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Assumek is a number field andA is the group of adeles. Assume thatv varies over the
places ofk, andkv denotes the completion ofk at that place.
In view of the tensor product decomposition theorem, an irreducible, cuspidal, automor-
phic representation (cuspidal automorphic form)π ofGLn(A) can be written as a restricted
tensor product

π = ⊗′
vπv

whereπv is an irreducible (unitary) representation ofGLn(kv). Moreover, almost allπv

are spherical. Therefore, it is important to understand the unitary dual ofGLn(kv), or
at least the spherical (unitary) dual. Since finite fields provide a good approximation for
non-archimedean fields, we will give a description of the representation theory ofGL2(F ),
whenF is a finite field. This theory generalizes toGLn(F ) andGLn(kv), modulo techni-
cal modifications.

1. REPRESENTATIONS OFFINITE GROUPS

A representation(π, V ) of a finite groupG (or a G-module or, equivalently, aC[G]-
module) is a group homomorphismπ : G → End(V ), whereV is a (finite dimensional)
complex vector space. For convenience, we will denote the actionπ(g)v simply bygv or
by g ∗ v, wheng ∈ G andv ∈ V .

1.1. The Induced Representation.AssumeG is a finite group andH < G is a sub-
group. Suppose(π, V ) is a finite dimensionalC[H]-module. Consider the linear space of
functions:

V G := {f : G→W |f(hg) = π(h)(f(g))}
ThenG acts on the elements ofV G by right translations,R(x)f(g) = f(gx). We say
that the representation(R, V G) is obtained by inducing the representationπ fromH toG.
We also use the notationIndG

H π for it. Note that, we have the following isomorphism of
C[G]-modules:

V G ' V ⊗C[H] C[G]

1.2. Explicit Basis. Define the following elements ofV G, for g ∈ G andv ∈ V :

fg,w(g′) =

{
π(g′g−1)v, if Hg = Hg′;
0, otherwise.

If R ⊂ G is a collection of coset representatives forH\G, and{wi}i=1···n is a basis of the
complex vector spaceV , then for any elementF ∈ V G we have the following identity:

F =
∑
γ∈R

fγ,F (γ) =
∑
γ∈R

∑
1≤i≤n

aγ,ifγ,wi

1
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whereaγ,i come from writingF (γ) in the{wi}-basis,F (γ) =
∑

i aγ,iwi. Therefore, the
set{fγ,wi}γ∈R,i=1···n is a basis forV G.

Corollary 1.1. For anyH-moduleU , we have the following Frobenius reciprocity law:

i) dim IndG
H π = [G : H] dimπ

ii) HomG(U, V G) ' HomH(U |H , V )

1.3. Mackey Theory.

Theorem 1.2(Mackey). LetG a group as above, and letH1,H2 be subgroups ofG. As-
sume thatVi is anHi-module, fori = 1, 2. Then the linear spaceHomG(V G

1 , V G
2 ) is

naturally isomorphic to the space of functions∆ : G → HomC(V1, V2) satisfying the
equivariance property∆(h2gh1) = h2∆(g)h1. Given such a function∆, the correspond-
ing intertwining operatorL ∈ HomG(V G

1 , V G
2 ) is given by

L(f) = ∆ ∗ f(g) :=
1
|G|

∑
h∈G

∆(gh−1)(f(h))

Proof. We only note that forL so defined we have, for anyv ∈ V1, the identity:

∆(g)(v) = [G : H1]L(fg−1,v)(e)

�

We conclude with the observation that

dimC Hom(V G
1 , V G

2 ) ≤ |H1\G/H2|(dimC V1)(dimC V2)

Corollary 1.3. If χ1, χ2 are1-dimensional characters ofH1 andH2, respectively, then:

dim HomG(χG
1 , χ

G
2 ) = #{double cosets which support an intertwining operator}

Lemma 1.4. A double cosetH1gH2 supports an intertwining operator if and only if
χ1(g−1h2g) = χ2(h2), ∀h2 ∈ gH1g

−1 ∩H2.

