THE GRADIENT FLOW OF fM |Rm]2 WITH SMALL
INITIAL ENERGY

JEFFREY STREETS

ABSTRACT. We investigate the low-energy behavior of the gradient flow
of the L? norm of the Riemannian curvature on a four-manifold. In
particular we show that if the initial energy is chosen small enough with
respect to the initial Sobolev constant and the H' norm of the gradient
vector then the flow exists for all time and converges to a flat metric.
We also improve the regularity result for the flow proved in [13] on
four-manifolds.

1. INTRODUCTION

In [13] we studied the gradient flow of the L? norm of the Riemannian
curvature tensor. Specifically let

Flg) = / [Rany ? dV.
M

In what follows we will often drop the explicit reference to g, as all objects in
sight will be referencing a given time-dependent metric. A basic calculation
[1] shows that

-1
(1) grad F = ddRc—R + 2 IRm|? g.

where d is the acting as the exterior derivative on the Ricci tensor treated
as a one-form with values in the tangent bundle, and ¢ is the adjoint of d.
Moreover,

Rij = Ripgr R
We will say that metrics satisfying grad 7 = 0 are critical. The negative
gradient flow equation for F is then

) 279 = - grad F

9(0) = go-
This is a nonlinear fourth order degenerate parabolic equation. Since the

equation is fourth order maximum principle techniques are not readily avail-
able, and thus we tend to rely on integral estimates. In [13] we showed
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short-time existence of the initial value problem as well as derivative esti-
mates and a long-time existence obstruction. The results of [13] are summed
up in the next theorem, which we state after a definition.

Definition 1. Let (M"™, g) be a compact Riemannian manifold. The Sobolev
constant of g is the smallest constant Cs(g) such that

_1
1711, 22, < Cs (IIV £l 2 + Vollg) ™ I1£1]2)
for any function f € C%1(M).

Theorem 2. [13] Let (M",g) be a smooth Riemannian manifold. There
exists a mazimal constant T € Rso U oo such that the solution to (2) with
initial condition g exists and is unique on the time interval [0,T). Moreover,
if T < oo then either

Lim [Rm(g¢)|co = o0
or
Jn Cs(a) = o

In this paper we aim to investigate the low-energy behavior of (2) on
four manifolds. We restrict to four dimensions because it is here that the
low-energy hypothesis has real significance, due to the fact that F is scale
invariant in this dimension. Indeed examples due to Gromov ([1] pg. 136)
show that all manifolds of dimension 5 and higher admit metrics with unit
volume and arbitrarily small value for F. First note that an “analytic”
stability theorem for solutions to (2) should certainly hold, by which we
mean convergence to a flat metric assuming C*-closeness to a flat metric
for some large k. However, one expects a small enough initial energy bound
to suffice for convergence to a flat metric. Indeed in the work of Gao (e.g.
[5]) the topological conclusion that a four-manifold admits a flat metric
if the L? norm of curvature is small enough with respect to bounds on
the injectivity radius and curvature was obtained. Moreover, studying the
“energy concentration” behavior of (2) is natural as well. For these reasons
we restrict to studying the behavior of solutions to (2) under small local or
global energy bounds.

Our main result is long-time existence and convergence assuming small
enough initial energy. In particular we have

Theorem 3. Let (M*,g) be a smooth Riemannian four-manifold. Suppose
Vol(g) = 1, Cs(g) < C, and ||grad F||;n < K. There exists a constant

€0 = €0(C, K) such that if
/ IRm|? < e,
M

Then the solution to (2) with initial condition g exists for all time and
converges exponentially to a flat metric.
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One should compare Theorem 3 to other recent low-energy convergence
results for fourth-order flows. In particular a result of Kuwert-Schazle [§]
gives convergence of the Willmore flow where the initial energy is less than
a small universal constant. The proof of this fact relies on integral estimates
related to those we employ here together with a blow-up argument. In later,
much deeper, work the same result was shown where the initial energy is
only assumed less than 87 [9]. This result is quite strong since the energy
bound is explicitly given and is moreover sharp. The argument employs the
Michael-Simon inequality which is a Sobolev-type inequality which holds
for Euclidean submanifolds with a uniform constant at the expense of a
mild nonlinearity in the lower-order term. The overall argument combines
integral estimates of the form we employ here together with a detailed blow-
up analysis.

Another analogous result is the work of Chen-He [4] on the convergence
of Calabi flow on certain low-energy Kéhler surfaces. Using an argument
of Tian [15] the low-energy hypothesis together with certain symmetry hy-
potheses implies a uniform Sobolev constant bound for the solution to the
flow. The argument again uses integral estimates together with a blow-up
analysis of potential singularities. Arguments from algebraic geometry are
employed to classify the singularity models.

In light of these two results, the weakness of our result is apparent: one
would prefer to remove the dependence on K, and ideally C' as well. The
reason for our extra hypotheses is the need to bound the Sobolev constant
along the flow. Indeed, as we noted, both approaches above exploit ar-
guments quite specific to the individual flows to yield a uniform Sobolev
constant bound along the flow. We are unable to find any geometrically
natural situations where such a bound holds for solutions to (2), but such
a bound may be possible. One idea might be to embed the family of met-
rics given by the solution to (2) in an ambient Riemannian space, use the
Michael-Simon Sobolev inequality, and attempt to bound the mean curva-
ture of the embedding as the metric changes. However we were unable to
gain anything by this approach.

The proof of Theorem 3 has two main stages. For the first stage we rely
on integral estimates, and use of the Sobolev inequality is essential to this
approach. We bound the time derivative of the L? norm of grad F using the
low-energy hypothesis. Essential to this approach is a coercivity estimate
for grad F. In particular the L? norm of grad F bounds the H? norm of
curvature up to a lower-order term which is bounded in our setting. Thus
having bounded the H? norm of curvature we bound the variation of the
H' norm of grad F, which implies a bound on the H? norm of curvature.
We can now employ the Sobolev constant to derive a curvature bound. This
suffices to obtain regularity and arbitrarily long existence along the flow,
but we are unable to derive any convergence behavior of the flow using
such estimates. For this reason we will always eventually lose control of the
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Sobolev constant. In the process of these estimates we derive two theorems
of independent interest.

Theorem 4. Let (M*,g) be a smooth Riemannian four-manifold with unit
volume. Given T > 0 there exists €9 = €0(Cs(g), ||grad F||y1 ,T) such that

if
/ |Rm|2 < €0
M

then the solution to (2) with initial condition go exists on [0,T]. Moreover,
gwen k € N and € > 0, there is a (smaller), and ineffective constant €, =

€0(Cs(g), ||lgrad F|| ;1 , T, k) such that if

/Rl <

then M* admits a flat metric which is e-close to g(T) in the C* topology.

In the process of proving Theorem 4 we will derive an improvement of The-
orem 2.

Theorem 5. Let (M*,g) be a smooth Riemannian four-manifold. Suppose
the mazximal interval of existence of the solution to (2) with initial condition
g is [0,T), with T < oco. Then
lim sup Cs(ge) =
t—T
or

limsup ||[Rm||;, = o0
t—T

for every p > 2.

