
ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICSMICHAEL HOCHMANAbstra
t. We examine the relation between topologi
al entropy, invertibility, andpredi
tion in topologi
al dynami
s. We show that topologi
al determinism in thesense of Kami«sky Siemaszko and Szyma«ski imposes no restri
tion on invariantmeasures ex
ept zero entropy. Also, we develop a new method for relating topo-logi
al determinism and zero entropy, and apply it to obtain a multidimensionalanalog of this theory. We examine predi
tion in symboli
 dynami
s and show thatwhile the 
ondition that ea
h past admit a unique future never o

urs for interestingsystems, the 
ondition that ea
h past have a bounded number of future imposes norestri
tion on invariant measures ex
ept zero entropy. Finally, we give a negativeanswer to a question of Eli Glasner by 
onstru
ting a zero-entropy system with aglobally supported ergodi
 measure in whi
h every point has multiple preimages.1. Introdu
tionThere are several ways to de�ne �determinism� of a dynami
al system, all ofwhi
h express in various ways the idea that the past determines the future (andvi
e versa). In ergodi
 theory, a measure-preserving map T of a probability spa
e
(X,B, µ) is deterministi
 if for every measurable f : X → R (or equivalently every�nite-valued f) the values f(Tx), f(T 2x), . . . determine f(x) with probability one,i.e. f ∈ σ(Tf, T 2f, . . .) where σ(F) is the σ-algebra generated by F . Another equiv-alent 
ondition is that every fa
tor (Y, C, ν, S) of (X,B, µ, T ) is essentially invertible,i.e there is an invariant set Y0 ⊆ Y of full measure su
h that S|Y0 is invertible. Yetanother equivalent 
ondition whi
h is widely used is that entropy vanish: h(T, µ) = 0.In this work we examine the relations between predi
tion, invertibility and entropyin the 
ategory of topologi
al dynami
s, where by a topologi
al dynami
al system
(X, T ) we mean a 
ontinuous onto map T : X → X of 
ompa
t metri
 spa
e. One
an �nd analogs of these three 
onditions, but the relations between them are more
omplex. We present here several results that unders
ore the independen
e of thesenotions, 
omplementing some of the re
ent works on the subje
t, e.g. [7, 4, 3℄.1.1. Topologi
al predi
tability. Kami«ski, Siemaszko and Szyma«ski introdu
edin [5℄ an interesting and natural notion of predi
tability and for topologi
al systems.1



2 MICHAEL HOCHMANA system (X, T ) is topologi
ally predi
table1, or TP, if for every 
ontinuous fun
tion
f ∈ C(X) we have f ∈ 〈1, T f, T 2f, . . .〉, where 〈F〉 ⊆ C(X) denotes the 
losedalgebra generated by a family F ⊆ C(X). Kami«ski et. al. showed that (X, T ) istopologi
ally predi
table if and only if every fa
tor of (X, T ) is invertible, where afa
tor is a system (Y, S) and a 
ontinuous onto map π : X → Y su
h that πT = Sπ.One would like to understand what other dynami
al impli
ations topologi
al pre-di
tability has. In [5℄ it was shown that a TP systems have zero topologi
al entropy,but that the 
onverse to this is false. This follows easily from the fa
t that every to-tally dis
onne
ted TP system is equi
ontinuous, whereas every zero entropy measure
an be realized as an invariant measure on a totally dis
onne
ted (and hen
e not TP)system.Nonetheless, although �not TP� seems to say little, TP is a rather strong 
ondition,and one might suppose it to impose restri
tions on the measurable dynami
s. Thisis supported by the fa
t that only two 
lasses of TP systems were known beyond theequi
ontinuous 
ase: the distal systems and the pointwise rigid systems (that theseare TP follows from [5℄).Our �rst result is that TP imposes no restri
tions on invariant measures ex
eptzero entropy:Theorem 1.1. For every zero-entropy, ergodi
 measure-preserving system (X,B, µ, T )there is a topologi
al system (Y, S) and an invariant measure ν on Y su
h that
(Y, ν, S) ∼= (X,B, µ, T ) and for every y′, y′′ in Y , the point (y′, y′′) is forward re-
urrent for S × S. In parti
ular, (Y, S) is TP.This 
onstru
tion is related to the 
onstru
tion in [9℄ whi
h as a by-produ
t pro-du
es, for any zero entropy measure preserving system, a topologi
al model in whi
hevery pair is two-sided re
urrent. However, this is a far weaker statement than for-ward re
urren
e; in fa
t, the realization in [9℄ is on a totally dis
onne
ted spa
e,and one 
annot hope that su
h a system will be TP (for then the a
tion would beequi
ontinuous, and the invariant measures would have pure point spe
trum).As a 
onsequen
e of this one gets a new fun
tional 
hara
terization of the vanishingof entropy in a measure preserving systems:Corollary 1.2. A measure preserving system (X,B, µ, T ) has entropy 0 if and onlyif there exists a separable sub algebra A ⊆ L∞(µ) whi
h separates points and su
hthat f ∈ 〈1, T f, T 2f, . . .〉 for every f ∈ A.1Kami«ski et. al. use the term topologi
al determinism, but this seems to us 
onfusing in the present
ontext.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 3Next we dis
uss the notion of TP to Zd a
tions. Su
h an a
tion {T u}u∈Zd of Zd byhomeomorphisms on X is topologi
ally predi
table (TP) if f ∈ 〈1, T uf : u < 0〉 forevery f ∈ C(X); here < is the lexi
ographi
al ordering on Zd. One may ask whetherthis notion is independent of the generators (the lexi
ographi
 ordering 
ertainly isnot). It is not; even in dimension 1, the property TP depends on the generator, i.e.TP for T does not imply it for T−1. Thus TP is a property of a group a
tion and agiven set of generators.The proof in [5℄ that TP implies 0 entropy for a single transformation used theexisten
e of asymptoti
 pairs in positive entropy systems. In se
tion 3.3 we give anew and dire
t argument for this impli
ation, whi
h is somewhat more transparent.Furthermore, our proof 
an be used to generalize the result to a
tions of Zd.Theorem 1.3. For a Zd-a
tion, TP implies zero topologi
al entropy.There is a rather 
omplete theory of entropy, developed by Ornstein and Weiss, fora
tions of amenable groups on probability spa
es. One feature whi
h is absent fromthe general theory (and whi
h we utilized for Z and Zd a
tions) is a good notion ofthe �past� of an a
tion, and the ability to represent the entropy of a partition as a
onditional entropy of the partition with respe
t to the �past�. However by analogyto the abelian 
ase the following question is natural:Problem 1.4. Suppose an in�nite dis
rete amenable group G a
ts by homeomor-phisms on X. Let S ⊆ G be a subsemigroup not 
ontaining the unit of G, andsu
h that S ∪ S−1 generates G. Suppose that for every f ∈ C(X) we have f ∈

〈1, sf : s ∈ S〉. Does this imply that h(X, G) = 0?1.2. Predi
tion for symboli
 systems. Let Σ be a �nite set of symbols and 
on-sider the spa
e ΣZ of bi-in�nite sequen
es over Σ. Denote by σ : ΣZ → ΣZ the shiftmap. A symboli
 system is a 
losed, σ-invariant subset of ΣZ.Let X ⊆ ΣZ be a subshift and let x− ∈ Σ−N; for x ∈ ΣZ we also write x− = x|−N..A �nite or in�nite sequen
e x+ ∈ ∪1≤n≤∞Σn is an admissible extension of x− (withrespe
t to X) if the 
on
atenation x−x+ is in X. If h(X) = 0 then h(µ) = 0 forevery invariant measure µ on X, and so there is a set of points X0 ⊆ X having fullmeasure with respe
t to every invariant measure, su
h that x− has a unique extensionfor every x ∈ X0. A natural question is whether this 
an o

ur for every x ∈ X.The answer is no: in fa
t, it is well known that the only subshifts for whi
h everyadmissible past x− admits a unique 
ontinuation are �nite unions of periodi
 orbits(we give a proof in lemma 4.1).



