
A NOTE ON UNIVERSALITY IN MULTIDIMENSIONALSYMBOLIC DYNAMICSMICHAEL HOCHMANAbstra
t. We show that in the 
ategory of e�e
tive Z-dynami
al systemsthere is a universal system, i.e. one that fa
tors onto every other e�e
tivesystem. In parti
ular, for d ≥ 3 there exist d-dimensional shifts of �nitetype whi
h are universal for 1-dimensional suba
tions of SFTs. On the otherhand, we show that there is no universal e�e
tive Z
d-system for d ≥ 2, andin parti
ular SFTs 
annot be universal for suba
tions of rank ≥ 2. As a
onsequen
e, a de
rease in entropy and Medvedev degree and periodi
 dataare not su�
ient for a fa
tor map to exists between SFTs.We also dis
uss dynami
s of 
ellular automata on their limit sets and showthat (ex
ept for the unavoidable presen
e of a periodi
 point) they 
an modela large 
lass of physi
al systems.

1. Introdu
tion1.1. Universality for shifts of �nite type. A basi
 problem about any 
lass ofdynami
al systems is to understand the fa
toring relation between its members.Mu
h of ergodi
 theory and topologi
al dynami
s, and parti
ularly the theory ofone-dimensional shifts of �nite type (SFTs), has been motivated by the hope, whi
hfor some 
lasses is satis�ed, that the fa
toring relation redu
e to some simple pa-rameter, su
h as entropy, periodi
 point data or spe
trum. For higher dimensionalSFTs, whi
h are the main subje
t of this note, partial results are known under
ertain mixing 
onditions [7℄, but it has be
ome progressively 
learer that the in-variants whi
h di
tate the fa
toring relation in dimension 1 are only a part of thepi
ture in dimensions d > 1.We begin by reviewing some de�nitions; see also se
tion 2. A Zd shift of �nitetype (SFT) is a subshift X of the full d-dimensional shift ΣZ
d over Σ, de�ned byex
luding all 
on�gurations 
ontaining patterns from some �xed �nite set. Morepre
isely, by a (d-dimensional) pattern we mean a 
oloring of a �nite subset of Zd.For F ⊆ Zd and a ∈ ΣF , we say that the pattern a appears in a 
on�guration

x ∈ ΣZ
d if (Tux)|F = a for some u ∈ Zd; here, Tu is the shift by u. For L a set of2000 Mathemati
s Subje
t Classi�
ation. 37B15, 37B40, 37B50, 94A17, 03D45.1
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d-dimensional patterns over Σ, set

XL = {x ∈ ΣZ
d

: no element of L appears in x}An SFT is a subset of the form XL for a �nite set L.A suba
tion (or subdynami
) of a Zd-SFT is the restri
tion of the Zd-a
tion toa subgroup Zk < Zd. Thus the full a
tion and its suba
tions share the same phasespa
e, whi
h is a dis
onne
ted 
ompa
t metri
 spa
e, but it is important to notethat the suba
tions are not ne
essarily symboli
. For example, if Z < Z2 as the�rst 
omponent, then the Z-suba
tion of the full Z2-shift {0, 1}Z
2 is isomorphi
to the Z-shift over the Cantor set {0, 1}Z, whi
h is not expansive; this may beseen by thinking of 
olumns of symbols as points in the Cantor set, so ea
h 2-dimensional 
on�guration be
omes a linear sequen
e of points in the Cantor setand the suba
tion shifts these points. In parti
ular a subshift of an SFT is mayno longer be an SFT; a �nite-in�nite subgroup always gives an SFT but even the
onditions under whi
h a general suba
tion of an SFT is expansive are not known.We use the unquali�ed term SFT to refer to an SFT with the full a
tion.Returning to our subje
t, in this paper we 
onsider a basi
 question about thefa
toring relation for SFTs, namely, whether there is a universal SFT that fa
torsonto all others. We are a
tually interested in the broader question of universalityfor the 
lass of suba
tions of SFTs. More pre
isely, for ea
h k ≤ d, we ask whetherthere is a Zd-SFT X so that the Zk-suba
tion on X fa
tors onto the Zk-suba
tionof every other Zd SFT. Su
h an X, if it exists, we 
all a (d, k)-universal SFT.One 
an immediately rule out the existen
e of (d, d)-universal SFTs on the basisof topologi
al entropy, whi
h does not in
rease upon passage to a fa
tor, and so,sin
e every SFT has �nite entropy but there are SFTs of arbitrarily large entropy,no universal one 
an exist.However, for k < d it is not 
lear what one should expe
t. As we saw in the 
aseof the full shift, a suba
tion may have in�nite entropy, so this poses no restri
tion.There is a restri
tion of a re
ursive nature, and that is that the suba
tion of anSFT is e�e
tive. Re
all that an e�e
tive Zk-dynami
al system (EDS) is a subshiftof the full Zk-shift over the Cantor set whose 
omplement is the union of a formally
omputable sequen
e of basi
 open sets. The fa
t that a suba
tion of an SFT ise�e
tive was proved in [4℄, along with a partial 
onverse: any e�e
tive Zk system
an be realized as the fa
tor of a Zk-suba
tion of a Zk+2-SFT (in fa
t the extension
an be made quite small, but we will not use this). We refer to [4℄ for furtherdetails.



