
ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATESJEAN-RENÉ CHAZOTTES AND MICHAEL HOCHMANAbstra
t. We exhibit Lips
hitz (and hen
e Hölder) potentials on thefull shift {0, 1}N su
h that the asso
iated Gibbs measures fail to 
on-verge as the temperature goes to zero. Thus there are �exponentiallyde
aying� intera
tions on the 
on�guration spa
e {0, 1}Z for whi
h thezero-temperature limit of the asso
iated Gibbs measures does not exist.In higher dimension, namely on the 
on�guration spa
e {0, 1}Z
d , d ≥ 3,we show that this non-
onvergen
e behavior 
an o

ur for �nite-rangeintera
tions, that is, for lo
ally 
onstant potentials.

1. Introdu
tion1.1. Ba
kground. The 
entral problem in equilibrium statisti
al me
han-i
s or thermodynami
 formalism is the des
ription of families of Gibbs statesfor a given intera
tion. Their members are parametrized by inverse temper-ature, magneti
 �eld, 
hemi
al potential, et
. The ultimate goal is then todes
ribe the set of Gibbs states as a fun
tion of these parameters. The zerotemperature limit is espe
ially interesting sin
e it is 
onne
ted to �groundstates� , that is, probability measures supported on 
on�gurations with min-imal energy [13, appendix B.2℄.The purpose of this arti
le is to shed some light on the zero-temperaturelimit in the 
ase of 
lassi
al latti
e systems, that is, systems with a 
on�gura-tion spa
e of the form F Zd , where F is a �nite set. We 
onsider translationor shift invariant, summable intera
tions Φ = (ΦB)B⊆Zd,|B|<∞. Denoting
µβΦ a Gibbs state of Φ at inverse temperature β, we are interested in thefollowing question: Does the limit lim

β→+∞
µβΦ exist?(Limits of measures should be understood in the weak-* sense). In thepresent setting, it 
an be pr oven that weak-* a

umulation points of µβΦ areindeed ground states, in that they are probability measures whi
h minimize�

ϕdν among all shift-invariant measures ν, where ϕ : F Z
d → R is de�ned1



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 2as
ϕ(x) :=

∑

B∋0

1

|B| ΦB(x).This fun
tion 
an be physi
ally interpreted as the 
ontribution of the latti
esite 0 to the energy in the 
on�guration x. (1) In our setting Gibbs statesare also equilibrium states: they maximize the quantity
Pβ(ν) =

�
βϕdν + h(ν)over all invariant probability measures ν on F Z

d . Here h(ν) is the Kolmogorov-Sinai entropy of ν, and the supremum is 
alled the (topologi
al) pressure.1.2. The one-dimensional 
ase. Let us make a few remarks about theergodi
 perspe
tive. Fix the usual metri

d(x, y) = 2−min{k : xi=xj for |i|<k}on FZ. For a number of reasons, the usual 
lass of �potentials� ϕ : F Z → Rwhi
h are studied are Hölder 
ontinuous ones. First, for these potentials theGibbs measure is unique. Se
ond, this 
lass of potentials arises naturallyin the theory of di�erentiable dynami
al systems (e.g. Axiom A di�eomor-phisms): By 
hoosing a suitable Markov partition of the phase spa
e one
an 
ode su
h a di�eomorphism to a subshift of �nite type in F Z [1℄, andunder this 
oding smooth potentials lift to Hölder ones. And third, Hölderpotentials 
orrespond to the natural obje
ts in statisti
al me
hani
s, namely�exponentially de
aying� intera
tions (ΦB) [12, 
hapter 5℄. We also notethat the 
ase when ϕ is lo
ally 
onstant 
orresponds to intera
tions of �niterange; see below.There is a tri
k, due to Sinai, whi
h allows one to redu
e the study to a�one-sided� subshift of �nite type of F N and a potential ϕ whi
h dependsonly on �future� 
oordinates [1℄. Thus it su�
es to study the one-sided fullshift, and our question 
an be formulated as follows:When ϕ is Hölder 
ontinuous on F N, when does lim

β→+∞
µβϕ exist?The existen
e of the zero-temperature limit has been veri�ed in a numberof situations, but, surprisingly, a systemati
 study of this question beganonly re
ently. When d = 1 and ϕ is lo
ally 
onstant (i.e. the intera
tion1Sin
e the intera
tion is translation-invariant, we 
an take any latti
e site. Other de�ni-tions are possible [12, se
tion 3.2℄, but all lead to the same expe
ted value under a giventranslation-invariant measure.



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 3is �nite range), the zero-temperature limit was proved to exist in [3℄ andwas des
ribed expli
itly in [9, 4℄. In this 
ase, the zero-temperature limitis supported on the union of �nitely many transitive subshifts of �nite typeand is a 
onvex 
ombination of the entropy-maximizing measure on them.The 
ase d = 1 with F a 
ountable set was studied in [8, 10℄.Another 
lass of examples where 
onvergen
e may be veri�ed arises asfollows. Let X ⊆ F N be a subshift (a 
losed non-empty shift-invariant set)and de�ne ϕ = ϕX by
ϕ(y) = −d(y,X) = − inf{d(y, x) : x ∈ X}.This is a Lips
hitz fun
tion on F N with ϕ|X = 0 and ϕ ≤ 0. The groundstates of ϕX are then pre
isely the measures supported on X, and it followsthat all a

umulation points of (µβϕ)β≥0 are invariant measures supportedon X. In parti
ular, when X has only one invariant measure µ (i.e. isuniquely ergodi
), all a

umulation points 
oin
ide, and we have µβϕ → µas β → +∞.The only example of non-
onvergen
e of whi
h we are aware is by vanEnter and Ruszel [14℄. Their example is of a nearest-neighbor potentialmodel, but is de�ned over a 
ontinuous state spa
e F (the 
ir
le).This state of a�airs has led to the belief that over �nite state spa
es
onvergen
e should generally hold. Our �rst result is a 
ounterexample,showing that this is not the 
ase:Theorem 1.1. There exist subshifts X ⊆ {0, 1}N so that, for the Lips
hitzpotential ϕX(y) = −d(y,X), the sequen
e µβϕ does not 
onverge (weak-*) as