4 MICHAEL HOCHMANHowever there do exist subshifts where ea
h x− ∈ Σ−N allows only �nitely manyextensions; the best known are probably the Sturmian sequen
es. Su
h subshiftsmust have zero entropy. It turns out that su
h systems are not un
ommon, and thatentropy is again the only restri
tion to the dynami
s of their invariant measures:Theorem 1.5. Every ergodi
 measure-preserving system with entropy zero 
an berealized as an invariant Borel measure on a uniquely ergodi
 subshift X ⊆ {0, 1}Zwhi
h has the property that every x− ∈ {0, 1}−N has at most two in�nite extensionsof x−.This may be viewed as a sharpening of the Jewett-Krieger generator theorem, whi
hstates that every measure-preserving system with �nite entropy h 
an be realized asthe unique invariant measure on a uniquely ergodi
 subshift on k symbols, provided
log k > h. In zero entropy, one 
annot use less than 2 symbols. This theorem saysthat one 
an do the next best thing.1.3. Non-invertibility and entropy. Consider a symboli
 system X ⊆ ΣN (notethat we now have a one-sided shift), and an invariant probability measure µ on X.Re
all that, sin
e the partition of X a

ording to the �rst symbol generates the σ-algebra, the entropy h(µ) is the average of the entropy of the 
onditional measures,given x, indu
ed on the preimage set σ−1(x). Thus if h(µ) > 0 then with positiveprobability σ−1(x) is not 
on
entrated on a single point, and 
onsequently there is alarge set of points in X with multiple preimages. It is therefore natural to ask, what�degree� of non-invertibility is ne
essary to guarantee positive entropy?One plausible 
ondition is that ea
h point have multiple preimages; we 
all su
ha system totally non-invertible. Indeed, for subshifts this is enough to imply posi-tive entropy, be
ause for symboli
 systems total non-invertibility implies a stronger
ondition: the preimage of every point has diameter > δ for some positive δ. Ifthis 
ondition is satis�ed we say that the system has no small preimages. An easyargument shows that a map with no small preimages has entropy at least log 2 (seeproposition 5.1 below).Total noninvertibility does not guarantee positive entropy in general, though insome spe
ial 
ases it does, e.g. maps of the interval [1℄. One would like to �nd addi-tional hypotheses whi
h, together with total non-invertibility, imply positive entropy.One 
andidate is the presen
e of a globally supported ergodi
 measure. In a totallynoninvertible system there is always an open set of points whose preimages have di-ameter whi
h is bounded below by some positive 
onstant, and by ergodi
ity almostevery orbit will spend a positive fra
tion of its time in this set. One would hope to



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 5use this to 
onstru
t many well-separated orbits. Eli Glasner has raised the questionof whether this hypothesis indeed implies positive entropy. We show below that thisis false.Example 1.6. There exist zero entropy totally non-invertible system with a globallysupported ergodi
 measure.For an integer k > 0 we say that a system (X, T ) is at least k-to-one if the preimageset of every point is of size at least k. J. Bobok has shown that if a map of the 
ir
leor the interval is k-to-one then h(T ) ≥ log k, and has asked if this holds in general, atleast under the assumption that there are no small preimages. We 
an give a negativeanswer to this:Example 1.7. There exists an in�nite-to-one system (X, T ) with no small preimageswhi
h supports a global ergodi
 invariant measure but h(X, T ) = log 2.There seems to be no obstru
tion in our examples to making the measures weaklymixing, and possibly strong mixing, but we do not pursue this here.The question remains if this 
an happen for a 
ontinuous map on a manifold. Forsmooth maps it 
annot; see [2℄.A
knowledgement. This work was done during the author's graduate studies. I wouldlike to thank Benjamin Weiss for his 
onstant en
ouragement and for raising some ofthe questions addressed here. 2. NotationWe will use freely standard fa
ts about topologi
al dynami
s and entropy whi
h
an be found e.g. in [8℄. This se
tion 
ontains some further notation for dealing withsequen
e spa
es, whi
h will be useful later.Let Σ be a set. Write Σ∗ for the set of all �nite words over Σ. The i-th letter ofa word a is denoted by a(i). If a = a(1)a(2) . . . a(k) then k is the length of a and isdenoted by ℓ(a). We denote 
on
atenation the of words a, b ∈ Σ∗ by ab.Similarly, we de�ne the spa
es of one-sided sequen
es ΣN, Σ−N (we use the 
onven-tion N = {1, 2, 3, . . .}) and of two-sided sequen
es, ΣZ. If a topology is given on Σthese sequen
e spa
es 
arry the produ
t topology; for �nite Σ we take the dis
retetopology for Σ. We denote by σ the shift map on both these spa
es whi
h is de�nedby the formula (σ(x))(i) = x(i + 1); this map restri
ted to ΣNand ΣZ is 
ontinuousand onto, and is a homeomorphism in the two-sided 
ase. In the one sided 
ase the



6 MICHAEL HOCHMANpreimage set of every point is isomorphi
 to Σ. We also de�ne the shift on Σ∗ in theobvious way, by
σ(x(1)x(2) . . . x(k)) = x(2)x(3) . . . x(k)(note that σn(ab) = (σna)b if n ≤ ℓ(a) but is equal to σn−ℓ(a)(b) if ℓ(a) < n ≤

ℓ(a)+ ℓ(b). Otherwise it is the empty word). When 
on
atenating in�nite sequen
es,we adopt the 
onvention that if x ∈ Σ−N and y ∈ ΣN then xy ∈ ΣZ is the sequen
eobtained by shifting y one symbol to the left and 
on
atenating (note that neither xnor y is de�ned at index 0).For a word x (�nite or in�nite), if x = ab then a is 
alled a front segment of x (if
ℓ(a) = k then a is a front k-segment of x), and b a ba
k segment of x. For a, b ∈ Σ∗we say that a is a subword of b at index i if i ≤ ℓ(b) − ℓ(a) + 1 and a(j) = b(i + j)for j = 1, . . . , ℓ(a). The index i is 
alled the alignment of a in b. If su
h an i existswe say that a appears in b, or that it is a subword of b.We denote by [i; j] the segment of 
onse
utive integers [i, j] ∩ Z, and denote by
x|[i;j] = x(i)x(i + 1) . . . x(j) the subword of x determined by [i; j], provided x is longenough for this to make sense.All measures are assumed to be Borel probability measures.3. Topologi
al predi
tability3.1. Entropy, re
urren
e and TP. A topologi
ally predi
table system has zerotopologi
al entropy, and therefore by the variational prin
iple every invariant measureon it has entropy zero. In this se
tion we show that this is the only restri
tion oninvariant measures. The 
onstru
tion is rather te
hni
al; we emphasize that thisse
tion is not used in the sequel.A point x in a dynami
al system (X, T ) is forward re
urrent if T n(k)x → x for somesequen
e of times n(k) → ∞. If every point in a system is forward re
urrent thenevery 
losed subset A ⊆ X whi
h is forward invariant � i.e. TA ⊆ A � is invariant,i.e. T−1A = TA = A.In order to 
onstru
t a TP system supporting a given measure we shall use thefollowing fa
t: is (X, T ) has the property that every point in X × X is forwardre
urrent, then it is TP. Indeed, this implies that every forward invariant, 
losedequivalen
e R ⊆ X × X is invariant also invariant under T−1; this is equivalent tothe property that every fa
tor is invertible, so (X, T ) is topologi
ally predi
table [5℄.B. Weiss has shown in [9℄ that every invariant measure 
an be realized on a symboli
system for whi
h ea
h pair is two-sided re
urrent (i.e. (T n(k)x, T n(k)y) → (x, y) forsome |n(k)| → ∞). This does not imply the result we want, but our methods will



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 7be related to his. We remark that our 
onstru
tion 
annot be symboli
 sin
e sin
ein�nite symboli
 systems always 
ontain forward-asymptoti
 pairs. We shall instead
onstru
t a 
onne
ted subshift of [0, 1]N.3.2. Realization of measures on TP systems. We begin the proof of theorem1.1. Re
all that (X,B, µ, T ) is a measure-preserving system with zero entropy, andwe wish to 
onstru
t a spa
e Y and homeomorphism S : Y → Y for whi
h every pairis forward re
urrent and whi
h supports a measure isomorphi
 to (X,Bµ, T ).For the 
onstru
tion we may assume by [6℄ that T is a minimal, stri
tly ergodi
homeomorphism of a totally dis
onne
ted metri
 spa
e X and that there exists a
lopen generator for T . We may also assume that (X, T ) is topologi
ally mixing.Given a measurable fun
tion f : X → [0, 1] let f (m) : X → [0, 1]m denote thefun
tion x 7→ (f(x), f(Tx), . . . , f(T m−1x)), and similarly f (∞) : X → [0, 1]N the map
x 7→ (f(x), f(Tx), f(T 2x), . . .). We use the notation ‖a‖∞ = sup |ai| for a ∈ Rm or
a ∈ RN.For integers m, r we say that f is (m, r)-good if there is a subset Xf,m,r ⊆ X offull measure su
h that for every x′, x′′ ∈ Xf,m,r there is an integer 0 < k < r (whi
hmay depend on x′, x′′) satisfying

∥∥f (m)(x′) − f (m)(T kx′)
∥∥
∞

<
1

m
∥∥f (m)(x′′) − f (m)(T kx′′)

∥∥
∞

<
1

mSuppose that f is (m, r(m))-good for some sequen
e r(m). SettingX0 = ∩∞
m=1Xf,m,r(m),the above holds for every x′, x′′ ∈ X0 and all m ∈ N. If we set ν = f (∞)µ and

Y = supp ν ⊆ [0, 1]N, it follows that ea
h pair of points in Y is forward re
urrent forthe shift σ. Also, ν is shift invariant on (Y, σ) and f (∞) is a fa
tor map from X to
Y ; if the partition indu
ed by f on X generates for T then this is an isomorphism.Thus the theorem will follow on
e we 
onstru
t a fun
tion f as above.We 
onstru
t f by approximation. More spe
i�
ally, we de�ne a sequen
e of fun
-tions fn : X → [0, 1] and integers r(n) su
h that fn is (m, r(m)) good for ea
h
m ≤ n. The sequen
e fn will 
onverge almost surely to a fun
tion f , whi
h is 
learly
(m, r(m)) good for m ∈ N. Also, ea
h fn will generate for T and we will guaranteethat f generates by 
ontrolling the speed of 
onvergen
e of fn to f . The fn's will be
ontinuous and ea
h will take on only �nitely many values, so we may identify themwith �nite partitions Pn of X into 
lopen sets, where fn(x) = i if and only if x is inthe i-th partition element of Pn (i may take on non-integer values).



