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1. AUTOMORPHICFORMS: DEFINITIONS

Let F be a number field, andA = AF the associated group of adeles. ThenF× is a
discrete subgroup of the group of unitsA× with the induced topology. A Hecke character
is a continuous (unitary) characterω : A× → C× which is trivial onF×, and hence can
be regarded as a character on the quotients space:

ω : F×\A× → C×

Note thatF× is a discrete subgroup ofA×, and henceF×\A× has a natural quotient
topology.

Definition 1.1. An automorphic form onGL(n, F ) is a smooth function:

φ : GL(n,A) → C
such that the following conditions are satisfied:

(1) φ(γg) = φ(g), ∀g ∈ GL(n,A), γ ∈ GL(n, F ).
(2) φ(zg) = ω(z)φ(g), ∀z ∈ A×.
(3) φ is rightK-finite.
(4) φ isZ-finite, whereZ is the center of the universal enveloping algebra of

g∞ :=
∏
v|∞

gv.

(5) φ is of moderate growth.

Note that from now onz will denote an element inA× as well as the diagonal matrix
zIn ∈ ZA. ω is thecentral characterof φ. In what follows we make precise the terms
used in the definition of anautomorphic form. From now on, we will use the notation
GA := GL(n,A) andGF := GL(n, F ).

1.1. Smoothness.Let F∞ :=
∏

v|∞ Fv. Then, for eachg ∈ GA, there exists a neighbor-
hoodV of g and a smooth functionf = fg onV such that

φ(h) = fg(h∞); ∀h ∈ V, h = h∞hf

1.2. K-finiteness. The compact subgroupsKv at each place are defined in the following
manner:

Kv :=


On(R), v|∞, v = real

Un(C), v|∞, v = complex

GL(n,Ov), v <∞
We now define theglobalmaximal compact subgroup:

K =
∏
v

Kv = K∞Kf
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A function φ onGA is rightK-finite if and only if the space generated by the rightK-
translationsSpan {R(k)φ(x)|k ∈ K} is finite-dimensional.

1.3. Z-finiteness. Note thatZ acts as an algebra of differential operators on the infinite
part of the functionφ, andZ-finiteness means thatφ lies in a finite dimensionalZ-invariant
space of functions.

1.4. Moderate Growth. Define the norm of a group element:

‖g‖ =
∏
v

max
i,j
{|gij |v, |det g|−1

v }

The functionφ(g) is of moderate growth if, for each Siegel setS, there exists a constant
C = CS and an integerN ≤ 1 such that:

|φ(g)| ≤ C‖g‖N , ∀g ∈ S

Definition 1.2. An automorphic formφ onGA is cuspidal if, for any1 ≤ r, s ≤ n, r+s =
n, and anyg ∈ GA, the following integral vanishes:∫

Mat2×2(F )\Mat2×2(A)

φ

((
Ir X
0 Is

)
g

)
dX = 0

HereIr denotes the identityr × r matrix, while0 denotes then− r × n− s null matrix.

Definition 1.3. We make the following notations:

(1) A(GF \GA, ω) =space of automorphic forms with (unitary) central characterω.
(2) A0(GF \GA, ω) =space of cuspidal automorphic forms with central characterω.

Remark 1.4. The spaceA(GF \GA, ω) is not preserved by the right action ofGA. By
taking the rightGA− translates of an elementφ ∈ A(GF \GA, ω), the property of right
K− finiteness at the infinite places is automatically lost. HenceA(GF \GA, ω) is a right
G(Af )− module but not a rightG(A)− module.

To correct this problem, we introduce the following space:

Definition 1.5. L2(GF \GA, ω) is the space of functionsφ : GA → C satisfying the
following properties:

(1) φ(γg) = φ(g), γ ∈ Gf , g ∈ GA;
(2) φ(zg) = ω(z)φ(g);
(3)

∫
ZAGF \GA

|φ(g)|2dg <∞.

