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1. INTRODUCTION

In this section we assume thatis a local, non-archimedean field, e.§. = Q,. The
group isG = GL,(F),n > 2, with centerZ = Z(F).

Definitions Assume(r, V) is an irreducible, admissible representatiorGofwith central
charactew, wherew : F* — C* is a multiplicative character.

1) 7 is asquare integrablerepresentation, of?, if and only if, for anyv,w € V, the
matrix coefficiente, ., (g) :=< m(g)v,w > isin L?, in the sense that:

/ (@) Pleo(g)| A dg < oo
Z\G

with dg the Haar measure.

2) 7 is supercuspidalif for any v,w € V, the matrix coefficient, ,,(¢g) has compact
support(mod Z).

3) w is atemperedrepresentation if, for any, w € V, the matrix coefficient,, ,,(g) is in
L?+¢, for an arbitrarily smalk > 0.

2. PARABOLIC INDUCTION

AssumeP is the standard parabolic subgroup®bf type (nq, - - -, n,), where
> i_, n; = n. LetU be the radical unipotent d® and M/ the Levi subgroupP = MU.

F I, * =«
M = , U= A
l L,
HenceM ~ [[;_, GL,,(F). Assume now thato;,V;) is an irreducible, admissible
representation af L,,, (). Theno := ®]_, 0, is anirreducible, admissible representation
of M. We extendr trivially to P, such that the unipotent radiddlacts trivially. We denote

by V' the representation spacemfl” := ®!_,V;. Consider now the linear space of locally
constant functiong” : G — V satisfying the property

@) F(pg) = 6(p)Zo(p)(F(g))

whered(p) is the modulus determined by the Haar measure of the gfb(gee the note
below). The groupG acts on this set of functions by right translatiopgg)F'(z) :=
F(zg),z,g € G. This defines a representatiprof GG, which is obtained by inducing the
representation from P to G. We use the following notation:

p = IndIGDU = Ind(G,P;Jb"' aUT)
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Note. Assumedp is the left-invariant Haar measure on the grd@pThen for an arbitrary
x € P, the right translation of the Haar measui¥;z)dp := d(px) is still a left-invariant
measure. Since the Haar measure is unidt(e;)dp must be a constant multiple dp,
and we denote this constant multiple &y (z):

R(x)dp := 6 *(x)dp

This definition determines a group homomorphiém P — R,. The groupP is not
unimodular, which means that£ 1. We also have an explicit formula for the modulus:

d(p) = det (Ad(p)[ur)

whereup is the Lie algebra of the unipotent radidalof P. The insertion of the modulus
0 in the definition of the parabolic induction has the role of preserving unitarity, &as f
unitary, therind$ ¢ is unitary as well.

3. SQUARE INTEGRABLE REPRESENTATIONS

3.1. Construction. Bernstein and Zelevinskii [BZ] gave the following description of the
square integrablerepresentations:

Assumen = kr and consider the standard parabolic subgrBugf the type(r,r,--- , )

of G. Let M be the Levi subgroup antl the unipotent radicalP = MU and M ~
GL,(F) % ---x GL,(F). LetT be asupercuspidatepresentation af’L,.(F’). Define the
parabolically induced representation@f

pi=Tnd(G,P;7®|*| =, 7@ |« )

where| x | stands for the absolute valugx | : F* — R. Thenp contains a unique,
irreducible, sub-representatian which issquare integrable Moreover, any square inte-
grable representation can be obtained in this way.

Note. We remark the analogy between the construction of a square-integrable representa-
tion and the construction of the Steinberg representatiod-for over a finite field. It is
essentially the same construction.

3.2. Formula for the L-factor. Assume
7 Ind§ (0 ® | |%1, ,0® | % |’TT_1)
is a square-integrable representation. Then:
L(s,m) = L(s,T)

Note. This is a degenerate case in the following sense: in principld, ffaetor associated
to an irreducible representation 6fL,,(F) should be a polynomial of degreein ¢—*,
wheregq is the residue characteristic 8%, this formula shows that the-factor of a square-
integrable representation is a polynomial of a lower degree.
Example. Assumer is the square-integrable representatiot@f; (Q,) which is induced
from

||

Kl

ThenL(s,m) = (p(s) = (1 —p~*)~L.
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4. TEMPEREDREPRESENTATIONS

4.1. Construction. The following result is due to Jacquet:
Suppose thaf is the standard parabolic of the type;,--- ,n,.). Suppose that; is
square-integrable representationik,,, (F') with unitary central character. Then

7 :=Ind%(0y,--- ,0,)
is atempered irreducible representation 6f.

4.2. Formula for the L-factor.
L(s,m) = HL(S,O’Z')
i=1

5. LANGLANDS CLASSIFICATION

5.1. Construction. AssumerF is a local fields, archimedean or otherwise. Kgt=
MqUg be a standard parabolic subgroup of type,--- ,n,). Forl < i < r, letr
be an irreducible, tempered representatiod:df,, (F'). Suppose that; > --- > ¢, is a
sequence of integer numbers. Then:

n:= Indg(ﬁ®|* [ @ *
has a unique irreducible quotient representation, say
J(1,t) = J(G, P;T1, -+ Toste, e o tr)
Moreover, any irreducible admissible representatio& @§ obtained this way.

")

5.2. Formula for the L-factor.

L(s,m) = HL(S,Ti ® | *
i=1

By =] L(s+tim)
=1

Note. This theorem is due to Langlands in the cdsés archimedean, and to Bernstein
and Zelevinskii and Silberger, in the cads non-archimedean.
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