Universality in symboli
 dynami
s 3Thus, the questions of whether (d, k)-universal SFTs exist is 
losely related tothe existen
e of universal systems in the 
lass of e�e
tive systems;1 and the 
lassof e�e
tive systems, though 
ountable, in
ludes essentially every type of dynami
swe 
an �des
ribe�. This would seem to indi
ate that we should not expe
t universaldynami
s to exist, sin
e they do not for general systems (at least if we stay in the
ontext of separable spa
es).Another relevant pie
e of information was re
ently provided by S. Simpson [13℄,who introdu
ed Medvedev degrees as an invariant of SFTs. Simpson asso
iates toea
h SFT X the Medvedev degree m(X) of its phase spa
e, whi
h is a measureof the re
ursive-theoreti
 
omplexity of the phase spa
e as a subset of the fullshift without referen
e to the dynami
s (see se
tion 3). Sin
e fa
tor maps betweenSFTs are sliding blo
k 
odes they are 
omputable, and therefore do not in
reaseMedvedev degree. Simpson also showed that every Medvedev degree is realized asa 2-dimensional SFT. It follows that the fa
toring relation between SFTs is at leastas 
ompli
ated as the order relation between Medvedev degrees, and the latter isstill not well understood.What is relevant to our question, however, is that there exists a maximal Medvedevdegree. Thus, from the point of view of re
ursion theory, there is no obstru
tion tothe existen
e of SFTs whose (sub)a
tions fa
tor onto a very broad 
lass of systems;indeed, any set with maximal Medvedev degree at least maps (via a 
omputablefun
tion) into, every e�e
tive set, and so into every SFT (this map has nothing todo with dynami
s, but even so its existen
e is non-trivial).It turns out that the existen
e of universal e�e
tive systems depends on the rankof the a
tion. For Z-a
tions, su
h a system exists:Theorem 1.1. There exists a universal e�e
tive Z-system, that is, an e�e
tive
Z-system that fa
tors onto every other e�e
tive Z-system.In parti
ular, for every d ≥ 3 there exist Zd-SFTs whose Z-suba
tion fa
torsonto the Z-suba
tion of every other Zd-SFT; i.e. there are (d, 1)-universal SFTsfor every d ≥ 3.It remains an open problem whether there exist (2, 1)-universal SFTs, i.e. Z2-systems whose 1-dimensional suba
tions is universal. This would follow if every
Z-EDS 
ould be realized as the suba
tion of a Z2-SFT; this is problem open [4℄.The universal e�e
tive Z-system in the theorem is 
onstru
ted by taking theprodu
t of all non-empty Z-EDS (this is a 
ountable produ
t so no topologi
aldi�
ulties arise). The fa
t that the non-empty Z-EDS 
an be e�e
tively enumeratedrests on the fa
t that one 
an de
ide whether a Z-SFT is empty based on the list1One must be 
areful what notion of morphism one 
hooses for e�e
tive systems, sin
e not everyfa
tor map is an e�e
tive fa
tor map. However in this paper both de�nitions lead to the sameresults, sin
e a fa
tor map from an EDS to a symboli
 system is automati
ally e�e
tive.
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hmanof forbidden patterns whi
h de�nes it. In 
ontrast, it is a 
lassi
al result of Bergerthat this problem is formally unde
idable for Z2-SFTs [12, 1℄, so this 
onstru
tion
annot be imitated in higher dimensions. This is not a short
oming of the methodbe
auseTheorem 1.2. If d ≥ 2 then there is no universal e�e
tive Zd system, and thereare no (d, k)-universal SFTs for k ≥ 2.To prove this, we show that the existen
e of a universal system 
ould be used asa 
omponent in an algorithm that would de
ide whether an arbitrary �nite set ofpatterns L de�nes a non-empty SFT, whi
h would 
ontradi
t Berger's theorem.1.2. Cellular automata. Another 
lass of dynami
al systems de�ned by lo
alrules are 
ellular automata. Re
all that a d-dimensional 
ellular automaton (CA)is a fun
tion f : ΣZ
d

→ ΣZ
d whi
h 
ommutes with the shift a
tion. This is wellknown to be equivalent to being de�ned by a lo
al, �nite transition rule. See [8℄for de�nitions and a re
ent survey of the subje
t.We next present two appli
ations of the results from [4℄ to the dynami
s of CA.The �rst is analogous to the universality question for SFTs, i.e.: are there universalCA? This questions seems to be more di�
ult than for SFTs, ex
ept for the 
ase

d = 1 where again entropy 
onsiderations show that no universal obje
t 
an exist.However, using the relation between CA and SFTs (see e.g. [4℄, se
tion 5.1), we 
anshow that for d ≥ 3 there exist CA whose dynami
s is very 
lose to the universale�e
tive Z-system of theorem 1.1.In dis
ussing dynami
s of CA one must �rst over
ome the fa
t that their a
tion isin general neither invertible nor surje
tive (we are interested in invertible dynami
s,though the question makes sense also in other 
ategories). The limit set Λf of aCA f is the largest set on whi
h f a
ts surje
tively:
Λf = ∩∞

n=1f
n(ΣZ

3

)If f a
t inje
tively on Λf then the a
tion is e�e
tive; in any 
ase, the naturalextension of this system is e�e
tive.Note that the limit a
tion always 
ontains a periodi
 point; this imposes 
ertainrestri
tions on the dynami
s whi
h 
an o

ur on limit a
tions. However this is theonly limitation. Combining theorem 1.1 with the results of [4℄ we have:Corollary 1.3. There exists a 3-dimensional 
ellular automaton su
h that, afterremoving from Λf a �xed point and its basin of attra
tion, is a universal Z-EDS,and in parti
ular fa
tors onto the natural extension of every CA.It is known that there are CA f su
h that for any other CA g, one 
an en
odethe 
on�gurations of g into 
on�gurations of f in a spatially homogeneous way and