8 MICHAEL HOCHMANThe 
onstru
tion pro
eeds by indu
tion. Our indu
tion hypothesis will be thatwe are given a fun
tion fn arising from a �nite 
lopen generating partition Pn, andintegers r(1), . . . , r(n) so that fn is (m, r(m))-good for m = 1, . . . , n. For any ε, wewill show how to de�ne fn+1 and r(n + 1) satisfying the same 
ondition with n + 1in pla
e of n, and su
h that
µ(x ∈ X : fn(x) 6= fn+1(x)) < εBy 
hoosing ε = ε(n) to de
rease rapidly enough this last 
ondition guarantees that

fn → f almost surely, and that f generates for T .Suppose then that we are given fn, r(1), . . . , r(n) and ε > 0. First, note thatthe properties of these obje
ts are 
ompletely determined by the itineraries of length
r(n) + n asso
iated under fn to points in X, i.e. by the image of f

(r(n)+n)
n . Thefollowing lemma, whose proof we omit, says that the desired properties of the blo
ks
ontinue to hold if we modify itineraries in a su�
iently slow way:Lemma 3.1. For fn, Pn, r(1), . . . , r(n) as above, there is a number 0 < ρ < 1

n+1
withthe following property. Suppose y′, y′′ ∈ [0, 1]r(n)+n are blo
ks appearing in f

(∞)
n (X)and α′, α′′ ∈ [0, 1]r(n)+n have the property that |α′(i)−α′(i+1)| < ρ and |α′′(i)−α′′(i+

1)| < ρ for all 1 ≤ i ≤ r(n) + n − 1. De�ne z′, z′′ ∈ [0, 1]r(n)+n by z′(i) = α′(i) · y′(i)and z′′(i) = α′′(i) · y′′(i). Then there exists 0 < k ≤ r(m) with |z′(i) − z′(i + k)| < 1
mand |z′′(i) − z′′(i + k)| < 1

m
for i = 1, 2, . . . , n.Let Y ⊆ [0, 1]N be the symboli
 subshift de�ned by the property that every blo
kof length r(n) + n in Y appears in f

(∞)
n (X). Note that Y is a shift of �nite type andis irredu
ible be
ause X is topologi
ally mixing. In parti
ular, there is an integer Dso that given two blo
ks a, c appearing in Y , there is a blo
k bk for every k ≥ D su
hthat abkc appears in Y . We 
an also �x a blo
k a∗ appearing in Y whi
h 
ontainsa 
opy of every n-blo
k in Y . In
reasing D or lengthening a∗ if ne
essary, so mayassume that a∗ is of length D. We may also assume without loss of generality that

D > 1/ε.We need the following, whi
h is a spe
ialized version of lemma 2 from [9℄:Lemma 3.2. There exists δ > 0 and T0 ∈ N su
h that for all T ≥ T0 there is afamily I of subsets of {0, . . . , T − 1} satisfying(1) |I| ≥ 2δT ,(2) For A ∈ I and distin
t u, v ∈ A, we have |u − v| ≥ 10D
ε
,(3) For ea
h A, B ∈ I and k ≤ 9T

10
, A ∩ (B + k) 6= 0.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 9We use the lemma in 
onjun
tion with the following simple fa
t:Lemma 3.3. Fix T and let A, B ⊆ {0, 1, . . . , T} satisfy the three 
onditions of theprevious lemma. Fix 0 ≤ k ≤ 9T
10

− n, and let z′, z′′ ∈ [0, 1]N so that a∗ appears in z′at ea
h index i ∈ A and in z′′ at ea
h index j ∈ B + k. Then for every pair a, b of
n-blo
ks from Y , there is an index u so that a appears in z′ at u and b appears in z′′at u.Let ρ, δ, T0 be as in the pre
eding lemmas. Sin
e (X, T, µ) has zero topologi
alentropy it follows that we 
an 
hoose an integer H ≥ 10

ρε
T0 and large enough so that

2δ(ερ/10)H is greater than the number of (Pn, H)-names in X. We �x su
h an integer
H and 
onstru
t a Kakutani skys
raper over some 
lopen set B ⊆ X of small enoughmeasure so that all 
olumns of the tower have height H or H + 1. The tower maybe made to �ll all of X be
ause (X, T ) is minimal. Purify the 
olumns a

ordingto Pn, and let B1 . . . BN be the bases of the puri�ed 
olumns so {B1 . . . , BN} is a
lopen partition of B. Let h(i) denote the height of the 
olumn over Bi. Note thatthe Pn-name of ea
h 
olumn is in Y .Divide ea
h 
olumn into 10

ερ
blo
ks of length ερ

10
H (whi
h we assume for 
onvenien
eis an integer), and possibly an additional level in those 
olumns whi
h are of height

H + 1. We pro
eed to modify Pn as follows.
• In ea
h 
olumn, modify the bottom 1 + 1

ρ
blo
ks so that they are identi
al,and similarly for the top 1+ 1

ρ
blo
ks; and do so in su
h a way that the nameof the entire 
olumn is admissible for Y . This 
an be done be
ause ρε

10
H , thelength of ea
h blo
k, is mu
h larger than D. Noti
e that by 
hoi
e of ρ, the�rst and last n + 1 blo
ks in ea
h 
olumn are identi
al.

• To ea
h blo
k, ex
ept the top and bottom n blo
ks of ea
h 
olumn, assign adistin
t set A ⊆ {0, . . . , ερ
10

H−1} su
h that |u−v| ≥ 10D
ε

for distin
t u, v ∈ A,and if A, B are assigned to distin
t blo
ks and 1
10

· ερ
10

H ≤ k ≤ 9
10

· ερ
10

H then
A ∩ (B + k) 6= ∅. We 
an do this by the 
hoi
e of H and the lemma. To thebottom n blo
ks in ea
h 
olumn assign the same set A whi
h is assigned tothe n+1-st blo
k of that 
olumn, and similarly to the top n blo
ks assign thesame set whi
h is assigned to the n + 1-th blo
k from the top. We have thusassigned sets to ea
h blo
k.

• For a blo
k b appearing in one of the 
olumns and A the set asso
iated to it,we modify b as follows. For 
onvenien
e in this paragraph we renumber the
oordinates of b from 0 to 10
ερ

− 1, no matter where in the 
olumn b a
tuallyappears. For ea
h i ∈ A we repla
e the blo
k of length D in b starting at i



10 MICHAEL HOCHMANwith the blo
k a∗. Next, modify the symbols from i−D to i−1 and from i+Dto i+2D−1 in su
h a way that the entire blo
k from i−2D to i+3D appearsin Y ; we 
an do this by the de�nition of D. All in all, we have 
hanged b fromindex i − D to index i + 2D − 1. Be
ause of the distan
e between su

essiveelements of A, these 
hanges for di�erent i ∈ A o

ur at di�erent pla
es in band the 
hanges do not interfere with ea
h other.Note that the bottom n + 1 blo
ks of ea
h 
olumn are still identi
al, as arethe n + 1 top blo
ks.Denote by P̃n+1 the partition obtained so far, and by f̃n+1 the 
orrespondingfun
tion.
• If b1, b2, . . . , b1/ρ are the bottom 1

ρ
blo
ks of some 
olumn, repla
e bk with

(k− 1)ρ · bk, where α · bi is the blo
k obtained by multiplying ea
h 
oordinateof bi by α. Similarly, if c1, c2, . . . , c1/ρ are the top n blo
ks of a 
olumn repla
e
ck with (1/ρ − k)ρck.

