next using (B) we compute
(3.11)

8 <—7’_2k” — K 4k <i*i + 6)) 57'
_3 (r-1z<3> I T (i*i v 1) e (i*i + 6)) &
Finally using both ([B) and (B) we compute
8r=1f00(B) = — 8 (r K + 4r~k) o7
=8 (r 2"+ 9r°' + 16r 1) ¢
Thus plugging (BI0) - B12) into ([BH) gives the equation
0= (1941471 4 2 (-20'V 4 51)

o (08T 1) e (§5) 59 )

(3.12)

(3.13)

We would now like to do the same for the cross component of (BH).
First of all from propositions 2220, and we see that this is the
equation

(3.14)
0=4 [-r? Fr— TS (i*i + 2)} 3(B) + 81 fdix(B)

(B 67 8D — 2 (29T 4 9) — 1K (29T + 15)
ik ((iﬁf 16T + 28)) -~ 12"k dbr
+4 <7’_2l” + 73— (i*i + 8)) do
Now, using ([B) we see that
A2t (Y'Y 4 2) | 3(8)
(3.15) =4 <7’_1k(3) + 7r 2k 3 (—i*i - 3)

4 (i*i + 2)) .
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Next using (B:6]) we make the simplification
(3.16) 8r~*fdir(B) = —8r~*ld¢
And using (B) we simplify
(3.17) —12rYkddT = 12 (r=30 4+ 4r7) do
Plugging (B1H) - (B1D) into (BI4) gives
0= (K + 10K 41725 (—2VV + 19)

(3.18) K (e&*i + 3) ik ((i"if - 4)) T

A (P 4 4 (-VY 4+ 2) ) do

Finally we need to simplify the horizontal component of (BH). Again
using propositions 220, and we get the equation

(3.19)
0= (f<4> 46l fO) 2 (1 n zi*i)
o e 2
3 (VT 7) 7 (VT +2) ) B
— 4 fNTY(B) + 40 fix(B)g
) <r—2k:” b3k — ik (i*i + 5)) (isymf) — 8r~kdryg
+4 (7’_21” + 73— <i*i + 4)) (¢9)
AV

First using (B1) we simplify

(3.20) 4 NI (B) = A (P K 4 Y T
Using (B.6) we simplify
(3.21) 4r~* ftr(B)g = —4r g

Next from [BS) we simplify

(3.22) —8rkdrg = 8 (r731 + 4r7) 67
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Plugging (B20) - (B22) into (BIY) gives
(3.23)
0= (f(4) 4o 2 (1 n 2§*§>

i (VVHT) T (VT 2)2) B

A (r 2 = (V4 1)) (V)

4 (12 3 4 -V Y 4 8) ) 0 + 4 g
Lemma: 3.2. The system of equations (@) is equivalent to

(3. 24)
(f(‘* + 6 B 2 ( + ﬁ*%)
3§ <2v v+7) +r-4f v v+2 2)
+4 (ﬂk” ordk — (v v+ 1)) ( v )
FA (P 3 (<Y 4 3) ) o + 4 g

0= (k;<4 F10r KB 2 (—2§*§+ 19)

(3.25) —r K (‘ﬁ*i + 3) +rk <<§i> - 4)) '

+4 (7’_2l” +4r 3 4 Y (—fi + 2)) do

0= (19 + 147714 4 72" (<2¥'V 4 51)

(3.26) e N\ 2 oy~
1 (109'V 4+ 45) + 571 ((z V) -8V z)) 0

(3.27) 0=r'fo(B)+ (K +4r~'k)

(3.28) 0= (U'+470) o+ "k (dr)

We now analyse all solutions to this system of equations. We notice
that for any solution, [ satisfies the determined ODE in (B226). Thus
we can compute the solutions to (B26) in terms of the eigenvalues of
the Laplacian on S? acting on functions. Once these are determined we
notice that the equations (B:21) and (B28) show that both f and k will
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have the same decay rate as [. Once this is done we restrict to the case
where [ = 0. Here we notice that k satisfies the now determined ODE
in (B2H). We can classify these solutions in terms of the eigenvalues
of the Laplacian on S® acting on one-forms. Once again we can use
equation (B2Z7) to conclude that f has the same decay rate as k. Finally
we restrict to the case where [ = k£ = 0. Then it is clear that f satisfies
the determined ODE in (BZZ), and classify solutions in terms of the
eigenvalues of the Laplacian on S? acting on traceless symmetric two-
tensors. We now make this rigorous in a series of lemmas.