Lemma 1.5. AssumeV1, V2, V3 areH1,H2,H3-modules, respectively, whereH1,H2 and
H3 are subgroups ofG. Suppose thatL1 ∈ HomG(V G

1 , V G
2 ) andL2 ∈ HomG(V G

2 , V G
3 ).

ThenL2 ◦ L1 ∈ Hom(V G
1 , V G

3 ). If, in view of the Theorem 1.2,L1 corresponds to the
function ∆1 and L2 corresponds to the function∆2, thenL1 ◦ L2 corresponds to the
convolution of∆1 and∆2 which is given by

(1) ∆(g) =
∑

γ∈H2\G

∆2(gγ−1)∆1(γ)

Corollary 1.6. Suppose(π, V ) is an H-module. Then the ring ofG-endomorphisms
EndG(V G) is isomorphic as aG-module to the convolution algebra of functions∆ : G→
EndC(V ) which satisfy the following equivariance property:

∀g ∈ G, h1, h2 ∈ H, ∆(h1gh2) = π(h1)∆(g)π(h2)

2. IRREDUCIBLE REPRESENTATIONS OFGL(2, F )

In this section we assume thatF = Fq is the finite field withq elements. Therefore, the
groupG = GL(2, GF ) is finite with (q2 − 1)(q2 − q) elements.
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2.1. Principal Series of GL(2, F ). Assumeχ1, χ2 are two characters ofF×, χ1,2 :

F× → C×. Consider the characterχ = χ1 ⊕ χ2 defined on the torusT =
(
∗

∗

)
.

Since the parabolicB =
(
∗ ∗

∗

)
factors asB = TN , whereN =

(
1 ∗

1

)
, the

characterχ extends trivially toB, and is given byχ

(
d1 ∗

d2

)
= χ1(d1)χ2(d2). Let

B(χ1, χ2) denote the representation obtain by inducing the characterχ fromB toG:

B(χ1, χ2) = IndG
B χ

We callB(χ1, χ2) aprincipal series representation ofG = GL(2, F ).
Mackey theory allows us to determine which of these representations are irreducible and
which not. For example, let’s assume for the moment thatχ1 6= χ2. Then, according to
Theorem1.2,EndG(B(χ1, χ2)) is isomorphic to the linear space of functions∆ : G→ C
which satisfy the following equivariance property:

(2) ∀g ∈ G, b1, b2 ∈ B : ∆(b2gb1) = χ(b2)χ(b1)∆(g)

where, as before,χ = χ1 ⊕ χ2. Such a function is clearly determined by the values at
representatives of the double coset spaceB\G/B. The Bruhat decomposition gives a set
of such representatives, namelyG is a disjoint union:

G = B qBw0B

wherew0 is the Weyl elementw0 =
(

1
−1

)
. A function ∆ satisfying equation

(refx1) is thus determined by its values ate andw0. However, unless∆(w0) = 0, condition
(2) implies:

b1w0 = w0b2 ⇒ χ(b1) = χ(b2)
In particular, it requires that

χ

(
t

1

)
= χ

(
1

t

)
, ∀t ∈ F×

But this simply means thatχ1(t) = χ2(t), orχ1 = χ2, which contradicts our assumption.
Therefore,∆(w0) = 0 and hence the space of function satisfying (2) is one-dimensional.
By Schur’s lemma, the fact thatdim EndG(B(χ1, χ2)) = 1 implies thatB(χ1, χ2) is an
irreducible representation.

It is also easy to see that two principal seriesB(χ1, χ2) andB(χ′1, χ
′
2) are not equiva-

lent unless(χ1, χ2) = (χ′1, χ
′
2) or (χ1, χ2) = (χ′2, χ

′
1).