• For 
olumns of height H + 1, repla
e the top symbol with 0.
• Perturb the �rst symbol of ea
h 
olumn by less than ε in a way that the nameof ea
h 
olumn is unique.Let fn+1 be the fun
tions de�ned by the revised partition; we 
laim that it has thedesired properties for some integer r(n + 1).We �rst estimate the measure of points on whi
h fn and fn+1 di�er. It su�
es toshow that in ea
h 
olumn the fra
tion of levels modi�ed is less than ε. The 
hange tothe top and bottom 1

ρ
blo
ks amounts to 2

ρ
blo
ks out of 10

ερ
, whi
h is ε

5
of the levels.Of the intermediate levels, sin
e in the sets A asso
iated to the blo
ks the distan
ebetween elements is at least 10D

ε
, and ea
h element 
auses a 
hange of 3D symbolsto its blo
k, here too we have 
aused a 
hange to at most a 3ε

10
-fra
tion of the levels.The 
hange to the top symbol of 
olumns of height H + 1 amounts to less than 1

H
ofthe spa
e. Thus we have indeed modi�ed fn on a set of measure less than ε.We now show that we 
an 
hoose r(n + 1) so that fn+1 is (m, r(m))-good for ea
h

m ≤ n + 1. Note that every blo
k in f
(∞)
n+1(X) of length r(n) + n is of the formdes
ribed in lemma 3.1, so for m ≤ n the 
on
lusion follows immediately from thatlemma.We must show that fn+1 is (n + 1, r)-good for some r. Let x′, x′′ ∈ X. We mustshow that there is a k of bounded size su
h that ∥∥∥f

(n+1)
n+1 (x′) − f

(n+1)
n+1 (σkx′)

∥∥∥
∞

< 1
n+1and ∥∥∥f

(n+1)
n+1 (x′′) − f

(n+1)
n+1 (σkx′′)

∥∥∥
∞

< 1
n+1

. Denote y′ = f̃n+1(x
′) and y′′ = f̃n+1(x

′′),and also z′ = fn+1(x
′) and z′′ = fn+1(x

′′). We distinguish several 
ases.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 11Case 1. Both x′, x′′ are in the top blo
k or level H +1 of their respe
tive 
olumns.Then the �rst 10
ρε

symbols of z′, z′′ are 0, and the 
on
lusion holds for k = 1.Case 2. Exa
tly one of the points, say x′, is in the top blo
k or level H +

1 of its 
olumn, so z′ 
onsists of 0's. Note that in y′′ = f̃n+1(x
′′) the blo
k a∗appears somewhere between index 1 and 10

ρε
, hen
e there is a 0 < k ≤ 10

ρε
with∥∥∥f̃

(n+1)
n+1 (x′′) − f̃

(n+1)
n+1 (σkx′′)

∥∥∥
∞

= 0. If we repla
e f̃
(n+1)
n+1 with f

(n+1)
n+1 the left hand side
hanges by at most ρ and we get

∥∥∥f
(n+1)
n+1 (x′′) − f

(n+1)
n+1 (σkx′′)

∥∥∥
∞

< ρOn the other hand, ∥∥∥f
(n+1)
n+1 (x′) − f

(n+1)
n+1 (Skx′)

∥∥∥
∞

= 0 be
ause the �rst 10
rε

symbols ofthe itinerary of x′ are 0; as desired.Case 3. x′, x′′ are in di�erent 
olumns or the same 
olumn but at least 1
9
· 10

ερlevels apart, and neither is in the top blo
k or top level. By looking at the blo
ks towhi
h x′, x′′ belong and to the next blo
k, by lemma 3.3 we see that for every pairof n + 1-blo
ks, and in parti
ular the one appearing at the start of the itineraries of
x′, x′′, there is a k in the range we want so that these blo
ks appear again in the f̃n+1itinerary of both x′ and x′′ at index k. As in 
ase 2, this gives the 
on
lusion for the
fn+1 itinerary be
ause again the 
hange from f̃n+1 to f̃n+1 is �too slow� to a�e
t theinequality very mu
h.Case 4. x′, x′′ belong to the same 
olumn and are within 1

9
· 10

ερ
levels of ea
h other.If they are in one of the bottom 1

ρ
levels then we are done by the periodi
ity of theseblo
ks (again, there is some slow �drift� whi
h does not a�e
t us). Otherwise, theinitial n + 1-blo
k of both itineraries belongs to Y . We 
laim that there is an M sothat either for some 0 < i < M the points T ix′, T ix′′ belong to di�erent 
olumns butnot to the top or bottom 1

ρ
blo
ks of those 
olumns, or else there exists a k < Mas desired. This su�
es be
ause in the former 
ase we 
an argue as in 
ase 3, anddedu
e that as k ranges over the 1, . . . , M + 10

ρε
, every pair of n + 1-blo
ks from Yappears at index k in the fn+1-itineraries of x′, x′′. This gives the 
on
lusion we want.It remains to show that there is su
h an M . This follows from the fa
t that

f
(∞)
n+1(X) is a minimal symboli
 system. Indeed, suppose the 
ontrary. Then for every

M there exist points x′
M , x′′

M ∈ X so that whenever 1 ≤ i ≤ M and T ix′
M , T ix′′

Mare in di�erent 
olumns it is be
ause they are within 10
ερ

of the top or bottom of a
olumn, and also the initial n + 1-blo
ks of the itineraries of x′, x′′ do not appearagain together before time M . We may assume that x′
M → x′ and x′′

M → x′′. Now
x′, x′′ have these properties as well, for all M . Assuming as we may that x′ is above
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x′′ in the 
olumn they belong to, it follows that the itinerary of x′ is a shift of theitinerary of x′′, so the pair (f

(n+1)
n+1 (x′), f

(n+1)
n+1 (x′′)) ∈ f

(n+1)
n+1 (X) is of the form (y, T ry)for some r ≤ 1

9
· 10

ρε
. But sin
e f

(∞)
n+1(X) is minimal this point must be re
urrent, a
ontradi
tion. This 
ompletes the proof of theorem 1.1.3.3. Partitions derived from 
ontinuous fun
tions and predi
table Zd a
-tions. In this se
tion we prove a purely measure-theoreti
 and topologi
al lemmawhi
h involves no dynami
s. Let X be a normal topologi
al spa
e and µ a regu-lar probability measure on the Borel σ-algebra of X. The entropy and 
onditionalentropy of �nite and 
ountable partitions is de�ned as usual. For �nite or 
ount-able measurable partitions P = (P1, P2, . . .) and Q = (Q1, Q2, . . .) of X with �niteentropy, the Rokhlin metri
 is de�ned by

d(P,Q) = H(P|Q) + H(Q|P)This metri
 has the property that if P = (P1, P2, . . .) and we de�ne P(n) = (P1, . . . , Pn,∪
∞
k=n+1Pk),then P(n) → P in d.We say that a partition P is 
ontinuous if there is 
ontinuous fun
tion f ∈ C(X)whi
h is 
onstant almost surely on ea
h atom of Pi.Proposition 3.4. The 
ontinuous partitions are dense with respe
t to the Rokhlinmetri
 in the spa
e of �nite-entropy 
ountable partitions.Proof. The proof is a variation on Urisohn's lemma whi
h states that given two 
loseddisjoint sets C0, C1 in a normal spa
e, there is a 
ontinuous fun
tion 0 ≤ f ≤ 1 su
hthat f−1(0) = C0 and f−1(1) = C1.Let D ⊆ Q ∩ [0, 1] be the dyadi
 rationals. Let P = (P0, P1) be a partition intotwo sets and let ε > 0. We 
onstru
t a 
ontinuous fun
tion f : X → [0, 1] with

µ(∪r∈Df−1(r)) = 1 su
h that for Q the 
ountable partition Q = {f−1(r) : r ∈ D}we have d(P,Q) < ε. The proof in 
ase P has more than two atoms is similar; thisis su�
ient, be
ause the �nite partitions are dense in the Rokhlin metri
.We 
onstru
t a family of open sets {Ur}r∈D with Ur ⊆ Us for r ≤ s and with
µ(∂Ur) = 0. We will also de�ne 
losed sets (Cr) su
h that Cs ⊆ Ut \ Ur for all
r < s < t, and µ(∪Cr) = 1. We will then de�ne f by

f(x) = inf({1} ∪ {r : x ∈ Ur})This de�nes a 
ontinuous fun
tion with f |Cr
= r, and so {f−1(x) : x ∈ [0, 1]} equals

{Cr} up to measure 0.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 13Fix a sequen
e (εk) to be determined later. For i = 0, 1 let Ci ⊆ Pi be 
losed setswith null boundary and measure µ(Ci) > (1−ε1)µ(Pi). Set U0 = ∅ and U1 = [0, 1]\C1Let Dk ⊆ D be the set of redu
ed dyadi
 rationals with denominator 2k. Wepro
eed by indu
tion on k, de�ning at ea
h step the sets Ur, Cr for r ∈ Dk underthe assumption that they have been de�ned already for r ∈ ∪j<kDj. Write Ek =