In an appendix we give the second stage of the proof of Theorem 3, which
is an analytic stability theorem. In particular, assuming one is sufficiently
C*-close to a flat metric, we prove by a spectral analysis that the solution
to (2) exists for all time and converges. Arguments of this kind are becom-
ing quite standard and common, but we include a proof for convenience.
The main theorem clearly follows by combining Theorem 4 with Theorem 6
below.

Theorem 6. Let (M*,gy) be a flat Riemannian manifold. There exists a
constant k and € > 0 so that if g is another metric on M such that

|9 — 9ol < €

then the solution to (2) with initial condition g exists for all time and con-
verges exponentially to a flat metric.

We now outline the remainder of the paper. In section 2 we record some
basic properties of grad F and moreover prove a coercivity-type estimate
which is at the heart of our estimates. Section 3 records some basic proper-
ties of equation (2), including evolution equations for grad F and V grad F
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and L? derivative estimates for curvature. In section 4 we give an a-priori
estimate for general solutions to (2) on time intervals where the change in
energy is small. This estimate is quite general, and we use it to give the
proof of Theorem 5.

2. PROPERTIES OF grad F

In this section we recall some basic properties of F and its gradient. We
also show a coercive estimate for grad 7 which holds under a low-energy
hypothesis. This bound is essential to the estimates of (2) which follow in
the next section.

Lemma 7. Divergence-Free condition Let (M",g) be a Riemannian
manifold. Then

(3) divgrad F = 0.

Proof. This follows from general principles because F is a diffeomorphism
invariant functional, therefore its gradient is L?-orthogonal to the infini-
tesimal action of the diffeomorphism group, which are given by gradients
of vector fields. The adjoint of that action is to pair the vector field with
div grad F, which therefore must vanish. This of course can also be verified
by direct calculation. O

Lemma 8. Coercive Estimate There exists a universal C > 0 so that

/ V2 Rm|” < c/ lgrad F|* + |V Rm|? |Rm| .
M M

Proof. First we observe that a formula exists expressing A Rm in terms of
second covariant derivatives of the Ricci tensor. In particular,

ARm = L(V?Rc)
where £ denotes a universal linear expression. This implies that
|JARm| < C'|V*Re].
Thus integrating by parts we see that

/ V2 Rm|* = / ViV Ryt V' VI RFI
M M
= - / Vi Ry Vi V' VI REIMT
M
(4) = / Vi Rimn VVARM™ 1V Rm*? + Rm
M
:/ |ARm|* + VRm*?« Rm
M

< C/ V2 Re[* + |V Rm? [Rum
M
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A similar integration by parts identity shows

/M |ARc|]? = /M ViViRcjx ViV Rejy,
(5) :/ V2 Re|® + Rm #V Rm*?
M

2/ ‘VQRC‘Q—C’/ |Rm| |V Rm|?.
M M

Next we need a Kato-type inequality for the derivatives of the Ricci cur-
vature achieved by a representation-theoretic decomposition of V Rc. Let
E denote the traceless component of the covariant derivative of the Ricci
tensor. In particular one has for a general Riemannian metric

n—2
2(n+2)(n—1)

Eijk =V; chk — (Vksgij + Vjsgik) — Visgjk.

(n+2)(n—1)

Using this decomposition we can further write

n—2
ViV;Ry = ViEj + S+ 2) (1) (ViVisgjr + ViVigsgji)
n
o

and moreover VFE is orthogonal to the other terms in the above formula.
Therefore taking the norm squared of the above formula when n = 4 yields

90

2 2
|V* Rl 2 204

At

1 2
> - |V2%s]”.
Lol

Finally we observe the identity

/<ARC,V25>dV: / V'V;Re VFVLs
M M
= — / VFVIV; Rew Vs
M
= —/ AV*R, Vs + VRm*? « Rm
M
1
:/ ~V;ViV;sV;s + VRm*™ «Rm
2

:/ %!st{Q—FVRm*Q*Rm
M
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which follows from the Bianchi identity and integrating by parts. This
implies

(6)
/]grad}"\Qz/ ‘2ARC—V25+Rm*2‘2dV
M M

> / 4|ARc - 4(ARc, V2s) + | V2s|* + V2 R+ Rm*?
M

v

/ 4|ARc]?* - |V2s|* + Rm +V Rm*?
M

1 2 2

> ARc|"-C Rm|” |[Rm|.

> i | 1aRel = [ |9 Ra? R

Combining inequalities (4), (5) and (6) yields the result. O

Corollary 9. Let (M*,g) be a Riemannian four-manifold. There exists
€0 = €0(Cs(g)) depending only on the Sobolev constant of g such that if

/ IRm|? < €
M

/ ‘V2Rm|2 SC/ lgrad F|? + C(Cs)eo
M M

then

where C' 1s a universal constant.

Proof. From the previous lemma we have
/ }V2 Rm‘2 < C’/ lgrad F|* + |V Rm|? |Rm| .
M M

We now estimate using Holders inequality, the Sobolev inequality and inter-

polation
3 3
(o) (o)
M M
1
Cyel (/ \V2Rm|2+/ |VRm2>
M M

< CCsel (/ \VQRm\2+eo>.
M

Thus for ¢y chosen small with respect to the Sobolev constant, we can absorb
the term C [,, |V Rm|” |Rm| and the result follows. O

IN

/ |V Rm|? |Rm|
M

IN

3. BASIC PROPERTIES OF EQUATION (2)

In this section we recall some basic properties of solutions to (2). In the
introduction we stated the general short-time existence of solutions together
with a long-time existence obstruction. Here we note that the volume stays
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fixed along a solution to (2), recall the Hy-estimates of curvature, and further
derive evolution equations for curvature quantities for a solution to (2).
Lemma 10. Let (M*, g(t)) be a solution to (2). Then Vol(g(t)) = Vol(g(0)).

Proof. A basic computation shows that when n = 4 one has trygrad 7 =
2AR. Therefore

1
gVol(g(t)) = / try grad FdV = / ARAV = 0.
The result follows. U
Lemma 11. [13] Let (M",g(t)) be a solution to (2). Then
0
av’f Rm = — A’V Rm 4P} (Rm) 4+ P¥ (Rm)

where PX (Rm) refers to a product of m terms in the curvature and its deriva-
tives where the sum of the total number of derivatives appearing is k.

A consequence of these evolution equations is an L? heat kernel estimate for
solutions to (2).

Theorem 12. [13] Let (M™,g(t)) be a solution to equation (2) with M
compact. Then for every o > 0 and m € N, there is a constant Cy, depending
only on m,n and max{a, 1} such that if

«
|Rm|CO(Mt) § K fOT t 6 |:0, ﬁ]
then
Cr||Rm || 22 (1)

a
V™ Rm |[p2(ar,) < fort e (0, —].

- tm/4
Lemma 13. Let (M",g(t)) be a solution to (2). Then

aatgrad}": — A?grad F + V2 grad F « Rm +V grad F * VRm

+ grad F * Rm*2 + grad F « V> Rm.