Universality in symboli
 dynami
s 5so that the a
tion of f simulates the a
tion of g (for a pre
ise de�nition see [11℄).This notion is not dire
tly related to universality in our sense.Our se
ond appli
ation 
on
erns one of the motivations for studying CA in the�rst pla
e, namely that they provide a simple model for evolution of physi
al sys-tems. We would like to show that they live up to this expe
tation in the sensethat, for a reasonably large 
lass of su
h systems, we 
an �nd a CA whi
h modelstheir dynami
s very 
losely. We note that although mu
h has been made of thefa
t that CA 
an perform universal 
omputation, this in itself does not say mu
habout their dynami
s. The dynami
s of a 
omputer simulating a dynami
al systemis quite distin
t from the dynami
s of the system it is simulating.Sin
e e�e
tive systems 
an be modeled as limit a
tions of CA (minus the basinof attra
tion of a �xed point), we pro
eed by showing that a large 
lass of systems
an be extended to EDS. This may be viewed as an e�e
tive dynami
al Hausdor�-Alexandro� theorem. For simpli
ity we restri
t our attention to attra
tors of mapsof Rn, with the aim establishing it under reasonably simple.The following de�nition is adapted from [2℄ where it is proposed as a naturalmodel of e�e
tive 
omputation over the reals. A fun
tion f de�ned on some subsetof Rd is e�e
tive if there is an algorithm whi
h, upon being given input n ∈ N andan the in�nite array en
oding the binary representations of d numbers x1, . . . , xd ∈

R, reads a �nite number of bits from the input and outputs d rational numbers
y1, . . . , yd su
h that

‖f(x1, . . . , xd) − (y1, . . . , yd)‖∞ ≤
1

nDe�nition 1.4. Suppose that(1) U ⊆ Rd is an open set,(2) f : U → U is an e�e
tive map,(3) X ⊆ U is a 
losed attra
tor for f , i.e. there is an open set V ⊆ U so that
f(V ) ⊆ V and X = ∩fnV .(4) f |X is invertible.Then we say that X is an e�e
tive attra
tor of f .As before, the presen
e of periodi
 points in the limit a
tion of a CA preventsCA from modeling arbitrary dynami
s, but this is in a sense the only obstru
tion.Theorem 1.5. If X ⊆ Rd is an e�e
tive attra
tor for f then there is a 3-dimensional
ellular automaton g su
h that, after removing from Λg a �xed point and its basinof attra
tion, the a
tion of g fa
tors onto (X, f).For the proof one shows that e�e
tive attra
tors 
an be extended to EDSs, andapplies the ma
hinery from [4℄. As we have indi
ated, the statement above is in
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hael Ho
hmana sense the best possible for invertible dynami
s without �xed points. It is truethat in some ways, the dynami
s of the CA given by the theorem do not �looklike� the original system: tra
ing ba
k to the 
onstru
tion in [4℄ one sees that thebasin of attra
tion that we have thrown out is dense, and for produ
t measureson the 
on�guration spa
e typi
al points will 
onverge under the CA a
tion tothe �xed point. However, all the invariant measures on the system, ex
ept forthe point measure on the �xed point, are pullba
ks of measures from the originalsystem. Furthermore, under the te
hni
al assumption that the e�e
tive attra
torto be modeled satis�es the small boundary property, the EDS extending it 
an bemade to be inje
tive on the 
omplement of a universally null set. Thus from thepoint of view of stationary dynami
s the CA looks very mu
h like an extension ofthe original system.Organization. In se
tion 3 we re
all some of the re
ursive-theoreti
 ma
hinery wewill need and de�ne e�e
tive dynami
s. In se
tion 4 we prove theorem 1.1, and inse
tion 5 prove theorem 1.2. Se
tion 6 dis
usses realization of e�e
tive attra
tors.Se
tion 7 
ontains some open problems.A
knowledgement. I would like to thank Mike Boyle for some interesting dis
us-sions. 2. Definitions and notationA Zd-dynami
al system is the a
tion of Zd by homeomorphisms on a 
ompa
tmetri
 spa
e X; the a
tion of u ∈ Zd is denoted usually by Tu : X → X. A fa
tormap between systems X,Y a
ted on by the same group is a 
ontinuous, onto map
π : X → Y whi
h 
ommutes with the a
tion in the sense that πTu = Tuπ for every
u. Let Σ be a �nite set of symbols. The spa
e ΣZ

d of 
olorings of Zd by Σ is 
alledthe full d-dimensional shift over Σ, or just the full shift, and its points are 
alled
on�gurations. Topologi
ally the full shift is a Cantor set, and it 
omes equippedwith a natural Zd a
tion, 
alled the shift a
tion, in whi
h u ∈ Zd a
ts via thetranslation Tu : ΣZ
d

→ ΣZ
d de�ned by

(Tux)(v) = x(u + v)A subset X ⊆ ΣZ
d whi
h is 
losed and invariant to the shift (i.e. TuX = X for

u ∈ Zd) is 
alled a subshift, or a symboli
 system. By the Curtis-Hedlund-Lyndontheorem [3℄, fa
tor maps between subshifts of the same dimension (but possiblydistin
t alphabets) are given by a blo
k 
ode: if Y ⊆ ∆Z
d , X ⊆ ΣZ

d and π : Y → Xis a fa
tor map, then there is a �nite F ⊆ Zd and a fun
tion π0 : ∆F → Σ, sothat π a
ts on ea
h site of x ∈ ∆Z
d by applying π0 to the lo
al neighborhood of
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 dynami
s 7the site: (πx)(u) = π0((T
ux)|F ). The diameter of F is 
alled the window size of