∪j<kDj = {r1, . . . , rn} with r1 < . . . , rn and let r ∈ Dk. Then there are r′, r′′ ∈ Ekwith r′ < r < r′′ and (r′, r′′) ∩ Ek = ∅. Let V = Ur′′ \ U r′ and 
hoose Cr ⊆ V with
µ(Cr) > (1− εk)µ(V ) = (1− εk)µ(Ur′′ \Ur′). Choose Ur so that it 
ontains Cr ∪Ur′ ,it has µ(∂Ur) = 0 and U r ⊆ Ur′′.Write Q = {Cr}r∈D. Set C̃k = ∪i≥k ∪r∈Di

Cr and let Qk = {Cr}r∈Ek
∪ {C̃k} bethe partition obtained by merging all the atoms Cr in Q with r ∈ ∪j≥kDj. Let

C∗
k = ∪r∈Dk

Cr. The sequen
e (εk) 
ontrols the 
onvergen
e of the sequen
e (µ(C∗
k))and the latter 
an be made to 
onverge arbitrarily qui
kly. In parti
ular we 
anguarantee that Q has �nite entropy. Now Qk → Q in the Rokhlin metri
, so

d(P,Q) = lim
k→∞

d(P,Qk)

≤ lim
k→∞

(d(P,Q1) +
k−1∑

i=1

d(Qi,Qi+1))

= d(P,Q1) +
∞∑

i=1

d(Qi,Qi+1)and the last line 
an be made arbitrarily small by prudent 
hoi
e of (εk), sin
e Qi+1re�nes Qi by splitting C∗
k into at most 2k atoms whose relative mass is determinedby εk. �We 
an now prove theorem 1.3. Note that even for d = 1 the proof is more dire
tthan that given in [5℄.Proof. (of theorem 1.3). Let Zd a
t on X and suppose that for every f ∈ C(X) onehas

f ∈ 〈1, T uf : u < 0〉where < is the lexi
ographi
al order on Zd. This implies that f is measurable withrespe
t to the σ-algebra generated by {T uf : u < 0}, and in parti
ular this showsthat for any T -invariant measure µ there is a dense (in the Rokhlin metri
) set ofpartitionsQ for whi
h h(Q) = 0, namely those whi
h 
ome from 
ontinuous fun
tions(proposition 3.4). Sin
e h(µ,P) is 
ontinuous in P under the Rokhlin metri
 we
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on
lude that h(µ,P) = 0 for every two-set partition and hen
e h(µ) = 0. By thevariational prin
iple, htop(T ) = 0. �4. Predi
tion in symboli
 systems4.1. Generalities about subshifts and predi
tion. Let Σ be a �nite alphabet,
σ : ΣZ → ΣZ the shift transformation. For x ∈ ΣZ set x− = (. . . , x−2, x−1), andfor a subshift X ⊆ ΣZ let X− = {x− : x ∈ X}. A �nite or right-in�nite word a isan extension of x− ∈ X− if x−a appears in X. Let L(X) be the set of �nite wordsappearing in X and Lm(X) = L(X) ∩ Σm.The following fa
t is well-known:Lemma 4.1. A subshift X is the union of periodi
 orbits if and only if every x− ∈ X−extends uniquely to x ∈ X.Proof. If X is a �nite union of periodi
 orbits the 
on
lusion is 
lear.For the 
onverse we rely on the fa
t that, if there is some n su
h that x−n, . . . , x−1determines x0 for all x ∈ X, then X is the �nite union of periodi
 orbits. Suppose thenthat X ⊆ ΣZ is not the union of periodi
 orbits, then for every n there is a word an ∈

Ln(X) and distin
t symbols un, vn ∈ Σ su
h that anun, anvn ∈ Ln+1(X), so that thereare words bn, cn ∈ ΣN
+ beginning with un, vn respe
tively su
h that anbn, ancn ∈ X.By 
ompa
tness we 
an 
hoose a subsequen
e n(k) su
h that u = un(k) and v = vn(k)are 
onstant, an(k) → x− ∈ X−, bn(k) → b ∈ ΣN+ and cn(k) → c ∈ ΣN+ . But then

a, b begin with the distin
t symbols u, v and x−a, x−b ∈ X, so x− has at least twoextensions in X. �Thus every nontrivial subshift, in
luding zero-entropy ones, has at least one pastwith multiple extensions. On the other hand, the following observation was pointedout to us by B. Weiss. Note that it is is a spe
ial 
ase of the general fa
t that minimalsystems are invertible on a dense Gδ.Lemma 4.2. If X is a minimal subshift then for every a ∈ L(X) and k ∈ N there isa word b ∈ L(X) su
h that ba ∈ L(X), and every o

urren
e of ba in X is followedby a unique word c ∈ Σk.Proof. It su�
es to show this for k = 1, as the general 
ase then follows by indu
tion.Let a ∈ L(X) and u ∈ Σ su
h that au ∈ L(X). Consider all b's su
h that bu ∈ L(X)and au appears in bu exa
tly twi
e, as a front segment and a ba
k segment. Byminimality the lengths of su
h b's is bounded above and we 
an 
hoose a maximalsu
h b. If x+ ∈ X+ and bx+ ∈ X+, then by minimality au appears in x+; thus by



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 15maximality of b we must have x+(1) = u, for otherwise there is a front segment c of
x+ su
h that au appears in bc only as a front and ba
k segment, whi
h is impossibleby maximality of b. Thus b is always followed by u in X. �Corollary 4.3. If X is a minimal subshift and u ∈ L(X) then there is a word
v ∈ L(X) so that every o

urren
e of v is followed by u.Proof. Let u be given, let k be large enough that every c ∈ Lk(X) 
ontains u. In theprevious lemma and taking a the empty word, and let b, c be the words obtained.Then b is always follows by c and c = c′uc′′ for some u′, u′′. The word v = bc′ has thedesired property. �4.2. Realization theorem. We now begin the proof of theorem 1.5. We begin witha measure preserving system (X,B, µ, T ) of entropy zero, and wish to 
onstru
t astri
tly ergodi
 subshift supporting an isomorphi
 measure, and in whi
h ea
h pasthas at most two futures. By [6℄, we may assume that µ is an invariant measure on auniquely ergodi
 minimal subshift X ⊆ {0, 1}Z, and that X is topologi
ally mixing.We may assume µ is aperiodi
; otherwise the statement is trivial.We 
onstru
t a sequen
e of two-set generating 
lopen partitionsPn for n = 0, 1, 2, . . .su
h that Pn → P∗, where P∗ generates for µ. Denote by Xn the symboli
 systemarising from X and Pn. Note that sin
e Pn is 
lopen, Xn is minimal and uniquelyergodi
. The two-sided Pn-name of a point x ∈ X is a point in Xn.We will de�ne a sequen
e of integers m(n) ≥ n so that Lm(n)(Xn) = Lm(n)(Xn+1),and another sequen
e k(n) ≥ n with the property that for every u ∈ Σk(n),

#{w ∈ Σn : uw ∈ L(Xn)} ≤ 2these numbers will satisfy m(n) ≥ k(n) + n, so that the system X∗ arising from P∗will have the property that for every u ∈ Σk(n),
#{w ∈ Σn : uw ∈ L(X∗)} ≤ 2This implies the desired result. By 
hoosing the m(n) large enough at ea
h stage, we
an furthermore guarantee that X∗ is minimal and uniquely ergodi
, but we do notgo into the details of this.The 
onstru
tion is by indu
tion. De�ne P(0) to be the 
lopen generating partitiona

ording to the 0-th symbol, set m(0) = 0 and k(0) = 0.We des
ribe now the indu
tive step of the 
onstru
tion. We are given a two-setgenerating partition Pn of X into 
lopen sets and an integer m(n). Given ε > 0we will 
onstru
t a new partition Pn+1 whi
h is ε-
lose to Pn. We will ensure that
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Lm(n)(Xn) = Lm(n)(Xn+1) and de�ne an integer k(n + 1) as above. Finally we willbe free to 
hoose m(n + 1) arbitrarily, sin
e it only a�e
ts the next step of the
onstru
tion.Let Yn be the shift of �nite type whose allowed blo
ks of length m(n)+1 are thoseappearing in Lm(n)+1(Xn). Sin
e Xn is in�nite and Xn ⊆ Yn it follows from basi
properties of shifts of �nite type that Yn has positive entropy. Using the fa
t that
Xn is mixing and has zero entropy (whereas Yn has positive entropy) we 
an �nd aword a ∈ Lm(n)+1(Xn), a word bold ∈ L(Xn) and a word bnew ∈ L(Yn) \ L(Xn) su
hthat bold, bnew have the same length and both begin and end with the word a.The partition Pn+1 will be 
onstru
ted by repla
ing some of the o

urren
es of boldin Xn with bnew. This is done as follows. First, using the lemma, 
hoose c ∈ L(Xn)so that every time bold appears in Xn it is followed by c. We 
an extend c ba
kwardsarbitrarily while preserving this property, so we may assume that c is arbitrarily long.Sin
e Xn is minimal, there is an R su
h that the gap between o

urren
es of c in Xnis at most R.Next, 
hoose a large N (how large will depend on R, ℓ(bold) and on the growth ofwords in the system Xn, and will be explained below) and 
hoose a 
lopen boundedRokhlin-Kakutani tower in Xn all of whose 
olumns are of height N −1 or N . Purifyea
h 
olumn of the tower a

ording to the 
lopen partition ∨4N

i=0T
−iPn. Considerone su
h 
olumn, whi
h 
orresponds to the Pn-name w. We pro
eed to modify the