β → +∞.This theorem holds more generally for one-sided or two-sided mixing shiftsof �nite type.Our 
onstru
tion gives reasonable 
ontrol over the dynami
s of X and ofthe dynami
s, number and geometry of the limit measures. An interesting
onsequen
e of the 
onstru
tion is that the set of limit measures need notbe 
onvex. We dis
uss these issues more in se
tion 4.1.3. The multi-dimensional 
ase. Our se
ond result 
on
erns higher di-mension: non-
onvergen
e 
an also arise when d ≥ 3, even for �nite-rangeintera
tions. As we noted, in dimension d = 1 the zero temperature limit isknown to exist in this 
ase [3, 9, 4℄.



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 4While the methods used in the one-dimensional 
ase are fairly 
lassi
al andquite well-known in the dynami
s 
ommunity, the study of zero-temperaturelimits and ground states in higher dimensions turns out to be 
losely 
on-ne
ted to symboli
 dynami
s, and our results rely heavily on re
ent progressin understanding of multidimensional subshifts of �nite type, where 
om-putation theory plays a prominent role. Re
all that a shift of �nite type
X ⊆ {0, 1}Z

3 is a subshift de�ned by a �nite set L of patterns and the 
on-dition that x ∈ X if and only if no pattern from L appears in x. Given
L ⊆ {0, 1}E one 
an de�ne the �nite-range intera
tion (ΦB)B⊆Zd ,|B|<∞ by

ΦE(x) =

{
0 x|E ∈ L

−1/|E| otherwiseand ΦB = 0 for B 6= E; the asso
iated potential on {0, 1}Z
d is

ϕL(x) :=
∑

B∋0

1

|B| ΦB(x) =

{
0 x|E ∈ L

−1 otherwise.Clearly an invariant measure µ on {0, 1}Zd satis�es � ϕLdµ = 0 if and onlyif µ is supported on X; thus the shift-invariant ground states are pre
iselythe translation invariant measures on X. In this sense ϕL is similar to ϕX(although there are signi�
ant di�eren
es, as we shall see in se
tion 5).The main result of [6℄ provides a general method for transferring one-dimensional 
onstru
tions to higher-dimensional SFTs with 
orrespondingdire
tional dynami
s. Using this we are able to adapt the 
onstru
tion fromtheorem 1.1 to prove:Theorem 1.2. For d ≥ 3 there exist lo
ally 
onstant, that is, �nite-range,potentials on {0, 1}Zd su
h that the asso
iated Gibbs measures does not 
on-verge as β → +∞.The example we 
onstru
t is of the form ϕL above. As the results from[6℄ do not apply to d = 2 the statement in that 
ase remains open, but webelieve it to be true.In the next se
tion we 
onstru
t the subshift X of theorem 1.1. Se
tion3 
ontains the analysis and proof of theorem 1.1. Se
tion 4 
ontains someremarks and problems. Se
tion 5 dis
usses the multidimensional 
ase.A
knowledgement. We are grateful to María Isabel Cortez for pointing outa gap in an early version of this paper. We are also grateful to A. C. D. vanEnter for useful 
omments.



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 52. Constru
tion of XFor ea
h k ≥ 0 we de�ne by indu
tion integers ℓk, and �nite sets of blo
ks
Ak, Bk ⊆ {0, 1}ℓk . The 
onstru
tion uses an auxiliary sequen
e of integers
N1, N2, . . ., with N1 . . . Nk determining Ai, Bi, ℓi for i ≤ k. Here we treatthe Nk as given, but in fa
t at ea
h stage we are free to 
hoose Nk+1 basedon the 
onstru
tion so far, and during the analysis in the next se
tion weimpose 
onditions on the relation between ℓk and Nk+1.Begin with ℓ0 = 5, and let

A0 = {00000, 01000}
B0 = {11111, 10111}.Next, given Ak−1, Bk−1 and ℓk−1 and the parameter Nk, let ck be a blo
k
ontaining every blo
k in (Ak−1 ∪ Bk−1)

2ℓk−1+1, e.g. enumerate all theseblo
ks and 
on
atenate them.We pro
eed in one of two ways, depending on whether k is odd or even.We denote by ab the 
on
atenation of blo
ks a, b of symbols, and by ak the
k-fold 
on
atenation of a blo
k a.

• If k is odd, let
Ak = {cka

Nk : a ∈ Ak−1}
Bk = {ckb1b2 . . . bNk

: bi ∈ Bk−1}.

• If k is even, set
Ak = {cka1a2 . . . aNk

: ai ∈ Ak−1}
Bk = {ckb

Nk : b ∈ Bk−1}.Thus Ak, Bk 
onsist of blo
ks of the same length, whi
h we denote ℓk. Notethat ℓk 
an be made arbitrarily large by in
reasing Nk.If we assume that Nk is large enough then one 
an identify the o

urren
esof ck in any long enough subword of length 2ℓk of a 
on
atenation of blo
ksfrom Ak ∪ Bk. This is shown by indu
tion: �rst one shows that one 
anidentify the Ak−1∪Bk−1-blo
ks, and then ck is identi�able be
ause it 
ontainsblo
ks from both Ak−1 and Bk−1.For a set Σ let Σ∗ denote the set of all 
on
atenations of elements from aset Σ. Given a �nite set L ⊆ {0, 1}∗ let
〈L〉 =

⋃

n

T n(LN)