π. Conversely, any su
h map π0 : ∆F → Σ gives rise to a fa
tor map π in this way(the image is automati
ally a subshift).3. Re
ursive sets and effe
tive dynami
al systems3.1. Some re
ursion theory. We require some basi
 fa
ts from re
ursion theory;see [6℄ for a formal introdu
tion. Re
ursion theory provides a 
lassi�
ation of
ertain subsets of N a

ording to the extent to whi
h the set may be des
ribedalgorithmi
ally. By an algorithm we mean a �nite set of instru
tions whi
h 
an be
arried out automati
ally, i.e. by 
omputer program or, more formally, a Turingma
hine.A subset A ⊆ N is re
ursive (R) if there is an algorithm whi
h, given n ∈ N,outputs �yes� if n ∈ A and �no� otherwise. A fun
tion f : N → N is re
ursive ifthere is an algorithm whi
h, given n, outputs f(n).A set A is re
ursively enumerable (RE) if there is an algorithm whi
h, on input
n, returns �yes� if n ∈ A and otherwise runs forever. Alternatively, a non-emptyset A ⊆ N is RE if there is an algorithm whi
h, given n ∈ N, outputs an ∈ N sothat A = {an : n ∈ N}; in other words, it is the image of a re
ursive fun
tion.By �xing a bije
tion between N and another 
ountable set U , we 
an speak of Rand RE subsets of U . Thus we will speak of R and RE subsets of pairs of integers,�nite sequen
es or patterns over a �nite set Σ, et
. We will always assume thatthe obje
ts have been pla
ed in 
orresponden
e with N in some e�e
tive way (forthe purpose of 
lassifying subsets as R or RE, two identi�
ations whi
h 
an bealgorithmi
ally redu
ed to ea
h other are equivalent).Sin
e there are 
ountably many algorithms there are 
ountably many R and REsets. We note that every re
ursive set is RE, but not vi
e-versa. However, theexamples of this tend to be rather arti�
ial, e.g. the set of provable theorems innumber theory (Gödel's theorem), or the set of halting Turing ma
hines (Turing'stheorem).The following standard fa
ts will be useful:Lemma 3.1. Let U be re
ursive and L ⊆ U is an RE set. Let R ⊆ U × V be are
ursive set and let

M = {b ∈ V : (a, b) ∈ R for some a ∈ L}Then M is RE.Proof. Let A be an algorithm that on input a ∈ U halts if a ∈ L and runs foreverotherwise. Let B be the algorithm whi
h, upon input b ∈ V , iterates over all pairs
(n, a) ∈ N×U , and for ea
h pair runs the algorithm A for n steps (or until it halts)
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hmanon the input a. If A halts before n steps are up, it 
he
ks whether (a, b) ∈ R, andif so it halts; otherwise it 
ontinues to the next pair (n′, a′). It is easily seen thatthis algorithm halts on input b if and only if b ∈ M , so M is RE. ¤Lemma 3.2. If a set L ⊆ U if RE and U \ L is RE then L is R.Proof. Let A and B be algorithms whi
h, given x ∈ U , halt if x ∈ L or x ∈ U \ L,respe
tively, and otherwise run forever. Consider the algorithm whi
h a

epts x asinput and iterates over n ∈ N. For ea
h n it simulates n steps of the 
omputationof A on input x, and if that 
omputation halted it announ
es that a ∈ L and halts.Otherwise it simulates n steps of the 
omputation of B on x and if that 
omputationhalts, it announ
es x /∈ L and halts. If neither simulations terminates, it pro
eedsto the next n. Clearly, our algorithm always halts and gives the 
orre
t answer. ¤3.2. E�e
tive subshifts and EDS. Returning to dynami
s, let K = {0, 1}Ndenote the Cantor set, and for �nite I ⊆ N and a ∈ {0, 1}I let [a] denote the
ylinder set determined by a, i.e.
[a] = {x ∈ K : x(i) = a(i) , i ∈ I}it will be 
onvenient to write P for the set of �nite patterns of the form {0, 1}I ,

I ⊆ N; so P parameterizes the 
ylinder sets of K. The 
ylinder sets form a 
losedand open basis for the topology of K.Let Ω = Ωd = KZ
d , whi
h topologi
ally is again a Cantor set. A basis for thetopology of Ω is given by the generalized 
ylinder sets [a], where a : E → P forsome �nite E ⊆ Zd, and

[a] =
∏

u∈Zd

Vu where Vu = [a(u)] for u ∈ E and Vu = K otherwiseWe write P∗d for the set of su
h maps a : E → P, E ⊆ Zd �nite. The sets [a] for
a ∈ P∗d form a 
losed and open basis for Ω.As usual, let {Tu}u∈Zd denote the shift a
tion of Zd on Ω. A subshift X ⊆ Ω is,as usual, a nonempty, 
losed subset whi
h is invariant under the shift a
tion.Every subshift (in fa
t every 
losed subset) is the 
omplement of a 
ountableunion of 
ylinder sets. If the 
omplement is the union of a re
ursive sequen
e of
ylinder sets, we say it is e�e
tive. To be pre
ise, �x an e�e
tive enumeration of Pand use this to enumerate the elements of P∗d, whi
h parameterizes a basis for Ω.De�nition 3.3. An e�e
tive subshift is a subshift X ⊆ Ω su
h that X = ΩL forsome re
ursively enumerable L ⊆ P∗, where