Pn-name of the 
olumn; doing this for ea
h 
olumn de�nes a new partition Pn+1.Let i(1) denote the lo
ation of the �rst o

urren
e of cbold in w, let i(2) be theindex of the next o

urren
e whi
h does not interse
t the �rst o

urren
e, and so ontill i(r). Repla
e the o

urren
es of cbold at indi
es i(1), i(2), i(3) and i(r − 1), i(r)with cbnew.Using the syndeti
ity of o

urren
es of c, for some α > 0 we have r ≥ αN ,where α depends on R. We next en
ode the Pn-name of the atom ∨4N
i=0T

−iPn towhi
h the base of the tower belongs by repla
ing the word cbold at some of the levels
i(5), i(7), . . . , i(r − 3) with cbnew. We will use only lo
ations i(j) where j is odd;thus the 
onse
utive o

urren
es of cbnew at the top and bottom of the 
olumn areunique and serve to identify it. Note that if several cbnew's appear 
onse
utively inthe Pn+1 name of a point, then they are in groups of two or three or �ve, where thelast possibility arises when the top marker of a 
olumn is followed immediately by abottom marker of the following 
olumn.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 17The reason we 
an en
ode the ∨4N
i=0T

−iPn-names of the 
olumn in the approximately
1
2
αN bits available is that by zero entropy of Xn, the number of ∨4N

i=0T
−iPn-names is

< 2αN/4 assuming N is large enough.We have de�ned a partitions Pn+1. Note that we have modi�ed w along a setof density at most ℓ(bold)/ℓ(cbold), whi
h 
an be made arbitrarily small by making clong; thus Pn+1 
an be made ε-
lose to Pn.Sin
e bnew does not appear in L(Xn), we 
an re
over the Pn name of a point x ∈ Xsimply by repla
ing every o

urren
e of cbnew with cbold. Thus, sin
e Pn generates,so does Pn+1.Be
ause bold, bnew agree on their �rst and last m(n) symbols, and be
ause bnew ∈ Ynand all m(n)-blo
ks in Yn are in Ln(Xn), we also have Lm(n)(Xm) ⊆ Lm(n)(Xn+1).Consider a point x ∈ X . We will show that by looking 2N symbols into the pastof the Pn+1-name of x, we 
an determine that the Pn+1-name of x from time 1 to
ℓ(bnew) takes on one of at most two possible values. Thus setting k(n) = 2N andnoting that ℓ(bnew) ≥ m(n) ≥ n we will have 
ompleted the indu
tive step.Look into the Pn+1-past of x until we �nd a sequen
e of either exa
tly two or exa
tly�ve 
onse
utive o

urren
es of cbnew; this must happen after at most N symbols atsome index i. Looking ba
k at most N symbols more we �nd the next group of twoor �ve 
onse
utive cbnew's at some index j. Between j and i we have 
oded the Pnname of x from times j to time j + 3N (and even a little bit more). In any 
ase,assuming as we may that N > ℓ(bnew), and sin
e j ≥ −2N , we 
an 
ertainly re
overthe Pn name of x from time j to time ℓ(bnew).We now 
laim that there are at most two 
hoi
es for the Pn+1-name of x from time
1 to m(n + 1). Note that the Pn-name of x and the Pn+1-name of x di�er only atpoints whi
h lie in the ℓ(bnew) symbols following 
ertain o

urren
es of c. But if somesu
h o

urren
e of c interse
ts the Pn-name of x from times −ℓ(bnew) + 1 to ℓ(bnew),then from spa
e 
onsiderations there is a unique su
h c; and in this 
ase the next
ℓ(bnew) symbols are either bnew or bold. Thus there are at most two possible 
hoi
esfor the atom of ∨m(n)+1

s=1 T sPn+1 to whi
h x belongs.This 
ompletes the dis
ussion of the indu
tion step. By 
hoosing ε small enoughat ea
h stage we 
an arrange that Pn → P∗ with P∗ a generating partition for µ, and
X∗ will be 2-bran
hing. By a propper 
hoi
e of m(n) and using the unique ergodi
ityand minimality of X (and hen
e of all the Xn), we 
an also ensure that X∗ is minimaland uniquely ergodi
.



18 MICHAEL HOCHMAN5. An extremely non-invertible zero-entropy system5.1. Generalities. In this se
tion we address the relation between entropy and thestru
ture of preimage sets of points in non-invertible topologi
al systems. The moti-vation for this is the following simple fa
t, whose proof is a good illustration of whyone expe
ts there to be a 
onne
tion between entropy and large preimage sets:Proposition 5.1. A system with no small preimages has entropy at least log 2.Proof. Let (X, T ) be a system and δ > 0 so that for every x ∈ X there are x′, x′′ ∈

T−1(x) with d(x′, x′′) > δ. We 
an de�ne fun
tions τ0, τ1 : X → X so that τ0(x), τ1(x) ∈

T−1(x) and d(τ0(x), τ1(x)) > δ; note that τ0, τ1 need 7 not be 
ontinuous. For n ∈ Nand a sequen
e a = anan−1 . . . a1 ∈ {0, 1}n let
τa(x) = τan

(τan−1(. . . τa1(x) . . .))Note that T (τa(x)) = τb(x) where b ∈ {0, 1}n−1 is obtained by deleting the �rstsymbol of a.For a �xed x ∈ X 
onsider the set
An(x) = {τa(x) : a ∈ {0, 1}n}If a, b ∈ {0, 1}n and a 6= b then there is a maximal index i < n su
h that aj = bj for

1 ≤ j ≤ i but ai+1 6= bi+1. Let y = τaiai−1...a1(x) = τbibi−1...b1(x); then
T n−i−1(τa(x)) = τai+1

(y)

T n−i−1(τb(x)) = τbi+1
(y)so d(T n−i+1τa(x)), T n−i+1τb(x)) > δ. It follows that all the points in An(x) are distin
tand the set An(x) is (n, δ)-separated; sin
e this is true for all n, this implies that

h(X, T ) > log 2. �One easy 
onsequen
e of this is that for �nite alphabets Σ every extremely non-invertible subshift of ΣZ has entropy at least 2, be
ause on
e a metri
 is �xed thereis a δ su
h that every two distin
t preimages of a point are δ apart.As was mentioned in the introdu
tion, J. Bobok has shown that for maps of theinterval if a map is k-to-one then it has entropy > log k [1℄.It is not hard to 
onstru
t examples of zero entropy systems where every point hasmultiple preimages, but it is not so easy to 
onstru
t su
h a system with a globallysupported ergodi
 measure, and Eli Glasner has asked whether this is possible. The
onstru
tion below gives an a�rmative answer to this question.
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onstru
tion. Let σ be the shift on the one-sided Bebutov system [0, 1]N.We will 
onstru
t a subshift of the Bebutov system by spe
ifying a point x∗ ∈ [0, 1]Nand taking its orbit 
losure X = {σnx∗}n∈N. Things will be engineered so that Xhas zero topologi
al entropy, and x∗ is generi
 for an ergodi
 measure µ on X havingsupport X.For words x, y ∈ [0, 1]N we set
d(x, y) =

∞∑

i=1

|x(i) − y(i)| · 2−ithis de�nes a metri
 on [0, 1]N whi
h is 
ompatible with the 
ompa
t produ
t topology.We also write
‖x‖ = d(x, 0)where 0 = (0, 0, . . .). For a �nite word x we de�ne

‖x‖ =

ℓ(x)∑

i=1

|x(i)| · 2−i = inf
{
‖y‖ : y ∈ [0, 1]N and x is a front segment of y

}Note that ‖ab‖ ≥ ‖a‖ and that if xn are �nite words and xn → x ∈ [0, 1]N in theobvious sense then ‖xn‖ → ‖x‖.Suppose x ∈ [0, 1]∗ is a �nite word. We de�ne θ0(x), θ1(x) ∈ [0, 1] by
θ0(x) =