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 6denote the subshift 
onsisting of all shifts of 
on
atenations of blo
ks from
L. Note that if L′ ⊆ L∗, then 〈L′〉 ⊆ 〈L〉. Let

Lk = Ak ∪ Bk,so that Lk+1 ⊆ L∗
k, and de�ne

X =

∞⋂

k=1

〈Lk〉 .Alternatively, X is the set of points x ∈ {0, 1}N su
h that every �nite blo
kin x appears as a sub-blo
k in a blo
k from some Lk.3. Analysis of the zero-temperature limitWe make some preliminary observations. For u ∈ Lk let
fi(u) = frequen
y of i in u.Then the following is 
lear from the 
onstru
tion:Lemma 3.1. If Nk/ℓk−1 in
reases rapidly enough, then f0(u) > 2

3 for u ∈
Ak and f0(u) < 1

3 for u ∈ Bk.In fa
t it 
an be shown that X supports two ergodi
 measures, respe
tivelygiving mass > 2
3 and < 1

3 to the 
ylinder [0].The 
onstru
tion is designed so that the ratio |Ak|/|Bk| �u
tuates betweenvery large and very small. More pre
isely, one may verify the following:Lemma 3.2. If Nk/ℓk−1 is su�
iently large, then
• If k is odd then |Bk| > |Ak|100.
• If k is even then |Ak| > |Bk|100.The next two lemmas show that for 
ertain values of β the measure µβϕ
on
entrates mostly on blo
ks from Lk. Let

Yk = {x ∈ {0, 1}N : x|[i,1+ℓk−1] ∈ Lk for some i ∈ [0, ℓk − 1]}.

Yk ⊆ {0, 1}N is an open and 
losed set.Lemma 3.3. For β = 23ℓk ,
µβϕ(Yk) > 1 − 2−ℓk .



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 7Proof. If x /∈ Yk, then we 
ertainly have d(x,X) > 2−2ℓk . Therefore,�
βϕdµβϕ =

�
−βd(y,X)dµβϕ(y)

< −23ℓk · 2−2ℓkµβϕ({0, 1}N \ Yk)

= 2ℓk(µβϕ(Yk) − 1).Sin
e h(µβϕ) ≤ 1 we have
Pβ(µβϕ) ≤

�
βϕdµβϕ + 1 ≤ 2ℓkµβϕ(Yk) − (2ℓk − 1).Finally, 
hoosing ν to be an invariant measure supported on X we have

Pβ(ν) = h(ν) ≥ 0, hen
e Pβ(µβϕ) ≥ Pβ(ν) ≥ 0. Combining these we havethe desired inequality. �Lemma 3.4. For β = 23ℓk , for all large enough n at least half of the massof µβϕ is 
on
entrated on sequen
es u ∈ {0, 1}n whi
h 
an be de
omposed as(3.1) u = ⋄v1 ⋄ . . . v2 ⋄ . . . vm⋄where vi ∈ Lk, the symbol ⋄ represents blo
ks of 0, 1's (whi
h may vary frompla
e to pla
e), and at least a (1 − 2−ℓk)-fra
tion of indi
es j ∈ [0, n) lie inone of the vi.Proof. Let
Y ′

k = {x ∈ {0, 1}N : x|[0,ℓk−1] ∈ Lk}.Sin
e Yk =
⋃ℓk−1

i=0 T−iY ′
k, from the previous lemma and shift-invarian
e of

µβϕ, we see that
µβϕ(Y ′

k) >
1

ℓk
(1 − 2−ℓk).Sin
e µβϕ is ergodi
 (being a Gibbs measure), by the ergodi
 theorem, for nlarge enough at least half the mass of µβϕ is 
on
entrated on points x ∈ Xsu
h that

1

n
#{i ∈ [0, n − 1] : T ix ∈ Y ′

k} >
1

ℓk
(1 − 2−ℓk)Sin
e the beginning of an Lk-blo
k is uniquely determined (be
ause the ckblo
ks 
an be identi�ed uniquely) we also have that if y ∈ Y ′

k, then T iy /∈ Y ′
kfor all 1 ≤ i < ℓk. Thus if u is the initial n-segment of a point x as above,then there is a representation of u of the desired form. �Next, we obtain a lower bound on Pβ(µβϕ):



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 8Lemma 3.5. If k is odd and β = 2−3ℓk then
Pβ(µβϕ) >

log |Bk|
ℓk

− 23ℓk2−ℓk2ℓk .A similar statement holds for 〈Ak〉.Proof. Let ν be the entropy-maximizing measure on 〈Bk〉. Sin
e
Pβ(µβϕ) ≥ Pβ(ν) = h(ν) −

�
βϕdνand h(ν) = log |Bk|

ℓk
it su�
es to show that(3.2) �

βϕ(y)dν(y) > −23ℓk2−ℓk2ℓk .Indeed, if y ∈ 〈Bk〉 then y = ab1b2 . . . where bi ∈ Bk and a is the tail segmentof a blo
k in Bk. Sin
e, by 
onstru
tion, every 
on
atenation of 2ℓk +1 blo
ksfrom Bk appears in X, it follows that the initial segment of y of length ℓk2
ℓkappears in X, and therefore d(y,X) < 2−ℓk2ℓk , and (3.2) follows. �The last 
omponent of the proof is to show that, for β = 23ℓk , the measures

µβϕ 
on
entrate alternately Bk and Ak. This is essentially due to the fa
tthat by the lemmas above, µβϕ is mostly supported on the blo
ks of Lk, andbe
ause of the appearan
e of entropy in the variational formula, it tends togive approximately equal mass to these blo
ks. Sin
e |Bk|/|Lk| → 1 alongthe odd integers and |Ak|/|Lk| → 1 along the even ones, this implies that
µβϕ will alternately be supported mostly on Bk and Ak.Here are the details. Denote by [u] the 
ylinder set de�ned by a blo
k
u ∈ {0, 1}∗.Proposition 3.6. If Nk in
reases su�
iently rapidly then for and δ > 0and all su�
iently large k, if we set βk = 2−3ℓk then: if k is odd then(3.3) µβkϕ