Proof. 1t is well known that for a general family of metrics g(s) with % g(s) =
h one has the formulas

ng:V2h+h*Rm,

s

0 1

D5 RCZ']' = — 5 (Ath’j + VZVJ trh —V; diVj h — Vj diVj h) s
0
%R: — Atrh +divdivh — (h,Rc) .

In the second line Ay, is the Lichnerowicz Laplacian. From the first formula
we derive for a solution to (2)

gt Rm*? = V2 grad F * Rm + grad F « Rm*?.
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Consider next
ARCij = g% (8+F) (8+F)Rcij .

Together with the formula for the variation of the Ricci tensor and (3), we
see that for a a solution to (2),

0
o (—2ARc) = — AAgrad F — AV,;V, trgrad F

+ V2 grad F + Rm +V grad F « VRm + grad F * Rm*? + grad F « V2Rm .

Likewise we have

o
57 ViVis = ViVjAtrgrad F + V?grad F * Rm +V grad F * V Rm

+ grad F * Rm*? + grad F « V> Rm.
Finally we note that one can commute derivatives to yield

V.VjAtrgrad F = AV,V; grad F + V* grad F * Rm +V grad F * V Rm
+ grad F *« V2 Rm.

Combining these calculations yields the result. ([

Lemma 14. Let (M",g(t)) be a solution to (2). Then

3

o ) A 4
5 VeradF = —A Vgradf+;v9gradf*v I Rm

+ Vgrad F + Rm*? 4+ grad F « VRm* Rm .

Proof. Using the result of the previous lemma we compute

QV grad F =

0
5 ; 0+7T)grad F

(
0
<6t grad}") + V grad F x grad F

ot
\Y

=V (—A2 grad F + V2 grad F « Rm +V grad F * VRm
+

grad F * Rm*? + grad 7 * V> Rm) + V grad F * grad F
3
= — A’Vgrad F + Z V/ grad F « V377 Rm
§=0
+ V grad F * Rm*? 4 grad F *+ V Rm * Rm
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4. AN A-PRIORI ESTIMATE FOR grad F

In this section we give a proof of Theorem 5. Most of the section will be
consumed with deriving an a priori estimate for the L? norm of grad F, and
the proof will be given at the end of the section using these estimates. To
simplify notation we will set

E :=grad F.

We fix a certain setting to derive estimates. Let (M?,g) be a Riemannian
manifold. Let ¢y be a small constant which will be fixed later and fix a time
interval [to, 1] such that the solution to (2) with initial condition g satisfies

t1
/ / |E*dVdt < ey < 1.
to M

Note that this condition is satisfied for arbitrary time intervals if the initial
condition satisfies

/ IRm|*>dV < €.
M
Furthermore assume that for any ¢ € [tg, t1] one has

Cs(gt) < A.

Without loss of generality we assume A > 1. Our goal is to derive further
estimates on the time-dependent metric given these hypotheses. In what
follows C' will denote different universal constants. All dependencies on ¢
and A will be made explicit. We will now derive an estimate for the L?
norm of F. An immediate corollary of Lemma 13 is the evolution equation

0
5 I1EIE: = ~11AEIf: + [ ExV?EsRm
(7) M
+/ E % VE* VRm+E*? + Rm*? +E*? « V2Rm.
M
Integrating by parts and commuting derivatives yields
|AE|7. = / ViViEjViViEj,
M
_ / IV2E[* + Rm+V E*2
M
> / IV2E[* - C/ |E||V2E| |Rm|
M M

- c/ \E||VE| |V Rm|.
M
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Combining this with (7) and integrating over the time interval [to, t1] yields

By + [ [ V2P
(8) < |E\|%2(gt0)+C/ / [1E||V2E| [Ru|
to M

+|E||VE| |V Rum| + |E[? Rm[* + |E|* | V? Rmﬂ .

We now proceed to bound the terms on the right hand side of the above
inequality in a series of lemmas.

Lemma 15. Given (M*, g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1
/ / |E|? Rm|*> < CA% {1 + sup / ’V2 Rm}2 +/ / ‘VQE‘Q} .
to M to<t<t1 J M to M

Proof. First we apply Holder’s inequality and the Sobolev inequality to yield

/M!EPRmQ < (/M‘E‘4)é (/M yRm4>‘1*
< CA? (/M|VE!2+/M|E!2> </M|va|2+/M|Rm|2>

=T+ IT+1IT+1V,

where the Roman numerals refer to the four different terms in the expanded
product. First we bound the main term, integrating by parts

[=cA? /M|VE]2/M|VRm\2
e ( /M (B, A]15>) < /M (Rm,lA Rm)> | |
() () () (] o)
<o () ([, weet) (], emr)

Integrating this bound in time and applying Holders inequality to the time
integral yields

(10)

bt 2 % t1 % t1 9 %
to to<t<ty M to M to M
1 2 t 2
< CA%¢¢ { sup / |V? Rm| +/ / |V2E| ]
to<t<t, JM to JM
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The lower order terms are easier to bound. We bound by interpolation

/ H—/ /WE| / R/
o ([ ()
<on([ [ee) ([, weer)
< Cel [1+/1to /M}VQEE]

For the third term we again interpolate

t1 t1
/ I =C / |E|2/ |V Rm|?
to to M M
n 2 2\ 2 21, |2 :
cof fyme () (] )
to JM M M
1 9 3 [t
< Ce¢; sup </ ’v2 Rm‘ ) / / |E?
to<t<t; \JM to JM

§Ce§ [1+ sup / |V2Rm‘z].

to<t<t1 J M

Finally we make the bound

t1 t1
/ w=c /\E|2/ R’
to to M M
t1
<ceo [ [ |
to M

3
< C¢f.

O

Combining these bounds gives the result.

Lemma 16. Given (M*,g(t)) a solution to (2) with the above hypotheses
satisfied, one has

(11)

h 2 |2 2 3 2 2 " 212
/ /yE| |V?Rm| < CA%€¢ [1+ sup / |V Rm| +/ / ‘VE‘]
to M to<t<ti J M to M
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Proof. First we apply Holder’s inequality and the Sobolev inequality to
bound

[ 1P v Rl < [ 157 |9 Rl

(f E\4>; () 1w Rm|2>é |

<a( [ vers /M e2) ([ 1?2 ) |
([ee) ([ 1wer) s+ [ iee| ([ 19raf).

In the last line we applied interpolation to the integral [, |[VE |2. The second
term above may be integrated in time to yield

t1 9 2 % 2 %
C’A/ / |E| (/ |V? Rm| ) < C’A< sup / |V? Rm| ) €0
to JM M to<t<t:1 JM

< CA% [1 + sup / ’V2 Rm}z} .
M

to<t<ty

IN

<CA

The first term above is integrated in time and bounded as in line (10),
yielding the result. 0

Lemma 17. Given (M*,g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1
/ /]E\ IVE||V Rm| < CA% [1+ sup / \V2Rm12+/ /|V2E|2].
to M to<t<ti1 J M to M

Proof. We apply Holder’s inequality, the Sobolev inequality and interpola-

tion to bound
() (f o) (fmm)
oo () (Lot o)
</M\vQRm}z+/M|VRm|2>é
<o ([ \Erz)é ([ 17+ [ rEP)é -
</M\V2Rm}2+/M|Rm|2>%.