Note. Since[G : B] = |P 1(Fq)| = q + 1, it implies thatdimB(χ1, χ2) = q + 1.
We can also find, in the same way, that for the trivial representationχ0, the principal

seriesB(χ0, χ0) associated to it is reducible, with a one-dimensional subspace whereG
acts trivially, and aq-dimensional irreducible subrepresentation, called theSteinberg rep-
resentation. We will denote it byStq and we have:

B(χ0, χ0) ' χ0 ⊕ Stq

Also, for any other characterχ1 of F×, it is easy to see thatB(χ1, χ1) ' χ1 ⊗B(χ0.χ0),
therefore this representation is also a sum of two irreducible representations:

B(χ1, χ1) ' χ1 ⊕ (Stq ⊗ χ1)

Notation. If χ is a character ofF×, we can regardχ as a character onGL(2, F ) given
by g 7→ χ(det(g)). If (π, V ) is a representation ofGL(2, F ), the "twisted" representation
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π ⊗ χ is the action ofGL(2, F ) on the spaceV via g 7→ π(g)χ(det(g)). To summarize
this section, we have:

i) χ1 6= χ2 ⇒ B(χ1, χ2) = irreducible,dim = q;
ii) χ0 = trivial ⇒ B(χ0, χ0) ' χo ⊕ Stq,dimStq = q (irreducible);
iii) ∀χ1, B(χ1, χ1) ' χ1 ⊕ (Stq ⊗ χ1).

2.2. Cuspidal Representations.In this section we mention without proof the existence
of thecuspidal representations, i.e. irreducible representations ofGL(2, F ) which have
non-zero,N -invariant vectors. HereN is, as before, the subgroup of upper triangular ma-
trices ofG = GL(2, F ).
Reference: [Bu], page 405.
The cuspidal representations cannot be found in the list of principal series representations.
They can be realized as sub-representations of theWeil representation, which we will not
describe. However, they can be parametrized as follows: assumeE/F is a degree2 ex-
tension, andω : E× → C× is a multiplicative character onE which does not factor
through the norm mapNm : E× → F×. For such a character, there exists an irreducible
representationW (ω) of GL(2, F ), which occurs as a subrepresentation ofW (the Weil
representation).W (ω) is cuspidal and has dimensionq − 1. Two Gal(E/F )-conjugate
charactersω, ω′ give rise to isomorphic representationsW (ω) 'W (ω′).

2.3. Dimension Counting. To make sure that our list of irreducible representations of
GL(2, F ) (principal series, one-dimensional, Steinberg, cuspidal) is exhaustive, we have
to compute

∑
π(dimπ)2 and check that it equals|G|. Since the number of multiplicative

characters onF× is exactlyq − 1, it follows that:

- there are(q−1)2−(q−1)
2 = (q−1)(q−2)

2 ordered pairs of characters(χ1, χ2) such that
χ1 6= χ2. They give rise to irreducible representations in dimensionq + 1;

- there areq− 1 degenerate (non-isomorphic) principal seriesB(χ1, χ1) . They contain
a1-dimensional and aq-dimensional irred. subrepresentation;

- there areq2 − q choices for a characterω : E× → C× which does not factor through
the norm mapNm : E× → F×. Of these characters,q

2−q
2 are Galois non-conjugate.

They give rise to the irreducible cuspidal representations in dimensionq − 1.∑
π

(dimπ)2 =
(q − 1)(q − 2)

2
(q + 1)2 + (q − 1)(1 + q2) +

q2 − q

2
(q1)2

= (q2 − 1)(q2 − q) = |GL(2, F )|

Therefore, these are all the irreducible representations ofGL(2, F ).

2.4. The Whittaker Model. Fix ψ a non-trivial additive character ofF and regard it as a
character onN defined by

ψ

(
1 t

1

)
= ψ(t)

LetW be the representation obtained by inducing the characterψ fromN toG:

W = IndG
N ψ

W is the space of Whittaker functions.
Existence and Uniqueness of the Whittaker Model. Over a finite field, ay irreducible
representationπ of GL(2, F ) occurs as a subrepresentation ofW with multiplicity one.
This echoes the principle of existence and uniqueness of theWhittaker modelin the context
of automorphic forms.
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To prove that every irreducible representation occurs with multiplicity at most1 insideW,
it is sufficient to show that the ringEndG(W) is commutative. For, if we writeW as
W = ⊕πmππ, then

EndG(W) '
⊕

π

Matmπ×mπ
(C)

hence it is commutative if and only if0 ≤ mπ ≤ 1,∀π.
We first make use of the Theorem 1.2 to see thatEndG(W) is isomorphic to the convolu-
tion algebra of functions∆ : G→ C which satisfy:

(3) ∀g ∈ G,n1, n2 ∈ N, ∆(n1gn2) = ψ(n1n2)∆(g)

Such a function∆ is clearly determined by its value at representatives ofN\G/N A set of

such representatives is the set of matrices of the type

(
∗

∗

)
or

(
∗

∗

)
.