( ⋃

u∈Bk

[u]
)
≥ 1 − δand if for k even then

µβkϕ

( ⋃

u∈Ak

[u]
)
≥ 1 − δ.Proof. We assume that Nk in
reases rapidly enough for the previous lemmasto hold and furthermore that, writing H(t) = −t log t − (1 − t) log(1 − t),

H(2−ℓk)

log |Bk|/ℓk
→ 0
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23ℓk2−ℓk2ℓk

log |Bk|/ℓk
→ 0as k → ∞ along the odd integers, and similarly, with Ak in pla
e of Bk,as k → ∞ along the even integers. This 
ondition is easily satis�ed by
hoosing Nk large enough at ea
h stage, sin
e for �xed k, as we in
rease Nkthe numerator de
ays to 0 but the denominator does not.Under these hypotheses we establish the proposition for odd k, the 
aseof even k being similar. Thus, we assume that |Bk| > |Ak|100. Suppose that(3.3) fails for some k. For all large enough n lemma 3.4 implies that at leasthalf the mass of µβkϕ is 
on
entrated on points whose initial n-segment isof the form (3.1), and, by the ergodi
 theorem and the assumed failure of(3.3), if n is large then with µβkϕ-probability approa
hing 1 the fra
tion of

vi's that belong to Ak in the de
omposition (3.1) is at least δ.For su
h an n we now perform a standard estimate to bound the entropyof µβkϕ. Applying e.g. Stirling's formula, the number of di�erent ways the
⋄'s 
an appear in u is

≤
∑

r<2−ℓk ·n

(
n

r

)
≤ 2H(2−ℓk )n.The positions of ⋄'s determines the positions of the vi, and given this, thenumber of ways to �ll in the vi so that at least a δ-fra
tion of them 
omefrom Ak is bounded from above by

n/ℓk∑

r=δn/ℓk

|Ak|r|Bk|n/ℓk−r ≤ n

ℓk
· |Ak|δn/ℓk |Bk|(1−δ)n/ℓk .Using the bound |Ak| ≤ |Bk|1/100 and setting

δ′ = δ · 99

100we get
≤ n

ℓk
· |Bk|(1−δ′)n/ℓk .Thus, for arbitrarily large n, half the mass of µβkϕ is 
on
entrated on a set

Ek ⊆ {0, 1}n of 
ardinality
|Ek| ≤ 2nH(2−ℓk )+log n−log ℓk · 2(1−δ′)n log |Bk|/ℓk .



ON THE ZERO-TEMPERATURE LIMIT OF GIBBS STATES 10It follows from this and the Shannon-M
Millan theorem that
h(µβkϕ) ≤ (1 − δ′)

log |Bk|
ℓk

+ H(2−ℓk),hen
e, sin
e ϕ ≤ 0, we have
Pβk

(µβkϕ) ≤ h(µβkϕ) ≤ (1 − δ′)
log |Bk|

ℓk
+ H(2−ℓk).Substituting the lower bound from lemma (3.5), we have

log |Bk|
ℓk

− 23ℓk2−ℓk−12ℓk < (1 − δ′)
log |Bk|

ℓk
+ H(2−ℓk).By our assumptions about the growth of Nk the inequality above is possibleonly for �nitely many k. This 
ompletes the proof. �We 
an now prove theorem 1.1. For δ = 1

100 
hoose the sequen
e Nk sothat the 
on
lusion of the last proposition holds. Sin
e the density of 0's inthe blo
ks a ∈ Ak is > 2
3 and the density in the blo
ks b ∈ Bk is < 1

3 , itfollows that for k large enough and βk = 2−3ℓk ,
µβk

([0]) <
1

3
− δ if k is odd

µβk
([0]) >

2

3
+ δ if k is evenHen
e (µβϕ)β≥0 does not weak-* 
onverge.4. Remarks4.1. Topologi
al dynami
s of X. In our example X is minimal. Indeed,any blo
k a ∈ Lk appears in ck+1 and hen
e in every blo
k in Lk+1, so aappears in X with bounded gaps. Note that there are also minimal (nonuniquely ergodi
) systems X for whi
h the zero-temperature limit exists.One 
an easily modify the 
onstru
tion to endow X with other dynami
alproperties, e.g. one 
an make X topologi
ally mixing (our example it is not,in fa
t it has a periodi
 fa
tor of order 4). There is also a 
heap way one 
anget positive entropy of X (and the limiting measures): form the produ
t ofthe given example with a full shift.4.2. Measurable dynami
s of the zero-temperature limits. In ourexample, (µβϕ)β≥0 has two ergodi
 a

umulation points, and one 
an showthat the 
onvex 
ombinations of these two are also a

umulation points.In general, the set of a

umulation points need not 
ontain ergodi
 mea-sures, even when the zero-temperature limit exists. This is true even of
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ally 
onstant potentials [9, 4℄, and one 
an also 
onstru
t examples whi
hare simpler to analyze. For example, if X ⊆ {0, 1}N is a subshift invariantunder involution 0 ↔ 1 of {0, 1}N, and if X has pre
isely two invariant mea-sures µ′, µ′′ whi
h are ex
hanged by this involution, then for the potential
ϕX(y) = −d(y,X) we will have limβ→+∞ µβϕ = 1