Lemma: 3.3. The solutions to (1) satisfying l =k =0 are
h = Z ’l"biBi

where either b; > 0 or
b, < =2

Proof. Since k =1 = 0 we have trB = 6B = 0. Say ) is an eigenvalue
for the Laplacian of S3 acting on traceless symmetric two-tensors, and
suppose B, is in the eigenspace of A\. Equation (B:24]) then reduces to
an ODE with solutions

(3.29) pEEVAT By

From lemma B.J] we know that the smallest eigenvalue is 6, so the result
follows. d

Lemma: 3.4. The solutions to [31) satisfying | = 0 are
h = LXgo+Z7’bi (Bz—l—ﬂ&d’r’)

where either b; > 0 or
b < —2

Proof. Note that since [ = 0 equation (B28) implies in that 67 = 0.
The eigenvalues for the Laplacian acting on 1-forms on S? are given by

5]

(3.30) aj =G +1)(+3)

Say 7; is in the eigenspace of a;. Then ([B2H) reduces to an ODE with
solutions

(3.31) rEVGT

J

We point out that the decay rates are all less than —2. Also, since the
decay rate —4 does not occur, the expression k' +4r~'k never vanishes,
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thus by equation [EZ0) we see that f = cr V%2 and the result
follows. [

Lemma: 3.5. The solutions to (Z3) satisfying | # 0 are
h=Lxgo+ Y r"(Bi+7Rdr+ ¢dr @ dr)

where either b; > 0 or

b < =2
Proof. The eigenvalues of the Laplacian acting on functions on S3 are
(3.32) aj :=j(j+2)

Suppose ¢; is in the eigenspace of a;. Equation ([B20) reduces to an
ODE with solutions

(3.33) I(r) = rm2EEVa T

In the case where [(r) = r**V%™! the solution to the whole system
is given by a Lie derivative term, specifically Lxgo where

X, =r v “j+1d¢j + (—1 + a; + 1) rAEY “ngszdr.

For the solutions I(r) = r~"*V%*! we note that for j > 0 the decay
rates are always less than or equal to —2. In the case j = 0, i.e. where
¢ = ¢, consider the radially parallel solution, i.e. where I(r) = c.
Using equation (B228) we see that k is also a nonzero constant. Using

a2
this equation (B2Z0) reduces to ((2 Z) — 4) 7 = 0 so we see that

this solution does not in fact occur since 2 is not an eigenvalue of the
Laplacian on S? acting on one-forms.

In any of the cases above, using equation (B.0]) we see that f will
have the same decay rate as [. Given this, equation (B27)) implies that
k must also have the same decay rate. O

Together the above lemmas and earlier calculations prove the follow-
ing proposition.

Proposition: 3.6. On a flat cone, solutions of (Z1) satisfying dh = 0
and Atrh =0 can be written uniquely as a sum

(3.34) h:LXg0+Zrbi (B; + 7 X dr + ¢dr @ dr)

where either b; > 0 or
(3.35) b < —2



18 JEFFREY STREETS

We hasten to point out that we will not in fact be able to guar-
antee the divergence-free condition. This is due to the presence of
certain eigenvalues of the Laplace-Beltrami operator acting on one-
forms. Thus we follow the technique used in [I] and consider a modified
divergence-free condition. In particular, fix ¢t # 0 with |¢| very small.
Let

(3.36) Sio=6—ti 10

or
We will be able to prescribe that 6;h = 0 for ¢ arbitrarily small. Given
this, we define the following modified equation
(3.37)
0= A%h —2tA8"i, 0 h

1
+5 (V2Atrgh— (A%trg h) g+ (Adi, 1 g h) g+ 269257, o )

= P(h)
Following the analysis of proposition Bl we can write the solutions

satisfying Atrh = 0 as growth and decay solutions where the rates are
perturbations of those calculated above. In particular we can write

(3.38) h = rPT,

where T; is some symmetric bilinear form and {7;} are orthonormal
with respect to the inner product

(3.39) << hy,hy >>= 7’_3/ (h1, he) dVgs
(r,5%)

We also have the following corollary.

Corollary: 3.7. Fort sufficiently small, there are no radially parallel
solutions of ([3-31) satisfying Atrh = 0.