We also denote byL2
0(GF \GA, ω) the subset ofL2(GF \GA, ω) which generated by

cusp forms.
Note that since the Haar measure on the quotient spaceGF \GA is rightGA-invariant, it
means thatL2(GF \GA) is a unitary representation ofGA, given byu the action:

g, x ∈ GA, φ ∈ L2(GF \GA, ω), (R(g)φ)(x) := φ(xg)

Also, it is easy to see thatL2
0(GF \GA, ω) is an invariantGA-subrepresentation.
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2. DECOMPOSITION OF THECUSPIDAL SPACE

In this section we will prove the following theorem, due to G-G-PS:

Theorem 2.1(Main Theorem). The spaceL2
0(GF \GA, ω) is a Hilbert direct sum ofGA-

invariant irreducible subspaces.

Definition 2.2. An irreducibleGA-submodule ofL2
0(GF \GA, ω) is called a cuspidal au-

tomorphic representation.

Proof. The way we will prove this theorem is by making a detour to the action of the
convolution algebraC∞c (GA). It consists of two parts:

Part 1: first, we will prove the following theorem, due G-G-PS:

Theorem 2.3(A). Supposeφ is a smooth function inC∞c (GA). Then there exists
a constantC(φ) > 0 depending onφ only such that, for any cusp formf ∈
L2

0(GF \GA, ω), the following inequality holds:

‖R(φ)f(x)‖∞ ≤ C‖f‖L2

Part 2: in the second part we deduce the statement of the Main Theorem from the
following theorem of G-G-PS:

Theorem 2.4(B). Let(ρ, V ) be a unitary (continuous) representation of the group
G. Assume that for allφ ∈ C∞c (GA), the operator:

ρ(φ) : V → V

is compact. Then the representationV is completely reducible, in the sense that it
can be written as a Hilbert direct product of irreducible subrepresentations, each
occurring with finite multiplicity:

V = ⊕π∈ĜA
mπVπ

whereĜA is the unitary dual ofGA. Heremπ represents a finite positive integer
which is zero for all but countably many representationsπ.

3. PROOF OFTHEOREM A

3.1. Helping Lemma. We first have two prove the following helping lemma:

Lemma 3.1. Assumeφ is a smooth function of compact Support onGA. Then there exists
a positive constantC(φ), depending onφ only, such that:

f ∈ L2
0(GF \GA, ω), ‖R(φ)f‖∞ ≤ C(φ)‖f‖L2

Proof. We give a proof of this lemma in the casen = 2 andF = Q, soGF = GQ =
GL(2,Q), whileGA = GL(2,A), whereA = AQ is the group pf adeles ofQ. We denote
byC∞c (GA) the space of finite linear combinations of functions of the type:

φ(g) =
∏
v

φv(gv), ∀g ∈ GA, g = (· · · , gv, · · · )

whereφv ∈ C∞c (Gv),∀v, such that for almost all placesv, φv = 1Kv is the characteristic
function of the maximal compact subgroup at the placev. Now, the right actionR(g) of
the groupGA on L2

0(GF \GA, ω) induces an action of the algebra of smooth functions.
Thus the effect ofR(φ) onf ∈ L2

0(GF \GA, ω) is given by:

x ∈ GA, (R(φ)f)(x) :=
∫

GA

φ(g)f(xg)dg
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We can further write this as:

R(φ)f(x) =
∫

ZA\GA

φω(g)f(gx)

where:

φω(g) :=
∫

ZA

φ(zg)ω(z)dz

Remark 3.2. The functionφω(g) is compactly supported(modZA).

We introduce now the notion of a Siegel domain.

Definition 3.3 (Siegel Domain). For c, d > 0, a group elementg = (gv) ∈ GA belongs to
the Siegel setSc,d if and only if the following conditions are satisfied:

(1) gv ∈ Kv, if v is non-archimedean;

(2) g∞ =
(
z

z

) (
y x

1

)
k∞, z ∈ R×, y ≥ c, 0 ≤ x ≤ d.

We use now the following fact from reduction theory (for reference, see [Bo1]):

Proposition 3.4. If c ≤
√

3
2 andd ≥ 1, then:

GA = GQSc,d

Note that this proposition implies the finiteness of the volume of the quotient space:

vol(ZAGQ\GA) <∞

Because of the Proposition, the statement of the lemma reduces to proving the following:

sup
g∈Sc,d

|R(φ)f(g)| ≤ Cφ‖f‖L2

Remark 3.5. From now on the elementg will be in a fixed Sielgel setSc,d.