1

8
‖x‖ , θ1(x) =

1

4
‖x‖and we de�ne τ0, τ1 : [0, 1]∗ → [0, 1]∗ by

τ0(x) = θ0(x)x , τ1(x) = θ1(x)xi.e. the symbols θi(x) are appended to the beginning of x.For a sequen
e b = bMbM−1 . . . b1 ∈ {0, 1}M de�ne τb indu
tively by
τbM ...b1(x) = τbM

(τbM−1...b1(x))and set T∅(x) = x. Note that if b = bM . . . b1 then
σi(τb(x)) = τbM−i...b1(x)and in parti
ular σM(τb(x)) = x. One veri�es that ‖τb(x)‖ → 0 exponentially as thelength of b tends to ∞, uniformly in b and x.We de�ne τb on [0, 1]N by the same formula. In the subshift we are about to
onstru
t the preimage set of a point x will 
ontain at least τ0(x), τ1(x). Sin
e τb(x) →

0 as ℓ(b) → ∞ the preimage tree of ea
h point will be �narrow�, and not 
ontribute
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h do not 
omefrom appli
ations of τb.We 
onstru
t x∗ in re
ursively. At the n-th stage we will be given a �nite word xnof length Ln and 
onstru
t a word xn+1 of length Ln+1 su
h that xn+1 = xnx′
n forsome word x′

n. We then take x∗ to be the limit of this in
reasing sequen
e of �nitewords.We begin with an arbitrary �nite word x0 of length L0 > 0. Our only assumptionabout x0 is that it is stri
tly positive.The passage from stage n to n + 1 is as follows. Given xn of length Ln, for
0 ≤ k < Ln let wk be the ba
k segment of xn starting at index k, that is,

wk = xn(k)xn(k + 1) . . . xn(Ln)so ℓ(wk) = Ln − k + 1. For b ∈ {0, 1}3Ln set
wb,k = τb(wk)De�ne yn to be some 
on
atenation of the words wb,k as b varies over {0, 1}3Ln and

0 ≤ k < Ln (the order is not important).Now 
hoose a large integer Mn whi
h we will spe
ify later. For now we note that
Mn may be 
hosen to depend not only on all the previous stages but also on yn.De�ne

xn+1 = (xnxn . . . xn)︸ ︷︷ ︸ yn

Mn timesSet x∗ = lim xn and let X be the orbit 
losure of x∗. In the next few subse
tionswe will show that (X, σ) has the advertised properties.5.3. (X, σ) is extremely non-invertible. The point x∗ has been 
onstru
ted insu
h a way that if some �nite word a appears in x∗ then it appears in at least twodi�erent 
on�gurations, pre
eded by symbols r, r′ ∈ [0, 1] su
h that |r − r′| ≥ 1
16
‖a‖.This is be
ause if a is a subword of xn then a is a front segment of some ba
k segment

b of xn, and so τ0(b) and y1(b) appear in xn+1, and by de�nition the �rst symbol of
τ0(b) and τ1(b) di�er by 1

16
‖b‖, and ‖b‖ ≥ ‖a‖.Thus if y is a limit point of x∗ and y 6= 0, then y is a limit point of �nite subwords

an of x∗, and sin
e ‖y‖ > c > 0 for some c we have that ‖an‖ > c for all largeenough n. Therefore we 
an �nd symbols r′n, r
′′
n ∈ [0, 1] su
h that |r′n − r′′n| > 1

16
cand r′naN , r′′nan appear in x∗. Passing to a subsequen
e we get that r′nan → r′y and

r′′nan → r′′y for some r′, r′′ ∈ [0, 1] with |r′ − r′′| ≥ 1
16

c, and so r′y, r′′y are distin
tpreimages of y in X.
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he
k that 0 has two preimages (it is 
lear from the 
onstru
tion that
0 ∈ X, sin
e x∗ has arbitrarily long sequen
es of small numbers, 
onsisting of frontsegments of the wb,k). Sin
e 0 is a �xed point of σ, one preimage is 0 itself. To seethat there are other preimages, note that the words xn all end in the same positiveletter ε, the last letter of x0, and this is also the last letter of all the words wb,k we
onstru
ted at ea
h stage. On the other hand as ℓ(b) → ∞ the front segments of wb,kapproa
h 0, so there are arbitrarily long sequen
es of arbitrarily small numbers in x∗,ea
h sequen
e pre
eded by an o

urren
e of ε. Thus ε000 . . . is also a preimage of 0in X.5.4. (X, σ) has zero topologi
al entropy. We verify this by estimating the numberof ε-separated orbits. For words a, a′ (either �nite or in�nite) we write

‖a − a′‖∞ = sup
i

|a(i) − a′(i)|Note that for x, x′ ∈ X,
∥∥x|[1;n] − x′|[1;n]

∥∥
∞

> ε =⇒ max{d(T ix, T ix′) : i = 1, . . . , n} > εFix ε > 0, and let An be the set of all subwords of x∗ of length n. Set
Cε(n) = max {|A| : A ⊆ An , ∀a, a′ ∈ A ‖a − a′‖∞ > ε}The topologi
al entropy of (X, S) is

lim
ε→0

lim sup
n→∞

1

n
log Cε(n)For a �nite or in�nite word a with symbols in [0, 1], let [a]ε denote the word b ofthe same length su
h that

b(i) = [a(i)/ε] · ε(here [r] denoted the integer part of r). Thus the 
oordinates of [a]ε belong to the �niteset {0, ε, 2ε, . . . , [1
ε
]ε}. Note that if ‖a − a′‖∞ ≥ ε then ∥∥[a]ε/2 − [a′]ε/2

∥∥
∞

≥ ε/2. Itis therefore su�
ient to prove the following:Claim 5.2. For every ε > 0, the number of length n subwords of [x∗]ε/2 whi
h are atleast ε/2 apart in ‖·‖∞ grows sub-exponentially with n.We will use the following property of x∗:Lemma 5.3. For every n we 
an write x∗ = a1a2a3 . . . , where ea
h ai is of lengthat least 3Ln and for ea
h i, either(1) ai = xn, or
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h 1 ≤ j ≤ ℓ(ai) − Ln we have ai(j) ≤
7
8
ai(j + 1).In parti
ular, for any ε > 0, for n large enough ea
h ai is either equal to xn or elseall the 
oordinates of ai, ex
ept the last 2Ln 
oordinates, are of magnitude < ε.The proof of the lemma is an elementary indu
tion from the de�nitions, and isomitted.Proof. (of 
laim 5.2) Fix ε > 0 and let z∗ = [x∗]ε/2 and zm = [xm]ε/2. From the lemma, we see that for the given ε for large enough m we 
an write

z∗ = v1v2v3 . . .and for ea
h i the word vi is either equal to zm, or else ℓ(vi) ≥ 3Lm and at leasta (1 − 2−Lm)-fra
tion of the 
oordinates of vi are 0. In view of this, the fa
t thatthe number of subwords of z∗ of length n grows sub-exponentially is now a standard
ounting argument, and the 
laim follows. This shows that htop(X, σ) = 0. �5.5. x∗ is generi
 for a globally-supported measure µ on X. A point y in adynami
al system (Y, S) is a generi
 point for a measure µ if for every 
ontinuousfun
tion f ∈ C(Y ) it holds that limN→∞
1
N

∑N
n=1 f(Siy) exists. When this is truethen 1

N

∑N
n=1 δSiy 
onverges in the weak-∗ topology to an invariant measure µ on Y(here δx is the point mass at x). One 
ondition that guarantees that y is generi
 isthat for every open set U ⊆ Y the averages limN→∞

1
N

∑N
n=1 1U(Siy) exist; in fa
t itis su�
ient to verify this for U 
oming from a basis for the topology of X.For U ⊆ [0, 1]k, let

[U ] = U × [0, 1]N\{1,...,k} ⊆ [0, 1]Nbe the 
ylinder determined by U . Sets of this form for open U 
onstitute a basis forthe topology of [0, 1]N. We will show that for every su
h U , the series(5.1) p(m) =
1

m

m∑

i=1

1[U ](σ
ix∗)
onverges. This implies that the weak∗ limit measure

µ = lim
n→∞

1

n

n∑

i=1

δσix∗exists, and is a shift-invariant measure on X. In fa
t, we will show that µ(U) > 0 ifand only if p(n) > 0 for some n. From this it will follow that µ has global support in
X.