Proof. We note that the radially parallel solutions found above all had a
dr component, and so in the perturbed equation are no longer radially
parallel. Thus the only possibility would be f(r)B where f(r) is a
constant function and B is trace and divergence-free. However, no such
solution occurs according to our analysis above. Thus the corollary
follows. U

So, according to the above results we can decompose any solution
satisfying Atrh =0 as

(3.40) h=h+h,
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where hy are the solutions with positive growth rate and likewise A
are solutions which decay in r. Now let

(3.41) § = min 6] >0

We can now state the first of our decay estimates. We start with some
notation. For a fixed annulus A, ;(p) we have the norm

(3.42) |||h|||ab-/ 5] 2~

where the norm || || is defined in BZ39 This norm is defined so that if
w = a~ %’ (h), where 1, is the natural scaling map ¥, (z,r) = (z, ar),
then

(3.43) 1Plllaa = [lwl]]1.2

Corollary: 3.8. Given 0 < 8’ < (3 there exists | such that for all a > 0
and L >1

(3.44) 1111l a,z20 = L[4l 2a
(3.45) 17l zaz2a < L7 ]]aza

Lemma: 3.9. Given 0 < ' < (3 there exists L such that if k is a
solution to (3-37) satisfying é:k = 0 and Atrk =0 then if

(3.46) &L,z > L7 |&||]1.2

then

(3.47) & 22,00 > L7 ||| k]| 122
and if

(3.48) &l 22,02 < L7 |][K]|| 1,22
then

(3.49) &l L2 < Z77|[K]| |1,z

4. ASYMPTOTIC CURVATURE DECAY

In this section we give the proof of theorem [l The proof will follow
the techniques used in [I]. We first recall the definition of certain norms
introduced in [I]. Let A, denote the natural action of the scaling
on tensors of type (p, q), i.e.

(4.1) Ay = (hu1), @ @ (Y1), @Y ® - Q1
Given T a tensor of type (p, q) we have

T (u, 1’)|kao }up 1A, T(1, 2 ‘k 0
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where the norm on the right is the C*“-norm with respect to gq at the
point (1,z). Using this we define

(42) ‘T‘k,a;o = SU.p) |T(u7 x>|k,a;0
And more generally
-1

Given T a tensor of type (p, q) we write T € "%, if [T, ., < oo.

We will make use of a gauge-fixing theorem ([I] Theorem 3.1). For
a given cone with cone-point p, let A, ;= {(r,z)|c <r < d}.

Proposition: 4.1. Fizt # 0. There exists k(t, k) such that if (C(N"™1), go)
is a Ricci-flat cone and g is a metric on A.q(p) C C(N™1) where
d/c > 2 such that

(4.4) g — 90|k,a;0 < k(t, k)

then there ezists a diffeomorphism ¢ : Aca(p) — Aca(p) such that
(4.5) "9 € Tnvo

and

(4.6) 0t (¢"g — g0) =0

Since we have assumed our given Bach-flat metric is asymptotically
flat, we can use this theorem to construct gauges relative to the flat
metric on the cone in the asymptotic regime. Specifically, let gy be the
flat metric on R* and let ¢ be a given Bach-flat metric on this cone.
Consider afixed annulus A. 4 and let

(4.7) h=¢"g—go

where ¢ is from proposition Tl with respect to this fixed annulus. Then
we note that h satisfies

(4.8) oh=20
and further
(4.9) Bgyin — By, =0

which is a nonlinear elliptic equation on A which we can think of as a
perturbation of the linearized deformation equation for h small. The
following lemma makes this precise.

Lemma: 4.2.
(4'10) Bgo+h - Bgo = P(h) + F(ha gO)



REMOVABLE SINGULARITIES OF BACH-FLAT METRICS 21
where

(4.11)
|F|k,a;0 S C Z |vph’|k—p,a;—p ‘vqh‘k—q,a;—q ‘vrh‘k—r,a;—r |vsh’|k—s,a;—s

pHq+rts=4
Also, since the metric g is scalar-flat, we get the equation
(4.12) Ryosn — Rgy =0
from which we derive a similar lemma.

Lemma: 4.3.