For such ag we can write:

R(φ)f(g) =
∫

ZA\GA

φω(g−1h)f(h)dh =
∫

ZANQ\GA

f(h)

 ∑
γ∈NQ

φω(g−1γh)

 dh

=
∫

ZANQ\GA

K(g, h)f(h)dh

whereK(g, h) is the kernel:

K(g, h) =
∑

γ∈NQ

φω(g−1γh)

3.1.1. The KernelK0. Define now the kernel:

K0(g, h) :=
∫

NA

φω(g−1nh)dn =
∫

A
φω

(
g−1

(
1 t

1

)
h

)
dt
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Compute the ’action’ ofK0 on a cusp formf :

K0f(g) :=
∫

ZANQ\GA

K0(g, h)f(h)dh

=
∫

NQ\NA

∫
ZA\A

∫
K

φω(g−1nak)f(nak)dndadk

=
∫

NQ\NA

∫
ZA\A

∫
K

∫
NA

φω(g−1xnak)f(nak)dxdndadk

Remark 3.6. Here we used the fact that the (left invariant) Haar measuredg decomposes
with respect to the Iwasawa decompositionG = NAK asdg = dndadk.

A change of variablex 7→ xn−1 immediately gives us:∫
ZA\A

∫
K

∫
NA

φω(g−1xak)

{∫
NQ\NA

f(nak)dn

}
dtdadk

≡ 0

sincef is a cusp form. Combining the previous two equations, we obtain:

R(φ)f(g) =
∫

ZANQ\GA

K ′(g, h)f(h)dh

where now the kernelK ′ is give by the difference:

K(g, h) := K(g, h)−K0(g, h)

The idea is that the action ofR(φ) restricted toL2
0 is given by a modified kernel, whose

behavior ’at infinity’ will be analyzed in the next section.

3.1.2. Transformation of the Kernel: Poisson Summation.We now use thePoisson Sum-
mation Formulafor the kernel:

K(g, h) :=
∑
α∈Q

φω

(
g−1

(
1 α

1

)
h

)
to obtain:

K(g, h) =
∑
α∈Q

Φ̂g,h(α)

where the Fourier transform is given by:

Φ̂g,h(α) :=
∫

A
φω

(
g−1

(
1 t

1

)
h

)
ψ̄(αt)dt

Notice the identity:

K0(g, h) ≡ Φ̂g,h(0)

SoR(φ) acts on the space of cusp forms with a kernel given by:

K ′(g, h) =
∑

α∈Q×
Φ̂g,h(α)
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3.1.3. Transformation of̂Φg,h(α). In this section we will rely on the fact thatg can be
taken in the Siegel setSc,d.

Using the Iwasawa decomposition we can write the elementsg, h ∈ GA in the following
manner:

g =
(
z

z

) (
y x

1

)
kg, h =

(
ζ

ζ

) (
v u

1

)
kh

where:
z, ζ, y, v ∈ A×, u, x ∈ A, kg, kh ∈ K

Moreover,g ∈ Sc,d, so we have:

x = x∞ ∈ R, 0 ≤ x ≤ d, y = y∞ ∈ R×, y ≥ c

The Fourier transform̂Φg,h is then given by the integral:∫
A
φω

((
z−1ζ

z−1ζ

)
k−1

g

(
y

)
1

(
1 t− x+ u

1

) (
v

1

)
kh

)
ψ̄(αt)dt

= ω(zζ−1)ψ(α(u− x))
∫

A
φω

(
k−1

g

(
1 y−1t

1

) (
vy−1

1

)
kh

)
ψ̄(αt)dt

= ω(zζ−1)ψ(α(u− x))|y|F̂kg,kh,y−1v(αy)

where:

Fkg,kh,η(t) = φω

(
k−1

g

(
1 t

1

) (
η

1

)
kh

)
Note that sinceφω has compact support(modZA), we can write

suppφω = ΩZA

whereΩ is some compact subset ofGA. Sincekg, kh are already confined to the compact
subgroupK, it means that tere exists a compact subsetS ⊂ A× such that:

Fkg,kh,η 6= 0 ⇒ η ∈ S
This also implies:

y−1v ∈ A× − S ⇒ K ′(g, h) = 0
Now, since the function :

Fkg,kh,y−1v : t 7→ φω

(
k−1

g

(
1 t

1

) (
y−1v

1

)
kh

)
has compact support independent of the parametersy, v, kg, kh it means that the Fourier
transform has rapid decay uniformly in those parameters, so we get:

K ′(g, h) �φ,N |y|−N

for any integerN ≥ 1, where the implied constant depend onφ andN only. We thus
obtain:

R(φ)f(g) � |y|−N

∫
ZANQ\GA

|f(h)|dh

The last integral is:

J =
∫

NQ\NA

∫
vy−1∈S

∫
K

f

(
n

(
v

1

)
k

)
dnd×vdk
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and it is performed over the compact set:

B := {h = n

(
v

1

)
k ∈ ZANQ\GA; y(g)−1v ∈ S}

Sinceg ∈ Sc,d so that|y| ≥ c, it meansv ≥ c′ > 0 (c′ independent ofg), and that will put
h in a fixed finite union of right-translates of a Siegel setS:

h ∈ ∪m
i=1Sξi, ξi ∈ GA

Hence the last integral is:

J ≤
m∑

i=1

∫
Sξi

|f(h)|dh�
m∑

i=1

‖R(ξi)f‖1 = m‖f‖1 � ‖f‖2

and the last inequality holds because the setGF \GA has finite measure. So that we can
conclude with:

g ∈ Sc,d, f ∈ L2
0(GF \GA, ω), |R(φ)f(g)| �φ,N |y|−N‖f‖2

which certainly implies:
‖R(φ)f(g)‖∞ �φ,N ‖f‖2

since the Siegel setSc,d was chosen such thatZAGQSc,d = GA, and the lemma is proved.

3.2. Compactness ofR(φ). The compactness of the operator:

R(φ) : L2
0(GF \GA, ω) → L2

0(GF \GA, ω)

follows from the lemma by applying Arzela-Ascoli theorem to the one compactificationY
of the setZAGF \GA.

Theorem 3.7(Arzela-Ascoli). AssumeY is a compact topological space, and consider
Σ ⊂ C(Y ) is an equicontinuous family which is bounded in theL∞ norm. Then the
closure ofΣ in C(Y ) is compact.

SupposeB is the unit ball in the Hilbert spaceL2
0(GF \GA, ω). Consider the family of

functionsΣ = R(φ)B. ThenΣ has the following properties:

(1) Σ ⊂ C(Y ). This is becauseR(φ) is a convolution operator with smooth kernel
(smoothing operator). On the other hand, we saw that each functionR(φ)f de-
creases rapidly in the cusp, so it can be view as a genuine continuous function on
Y .

(2) Σ is an equicontinuous family. This immediate, sinceR(φ) is a convolution oper-
ator.

(3) The Lemma says that every function inΣ is bounded in theL∞-norm.

Hence we can apply Arzela-Ascoli theorem to the familyΣ and conclude that theσ is
pre-compact inC(Y ). This makes:

R(φ) : L2
0(GF \GA, ω) → C(Y )

a compact operator. SinceY is compact, the inclusion:

C(Y ) ↪→ L2
0(GF \GA, ω)

is a bounded operator. The composition of the previous two operators gives us that:

R(φ) : L2
0(GF \GA, ω) → L2

0(GF \GA, ω)

is also compact operator.
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Remark 3.8. The statement of the Main Theorem now follows immediately from Theorem
B.

4. MULTIPLICITY ONE PROPERTY

Question 4.1. Assumeπ, V is an irreducible unitary representation ofGA which occurs
discretely inL2

0(GF \GA, ω). What is its multiplicity?

In other words, Theorem 2.1 says that we have a Hilbert direct sum decomposition:

L2
0(GF \GA, ω) '

⊕̂
π∈ĜA

mπVπ

whereĜA denotes the unitary dual ofGA, and the integermπ ≥ 0 represents the number
of times (multiplicity) a given unitary irreducible representationπ ∈ ĜA occurs in the
decomposition ofL2

0(GF \GA, ω).
The question is to determine the numbersmπ. The following theorem of Shalika an-

swers this question in the caseG = GL(n). For reference, see [Sha].

Theorem 4.2(Shalika). Let F be a number field, and letG = GL(n) be defined over
F . Then the spaceL2

0(GF \GA, ω) decomposes as a Hilbert direct product of irreducible
unitary representations ofGA, each such representation appearing at most once. In other
words,

mπ ≤ 1.
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