ΩL = {x ∈ Ω : x /∈ Tu[a] for every a ∈ L and u ∈ Zd}

= Ω \
⋃

a∈L

⋃

u∈Zd

Tu[a]
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 dynami
s 9or, equivalently, if the set
{a ∈ P∗d : X ∩ [a] = ∅}is re
ursively enumerable.Sin
e there are 
ountably many algorithms, there are 
ountably many EDS,representing only 
ountable many isomorphism types of systems. In spite of thiswe do not know of any �natural� invariant of dynami
al systems whi
h 
annot berealized as an EDS.In [4℄ we showed:Theorem 3.4. The suba
tion of an SFT is an EDS.More important for our present dis
ussion is the partial 
onverse obtained there:Theorem 3.5. If X is a Zd-EDS then there is a (d+2)-SFT Y and a Zd-suba
tionof Y whi
h fa
tors onto (X, Zd).4. Universal effe
tive Z-systemsIn this se
tion we prove the following result:Theorem 4.1. There exists a Z-EDS whi
h fa
tors onto every other Z-EDS.Together with theorem 3.5 this proves theorem 1.1.A sequen
e Ln ⊆ N of sets is uniformly re
ursively enumerable if ∪∞

n=1Ln×{n} ⊆

N2 is RE, or equivalently, if there is an algorithm A whi
h, given input i, j ∈ N,halts if j ∈ Li and otherwise runs forever.Lemma 4.2. Let Ln ⊆ P∗d be a uniformly RE sequen
e of sets. Write Xn = ΩLn
.Then the produ
t system ∏∞

n=1 Xn is an EDS.Proof. The proof is based on the fa
t that K ∼=
∏∞

n=1 K, and this isomorphism 
anbe made e�e
tive. Fix some re
ursive bije
tion ϕ : N2 → N, and let
In = {k ∈ N : k = ϕ(i, n) for some i ∈ N}whi
h is a partition of N into disjoint in�nite sets. We may identify In with N via

ϕ(·, n) : N → In. Let πn : K → K be the proje
tion x 7→ x|In
where identify x|Inwith a point in K using this bije
tion of In and N. Extend πn to patterns over Kpointwise, so if a ∈ KE for a �nite set E ⊆ Zd then (πn(a))(u) = πn(a(u)), u ∈ Zd.Then x 7→ (π1(x), π2(x), . . .) is a homeomorphism from Ω to ∏∞
n=1 Ω.Let L ⊆ P∗d be de�ned by

L = {a ∈ P∗d , πn([a]) ⊆ [b] for some n ∈ N and b ∈ Ln}
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hael Ho
hmanA moments thought shows that ΩL
∼=

∏∞
n=1 ΩLn

. In order to prove the lemma itsu�
es to show that L is RE. Below we provide the details.First, note that if a, b ∈ P then we 
an 
he
k whether [a] ⊆ [b] in K: If a : I →

{0, 1} and b : J → {0, 1} this amounts to verifying that J ⊆ I and b(i) = a(i) for
i ∈ J .Similarly, if a, b ∈ P∗d then we 
an de
ide whether [a] ⊆ [b] in Ω: If a : E → Pand b : F → P, we only need to 
he
k that F ⊆ E and that [a(u)] ⊆ [b(u)] for
u ∈ F ; by the above this in
lusion is de
idable.Thus, if a, b ∈ P∗d and n ∈ N, then we 
an de
ide whether πn([a]) ⊆ [b] = ∅ ornot.The fa
t that L is RE now follows from lemma 3.1, sin
e by assumption L∗ =

∪n∈N{n} × {Ln} is RE, and
L = {a ∈ P∗d , πn([a]) ⊆ [b] for some (n, b) ∈ L∗} ¤We also need the following:Lemma 4.3. Given a �nite L ⊆ P∗1, it is de
idable whether ΩL = ∅ or not.Proof. Suppose L is given. Let I ⊆ N be large enough that if a ∈ L, a : E → P,then every pattern a(i), i ∈ E is supported in I. It is not hard to 
he
k that

ΩL 6= ∅ if and only if there is an in�nite sequen
e x = (x(n))n∈Z over the alphabet
{0, 1}I so that, for every every k ∈ N there is no a ∈ L, a : E → P, whi
h satis�es
x(k + i)(n) = (a(i))(n) for i ∈ E and all n at whi
h a(i) is de�ned. Thus, de
idingwhether ΩL is empty is equivalent to de
iding whether a 
ertain Z-SFT over thealphabet {0, 1}I is empty (the last 
ondition, though 
umbersome, is a �nite, lo
alrestri
tion symbols in x and is equivalent to ex
luding a �nite number of patterns).Clearly the redu
tion from the �rst problem to the se
ond is 
omputable, and these
ond problem is de
idable, sin
e it is equivalent to de
iding whether there areany 
y
les in a �nite graph asso
iated to the given SFT in an e�e
tive way (see e.g.[9℄). Thus the original problem is de
idable as well. ¤Proof. (of theorem 4.1) We show that there is a uniformly re
ursive sequen
e Ln ⊆

P∗1 so that Xn = ΩLn
6= ∅ for every n and every Z-EDS appears as one of the

Xn's. Given su
h a sequen
e, the produ
t ∏∞
n=1 Xn is universal for EDS and isitself an EDS by the previous lemma.Let (An)∞n=1 be a �xed re
ursive enumeration of all algorithms and let