2µ′ + 1
2µ′′.The set of a

umulation points also need not be 
onvex. Using the sames
heme as above one 
an 
onstru
t a subshift X ⊆ {1, 2, 3}Z with three invari-ant measures µ(i), i = 1, 2, 3, by maintaining three sets of blo
ks Ak, Bk, Ckat ea
h stage (rather than two). At ea
h step of the 
onstru
tion we 
hoosethe smallest of the sets and 
on
atenate its blo
ks freely, but 
on
atenate theblo
ks of the others in a 
onstrained way, so that at the next stage the sizesof the sele
ted set is mu
h larger than the other two, whi
h have not 
hangedmu
h in relative size. For ea
h n there are always two sets (the two whi
hare not growing very mu
h at that stage) for whi
h the number of n-blo
ksin one is mu
h greater than in the other. Thus the Gibbs measures at theappropriate s
ale will have very small 
ontributions from the smaller of thesesets, and the a

umulation points of µβϕ will lie near the boundary of thesimplex spanned by the µ(i) (in our example there were only two sets and atea
h step one grew at the expense of the other; thus the relative number of

n- blo
ks a
hieved all intermediate ratios).Regarding the ergodi
 nature of the a

umulation points, the same pe-riodi
ity of order �ve that obstru
ts topologi
al mixing 
auses the ergodi
invariant measures on X (i.e. the ergodi
 zero-temperature limits) to have
e−2πi/5 in their spe
trum, but this 
an be avoided by introdu
ing spa
ers intothe 
onstru
tion. In this way one 
an make the limiting ergodi
 measuresweak or strong mixing, and possibly K.Finally, we have the following variant of Radin's argument from [11℄. Let
µ be an ergodi
 probability measure for some measurable transformationof a Borel spa
e, and h(µ) < ∞. By the Jewett-Krieger theorem [5℄ thereis a subshift X on at most h(µ) + 1 symbols whose unique shift-invariantmeasure ν is isomorphi
 to µ in the ergodi
 theory sense. For the potential
ϕX , all a

umulation points of µβϕ are invariant measures on X, so they allequal ν; thus µβϕ → ν as β → +∞. This shows that the zero-temperaturelimit of Gibbs measures 
an have arbitrary isomorphism type, subje
t tothe �nite entropy 
onstraint, and raises the analogous question for divergentpotentials:
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 measures µ′, µ′′ of the same �nite entropy,
an one 
onstru
t a Hölder potential ϕ whose Gibbs measures µβϕ have twoergodi
 a

umulation points as β → +∞, isomorphi
 respe
tively to µ′, µ′′?4.3. Maximization of marginal entropy. Let ϕ be a Hölder potentialand M the set of invariant probability measures µ for whi
h �
ϕdµ is maxi-mal. It is known that if µ is an a

umulation point of (µβϕ)β≥0 then µ ∈ Mand furthermore µ maximizes h(µ) subje
t to this 
ondition.In the example 
onstru
ted above the potential ϕ had two ϕ-maximizingergodi
 measures µ′, µ′′, and the key property that we utilized was thattheir marginals at 
ertain s
ales had su�
iently di�erent entropies. In fa
t,the measure maximizing the marginal entropy on {0, 1}n for 
ertain n wasalternately very 
lose to µ′ and to µ′′.It is an interesting question if su
h a 
onne
tion between zero-temperature
onvergen
e and marginal entropy exists in general. Let ϕ be a Hölderpotential, and for ea
h n let M∗

n denote the set of marginal distributionsprodu
ed by restri
ting µ ∈ M to {0, 1}n. The entropy fun
tion H(·) isstri
tly 
on
ave onM∗
n, and therefore there is a unique µ∗

n ∈ M∗
n maximizingthe entropy fun
tion. Let

Mn = {µ ∈ M : µ|{0,1}n = µ∗
n}.This is the set of ϕ-maximizing measures whi
h maximize entropy on n-blo
ks. Note that the diameter of Mn tends to 0 as n → ∞ in any weak-*
ompatible metri
. Hen
e we 
an interpret Mn → µ in the obvious way.Problem. Is the existen
e of a zero-temperature limit for ϕ equivalent toexisten
e of limMn? More generally, do (µβϕ)β≥0 and (Mn)n≥0 have thesame a

umulation points?5. The multidimensional 
aseIn this se
tion we apply the main theorem of [6℄ to obtain a lo
ally 
onstantpotential (i.e. a �nite-range intera
tion) in dimension d ≥ 3 su
h that theasso
iated Gibbs measures do not 
onverge as β → +∞; 
ontrast this withthe positive result for lo
ally 
onstant potentials in dimension one [3, 9, 4℄.Note that in dimension d ≥ 2, the possibility of failure of the 0-temperaturelimit to exist for �nite-range potentials is known over 
ontinuous state spa
es[14℄; it is the fa
t that the alphabet is �nite and the potential is lo
ally
onstant that is of interest here. Our methods do not work in d = 2, be
ause
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ase, but probably a more dire
t
onstru
tion is possible.5.1. SFTs and their subdynami
s. The metri
 on {0, 1}Z
d is de�ned by2

d(x, y) = 2−min{‖u‖ :x(u)6=y(u)}where ‖·‖ is the sup-norm. We denote by T the shift a
tion on {0, 1}Z
d andwrite T1, . . . , Td for its generators.Let

En = {−n, . . . , 0, , . . . , n}ddenote the dis
rete d-dimensional 
ube of side 2n+1. A subshift X is a shiftof �nite type (SFT) if there is an n and �nite set of patterns L ⊆ {0, 1}Ensu
h that
X = {x ∈ {0, 1}Z

d

: no pattern from L appears in x}.(Note: here L determines the forbidden patterns, whi
h is the opposite ofits role in 〈L〉.) A pattern a is said to be lo
ally admissible if it does not
ontain any patterns from L; it is globally admissible if it appears in X, i.e.it 
an be extended to a 
on�guration on all of Z
d whi
h does not 
ontainpatterns from L. These two notions are distin
t, and it is formally impossibleto de
ide in general, given L, whether a lo
ally admissible word is globallyadmissible.If we write(5.1) ϕL(y) =