The time integral of each of the terms above has been bounded in the pre-
vious two lemmas, and so the result follows. O

IN

/ \B||VE| |V Rm|
M

IN
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Lemma 18. Given (M*, g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t t
/1/ |E||V2E| |Rm| < CA2€§ [1+ sup / \V2Rmy2+/l/ |V2E|2}
to M to<t<ti1 J M to M

Proof. We start by applying Holder’s inequality and the Sobolev inequality

() (f )’ (] )
A2 (/M IVE|? + /M ]E]2>21</M \VQE\2>2
(/M IV Rm|? + /M ]Rm]2>2

=A*(I+II+IIT+1V).

IN

/ |E||V2E| |Rm]
M

IN

where the Roman numerals denote the four terms in the expanded product
above after applying the inequality va + b < \/a + v/b. First we bound the
highest order term

[lo= (] eee) (f 192 (], o)
< [ () () (), o) (f, roonar)
< Ct::zal () ([ o) ([ ], oer)
oot [, [ 1w [ ] o]

Next we bound

A ) () ([ er)
cof () (L)
([ L) ([ f o)

< Cel [1+/M ]V2E|2].
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For the third term we bound

o= () (o) (] v
() ([ ey ([ i9m) (] mof)
(am f 1) ([ L) (f] ot

<ce [+ s [ vrrals [0 ] 9mp).

Finally we estimate

= () (o)’ (] o)
<[ L) ([ fee)
<o [1+/t0 /M\VQEE]

Combining these four estimates and using that ey < 1 gives the result. [J

IN

| /\

Proposition 19. Given (M*,g(t)) a solution to (2) with the above hypothe-
ses satisfied, for ey chosen small with respect to A one has

1
sup HEH%Q +/ / ‘V2E| < 2|\E||L2 (9t )+CA264 [1 + sup / ‘V2Rm|2} .
to<t<ti to<t<ti J M

Proof. Combining Lemmas 15 - 18 and plugging into (7) yields

t1
sup 1B+ [ [ |veEp
to<t<ty to
t1
||EHL2 +CA260 [14— sup / ‘VQRm‘z—i-/ /‘V2E‘z]
M to M

to<t<t;
Therefore for ¢y chosen small enough with respect to universal constants and
A we conclude the result. O

Proposition 20. Given (M*,g(t)) a solution to (2) with

/]Rm] < €p.

Suppose the solution exists on [0,T). Then for ey chosen small with respect
to A one has for any tyg <t <T.

t1 1

2 =

sup 1B+ [ [ VB[ < 211BllExg, + CA%
0

to<t<ty
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Proof. As noted above, the hypothesis [,, [Rm|* < ¢y implies ftl;l [y |EP? <
€o for any ty < t; using the gradient property. Therefore the result of
Proposition 19 applies. We now apply the coercive estimate to absorb the

term supy,<;<4, [is ‘V2 Rm{2 into the left hand side for €y small. First we
note the bound

; ;
/yVRm|2|Rm|g (/ |VRm\4> </ |Rm|2)
M M M
1
§e§A</ \VQRm\QJr/ \VRmF)
M M

Moreover we interpolate to estimate

/ |VRm|* = —/ (Rm, A Rm)
M M

Therefore by the coercive estimate of Lemma 8, for a Riemannian metric g
satisfying our hypotheses,

/ ‘VQRm‘Q < C’/ |E|” + |V Rm|? |Rm|
M M

1 1
gc/ |E|2+2€§A</ \szmerceg).
M M

1
This implies that if we choose ¢§ < 46%4 we obtain

1
(12) / V2 Rl < C/ |E|* + C A€}
M M
The result follows. ([

Proof of Theorem 5: Fix (M%,g) a smooth Riemannian four manifold.
Suppose that the maximal interval of existence of the solution to (2) with
initial condition g is [0,7) with T' < co. Moreover suppose that

limsup Cs(g;) = A < o0

t—
and
limsup |[|[Rm||;, = Q < o0
t—

for some p > 2. We may rescale our solution in space and time to yield a
new solution which, relabelling the new time interval to [0, T], satisfies

limsup |[|[Rm||;, =9
t—T
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where § is chosen small with respect to A, which doesn’t change under
rescalings, and universal constants.

Since the functional F is monotonically decreasing and bounded below,
given any €p > 0 we may cover [0, 7] by finitely many intervals {[¢;,t;+1]} of
a fixed length such that for all ¢ > 0 one has

tit1
(13) Flon) - Flgn.,) = / /ME'2 < e
t;

We are also able to exploit the coercive estimate with our given bounds. In

2p_
particular, for our given p, choose g such that L»=T embeds in HY{, and note
that ¢ < 2. Thus we can estimate

p=1 1
/\VRmmRmyg (/ yVRm\ﬁpl) ’ </ \Rm\p)p
M M M

caa[ () (] )]
< g/ IV2Rm|* + C(A, Vol(g)).
M

Plugging this estimate into Lemma 8 yields
(14) / IV2Rm|* < C(4, Vol(g)) [1 + HEHiz} .
M

Using (13) and (14) in Proposition 19 yields that
sup  [|E||72 < 2||E[72(,, ) + C(8, 4, Vol(g)).

t;<t<t;+1
Therefore || E||2 grows at worst linearly over the interval [t;, ;41]. Tt follows
that ||E||3, is uniformly bounded on [0,T] and moreover [ v V2 Rm}2 is

bounded. By interpolation we have that [, [V Rm|2 is bounded as well.
Since the Sobolev constant is bounded, we may know by Theorem 2 that

LEAEES

Fix a sequence of times ¢; — T' and let A; := |[Rm|co(,, ). Consider the
sequence of solutions

g9i(t) = Aig <;2 + ti) :
i
These solutions have uniformly bounded curvature and Sobolev constant
up to time 0, and therefore uniformly bounded injectivity radii. It follows
from the compactness result ([13] Theorem 7.1) that the g;(¢) converge to a
smooth nonflat solution (M, goo(t)) of (2) on (—oo,0]. Moreover, since the
volume is fixed along a compact solution to (2) one has that Vol(ge(0)) = oo.
Also, since bound on [}, |V Rm|2 is uniformly bounded in the given flow and
has scaling weight —1, it follows from Fatou’s Lemma that [ [y AY Rm\ioo =
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0. It also follows from Fatou’s Lemma that | Mo |Rm|§oo < C. It follows
that (M, goo) is a nonflat symmetric space with infinite volume and finite
L? norm of curvature, a contradiction. Therefore we conclude

Jimg, [Rim|cog,) < oo,

and so existence follows from Theorem 2. O

5. PROOF OF THEOREM 4

In this section we give a proof of Theorem 4. Our main goal is to derive
estimates of the L? norm of VE. We fix a certain setting to derive these
estimates. Let (M*,g) be a Riemannian manifold of unit volume and let g;
be the corresponding solution to (2). Let ¢y be a small constant which will
be fixed later and suppose

IRm[? dV < «.