L′
n = {b : An halts on input b}The sequen
e L′

n is uniformly RE, be
ause given n and b, in order to determine if
b ∈ L′

n one �rst 
omputes An (we 
an be
ause the sequen
e An is re
ursive) andthen simulates the 
omputation of An on input b, halting only if this 
omputation
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s 11halts. This a
hieves the �rst of our goals, sin
e 
learly the sequen
e ΩL′

n
will 
ontainall e�e
tive subshifts. The problem is that some ΩL′

n
's will be empty. We thereforewill de�ne an RE sequen
e Ln with Ln = L′

n if ΩL′

n
6= ∅, and with ΩLn

6= ∅ in any
ase.First, given n, k ∈ M and a ∈ P∗d we say that a is (n, k)-re
ognized if thealgorithm An halts on input a within k steps. Note that this 
ondition is re
ursive,sin
e An 
an be 
omputed from n and then its 
omputation on input a 
an besimulated for k steps to see if it halts.Choose an enumeration b1, b2, . . . of P∗d. Given k let
Ln,k = {bi : 1 ≤ i ≤ k and bi is (n, k)-re
ognizable }Clearly the Ln,k 
an be 
omputed given n, k, they are in
reasing in k, and theirunion is L′

n.Finally, let
Ln = {a ∈ P∗d : ΩLn,k

6= ∅ and a ∈ Ln,k for some k ∈ N}By lemma 3.1 we see that Ln is RE. Also, if ΩL′

n
6= ∅ then ΩLn,k

6= ∅ for every kso a ∈ Ln if and only if a ∈ L′
n, or in other words, Ln = L′

n. On the other hand,if ΩL′

n
= ∅ then by 
ompa
tness there is a k for whi
h ΩLn,k

= ∅; let k0 be theminimal su
h k. One sees that , a ∈ Ln if and only if a ∈ Ln,k0−1, so Ln = Ln,k0−1and by de�nition ΩLn,k0
6= ∅. This 
ompletes the proof. ¤

5. Nonexisten
e of universal SFTsThe proof from the last se
tion 
annot be adapted to Zd-EDS be
ause, for d ≥ 2,one 
annot de
ide in general if a d-dimensional SFT is empty; this is Berger'stheorem. Although this in itself is not a proof that no (d, k)-universal SFTs existfor k > 1, the proof in fa
t involves showing that if one did exist then it 
ould be usedas a 
omponent in an algorithm for de
iding the emptiness of SFTs, 
ontradi
tingBerger's theorem.Although the proof that universal Zd-EDS don't exist for d ≥ 2 is not 
on
ep-tually di�
ult, it will be more transparent to �rst establish the weaker 
laim thatthere are no (d, d)-universal SFTs, i.e. no Zd-SFTs whi
h fa
tor onto every other
Zd-SFT. This follows easily from entropy 
onsiderations, but the proof we give isof a re
ursive nature.Fix d. It will be 
onvenient to 
onsider SFTs over alphabets whi
h are subsetsof N; this allows us to examine sets of SFTs without restri
ting the alphabet size,and is no restri
tion sin
e any SFT is isomorphi
 to one over the alphabet N.



12 Mi
hael Ho
hmanFor a language L over Σ, we say that a pattern a ∈ ΣE is L-admissible if,whenever b ∈ ΣF is a pattern in L and F + u ⊆ E, the pattern b does not appearat u in a; i.e. a(u + v) 6= b(v) for some v ∈ F .We return to the question of (d, d)-universal SFTs. It is well-known that the set
L = {L : L is a �nite set of �nite patterns over N and XL = ∅}is RE. To see this 
onsider the algorithm that is given as input a �nite set L over a�nite Σ ⊆ N, and iterates over n ∈ N; for ea
h n it 
he
ks if there exist L-admissible

a ∈ Σ[−n;n]. If none exist it announ
es that XL = ∅ and halts. Otherwise, is goes onto the next n. Clearly if XL 6= ∅ then the algorithm will not halt, and a 
ompa
tnessargument shows that if XL = ∅ it will.Thus, in order to prove the 
laim about non-existen
e of (d, d)-universal SFTs,we show that, if there is some �nite L∗ so that X = XL∗ ⊆ ΣZ
d fa
tors onto every

Zd SFT, then the set
M = {L : L is a �nite set of �nite patterns over N and XL 6= ∅}is RE. Sin
e L,M are 
omplementary in the spa
e of �nite sets of patterns over

N, and both are RE, it follows that they are re
ursive (lemma 3.2); this would
ontradi
t Berger's theorem.The following algorithm establishes that M is RE. As input it a

epts a �niteset L of patterns over N and de
ides if XL is empty. Re
all that L∗ is assumed tobe a �nite set of patterns so that XL∗ fa
tors onto every 0-entropy SFT; we shalluse L∗ in 
onstru
ting our algorithm. Let R ∈ N be su
h that ea
h pattern in L∗and L is supported in [−R,R]d.Algorithm. For ea
h triple r, k, ϕ with r, k ∈ N, r > R+k +1, and ϕ : Σ[−k;k]d →

∆, do(1) Enumerate all L∗-admissible patterns in Σ[−r;r]d . Call them a1, . . . , aN(2) If ϕ(ai)|[−R;R]d is L-admissible for every ai, 1 ≤ i ≤ N , announ
e that
XL 6= ∅ and halt.To see that this works, note that if the algorithm halts in (2) for some triple