{
−1 y|En ∈ L

0 otherwisethen every invariant measure µ on {0, 1}Z
k satis�es � ϕLdµ ≤ 0 with equalityif and only if µ is supported on X. Thus for any SFT X there is a lo
ally
onstant potential whose maximizing measures are pre
isely the invariantmeasures on X.Given a subshift X ⊆ {0, 1}Z

d , we may 
onsider the restri
ted one-parametera
tion of T1 on X. We shall say that the topologi
al dynami
al system
(X,T1) is a (one-dimensional) suba
tion of (X,T ). To ea
h partition C =

{C1, . . . , Cm} of {0, 1}Zd into 
losed and open sets we asso
iate to ea
h
x ∈ X its itinerary xC given by the a
tion of T1 and the partition C, i.e.2The dimension of the ambient spa
e is also denoted d but no 
onfusion should arise.
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x 7→ xC ∈ {1, . . . ,m}Z is de�ned by

xC(i) = j if and only if T i
1x ∈ Cj.The subshift

XC = {xC : x ∈ X} ⊆ {1, . . . ,m}Zis a fa
tor, in the sense of topologi
al dynami
s, of the suba
tion (X,T1).For a subshift Y ⊆ {0, 1}Z write Lk(Y ) ⊆ {0, 1}k for the set of k-blo
ksappearing in Y ; note that for any sequen
e k(i) → ∞ the sets Lk(i), i =

1, 2, . . ., determine Y .The main result of [6℄ says that the suba
tion of SFTs 
an be made tolook like an arbitrary subshift, as long as the subshift is 
onstru
tive in a
ertain formal sense. The version we need is the following:Theorem. Let A be an algorithm that for ea
h i 
omputes3 an integer n(i)and a set Li ⊆ {0, 1, . . . , r}n(i) su
h that 〈Li〉 ⊇ 〈Li+1〉. Then there is analphabet Σ, an SFT X ⊆ ΣZ
3 of entropy 0 and a 
losed and open partition

C = {C0, C1, . . . , Cr} of ΣZ
3 su
h that Ln(i)(X

C) = Li, and 
onsequently
XC = ∩ 〈Li〉. Furthermore, the partition elements Ci 
an be made invariantunder the shifts T2 and T3.To apply this one usually begins with a subshift Y whi
h is has been
onstru
ted in some expli
it manner, and a 
omputable sequen
e n(i) (e.g.
n(i) = i), and derives an algorithm whi
h from i 
omputes Ln(i)(Y ); onethen gets an SFT X and partition C so that XC = Y . This means that forall pra
ti
al nearly purposes (e.g. the 
onstru
tion of 
ounterexamples) one
an realize arbitrary dynami
s as the subdynami
s of an SFT.4From the result for dimension d = 3 the same is easily seen to hold for
d ≥ 3, but it is not known whether this holds in dimension d = 2.5.2. A modi�ed one-dimensional example. For notational 
onvenien
e,for the rest of the paper we 
on
entrate on the 
ase d = 3, the general 
asebeing similar.Realizing a spe
i�
 subshift (su
h as the one from se
tion 2) as the suba
-tion of an SFT X does not in itself give good 
ontrol over the Gibbs measuresof ϕX or ϕL. Indeed, the size of Ln(XC) is exponential in n, whi
h implies3A stronger statement 
an be made in whi
h the 
omputability is repla
ed with semi-
omputability of an appropriate family of blo
ks, and then one obtains (nearly) a 
hara
-terization; but we do not need this here.4Nevertheless, one should bear in mind that the family of SFTs (and the set of algorithms)is 
ountable.
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orresponding set Ln(X), but does not guarantee ex-ponential growth in n3, whi
h is the appropriate s
ale for 3-dimensionalsubshifts. Thus for example we 
an have h(XC) > 0 but h(X) = 0.In order to use suba
tions to 
ontrol entropy of the full Z
3 a
tion we relyon a tri
k by whi
h the frequen
y of symbols in XC 
an be used to 
ontrolpattern 
ounts in a 
ertain extension of X. This approa
h was used in [7, 2℄.We begin by modifying the main example of this paper so as to 
ontrolfrequen
ies rather than blo
k 
ounts. We de�ne a sequen
e of integers ℓk andsets of blo
ks Ak, Bk ⊆ {0, 1, 2}ℓk by indu
tion, using an auxiliary sequen
e

N1, N2 . . . of integers.Start with ℓ0 = 2 and A0 = {00, 01}, B0 = {00, 02}. Next, given k de�ne
Ak = {a1+2ℓk−1+Nk : a ∈ Ak−1}
Bk = {b1+2ℓk−1

2Nkℓk−1 : b ∈ Bk−1}and for k even de�ne
Ak = {a1+2ℓk−1

1Nkℓk−1 : a ∈ Ak−1}
Bk = {b1+2ℓk−1+Nk : b ∈ Bk}.Let ℓk be the 
ommon length of blo
ks in the sets above, i.e. ℓk = ℓk−1(2

ℓk−1+1+

Nk). Note that 1ℓk ∈ Ak and 2ℓk ∈ Bk.As k → ∞ the frequen
y of 0's in the blo
ks of Ak, Bk tends to 0, andthe frequen
y of 1's and 2′s tends, respe
tively, to 1, and we 
an 
ontrol therelative speed at whi
h they do so. More pre
isely, there is a fun
tion Ñk(·)su
h that given N1, . . . , Nk−1 and Nk ≥ Ñk(N1, . . . ,Nk−1) we have
f0(a) > 100f0(b) for k odd, a ∈ Ak, b ∈ Bk

f0(b) > 100f0(a) for k even, a ∈ Ak, b ∈ Bk.(Re
all that f0(x) is the frequen
y of the symbol 0 in x.)De�ne
Y =