(4.13) Rypsn — Ry = —Atrh —t5 (za_h> + F'(h, go)

where

(414) |F/|k,a;0 S C Z |vph’|k—p,a;—p |vqh‘k—q,a;—q
pt+g=2

Lemma: 4.4. There exists a small constant x(A, K) such that if
Alg.ac0 < X then

(4.15) h(20)] 000 < (A, K B)||R]]|a 40
Proof. Using the scale-invariance of the respective norms, it suffices to

consider the case a = 1. The result follows in this case by standard
elliptic theory. O

Now let 7 denote orthogonal projection onto ker (P(h)) with respect
to the inner product defining the norm ||| ||| 4,12, Similar to (B40) we
can write

(4.16) mh = (7h), + (7h),

Proposition: 4.5. There exists x = x(A, K) > 0 and L large so that
if |lg.ao < X then if

(4.17) A za,z2a = L7172 la.La
then

(4.18) Al 220,20 = L7 N]12]]|La,z2
and if

(4.19) Al 20250 < L N1AI| az2a
then

(4.20) Al za,z2a < L7 11BI]]a,La

Moreover, at least one of {.17) or {£.19) must hold.
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Proof. Suppose one had a sequence of gauges ¢; and solutions h; where
|il.00 — O but none of the assertions of the proposition hold. By
rescaling our solutions and using a compactness argument (see [I]
lemma 5.22) we can produce a solution to (B37) satisfying Atrh =0
which contradicts lemma O

Proof of Theorem [I.TIWe will adopt the notation used in this section.
In particular choose x and L as in proposition Let go denote the
standard flat metric on R*. Since we already know that the metric g
is ALE of order 0, there exists ¥ : R* — X so that

(4.21) Vg — gO‘k,a;O = o(r)

Now consider the sequence of annuli Ay, 1i+1,(0). Using ([EZ)) we may
apply proposition EETl and choose a d;-free gauge for W*g with respect
to go, ¢;, on each annulus. By pushing forward this is equivalent to
finding a sequence of flat metrics g; where W*g—g; is d;-free with respect
to g;.

hi:==¥"g—yg;
We note that

Zlirgj |||th Lia,Litla = 0.
Indeed, if this were not the case then inductively applying proposition
IH and in particular using that (EI7) implies (EH) we can contradict
EZ1)). Since for any of the flat metrics g;, there are no radially parallel
solutions to the linearized deformation equation, we can conclude that
(#20) holds for all 4.

Also, by passing to a subsequence, we can assume that for some flat
metric g, we have

j—oo Y

Using this together with (220) and lemma E4 we conclude that
(423) |\Il*g - gOO|k,oz;O S CT_H

This proves that g is ALE of order (.

To prove the full claim we will use an inductive procedure choosing
better and better gauges. First of all we point out that the decay esti-
mate ({L2Z3) in fact suffices to find a completely divergence-free global
gauge ¢ (Remark 3.23 [1]). So, let h = ¢*g — go be divergence-free.
First we get a better estimate on the trace of h. In particular, by
lemma we have

(4.24) Atrh = F'(h)
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where the estimate (f23]) implies
(4.25) F'(h) € T,"5 o255

Applying the Greens function we can conclude the existence of a func-
tion f so that

(4.26) Af = F'(h)
where

(4.27) et
In particular this implies the equation
(4.28) A(trh—f)=0

As a harmonic function on R*, we know that the decay rate is at least
—2, thus

(4.29) trh—feT),
This argument already can be inducted to show
(4.30) trh € T2y s

for any 6 > 0. We now show how to get the rest of the estimate. By
lemma B2 we have

(4.31) P(h) = F(h)
where P now refers to the case t = 0. Using ([£23)) we conclude
(4.32) F(h) € T o aps

Again using a Greens function, this decay is sufficient to conclude the
existence of h; such that

(4.33) Phy = F(h)
where
(4.34) hi € T s

Thus P(h—hy) = 0. Given our estimate on the trace of h we can assume
that h — hy is trace-free. We note that P acting on the traceless piece
of h — hy also vanishes. Using proposition B.0l we can write

(4.35) h—hy = Lxgo+ ho
where
(4.36) hy € Zco,f;—min{4ﬁ,2}

and also
(437) X S 77@1—;-01@;1—6
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Let Kx be the diffeomorphism generated by taking the flow of X to
time 1. It is clear from the above estimates that

. 0,2

(4.38) Kx(90) = Lxg0 € T, rminap2

Furthermore putting together the above estimates we get
* * 0,2

(439) K_X¢ g—9o € Zg,a;—min{4ﬁ,2}

If 43 > 2 we are done. If not, start over with h = K* y¢*g — go and
proceed as above with ( replaced by 45 — € for very small € > 0. It is
clear that by induction the result follows. U

Remark: The result holds assuming harmonic curvature instead of the
Bach-flat condition. In paticular, using the Bianchi identity equation
(CT2) implies an equation of the form A Rc = Rm * Rm. The linearized
deformation equation is the same as the one analyzed in section 3, and
so one can apply the argument in theorem [l to conclude that the
metric is in fact ALE of order 7 for any 7 < 2.