/ M 90

Furthermore assume that for any ¢ € [to,¢;] one has
CS (gt) < A.

Without loss of generality we assume A > 1. It follows from Proposition 20
that this implies a bound on || E||7. depending on A, as well as a bound on

/ M ‘Vz Rm|2 as we argued in the proof of Theorem 5. So, in what follows
below, C' will denote a generic constant depending on A and | M |V2 Rm‘Q,
which is bounded by constants depending on ||E||32 (90) and A.

We derive the evolution of the L? norm of VE. As a consequence of
Lemma 14 we get

3
;HVEHiz = - HAVEHinr/ > VIE« VP Rm+VE
M =
7=0

+ / VE*? «Rm*? +E « VRm« Rm «VE.
M
First we integrate by parts to see
IAVE|Z2, = / V.ViVEVIV,VE
M
= — / V'VEV,;V'V,VE
M
= — / VVEVIV,V,VE + Rm +V*E*?
M

= HVSEHQLQ—F/ VE « Rm*V3E + VE « VRm «V2E.
M
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Therefore, integrating in time we conclude

t1
2
sup ||VE|yig+/ /yv3Ey
to<t<t to M

t1 3 . .
(15) < |WE||§2(%)+/ / S VB + V3 Rm+VE
to M

t1
+ / / VE? s Rm™ +F * VRm*Rm+VE.

Lemma 21. Given (M*, g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1
/ / IVE|]? Rm|* < C¢ [1+ sup ||VE|[3. +/ / yv3E12].
to JM to<t<ty to JM
where C' = C(A, [|E|| 2(p))-

Proof. We estimate using Hélder’s inequality and the Sobolev inequality

t1 t1 4 % %
[ fwermn [ (] wo) (] o)
to M to M M
t1
SC/ </ \VQE\2+/ yVEP)-
to M M
(/ |VRm\2+/ |Rm]2)
M M

t1
=C I1+11

to

where the terms in Roman numerals are the two terms in the expanded
product. We bound them each. First using interpolation we see

/:I_/to [ v (/ ¥ Rin? +/ Rm\)
[ (o) ([ o)
() () )
(cd+a) s 1oeis ([ [ 9°8F)

1
Ced [ sup |]VE||%2+/ / ‘V3E‘Q].
to<t<ty to M

IN

IN

IN
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Next we bound the lower order term

[ [ ese ([ e +/ Rl |
ot [ () (o)

cd () ()

< cef s VI ([ /\VBE\)

< Ceg [14— sup ||VEH%2+/ / ‘VSE‘Q].
to M

to<t<ti

IN

Ol

The result follows. U

Lemma 22. Given (M*,g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1
/ / }VQE‘ |VRm| |[VE| < Ce; [1 +/ / }V3E‘2}
to M to M
t1 1 t1 9
/ / VE*? % V?Rm < Ced [H/ / IV3E| }
to M to M

where C = C(A, [|E| 2(p))-

and

Proof. We estimate using Holder’s inequality, the Sobolev inequality and
interpolation

/to / \V2EWmeEy< ( WQE\) (/M]VRm\Z)QI(/M]VE\4>4 |
<ce§ /t“ (/ e+ [ v )2(/M\v2E\2+WEy2>2
RIS

< Ce} [1+/to / \V:”Ew

The first formula follows. For the second we simply integrate by parts to
see

/VE*2*V2Rm:/v2E*VE*VRm
M M

< C/ |V?E||VE||V R
M



THE GRADIENT FLOW OF fM |Rm|2 WITH SMALL INITIAL ENERGY 21

and the second result follows. O

Lemma 23. Given (M*,g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1 9
/ / V3E «Rm*VE < Ceg [1+/ / IV3E]| ] :
to M to M
where C' = C(A, [|E|| 2(0))-
Proof. First we integrate by parts to see

t1 t1
/ / V3E «x Rm*VE = / / V2E*? « Rm +V%E « VRm *VE
to M to M

t
< C/l/ IV2E|* |Rm| + |V2E| |V Rm| [V E] .
to M

The second term is bounded using Lemma 22. For the first we estimate
using Hélder’s inequality and the Sobolev inequality

t1 9
/ / |V2E|” |[Rm| <
to M

IN VAN
s~
2o

A/~ /—~ T__
& == <
4 =
E \—f\w
N

+ —

— _

_ o)

1 £

= —

N

The result follows. O

Lemma 24. Given (M*, g(t)) a solution to (2) with the above hypotheses
satisfied, one has

t1 1 t1
/ /|E| VE||V Rm|[Rm| < Ce? |1+ sup |VE||§2+/ / \v%f]
to M to M

to<t<t:

where C'= C(A, [|E|[12(g))-
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Proof. We estimate using Holder’s inequality and the Sobolev inequality
t1
/ / \E||VE||V R [Ru|
to M
n : : : :
L) (o) () ()
to M M M M
1 1
Lot 2 2\ ? 2 12 22
gceg/ /|VE|+/|E| /\VE\+/|E1
to M M M M
1 t 2 2
gcsg/ (/ |V2E| +/ ym)
to M M
t1 9 % 9 %
1+/ (/ yvm) (/ \V3E\)
to M M

1 t1
< C¢; [1 + sup HVEH%z —I—/ / ’V3E’2] .
to M

to<t<ty

=

< C¢;

The result follows. O

Lemma 25. Given (M*,g(t)) a solution to (2) with the above hypotheses
satisfied, for arbitrary § > 0 one has

t1 1 t1
/ E+V?Rm*VE < Cel [H sup ||VE\|%2+/ / \V?’Eﬂ
to to<t<t1 to M

where C'= C(A, || E|[12(g))-

Proof. First we integrate by parts to see

t1 t1
/ / ExV?Rm*VE = / / VE2 «VZRm+E +* V2ZRm+VE
to M to M

t1
<C / VE* % V?Rm+ |E| |[V?Rm| |[VE|.
to M

The first term is bounded using Lemma 23. For the second we estimate
using Holder’s inequality and the Sobolev inequality

t
/1/ |E||V*E||V? Rm|
to M

< [ (L) ([ wer) () eemt)

1

= C/: </M VEF+ /M ‘E’2> i </M |V3E}2 * /M ’EF);

t1
<C I+ 1T+ 11T+ 1V.
to
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where the Roman numerals refer to the terms in the expanded product after
applying the inequality va + b < \/a + V/b. In particular we can bound

[ [ () (L)
[ (L) (Liwer) (o)

/totl (/M |E|2)4 (/MIVE|2>8 </M |V3E|2)g

IN

<
1 t1 9 i t1 32 % %
< ek ([ o)’ ([ (] o)
to<t<tp to JM to M
<

1 131
el [H sup ||VE||iz+/ /|V3E|2]
to<t<ty to M

The lower order terms are much easier. First we have

1 1
t1 t1 9 2 9 2
/ n:/ (/ |VEy> (/ |E|>
to to M M
t1 9 %
< sw vl ([ [ 1e¢)
to<t<ti to M