ON NOTIONS OF DETERMINISM IN TOPOLOGICAL DYNAMICS 23For a �nite word a we will say that a ∈ [U ] if ab ∈ [U ] for every in�nite b ∈ [0, 1]N.Thus if a ∈ [U ] then ab ∈ [U ] for every �nite b. The property a ∈ [U ] depends onlyon the �rst k 
oordinates of a (re
all that U ⊆ [0, 1]k). Note that if ℓ(a) < k it ispossible that a /∈ [U ] but that ab ∈ [U ] for some (�nite of in�nite) b.Claim 5.4. Let U ⊆ [0, 1]k and p(n) as above. The limit lims→∞ p(Ls) exists; further-more, if p(n) > 0 for some n then the limit is positive.Proof. If σnx∗ /∈ [U ] for every n then 
learly lim p(n) = 0. Therefore we must 
he
konly the 
ase when σnx∗ ∈ [U ] for some n. Note that in this 
ase, p(m) > 0 for all
m ≥ n. We prove �rst that p(Lr) 
onverges at r → ∞, and then the general 
laim.For a word a, let I(a) be the number of indi
es 0 ≤ n < ℓ(a) su
h that σna ∈ [U ].If we let am be the front m-segment of x∗, we have

I(am)

m
≤ p(m) ≤

I(am) + k

m(the right inequality is be
ause of edge e�e
ts; it is possible for σna /∈ [U ] but σnx∗ ∈

[U ] if ℓ(a) − k < n < ℓ(a)). In parti
ular, for any r we have(5.2) I(xr)

Lr
≤ p(Lr) ≤

I(xr) + k

LrIf p(Lr) > 0 then also p(Lr+1) > 0, and xr+1 
ontains at least Mr 
opies of xr.Thus if we assume that Ms ≥ 2s for every s, we may �x r su
h that I(xs) ≥ 2s forevery s ≥ r.For an s as above, write
xs+1 = xsxs . . . xsysas in the 
onstru
tion of xs+1, with the xs's repeating Ms times. We 
an write

I(xs+1) = I1 + I2, where
I1 = # {0 ≤ n < MsLs : σnxs+1 ∈ [U ]}

I2 = # {MsLs ≤ n < Ls+1 : σnxs+1 ∈ [U ]}We have
Ms · I(xs) ≤ I1 ≤ Ms · (I(xs) + k)sin
e we may gain at most Msk o

urren
es at the edges of the xs's but we 
an't loseo

urren
es. Also we have the trivial bound I2 ≤ ℓ(ys). Therefore

MsI(xs) ≤ I(xs+1) ≤ Ms(I(xs) + k) + ℓ(ys)
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Ms · I(xs)

MsLs + ℓ(ys)
≤ p(Ls+1) ≤

Ms · I(xs) + ℓ(ys) + (Ms + 1)k

MsLs + ℓ(ys)dividing the middle term by p(Ls) and using (5.2) again, we get
1

1 + k/I(xs)
·

1

1 + ℓ(y)/MsLs
≤

p(Ls+1)

p(Ls)
≤

1 + k/I(xs) + (ℓ(y) + k)/MsI(xs)

1 + ℓ(y)/MsLsWe saw above that k/I(xs) is exponentially small in s. Thus if {Mn} grows qui
klyenough, both the expression on the left, whi
h we denote αs, and the expressionon the right, whi
h we denote βs, 
onverge to 1 rapidly enough for their produ
tto 
onverge to a �nite positive number. Now the relation αs ≤ p(Ls+1)
p(Ls)

≤ βs andthe fa
t that 0 <
∏∞

r αs,
∏∞

r βs < ∞ implies p(Ls) 
onverges to a positive limit as
s → ∞. �Claim 5.5. For U and p(n) as above, limn→∞ p(n) exists and is positive if p(n) > 0for some n.Proof. Let p = lim p(Ls), the limit of p(n) along the subsequen
e Ls. To show that
p(n) → p, we show that if Ls ≤ n < Ls+1 then p(n)/p(Ls−1) is 
lose to 1, in a mannerdepending on s and tending to 1 with s. To see this, re
all that

xs+1 = (xsxs . . . xs)ys

= ((xs−1 . . . xs−1ys−1) . . . (xs−1 . . . xs−1ys−1)) ysWrite an for the front n-segment of xs+1. Then there is a unique way to write an as
an = (xs . . . xs)(xs−1 . . . xs−1)wwith w a front segment of either xs−1, ys−1 or ys.For n ≥ Ls the number of xs's appearing is at least 1. Now 
onsider two alterna-tives: If w is a front segment of either xs−1 or ys−1 then ℓ(w) is negligible 
omparedto ℓ(an) be
ause ℓ(an) ≥ ℓ(xs) ≥ Ms−1ℓ(xs−1) and Ms−1 has been 
hosen large. Onthe other hand if w = ys then all Ms repetitions of xs appear in an, and again wehave that ℓ(w) is negligible 
ompared to ℓ(an).An estimate like the one 
arried out for p(Ls) shows that we 
an ignore edge e�e
tsand write p(n) as some weighted average of p(Ls) and p(Ls−1). But we know alreadythat p(Ls)/p(Ls−1) → 1, so p(n) ≈ p(Ls−1) → p. �5.6. The only ergodi
 measures on X are µ and the point mass δ0. A-priorithe measure µ for whi
h x∗ is generi
 need not be ergodi
. Rather than prove dire
tly
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, we will show that if ν is any ergodi
 measure on (X, σ) then ν is a
onvex 
ombination of µ and δ0. This implies that µ is an extreme point of the 
onvexset of invariant measures on X, so it is ergodi
 and is the only ergodi
 measure on Xother then δ0.Theorem 5.6. The only ergodi
 measures for (X, σ) are µ and δ0.Proof. Using lemma 5.3, we 
an sele
t a sequen
e r(n) → ∞ and write
x∗ = b1,nb2,nb3,n . . .su
h that ea
h bi,n is either equal to xr(n), or has the property that ℓ(bi,n) ≥ 3Lr(n)and all but the �nal 2Lr(n) 
oordinates are < 1/n.If ν is an ergodi
 measure for (X, σ) then for some sequen
e with m(n)−k(n) → ∞we have

ν = lim
n→∞

1

m(n) − k(n) + 1

m(n)∑

i=k(n)

δσix∗(this follows from the fa
t that by the ergodi
 theorem ν has generi
 points, andthese 
an be approximated arbitrarily well by shifts σi(x∗) of x∗). By passing tosub-sequen
es we 
an assume that m(n) − k(n) > 2Lr(n); denote wn = x∗|[k(n),m(n)] sothat ℓ(wn) > 2Lr(n). Write λn for the total number of indi
es i = 1, . . . , ℓ(wn) su
hthat i is in a word bj,n with bj,n = xr(n). We may further assume, by passing to asubsequen
e, that λn → λ ∈ [0, 1].Now we 
an write wn = b′bi(n),n . . . bj(n),nb′′ for some i(n) < j(n) and b′, b′′ as shortas possible. Noti
e that if bi(n)−1,n or bj(n)+1,n are xr(n) then their lengths, respe
tively,are negligible (logarithmi
) 
ompared to ℓ(wn), and so also are the lengths of b′, b′′,respe
tively. On the other hand, if bi(n)−1,n is not xr(n) and if the length of b′ is morethan 1
n
ℓ(wn), then that word is made up almost entirely of 
oordinates of magnitudeless than 1/n. Similar reasoning holds for b′′. It is now simple to verify the following:

• If λ = 0 then for large n most of wn is made up of 
oordinates of magnitude
< 1/n, so in this 
ase we have ν = δ0.

• If λ = 1, then for large n, the distribution of words of length √
Lr(n) in wn isvery 
lose to their distribution in xr(n), and sin
e r(n) → ∞ we have ν = µin this 
ase.

• Finally for 0 < λ < 1 the same reasoning as above shows that
ν = λµ + (1 − λ)δ0
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ause the lengths of the bi,n tend to in�nity with n, the statisti
sof subwords of wn of length √
Lr(n) are only very slightly a�e
ted by the pla
eswhere two bi,n's meet. Sin
e we assumed that ν is ergodi
, this is impossible.Thus ν = δ0 or ν = µ. Sin
e µ 6= δ0 this implies that µ is ergodi
. This 
ompletesthe proof. �5.7. Further 
omments. This example is optimal in the following sense. Any min-imal system (X, T ) has the property that on some dense Gδ subset of X the preimageof any point is a single point. Thus there are no minimal extremely non-invertiblesystems. Thus if we want an extremely non-invertible system supporting a globalergodi
 measure we 
annot hope for a uniquely ergodi
 example. The example wehave given is the next best thing: it has only two invariant measures and a uniqueminimal subsystem, the �xed point 0.The 
onstru
tion 
an be modi�ed in several ways. For distan
e one 
an guaranteethat the preimage set of every point is large: by augmenting the two fun
tions θ0, θ1at ea
h stage of the 
onstru
tion with other fun
tions it is not hard to make thepreimage set of every point of 
ardinality 2ℵ0 . By modifying θ0, θ1 in a more 
omplexway one 
an repla
e the minimal subsystem {0} with other systems.Finally, in the 
onstru
tion we de�ned words wb,k = τb(wk) where b varies over all

0, 1-valued sequen
es of a �xed length. By varying this length in a �random� way themeasure µ 
an be made to be weakly mixing, and perhaps even strongly mixing.Referen
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