∞⋂

k=1

〈Ak ∪ Bk〉 .Similarly de�ne
Y1 =

⋂
〈Ak〉and

Y2 =
⋂

〈Bk〉 .
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e that these are de
reasing interse
tions). Note that the only invariantmeasures on Y are the point masses at the �xed points 1∞ ∈ Y1 and 2∞ ∈ Y2.We denote(5.2) ℓ′k = ℓk−1

(
(|AK | + |Bk|)Mk + Ñk(N1 . . . Nk−1)

)(so ℓk ≥ ℓ′k) and note that as long as Nk ≥ Ñk(N1, . . . ,Nk−1), the set
Lℓ′

k
(Y ) is in fa
t independent of Nk and depends only on N1, . . . ,Nk−1. Wealso note that Ñk 
an be 
omputed expli
itly, and in parti
ular the fun
tion

(k,N1, . . . , Nk−1) 7→ Ñk(N1, . . . ,Nk−1) is a formally 
omputable fun
tion.5.3. Controlling pattern 
ounts in a 3-dimensional SFT. We nowin
orporate the subshift Y 
onstru
ted above into a 3-dimensional SFT anduse the 
ontrol over the frequen
y of symbols in Y to gain 
ontrol of thepattern 
ounts of an asso
iated SFT.First, some notation: for a subshift X ⊆ ΣZ3 write
Ln(X) = {x|En : x ∈ X} ⊆ ΣEnwhere En = {−n, . . . , n}3. This is the same notation we used for one-dimensional subshifts, but the meaning will be 
lear from the 
ontext. Weremark that if the (topologi
al) entropy of X is 0 then |Ln(X)| = o(|En|).Apply theorem 5.1 to Y (or, rather, to an algorithm that 
omputes asequen
e Ln(k)(Y ); we shall be more pre
ise later about the algorithm used).We obtain a zero-entropy SFT X ⊆ ΣZ

3 and C = {C0, C1, C2} a T2, T3-invariant partition so that XC = Y .Next, for x ∈ X and u = (u1, u2, u3) ∈ Z
3, if xC(u1) = 0 (i.e. if T u1

1 x ∈
C0) we �
olor� the site with one of the two 
olors 0′, 0′′. Otherwise weleave it �blank�. Colle
t all su
h 
olorings into a new subshift X̂ . Formally,
X̂ ⊆ X × {0′, 0′′,blank}Z3 is de�ned by

X̂ = {(x, y) ∈ X × {0′, 0′′,blank} : y(u) = blank if xC(u1) 6= 0}.For x = (x1, x2) ∈ X̂ we also write xC instead of xC
1 . One may verify that X̂is an SFT. We write Σ̂ = Σ×{0′, 0′′,blank} for the alphabet of X̂ and write

L̂ for the �nite set of patterns whose ex
lusion de�nes X̂. We may assumethat if a pattern over Σ̂ is lo
ally admissible for L̂ then the pattern indu
edfrom its �rst 
omponent is lo
ally admissible for L.Noti
e that, sin
e C0, C1, C2 are invariant under T2, T3, the pattern ofsymbols 0′, 0′′ in a point x ∈ X̂ is the union of a�ne planes whose dire
-tion is spanned by (0, 1, 0), (0, 0, 1). The sequen
e of 
oordinates at whi
h
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t the x-axis 
orresponds to the lo
ation of 0-s in xC , andon ea
h plane the symbols 0′, 0′′ are distributed as randomly as possible, i.e.given the arrangement of a�ne planes there is no restri
tion on the 
ombina-tions of 0′, 0′′ that may appear in them. It follows that if a ∈ {0, 1, 2}{−n,...,n}is a blo
k in Y then
#{(x, y)|En : (x, y) ∈ X̂ and xC |{−n,...,n} = a} = 2f0(a)|En|+o(|En|).(The term o(|En|) 
omes from the pattern growth of X, whi
h has entropy

0).Write
X̂1 = {x ∈ X̂ : xC ∈ Y1}
X̂2 = {x ∈ X̂ : xC ∈ Y2}.Then for k large enough the frequen
y gap between blo
ks in Ak and Bktranslates into

|Lℓk
(X̂1)| > |Lℓk

(X̂2)|1/10 k odd
|Lℓk

(X̂2)| > |Lℓk
(X̂1)|1/10 k even.Compare this with lemma 3.2.5.4. Lo
al versus global admissibility. For ϕ = ϕ bX

, i.e. ϕ(y) = −d(y, X̂),one 
an adapt the analysis in se
tion 3 and show that µβϕ does not have alimit as β → +∞. Let us review this argument. Fix β = 2−3ℓk , and set
p = 1, 2 a

ording to whether k is odd or even, and write q = 2 − p for theother index. First, an in Lemma 3.5, we prove a lower bound on Pβ(µβϕ)by 
onstru
ting a measure νk whose blo
ks (i.e. square patterns) are over-whelmingly drawn from Lℓk

(Xp), making it nearly ϕ bX -maximizing, and withentropy 
lose to 1
|Eℓk

| |Lℓk
(X̂p)|. This for
es the entropy of µβϕ to be simi-lar. Se
ond, we use the fa
t that most of µβϕ 
on
entrates on blo
ks from

