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1. INTRODUCTION

In this section we assume thatF is a local, non-archimedean field, e.g.F = Qp. The
group isG = GLn(F ), n ≥ 2, with centerZ = Z(F ).
Definitions Assume(π, V ) is an irreducible, admissible representation ofG, with central
characterω, whereω : F× → C× is a multiplicative character.
1) π is a square integrable representation, orL2, if and only if, for anyv, w ∈ V , the
matrix coefficientcv,w(g) :=< π(g)v, w > is in L2, in the sense that:∫

Z\G
|cv,w(g)|2|ω(g)|−1dg < ∞

with dg the Haar measure.
2) π is supercuspidal if for any v, w ∈ V , the matrix coefficientcv,w(g) has compact
support(modZ).
3) π is a temperedrepresentation if, for anyv, w ∈ V , the matrix coefficientcv,w(g) is in
L2+ε, for an arbitrarily smallε > 0.

2. PARABOLIC INDUCTION

AssumeP is the standard parabolic subgroup ofG of type(n1, · · · , nr), where∑r
i=1 ni = n. Let U be the radical unipotent ofP andM the Levi subgroup,P = MU .

M =

 *
...

*

 , U =

 In1 ∗ ∗
... ∗

Inr


HenceM '

∏r
i=1 GLni

(F ). Assume now that(σi, Vi) is an irreducible, admissible
representation ofGLni(F ). Thenσ := ⊗r

i=1σi is an irreducible, admissible representation
of M . We extendσ trivially to P , such that the unipotent radicalU acts trivially. We denote
by V the representation space ofρ, V := ⊗r

i=1Vi. Consider now the linear space of locally
constant functionsF : G → V satisfying the property

(1) F (pg) = δ(p)
1
2 σ(p)(F (g))

whereδ(p) is the modulus determined by the Haar measure of the groupP (see the note
below). The groupG acts on this set of functions by right translations,ρ(g)F (x) :=
F (xg), x, g ∈ G. This defines a representationρ of G, which is obtained by inducing the
representationσ from P to G. We use the following notation:

ρ := IndG
P σ := Ind(G, P ;σ1, · · · , σr)
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Note. Assumedp is the left-invariant Haar measure on the groupP . Then for an arbitrary
x ∈ P , the right translation of the Haar measure,R(x)dp := d(px) is still a left-invariant
measure. Since the Haar measure is unique,R(x)dp must be a constant multiple ofdp,
and we denote this constant multiple byδ−1(x):

R(x)dp := δ−1(x)dp

This definition determines a group homomorphismδ : P → R>0. The groupP is not
unimodular, which means thatδ 6= 1. We also have an explicit formula for the modulus:

δ(p) = det (Ad(p)|uP
)

whereuP is the Lie algebra of the unipotent radicalU of P . The insertion of the modulus
δ in the definition of the parabolic induction has the role of preserving unitarity, i.e. fσ is
unitary, thenIndG

P σ is unitary as well.

3. SQUARE INTEGRABLE REPRESENTATIONS

3.1. Construction. Bernstein and Zelevinskii [BZ] gave the following description of the
square integrablerepresentations:
Assumen = kr and consider the standard parabolic subgroupP of the type(r, r, · · · , r)
of G. Let M be the Levi subgroup andU the unipotent radical,P = MU andM '
GLr(F )× · · ·×GLr(F ). Let τ be asupercuspidalrepresentation ofGLr(F ). Define the
parabolically induced representation ofG:

ρ := Ind(G, P ; τ ⊗ | ∗ |
r−1
2 , · · · , τ ⊗ | ∗ |−

r−1
2 )

where| ∗ | stands for the absolute value,| ∗ | : F× → R. Thenρ contains a unique,
irreducible, sub-representationπ, which issquare integrable. Moreover, any square inte-
grable representation can be obtained in this way.
Note. We remark the analogy between the construction of a square-integrable representa-
tion and the construction of the Steinberg representation forGL2 over a finite field. It is
essentially the same construction.

3.2. Formula for the L-factor. Assume

π ↪→ IndG
P (σ ⊗ | ∗ |

r−1
2 , · · · , σ ⊗ | ∗ |−

r−1
2 )

is a square-integrable representation. Then:

L(s, π) = L(s, τ)

Note. This is a degenerate case in the following sense: in principle, theL-factor associated
to an irreducible representation ofGLn(F ) should be a polynomial of degreen in q−s,
whereq is the residue characteristic ofF ; this formula shows that theL-factor of a square-
integrable representation is a polynomial of a lower degree.
Example. Assumeπ is the square-integrable representation ofGL3(Qp) which is induced
from  | ∗ |

1
| ∗ |−1


ThenL(s, π) = ζp(s) = (1− p−s)−1.
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4. TEMPEREDREPRESENTATIONS

4.1. Construction. The following result is due to Jacquet:
Suppose thatP is the standard parabolic of the type(n1, · · · , nr). Suppose thatσi is
square-integrable representation ofGLni(F ) with unitary central character. Then

π := IndG
P (σ1, · · · , σr)

is atempered, irreducible representation ofG.

4.2. Formula for the L-factor.

L(s, π) =
r∏

i=1

L(s, σi)

5. LANGLANDS CLASSIFICATION

5.1. Construction. AssumeF is a local fields, archimedean or otherwise. LetQ =
MQUQ be a standard parabolic subgroup of type(n1, · · · , nr). For 1 ≤ i ≤ r, let τi

be an irreducible, tempered representation ofGLni(F ). Suppose thatt1 ≥ · · · ≥ tr is a
sequence of integer numbers. Then:

η := IndG
Q(τ1 ⊗ | ∗ |t1 , · · · , τr ⊗ | ∗ |tr )

has a unique irreducible quotient representation, say

J(τ, t) = J(G, P ; τ1, · · · , τr; t1, · · · , tr)

Moreover, any irreducible admissible representation ofG is obtained this way.

5.2. Formula for the L-factor.

L(s, π) =
r∏

i=1

L(s, τi ⊗ | ∗ |ti) =
r∏

i=1

L(s + ti, τi)

Note. This theorem is due to Langlands in the caseF is archimedean, and to Bernstein
and Zelevinskii and Silberger, in the caseF is non-archimedean.
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