5. PROOF OF THEOREM

Let (X, d,z) and B(z,1)\{x} be as in the statement of the theorem.
We already know by theorem 1.1 of [7] that B(z, 1) has a C°-orbifold
structure at x. Thus in particular, lifting to the universal cover we may
suppose x = 0 and B(x,1) C D(0,1) where D denotes the distance ball
in the Euclidean metric. Let g be this metric which is smooth away
from the origin and C° on B(0,1). Consider the metric ¢ = r~g
in inverted coordinates on R*. Fix a constant s < 1, and consider a
sequence of annuli in the metric ¢’

A=A (si“, si)

Let p; denote the distance function of the metric ¢’ on the annulus
Al. Since we have assumed a bound on the Sobolev constant, the L*-
norm of curvature, and that the first Betti number is bounded, we may
apply the analysis of section 4 in [7]. In particular we may conclude
that p; — r as i — oo. In particular the annuli A} are approaching
the standard annuli in R*. Thus the asymptotic analysis of section 4
above applies so we conclude that this metric is ALE of order 7 for any
7 < 2. In terms of the metric g this estimate yields

(5.1) g="0;+0(*7).

For § suficiently small this implies that the metric has a C1** extension
through the origin. Using results from [3] this implies the existence of
a harmonic coordinate around the origin. A simple computation using
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the Bianchi identity shows that the Bach-flat condition implies that
the curvature satisfies an equation of the form A Rc = Rm* Rec. Thus
we view the Bach-flat equation in harmonic coordinates as the system

(5.2) ARc=RmxRec
(5.3) Ag =Re+Q(g,99)
Using the curvature estimate |[Rm| = O(r~?) it follows from equation

(E2) that Re € W?2P for any p. Using equation (E3) it is clear that
g € W3P. This allows us to bootstrap and conclude that g € C~. [

Remark: Again we point out that the result holds assuming harmonic
curvature instead of the Bach-flat condition. The crucial step in the
above argument is the curvature decay rate, and we mentioned after
the proof of theorem [[LT] that metrics with harmonic curvature satisfy
this estimate.

6. APPENDIX: ANALYSIS ON THE THREE SPHERE

Lemma: 6.1. Let (5%, g) be the round three-sphere. The smallest
eigenvalue of the rough Laplacian acting on traceless divergence-free
symmetric two-tensors is 6.

Proof. Using the identification of S® with SU(2) we consider the stan-
dard global left-invariant Milnor frame X*, X2, X3 with structure con-
stants

0213 = C??l = CfQ = =2
If e1, eq, e3 denotes the corresponding coframe, we have the equation
(6.1) Vyie; = —ego(ijk)

where o(ijk) denotes the sign of the permutation (ijk) and is zero if
any of 4, 7 and k are equal. Using this global frame we may write any
traceless symmetric two-tensor as

Bije; Xe;
and compute
V*VB = — By er Mep — 2By, (Vxiep, Me + e, X Vyie)
— Bu (Vx,Vx,er Me +2Vyier X Vyie + e, W Vi Vyie)
Now a basic calculation using (G1l) shows that

ininek = —26k
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and similarly, using that B is traceless it is easy to compute
2Bklei6k X inel = _2Bkl€k X €]

Using these calculations and the fact that the smallest eigenvalue must
occur when the coefficient functions are constant, the result follows. [

Lemma: 6.2. Let (53, g) be the round three-sphere. Then given a
function ¢ € C>(S53)