1
<¢; [1—1— sup ||VEH%2] .
to<t<ty

([ fee) ([, o)
eé [1+/t:1 /M\V3E]2].

t1 t1
/ IV:/ /]E]QSGO.
to to M

The result follows. ([

Next we see

[ (L) ([ ety

Finally we bound

IN

IN

Proposition 26. Given (M*,g(t)) a solution to (2) with the above hypothe-
ses satisfied, there exists eo = €o(A, |[E||2()) such that if F(go) < €o then

(16)

t1 1

2 =

sup [IVENE: + [ [ VB[ < 20V, + OBl
0

to<t<ty

Proof. This follows immediately applying Lemmas 21 - 25 in (15). O
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Proof of Theorem 4: Fix (M*,g) a smooth Riemannian four-manifold
with unit volume, and fix 7" > 0. We aim to show that for ¢y chosen
small with respect to ||E(g)||,, Cs(g) and T' the flow exists on [0, T]. Let
A =4Cs(go). We want to show that the bound Cg(g;) < A is preserved on
the time interval [0, 7. First choose €g small with respect to A and |[E|| 2 g
such that the results of Propositions 20 and 26 apply. We apply a multi-
plicative Sobolev inequality to estimate the C° norm of E. In particular, we

apply Theorem 34 with m =2,p=8 and a = % to conclude

(SIS

1
1Ellco < CA)IElz2 [IIVEl s + || ]| 1]

Applying the Sobolev inequality and interpolation inequalities one has

1
VBl = ||IVEP||?,
1 1
< C(4) [HVVEF : +H|VE|2 2]
L2 L2
1 1
< o(4) (/ \VQE\ZWE|2>4 + </ VE|4>4
M M
< CA) [||V2E| o + IV El| 4]
< CA) [[[V?E| 2 + |[V°El[ 12 + IVE]| 2]
< CA) [|IV2E||» + 1Bl 2] -

Likewise ||E|| s can be bounded to yield
IVEIls + [1Blls < CA) ([[VPE[| 2 + [1B]l.2) -
Thus plugging this into the above equation and integrating in time we yield

T T 1
/0 1Bl o < C(4) / 1B [|IV3E|| 2 + 1Bl 2]

L

<cw ([nmi)" ([ [}|V3E||iz+\|Eli2D§ (/()Tl)é

1
< C(A,||VE||12)elT?.

(S

In the last line we applied the result of Proposition 26.
We have bounded the time integral of the C° norm of the time derivative
of g. Thus

[N

1 1 1
e~ CAIIVE|l2)eg T2 C(A|IVE|l2)eg° T

go<gt<e 9o-

it follows from Lemma 33 that for ¢y chosen small with respect to A and T'
and ||E||;: one has

Cs(gt) <2Cs(g0) < A
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for all ¢ < T. Also, applying Proposition 20 and arguing as before we
conclude a bound on ||[Rm||;4 for all ¢ < T. Thus Theorem 5 applies to
conclude smooth existence up to time T'. This proves the first statement of
Theorem 4.

To show the second statement we will use a compactness argument. We
have noted before that bounds on Cg(g) and ||E(g)||1 imply a curvature
bound. Also, volume and Sobolev constant bounds imply a diameter bound
for g. Thus we may apply [5] Theorem 0.11 with A = 0 to conclude that
there exists a small constant € so that if F(0) < e then there exists a flat
metric on M. Moreover, any metric satisfying these same bounds is C1:°-
close to a flat metric. Thus in particular g(T) is at least C1%close to a flat
metric once ¢ is chosen small as in [5] Theorem 0.11. It remains to show
bounds on the derivatives of curvature at time 1. Suppose at least T' > 1.
Now fix some k. The L?-derivative estimates of Theorem 12 imply that

||[vVm™ RmHLg(g(T)) < C’meé where the constant C), depends on m and the
curvature bound, which in turn only depends on the bounds on Cg(g) and
||E(g)||f1- Choosing m large enough and applying the Sobolev inequality
it follows that the C*-norm of g(T) can be made small with respect to €,
and the result follows. O

6. APPENDIX: ANALYTIC STABILITY

In this section we give the proof of Theorem 6. As mentioned in the
introduction, the proof essentially relies on a linear analysis, specifically
understanding the spectrum of the linearization of grad F at a flat metric.
Results of this type are quite standard, see for instance [3] [6], [11], [12],
[14]. Our argument is quite similar to that used in [11] and [14]. Since these
techniques are becoming quite common, and they are not the main thrust of
this paper, we will at points give only sketches of proofs. The main points
are that the linearization of the gauge-fixed operator of grad F is positive
semidefinite at a flat metric, and that the kernel of said operator is realized
through variations of flat metrics.

The linearization of grad F is the second variation of F, and as such
we will denote it D?F. We will show that when acting on divergence-free
symmetric two-tensors this operator is semi-positive. To that end, fix a
flat metric go and let d3  denote the L?-adjoint of the divergence operator
associated to go, and let Iy, 544, be L? projection onto its image. Define

(17) Pyy(h) = Dy F (I 5-h)
and let
(18) Lgy(h) == (D2, F — Py,) (h).

Proposition 27. Fiz (M*, g9) a flat Riemannian manifold of unit volume,
and fit h € Sym?> T*M. The second derivative of F at go with respect to h
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18

(19) D2 F(h) = A%h+ V3, (div? h) — Vi Adivhj — VA div hy.
Moreover, Lg, = AZ > 0.

Proof. First of all it since the underlying metric is flat it is clear that
.1 5\’
R—Z|Rm| g) -h=0

since these terms are quadratic in curvature. Next we have

(0dRe) -h= — %M (Ah+ V2 trh — V;divhg — Vi, div hy)
= A (Ahj + Vi trh — V;div by, — Vi div hy)
— V"'V, (Ahpg + Vo ptrh — Vi div by, — Vi div by
= Ah + V7, (div® h) — Vi Adivhj — VA div hy.

Thus we have shown (19). The operator Lg, is given by the action of D2 F
on divergence-free tensors, thus Ly, = A% > 0. (I

Note that because of the diffeomorphism invariance of F, we will always
have some zero eigenvalues of L coming from the action of the diffeomor-
phism group. However, there are further degeneracies coming from the
nontrivial moduli of flat metrics near gy. For this reason, we do not nec-
essarily expect that the flow should converge to the given flat metric go,
but perhaps to one close by. An important property of flat metrics is that
the space of nearby flat metrics has a manifold structure. In general this
property is often referred to as integrability of the metric gg. Specifically,
for a flat metric g, the operator L = A? simply acts as the usual bilapla-
cian on the coordinate entries of a tensor h, i.e. (A?h);; = A%(h;;). Since
the bilaplacian on functions has kernel given only by constant functions, we
have that the kernel of L is made up of tensors h with constant entries. The
metrics g(t) = g+th are all flat, with first variation h. This is the condition
we will exploit in the proof below.