(r, k, ϕ) then the image under ϕ of any point in XL∗ gives a point in XL, implyingthat XL 6= ∅. Conversely, if XL 6= ∅ then by universality of XL∗ there is some
k and fa
tor map XL∗ → XL whi
h is de�ned lo
ally by some ϕ : Σ[−k;k]d → ∆.A 
ompa
tness argument shows that for these k, ϕ, if the 
ondition in (2) fails forevery r then there is a point x ∈ XL∗ with ϕ(x) /∈ XL, a 
ontradi
tion.We now deal with the general 
ase.Proof. (of theorem 1.2) The proof that there is no universal EDS follows the sameargument as above, the only di�eren
e being that fa
tor maps are no longer sliding
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s 13blo
k 
odes, whi
h makes the notation more 
umbersome. If (X, Zd) is a totallydis
onne
ted system and π : X → Y ⊆ ΣZ
d is a fa
tor map to a subshift Y , thenthe fa
tor map is determined by the partition

Uσ = {x ∈ XL : f(x)0 = σ} σ ∈ Σof X into 
losed and open sets, and 
onversely if {Uσ}σ∈Σ is su
h a partition thenit de�nes a fa
tor map π into ΣZ
d , where (πx)(u) = σ if and only if Tux ∈ Uσ.Thus in order to adapt the proof above to general EDS we iterate over partitionsrather than sliding blo
k 
odes; note that the �nite partitions of Ω into 
losed andopen sets 
an be e�e
tively enumerated.Fix d and suppose L ⊆ P∗d is an RE set and that ΩL fa
tors onto every Zd-EDS.As before, we obtain a 
ontradi
tion by showing that the set L′ above is RE.Let Ln be a re
ursive in
reasing sequen
e of sets with ∪Ln = L, whi
h existssin
e L is RE. Consider the following algorithm, whi
h as input a

epts a �nite set

M of �nite patterns over N:(1) Let R be an upper bound on the diameter of the patterns in M .(2) For ea
h triple r, n and (Uσ)σ∈Σ, with r, n ∈ N, r > R and (Uσ) a 
losedand open partition of Ω, do:
• If for every x ∈ Ω the 
ondition

∀ ‖u‖ ≤ n Tux /∈ Ω \
⋃

a∈Ln

⋃

‖u‖≤n

Tu[a]implies that f(x)|[R;R]d is M -admissible, announ
e that Y 6= ∅ andhalt.Although the 
ondition in (a) is not phrased as a �nite 
ondition and may appearhard to 
he
k, it is a
tually a question about the non-emptiness of the interse
tionof �nitely many 
ylinder sets whi
h are given in the data, and 
an therefore bee�e
tively 
he
ked. The proof that this algorithm produ
es the 
orre
t output isthe same as the one given above for SFTs, and we omit it. ¤6. Realization of effe
tive attra
torsLet U ⊆ Rd be open and let f : U → U be an e�e
tive map with attra
tor
X ⊆ U as in de�nition 1.4. We wish to show that there is an EDS whi
h extends
(X, f); theorem 1.5 then follows.Let us say that a dyadi
 rational is one of the form k

2n ; a dyadi
 interval is a
losed interval of the form [ k
2n , k+1

2n ]; and by a dyadi
 
ell is a produ
t I1 × . . .× Idof dyadi
 intervals. An open dyadi
 
ell we mean the interior of a dyadi
 
ell, i.e.the produ
t of open dyadi
 intervals.



14 Mi
hael Ho
hmanGiven a binary representation x of x ∈ R let DN (x) denote the set of all y ∈ Rwhose �rst N binary digits after the �de
imal� point agree with x; this is a 
loseddyadi
 interval of length 2−N . For x = (x1, . . . , xd) ∈ Rd and binary representations
xi of xi we de�ne DN (x) = DN (xi) × . . . × DN (xd), whi
h is a dyadi
 
ell with
x ∈ DN (x). There are at most 2d binary representations of (x1, . . . , xd), ea
h givingrise to a dyadi
 
ell 
ontaining x.Lemma 6.1. Let f : U → U ⊆ Rd be an e�e
tive map. Then there is an algorithmwhi
h, given a 
losed dyadi
 
ell D ⊆ U and an integer n, outputs a �nite set ofrational points in Rd whi
h are 1

n
-dense in f(D).Proof. Let A be the algorithm given by the de�nition of an e�e
tive fun
tion; fora point x ∈ Rd with binary representation x and for given n let A(x, n) denote theapproximation of f(x) produ
ed by A on inputs x, n, so ‖A(x, n) − f(x)‖ < 1

n
. Let

N = N(x, n) denote the number of digits from x that is used by A in 
omputing
A(x, n). If x′ ∈ DN (x) and x′ is a binary representation of x′ ∈ Rd agreeingwith x for the �rst N digits, then A(x′, n) = A(x, n), sin
e the algorithm haltsbefore having a 
han
e to dete
t that x 6= x′. Hen
e, for x′ ∈ DN (x) we have
‖f(x′) − A(x, n)‖ = ‖f(x′) − A(x′, n)‖ < 1

n
, and so ‖f(x′) − f(x)‖ < 2

n
.There are at most 2d binary representations x of x, and for ea
h we get an N asabove. Let N∗ = N∗(x, n) be the maximum of these numbers and let Un(x) be theinterior of the union of dyadi
 
ells of side 2−N∗ 
ontaining x. This is an open set
ontaining x, and from the dis
ussion above we see that the diameter of f(Un(x)) is

< 5
n
, sin
e the image of ea
h 
ell has diameter < 2

n
and is within distan
e 1

n
of f(x).Note that for a dyadi
 point r ∈ Qd, both N∗(r, n) and Un(r) are 
omputable.If D ⊆ U is a 
losed dyadi
 
ell and n ∈ N, then there is a �nite 
over of Dby sets of the form Un(r), and su
h a 
over 
an be 
omputed by iterating over all�nite 
olle
tions of the sets Un(r) for r a dyadi
 rational, until su
h a 
olle
tion isfound that 
overs D. If {Un(ri)}