Lℓk
(X̂) and the fa
t that Lℓk

(X̂p) ≫ Lℓk
(X̂q) to dedu
e that in order for

µβϕ to have entropy near 1
|Eℓk

| |Lℓk
(X̂p)|, it must be mostly 
on
entrated on

X̂p. This argument is similar to that in proposition 3.6.We are now interested in proving the same thing for the potential ϕbL(given in (5.1)) instead of ϕ bX . The �rst part of the analysis above 
arriesover with only minor modi�
ations.However, the se
ond part runs into di�
ulties. Noti
e that � ϕ bXdµ ≈ 0implies that nearly all the µβϕ-mass is 
on
entrated on patterns in Lℓk
(X̂),
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dµ ≈ 0 tells us only that µβϕ-most blo
ks on Eℓk

are lo
ally admis-sible for L̂; they do not have to be globally admissible, giving us little 
ontrolof their stru
ture.To pull things through, we will make use of the following observation: itis not ne
essary for us to know that most of the mass of µβϕ 
on
entrateson Lℓk
(X̂). Instead, it su�
es that it 
on
entrates on Lℓ′

k
(X̂), where ℓ′ isas in equation (5.2). This is be
ause Lℓ′

k
(X̂p) is already mu
h larger than

Lℓ′
k
(X̂q), so we 
an argue as in the �rst part of the proof of proposition 3.6.Thus, to 
omplete the 
onstru
tion we want to ensure that if a blo
k

a ∈ ΣEℓk is lo
ally admissible then a|Eℓ′
k

is globally admissible, i.e. belongsto Lℓ′
k
(X̂).A simple 
ompa
tness argument establishes the following general fa
t: Forany SFT and m ∈ N there is an R so that if b ∈ ΣER is lo
ally admissiblethen b|Em is globally admissible. In general, however, R depends in a very
ompli
ated way on both the SFT and m, and in fa
t is not formally 
om-putable given these parameters. For our purposes we require �ner 
ontrolthan this. Lu
kily, an inspe
tion of the proof in [6℄ gives the following:Theorem 5.1. Let A be an algorithm that from i 
omputes n(i) ∈ N and

Li ⊆ {0, 1, . . . , r}n(i) su
h that 〈Li〉 ⊇ 〈Li+1〉. Denote by τi the number oftime-steps required for the 
omputation on input i. Then the SFT X fromtheorem 5.1 
an be 
hosen so that, for Ri = Ri(|A|, τ1, . . . , τi) , if a ∈ ΣERiis lo
ally admissible then a|En(i)
is globally admissible, and furthermore thefun
tion Ri(. . .) is 
omputable. Here τi and A are taken with respe
t to some�xed universal Turing ma
hine.5.5. Completing the 
onstru
tion: The �ne print. We now spe
ifyan algorithm A whi
h, given i, 
omputes sequen
es n(i) ∈ N and Li ⊆

{0, 1, 2}n(i) so that 〈Li〉 ⊇ 〈Li+1〉. The even elements n(2k) are the lengths
ℓk asso
iated to a sequen
e Nk in the 
onstru
tion in se
tion 5.2, i.e.

Nk =
n(2k) − n(2k − 2) · 21+n(2k−2)

n(2k − 2)
·The odd elements of the sequen
e are

n(2k − 1) = ℓ′k = ℓk−1Ñk(N1, . . . ,Nk−1).Note that, having determined n(i), the blo
ks in Y of length n(i) dependonly on N1, . . . , N[n(i)/2] and not on any future 
hoi
es of parameters of the
onstru
tion. Hen
e Li = Ln(i)(Y ) is well de�ned given n(1), . . . , n(i) and
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omputed from this data. Thus at the i-th stage of the 
omputationwe will write Ln(i)(Y ) even though stri
tly speaking Y is not yet de�ned.On input i the algorithm is as follows.Case 0: i = 1. Output
n(1) = 1

L1 = {0, 1, 2}.Case 1: i = 2k − 1. Re
ursively 
ompute N1, . . . ,Nk−1, and output
n(i) = ℓ′k = ℓk−1Ñk(N1, . . . ,Nk−1)

Li = Ln(i)(Y ).Case 2: i = 2k. Re
ursively 
ompute Nm,m < k and the time τ1, . . . , τi−1spent by the algorithm when run on ea
h of the inputs j = 1, . . . , i−1.Let
Nk = (max{n(i − 1), R(|A|, τ1, . . . , τi−1)})2and output

n(i) = ℓk = Nkℓk−1

Li = Ln(i)(Y ).Realizing su
h an algorithm (whi
h 
an simulate itself) is a non-trivial butstandard exer
ise in 
omputation theory.We 
an now sket
h the remainder of the proof of theorem 1.2. Using A asinput to theorem 5.1 we obtain an SFT X ⊆ ΣZ
d and asso
iated partition

C = {C0, C1, C2} of {0, 1, 2}Z3 , invariant under T2, T3, su
h that XC = Y .Next, form the SFT X̂ as explained above, de�ned by a set L̂ of ex
ludedpatterns.For β = 23ℓk let µβϕ be the Gibbs measure asso
iated to the potential ϕbL
.By the de�nition of Gibbs measures we have �

ϕbL
dµβϕ > −c2−3ℓk , where

c = log |Σ̂| is the maximal entropy a
hieved by an invariant measures onthe full shift Σ̂Z3 ; in se
tion 3 this 
onstant was 1. Thus in a µβϕ-typi
al
on�guration the density of patterns from L̂ is < c2−3ℓk . Hen
e for r =
√

ℓkand large enough k, with µβϕ-probability > 1 − 2−2ℓk a 
on�guration xsatis�es that x|Er is globally admissible. By our 
hoi
e of ℓk = n(2k) wehave r ≥ R(|A|, N1, . . . , Nk), so x|En(2k−1)
is globally admissible. But sin
e

n(2k − 1) ≥ ℓ′k, we are in the situation des
ribed at the end of the previous
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tion, and this is enough to 
on
lude that µβϕ is mostly 
on
entratedon X̂1 or X̂2, depending on k mod 2; so µβϕ diverges along β = 2−3ℓk .
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