Since (
1 x

1

) (
a

b

) (
1 −ba−1x

1

)
=

(
a

b

)
equation (3) says that, unless∆

(
a

b

)
= 0, we need to haveψ(x−ba−1x) = 1,∀x ∈

F . This is only possible ifa = b. Therefore, a function with property (3) is supported on
elements of the form:

(4)

(
a

a

)
,

(
b

c

)
, a, b, c ∈ F×

Consider now the involutionτ : GL(2, F ) → GL(2, F ) given by

τ(g) =
(

1
1

)
gt

(
1

1

)
henceτ(g1g2) = τ(g2)τ(g1), τ2 = 1. This involution has the special property that it leaves
invariant precisely the group elements listed at (4), which form the support of∆. There-
fore, for two functions∆1,∆2 which satisfy (3), we can repeatedly apply the involutionτ
to obtain:

∆1 ∗∆2(g) = ∆1 ∗∆2(τg) =
∑
h∈G

∆1(τ(g)h−1)∆2(h)

=
∑
h∈G

∆1(τ(h)−1g)∆2(τ(h)) =
∑
h∈G

∆(h−1g)∆2(h)

=
∑
h∈G

∆2(gh−1)∆1(h) = ∆2 ∗∆1(g)

Hence the convolution algebra of functions with property (3) is commutative. In view of
Lemma 1.5, it follows thatEndG(W) is a commutative algebra. Therefore, every irre-
ducible representation ofGL(2, F ) occurs as a subrepresentation ofW with multiplicity
at most one (uniquenessof the Whittaker model).
We prove theexistencein the case of non-degenerate principal series. Forχ1 6= χ2, by
Mackey’s theorem,HomG(B(χ1, χ2),W) is isomorphic to the linear space of functions
∆ : G→ C which satisfy:

(5) ∀g ∈ G, b ∈ B,n ∈ N, ∆(bgn) = χ(b)ψ(n)∆(g)

therefore∆ is determined by its values on a set of double coset representatives ofB\G/N .
A set of such representatives is{e, w0}.
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Takeg = e in equation (5) and get∆(bn) = χ(b)ψ(n)∆(e). Unless∆(e) = 0, this
condition implies:

bn = b1n1 ⇒ χ(b)ψ(n) = χ(b1)ψ(n1)

Since

(
1

1

) (
1 t

1

)
=

(
1 t

1

) (
1

1

)
, this means thatψ(t) = 1, for any

t ∈ F , which is impossible, since we assumed that the additive characterψ is non-trivial.
Therefore, a function∆ satisfying (5) is supported on the double cosetBw0N . However,
it can be easily checked that an elementg ∈ Bw0N can be uniquely written asg = bw0n,
with b ∈ B andn ∈ N . Therefore, the function∆(g) given by:

∆(bw0n) = χ(b)ψ(n);

∆(g) = 0, if g /∈ Bw0N

is well defined, and satisfies equation (5).
Therefore, the linear spaceHomG(B(χ1, χ2),W) is one-dimensional, which shows

thatB(χ1, χ2) occurs as a subrepresentation ofW with multiplicity one.
This proves the existence of the Whittaker model for an irreducible principal series rep-

resentation. The proof relied on Mackey theory since both representations are induced
from one-dimensional characters of subgroups. The proof of the existence of a Whittaker
model for a cuspidal representation requires a separate discussion, but can also be deter-
mined by dimension counting, since the uniqueness property holds for any representation.
We will not pursue this issue further.
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