M
i=1 is su
h a 
olle
tion, then as we have seen, theset {A(ri, n)}M

i=1 is 5
n
-dense in f(D), where A(r, n) is the output of the algorithmon input n and the binary representation r of r. ¤Lemma 6.2. Let X be the attra
tor of an e�e
tive map f : U → U ⊆ R. Thenthere is an algorithm whi
h, when given a dyadi
 
ell D = I1 × . . . × Id ⊆ U asinput, halts if X ∩ D = ∅, and otherwise runs forever.Proof. By assumption there is an open set V ⊆ U with fV ⊆ V and X = ∩fnV .By 
overing X by small open dyadi
 
ells and then taking their 
losure, we seethat there is a �nite set of 
losed dyadi
 
ells C1, . . . , CN whi
h 
over X and are
ontained in V . Denoting by C their union, we have X = ∩fnC. Thus for anydyadi
 
ell D ⊆ U we have D ∩ X = ∅ if and only if, for some n, D ∩ fnCi = ∅ for

i = 1, . . . , N .
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s 15We do not 
laim that C 
an be found e�e
tively but it exists and 
an be des
ribedby �nite data, and we may use it in the algorithm that we now present. As input thealgorithm takes a dyadi
 
ell D. It then iterates over n and for ea
h n it 
omputesa �nite set of points F whi
h are 1
n
-dense in f(C) (this 
an be done by the previouslemma). If every point in f has distan
e > 1

n
from D the algorithm halts; otherwiseit pro
eeds to the next n. ¤In the same way we haveLemma 6.3. Let X be the attra
tor of an e�e
tive map f : U → U ⊆ R. Thenthere is an algorithm whi
h, given as input two (
losed) dyadi
 
ells D′,D′′, halts

f(D′) ∩ D′′ = ∅ and otherwise runs forever.We 
an now prove theorem 1.5:Proof. Let f : U → U be an e�e
tive map with attra
tor X ⊆ U . Sin
e X isbounded and we 
an assume that U is bounded, and without loss of generality
U ⊆ [0, 1]d. Let K = {0, 1}N be the Cantor set and π : K → [0, 1]d be given by
x 7→ (x1, . . . , xd) where

xi =

∞
∑

n=0

2−n+1x(dn + i)Let Y ⊆ Ω = KZ be those points ω so that
π(ω(n)) ∈ X , n ∈ Zand

π(ω(n + 1)) = f(π(ω(n)))Clearly Y is a subshift and π : Y → X is a fa
tor map from Y to X. It remains toshow that Y is an e�e
tive subshift.Re
all the de�nition of P∗1 from se
tion 3. Note that if a ∈ {0, 1}{1,2...dk} then
π([a]) is a dyadi
 
ell in [0, 1]d. Consider the set of generalized 
ylinder sets

L =











a ∈ P∗1

∣

∣

∣

∣

∣

∣

∣

a : {n, n + 1} → {0, 1}{1,2...dk} for some n, k ∈ Nand either f(π([a(n)])) ∩ π([a(n + 1)]) = ∅or π([a(n)]) ∩ X = ∅ or π([a(n + 1)]) ∩ X = ∅









One may verify that Y = ΩL ; the proof will be 
omplete if we show that L isRE. In order to so this it su�
es to show that there is an algorithm whi
h, given
a : {n, n + 1} → {0, 1}{1,2...dk}, halts if π([a(n)]) ∩ X = ∅ or π([a(n + 1)]) ∩ X = ∅or f(π([a(n)])) ∩ π([a(n + 1)]) = ∅, and otherwise runs forever. But this is a dire
t
onsequen
e of the lemmas pre
eding this proof. ¤7. Open ProblemsWe 
on
lude with a few problems whi
h arise in 
onne
tion with this work.



16 Mi
hael Ho
hmanWe have shown that universality 
annot o

ur for e�e
tive Zd systems. This 
anbe rephrased as follows: If d > 2 then for every e�e
tive Zd-system X, there is a Zd-SFT Y so that X does not fa
tor onto Y . If we relax the e�e
tiveness requirement,a stronger result is true: under mild assumptions on the original system X, thereis a system disjoint from X in the sense of Furstenberg.Problem. Given a minimal Zd-EDS, does there exists a Zd-EDS disjoint from it?(one may of 
ourse ask this about other 
lasses).(minimality is required to avoid trivial 
ounterexamples). The same questionmay be asked for minimal SFTs.The non-existen
e of universal EDS was demonstrated using purely re
ursion-theoreti
 
onsiderations. It is not 
lear how to handle some restri
ted interesting
lasses of EDS. Of parti
ular interest are the minimal SFTs, nontrivial examples ofwhi
h were 
onstru
ted in [10℄ and more examples follow from [5℄. We note thatfor SFTs, minimality implies zero entropy, so entropy 
annot rule out a universalminimal SFT. We also note that, besides being an interesting 
lass dynami
ally,minimal SFTs have the additional feature that the set of patterns appearing in aminimal SFT is re
ursive, and the extension problem is de
idable for them, i.e.given a lo
ally admissible pattern one 
an de
ide if it 
an be extended to an in�nite
on�guration [4℄. Thus this 
lass does not exhibit the re
ursive 
omplexity of SFTsin general.Problem. Are there universal systems in the 
lass of minimal SFTs? (and if so,in what dimensions?)Finally, a re
ursive produ
t of e�e
tive systems is e�e
tive. One 
an ask a relatedquestion about SFTs:Problem. If a re
ursive produ
t SFTs has �nite entropy, 
an it be extended to anSFT? Referen
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