(6.2) dV*NV ¢ = V*Vdo + 2d¢

and

(6.3) §(V*V)do = — (V*V)’ ¢+ 2V*Vo
and given a one-form o € NYT*S3

(6.4) 0 (V*'V)a =V*Via — 20a

and

(6.5) 5 (V'V) o = (V*V)* da — AV* Vi + 46
and

(6.6) 0Log = —V*Va+ Via + 2a

and

(6.7) Ly«wwg=V*VL,g+4L,g — 2679

and given B a traceless symmetric two-tensor

(6.8) 0V*VB =V*VéB —46B + 2dtr B
and

(6.9) §(V*'V)? = (V*V)* 6B — 8V*VéB + 166B

Proof. We use the convention that R;;;; > 0, and more specifically
choosing normal coordinates at one point we have

Rijii = (9irg1 — 9jkGit)
R, = 29
R=6
First for a function ¢ we compute
dV*V¢p = — V,V*"V,o
= — V*V;Vid — Ry V'e
= — V"V Vi +2V;6
= V*Vdo + 2d¢o
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Next
5 (V*'V)dp = — V'V'V,; V0
= —VIVIV,V,¢
= — V' (ViVIV;¢ + RjijiVio)
= — (V'V)’ ¢ — R;ijzV'Vio
= —(V'V)? ¢ +2V*Vo

In the fourth line we used that the curvature is parallel on S3. Next
we compute

§(V*'V)a= —V'V'V,q
= —VIV,Vja; — R, V¥ — Rijuu V"
— VIV.Vja
= =V (V;Vias + Rijpa®)
= V*Véa — Rijikvjak
= V*Via — 26«

and again we have used that the curvature is parallel. Using this com-
putation we have

5 (V'V)a = V'VéV'Va — 26V*Va
= V'V (V*'Via — 26a) — 2 (V*Via — 26«)
= (V'V)*da — 4V*Via + 4da
Also we compute
§Log = V' (Vi + Vi)
= — V'Va+ V;Via; + Ryua
= — V'Va+ Via + 2«
Finally we compute
Ly+vyrg = — ViV*Vy1; = V,;VE V7
= — V*V,Vir; — R V' — R VET!
— V"V, Vit — Rig V' — Rja VET!
= — V'VVir — 2Ry VT + 2V
— VAT — 2R VT + 2V
= V*VL,g+4L,g — 2619
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Now for B a symmetric two-tensor
SV*VB = — V'V/V,By,
= — VIV'V;By — RijyV'Biyx — RijuV’ By, — Riju V! B!
= — VIV'V,;By, — Riju V' B!
= —V/V'V;By — 0B +dtr B
= -V (v]‘viBij + RijuBi, + Rijlef) —0B+dtrB
= V*VB — R;;uV’' Bl — RNV’ By — 6B + dtr B
=V*ViB —46B + 2dtr B
Using this computation we have
§(V*V)? = V*V6V*VB — 46V*VB
= V'V (V*VoB - 46B) — 4(V*VoB — 44 B)
= (V*V)’6B —8V*VéB + 166B

REFERENCES

[1] J. Cheeger and G. Tian, On the cone structure at infinity of Ricci flat manifolds
with Euclidean volume growth and quadratic curvature decay, Invent. Math.

118 (1994) 493-571.

[2] Andrzej Derdziniski, Self-dual Kdhler manifolds and Einstein manifolds of di-

mension four, Compositio Math. 49 (1983), no. 3, 405-433.

[3] D. M. DeTurck and J. L. Kazdan, Some regularity theorems in Riemannian ge-
ometry, Ann. Sci. Ecole Norm. Sup. (4) 14 (1981) no. 3 249-260 MR 83f:53018.

[4] Arthur L. Besse, Einstein manifolds, Springer-Verlag, Berlin, 1987.

[5] S. Gallot and D. Meyer, Opérateur de courbure et Laplacien des formes
différentielles d’une variété Riemannienne, J. Math. pures et appl. 54 (1975),

no. 3, 259-284.

[6] G. Tian and J. Viaclovsky, Moduli spaces of critical Riemannian metrics in

dimension four, arXiv:math.DG/0312318.

[7] G. Tian and J. Viaclovsky, Bach-flat asymptotically locally FEuclidean metrics,

arXiv:math.DG/0310302.

FINE HALL, PRINCETON UNIVERSITY, PRINCETON, NJ 08544
E-mail address: [Jstreets@math.princeton.edu


mailto:jstreets@math.princeton.edu

	1. Introduction
	2. Decomposition of the Bilaplacian
	3. The Linearized Equation
	4. Asymptotic Curvature Decay
	5. Proof of Theorem 1.2
	6. Appendix: Analysis on the Three Sphere
	References