Proof of Theorem 6: Fix h a symmetric two tensor such that |ho|ox <
€ < e where k, € and € are to be chosen later. In fact all we will need is
k > 6. We want to show that solution to the equation

(20) Friaiie grad F
9(0) = go + ho

exists for all time and converges for € chosen small enough. We will want to
use standard parabolic regularity theory, so we in fact look at the gauge-fixed
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flow

(21) ag = - gra'dgf + Pgo(g)
9(0) = go + ho

where P is defined as above. We showed in [13] that the operator Py, can
be accounted for by diffeomorphism flow. Indeed this is how short-time
existence of solutions to equation (20) was proved. In particular there exists
a one-parameter family of diffecomorphisms ¢; such that if g(¢) is a solution
to (20) then ¢;(g(t)) solves (21). Note that go is stationary for (21) since it
is critical and Py, (go) = 0. Let h(t) = g(t) — go where g(t) is the solution to
(21). We start with the basic calculation

gth = —grad, F + Py (g)
(22) = — (grady, F + Dy, F(h) + Algo, ) + Py (9)
= — (D}, F(h) = Py () + Algo, h)
= — L(h) + A(go, h)

where A represents the higher order terms in the approximation of grad, 7
by DSO]: (h). Specifically we have the bounds

4
(23) [A(go, W)l cr < C Y |Vh| o [ VR o
j=0

where the constant C' depends on bounds on the C° geometry of g(t),
which we are assuming is staying bounded along the flow anyways since
lg(t) — golcx < €. So, fix T > 0 and a small ¢ > 0. We would like to
show that for €’ small enough as above our solution exists on [0,7") and
|h(t)|or < € on this interval. We start with an L? growth estimate. In all of
the calculations to follow, unless explicit reference is given the metric being
used is the background flat metric gg.

Lemma 28. There exists a uniform (independent of €,¢',T) constant C' so
that if |h|ow < € for allt € [0,T), we have

[ moF avy, < [ fhol v,
M M

Proof. Multiplying the final equation in (22) by h and integrating over M
gives

(24) 5 [ o, < [ s,

using that L is positive semidefinite. By straightforward bounds using inte-
gration by parts and the assumed C* bound on h for k > 4 we are able to
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get the bound

[ asmav| <ce [ kv,

where C' depends only on gg. The result follows immediately O

Lemma 29. There exists € = € (T, €) < € such that if |ho|ox < €, then the
solution g(t) exists on [0,T) with |h(t)|ox < € for allt € [0,T).

Proof. We plan to use the standard parabolic regularity theory. First we
rewrite the evolution equation for h as

0
(25) 5= —A?h + A(go, h).
Fix a time 7 < T. We first will get an estimate for [ [,, ‘VZh‘degOdt.
Take the inner product of (25) with h and integrate over M to get

10 2 2
5o == [ 1R [ A m e

—/ yAh\2+Ce/ ||
M M

Now we integrate by parts, commute derivatives and use the flatness of gg
to conclude

(27) /M\v%\Q - /mh\?.

Using this and integrating over time we conclude

//\v%\?g/ |h0\2+067’sup/ (D).
o Jm M 0,7) /M

So, using Lemma 28 we see that fOT / M ‘V2h‘2 can be made small comparable
to €. Continuing in this fashion we can induct to get a bound of the above
form for all covariant derivatives of h. Indeed, following the usual proof of
parabolic regularity we can in fact get bounds of the form

-
Iy lf’pvqh

o Ja|OtP
for all p,q > 0. One can now apply the Sobolev inequality (with respect to
go) to conclude C* bounds on h in terms of ¢/. These bounds will hold over
any time interval where the L? norm of h is still small. This time can be
made arbitrarily large with small choice of ¢ by Lemma 28. At this point

standard parabolic regularity results apply to conclude smooth existence of
the flow up to this time, and the result follows. O

(26)

IA

2
< C(p,q)€
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Say T is a maximal time such that |h|-« < € on [0,T). Divide the interval
[0,T) into intervals of length 7 and let N be the integer so that N7 < T <
(N+1)1. Let I; = [j,(j+1)7]. On M; := M x I; define the inner product

G+
(28) 1By = [ @it
J

Let 7/ denote the orthogonal projection onto ker (% + L) with respect to

||f1|a1,. Furthermore, let 7)(h) denote the temporally constant component,
i.e. the kernel of L. This component is potentially troublesome, as it would
prevent concluding exponential decay of h along M;. We will show using
the smooth manifold structure of nearby flat metrics that there exists a flat
metric g; on M; close to gy such that 7)(g(t) — g;) is small on M;. This will
allow us to conclude L? decay of h and then convergence.

Lemma 30. Fiz an interval I = [to,to + 7]. Given a > 0 there exists
d = 6(n,T) such that if supy |h(t)|ox < O then there exists a flat metric g1
such that

(29) mhlg =90 , < alt—t0)lg = g1len
and
(30) l91 — golor < ngp |9 — golcn -

Proof. Recall that we have shown that the space of flat metrics near gg
up to diffeomorphism equivalence, call it U/, has a natural smooth manifold
structure. The tangent space to U is given by the kernel of L, call it IC, which
is finite dimensional since L is elliptic. Let { B;} be a basis for K orthonormal
with respect to the L? norm induced by gg. Also using ellipticity, we get
a system of eigenvectors {E\} for L orthonormal with respect to the L2
inner product above. We see that there exist constants r) such that C) =
ryExe ™ is a basis for ker (% + L) which is orthonormal with respect to
the inner product in (28).

Define the map ¥ : U — K by ¥(g) = >, (g, Bi) B;. A simple calculation
using the bases described above shows that for g1 € U, ¥(g1) = V(7 (g1)) =
m)(g1). Also it is easy to see that the differential of ¥ at go is the identity
map, so we can apply the inverse function theorem. If |g(t) — go|-» is small
enough, then in particular 73 (g(to) — go) = 7’ (g(to)) can be made small, so
that by the argument above there exists g; € U such that

W(g1) = mh(g(to)).

Thus in particular using the above equalities we have ﬁé(gl —g(tp)) = 0.
Using the evolution equations satisfied by g and g1 and the bound on h it is
clear that one has estimate (29). Also note that we have g; = ¥~1((77g)0)
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and go = ¥ !((n7gp)g) thus using our bound from the inverse function
theorem we get

llg1 = gollag; < ClI77 (g — go)lln,
and again using that these are all solutions of the same parabolic equation,

we can get the bound

lg1 — 9ol < CS}lp l9 — g0l -
J

O

Lemma 31. Let I = [0, 70+ 7| and choose g1 as in Lemma 30. Then there
exists € = €(1) > 0 such that if |g — g1(0)|c < € then

TA
(31) /!9 giPdVy <e 3 sup /\g 91 dVy,

[T0+§,7'0+7' 7-0,7-0+
where X = min{\; : \; is an eigenvalue of Lg,, \; # O} > 0.
Proof. Let hi(t) = g(t) — g1. Note that |hi|- < € using estimate (30). We

will linearize grad F at g; and emulate the calculation of Lemma 28. Since
g1 is close to go in C* for k > 4, the lowest nonzero eigenvalue of Agl is

within 75 of that for go. Thus using the estimates (29) and (30) we yield

d
dt/ h1|2:/ <2Lglh1,h1>dVgO+/ A(ha, go) * hidVy,
M M M

5 : 2

< —)\/ )hl—w{)(hl)‘ dvgo+ce/ I |2 dV,
4 Ju M

< (—3/\+Ce(1+7)>/ |ha|?
2 M

<

1 2
-3 [ m

as long as € < m Thus [, |h1(t )2 dV,, < e M=T fM|h1 )| Vg,
from which the claim follows immediately. ]

We will need one more lemma, which roughly says that if a solution to
the (21) is decaying at a certain rate at a particular time then it decayed at
that rate earlier in time. This lemma is inspired by Lemma 5.31 in [2], and
the proof is the same.

Lemma 32. There exists a constant v(n,T) > 0 with the following property.
Let k be a symmetric two-tensor satisfying the equation

0
ak = —Lk + A(go, k),

fort € [to,to + 7] and

sup |k|ox <V
[to,to+T7]
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and
ITo(k)|or < alt —to) [k|o

where here we mean projection onto the kernel of (% + L) restricted to the
interval [7’0 — 5 T]. Then if

(32) sup / k| dVy, < e” El sup / k| AV,
TO_,_,T T077'0+

then

(33) sup / k|?dVy, < e~ El sup / k|? AV,
[70,70+ 5] [T0— % ,70]

Proof. First note that the the analogous claim where k satisfies the linear
equation (% + L) k = 0 is obvious since L is positive semidefinite and by
definition mo(k(to)) = 0. So, if the claim were false, then for a sequence
v; — 0 we would have k; satisfying the above properties with the bound
|ki|cx < v5. By standard compactness arguments we can extract a subse-
quence converging to ks, which satisfies the initial decay hypothesis but not
the conclusion. Moreover, given that A is quadratic in k, it is clear that this
koo satisfies the linear equation (% + L) k = 0, contradicting the above. [

We now proceed with the main proof. Recall that T"is our maximal time
of existence. Suppose T' < oo, and subdivide into N intervals of length 7
labelled I; as above. For fixed j, let g; be the metric such that 77 (g(t) —
gj)o = 0 on I; given by Lemma 30. Define h; := g(t) — g;. By Lemma 31
and parabolic regularity we have that

(34) sup |hj‘clc§cei% sup [ on
[(+2)7.G+D)7] i (7+3)7]

And we can apply Lemma 32 inductively to conclude

sup  |hjlore < e MUY sup |hyl o
G+ )] 0.7]

This allows us to conclude that on I; we have

2 |26-a
atg Ck*4_ 8t g gj Ck—4
SCS}lp|hj|Ck

j
< Cee U1 = Cep’ L.

Now note that simply integrating over time we see that

0
sup |9 — golok-a < 27 sup 57 + sup [g — gol w1 -
I; Lur;_y |0t ka1,
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Applying this estimate inductively and using parabolic regularity we see
that
sup [g — golcr < Csup g — golew-a
I I;
N

< 207’2 sup
1 LU-Uly

. 27Ce
=7 T Slllp |hol on
0

0
—_— su — _
519 + Ioplg golcr-a

Ck—4

IN

k=1

< 27Ce N Ihol
~ sSup |no| ok
p—1 ¢

Now we want to choose our constants €, ¢ and 7 to derive a contradiction
from this equation. So, choose 7 initially so large that

1 2Ct 1 _=

(36) C€T>‘ + €T’\ 1 < 66_7

where C is a constant depending only on go.
Now let € = min{d(n,7),v(n, 1), C%} where d(n,7) is as in Lemma 30,

v(n,7) is as in Lemma 32, and Cj is a constant depending only on gy and
the dimension which we now make explicit. By Lemma 28 we can bound
the growth of L? derivatives of h, and then by Sobolev embeddings we can
bound C* norms. Specifically there exists a constant depending only on go
so that

()] cx < CeT [R(0)] e

Then let Cy := 12C. Note that if ¢ < C% and we start our flow with

some k(tg) satisfying |k(to)|-n < %6_7—/\/4, the solution exists at least on
[to, to + 37) and moreover supp, ;.43 [k(t)|cr <€

Now again using Lemma 28 we see that we may choose ¢ so that the
solution exists on [0, 37] and further

€
sup |h(t)|or < e~
] C

3T

Since € < min{d(n, 7),v(n,7)} we can apply line (35) to get that

| low < 1 n 2CT
sup |g — €
ij I7Hiek =\ Gerr T A —1

< £ -

~ 66 4.
Thus by the above statement the solution may extended on an interval of
length 37 with |h|oe < €, contradicting the maximality of 7. Thus the
solution exists for all time and |g(t) — go|o# < € for all time. Indeed we have

decay

lg(t) — gjlen < Ce™
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for all ¢ € [0,j7) and for all j. Since {g;} is a sequence of flat metrics
with uniform C* bounds, we get a convergent subsequence gj — goo a flat
metric, with exponential convergence g(t) — goo. This shows that equation
(21) exists for all time and converges exponentially to go.. To show that (2)
also exists for all time and converges, we simply note that since grad F is
diffeomorphism invariant if we let g(¢) now denote the solution to (2) and
we let ¢ be the diffeomorphisms as noted at the start of the proof then

lgrad F(g(t))|cr-a = |grad F(o(1)" (9(1)))| -1

= |grad F(¢"(t)g(t)) — grad F(goo)|cr-a
Cl¢"(9(t)) — goolcn
< Ce .

IN

Given this decay one gets the existence of a metric g, which g(t) is con-
verging to in any C* norm. Since F is diffeomorphism invariant and going
to zero for ¢(t)*g, goo is flat. This finishes the proof. O

7. APPENDIX: SOBOLEV INEQUALITIES

Lemma 33. Let (M*, g) be a Riemannian manifold and suppose § is another
metric on M satisfying

1

—g<3<C(Cq.
Cgfngg

Then
Cs(g) < C*Cs(g).

Proof. Fix a function f € C'(M), and compute
4 : 4
([ 1) <c ([ utar).
M M

2 1 2
[ aravi= z [ jarizav,

Also,

and
1
vol@) 4 [ 1P avy = Jyveito) L [ (siav.
M M
Combining these yields
1 1
4 r 2 4 2
(Jr 171" av3) o (furl£1*avy)

Sarldf 2+ Vol@) 72 [y 1fPdV; — [y ldf1Z + Vol(g) ™2 [y, [£* dV
< C*Cs(g)
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Theorem 34. Let (M™,g) be a Riemannian manifold. For u € C3(M),
n<p<oo,0<m< oo we have

(37)

lulloe < Cs - C(n,m, p)lJullp  ([[Vullp + [Jull,)*

n p

where 0 < a <1 satisﬁeséz(l—l>m+l

Proof. See [7] for the argument on a surface. Their argument follows the

more general argument in [10]. O
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