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Sum m ar y. We discuss the enumerat ion of funct ion � elds and number � elds by dis-
criminant . We show that Malle's conjectures agree with heurist ics arising naturally
from geomet ric computat ions on Hurwitz schemes. These heurist ics also suggest
further quest ions in the number � eld set t ing.

1 I nt roduct ion

The enumerat ion of number � elds subject to various local and global condi-
t ions is an old problem, which has in recent years been the subject of renewed
interest (a sampling includes [3], [2], [5], [6], [9], [12].) For a good survey of
recent work, see [1]. We begin by reprising some important conjectures.

If L=K is an extension of number � elds, we denote by DL =K the relat ive
discriminant , an ideal of K , and by N K

Q DL =K its norm, a posit ive integer.
For X 2 R+ , we set NK ;n (X ) to be the number of degree-n extensions L=K
(up to K -isomorphism) such that N K

Q DL =K < X . It is a classical problem to
understand the asymptot ics of NK ;n (X ) as X goes to in� nity; in part icular,
we have the folk conjecture:

Conject ure 1.1. There is a constant cK ;n such that, as X ! 1 ,

NK ;n (X ) � cK ;n X :

This conjecture is now known for n � 5.
A moregeneral conjectureapplies to enumerat ing extensionswith speci� ed

Galoisgroup. It isdue to Malle [11] and re� nesa previousconjectureof Cohen.
To describe Malle's conjecture, we need to int roduce some notat ion.

Let G � Sn bea transit ivesubgroup. For g 2 G, set ind(g) = n� r , wherer
is the number of orbits of g on f 1; 2; : : : ; ng. Denote by C the set of non-t rivial
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conjugacy classesof G; then ind descendsto a funct ion ind : C ! Z. Thegroup
Gal( �K =K ) acts on C via g � c = c� (g) , where g 2 Gal( �K =K ); c 2 C and � :
Gal( �K =K ) ! Ẑ� is the cyclotomic character. Set a(G) = maxc2 C(i nd(c) � 1),
and set bK (G) to be the number of Gal( �K =K )-orbits on the set f c 2 C :
ind(c) = 1=a(G)g.

Let H be any point stabilizer in the G-act ion on f 1; 2; : : : ; ng. For each
Galois extension L=K with Galois group G, let L 0=K be the degree n subex-
tension of L=K corresponding to the subgroup H � G. Since G acts t ransi-
t ively on f 1; 2; : : : ; ng, the K -isomorphism class of L 0 is independent of the
choice of H . We then denote by NK ;G (X ) the number of Galois G-extensions
L=K such that N K

Q DL 0 =K < X .

Conject ure 1.2. (Malle) There is a nonzero constant CK (G) such that

NK ;G (X ) � CK (G)X a(G) (logX )bK (G) � 1:

This conjecture is known to be correct in certain special cases, including
that whereG = S3 or D4 (embedded in S3 and S4 respect ively) and that where
G is abelian. In general, however, lit t le is known about Malle's conjecture {
and indeed, its di� culty is ensured by the fact that it implies a posit ive
solut ion to the inverse Galois problem.

A related problem, raised for example in [8], is the quest ion of mult iplicity
of a � xed discriminant .

Conject ure 1.3. The number of number � elds K =Q with degree n and dis-
criminant D is � � ;n D � .

Conjecture 1.3 is unknown, and seems quite di� cult , even for n = 3. In
that case it is int imately related to quest ions about 3-torsion in class groups
of quadrat ic � elds.

The arithmet ic of funct ion � elds and their covers is often much more ap-
proachable than that of number � elds, since one can appeal to the geometry
of variet ies over � nite � elds. In part icular, one may replace K by Fq(t) in the
above discussion, and ask whether Conjectures 1.1 and 1.2 remain true (with
evident modi� cat ions) in this set t ing. We note that this is known to be the
case when G = S3, by the work of Datskovsky and Wright [6].

We do not know how to prove Conjecture 1.2 even in the funct ion � eld
set t ing. However, we will establish in the present paper certain (weak) ap-
proximat ions to Conjecture 1.2. In Lemma 2.4 we show that the upper bound
of Malle's conjecture is nearly valid when q is large relat ive to jGj. Moreover,
we prove in Proposit ion 3.1 a result showing that Malle's conjecture is com-
pat ible with a heurist ic arising from the geometry of Hurwitz spaces. A lit t le
more precisely, Proposit ion 3.1 studies Malle's conjecture using the following
heurist ic:

(A ) If X is a geometrically irreducible d-dimensional variety over Fq,
one has jX (Fq)j = qd.
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The heurist ic (A ) can be thought of as an assert ion of extremely (in-
deed, implausibly) st rong cancellat ion between Frobenius eigenvalues on the
cohomology of X . Despite its crudeness, (A ) allows one to recover, in the
funct ion � eld set t ing, the precise constants a(G) and bK (G) found in Malle's
conjecture.

This line of reasoning suggests further quest ions about the dist ribut ion of
discriminants of number � elds. We discuss these in Sect ion 4. For instance,
Sect ion 4.2 gives a heurist ic for the number of icosahedral modular forms of
conductor � N , and Sect ion 4.3 proposes some st ill more general heurist ics
for number � elds with prescribed rami� cat ion data.

We note that the approach via (A ) is very much in the spirit of that used
by Batyrev in developing precise heurist ics for the dist ribut ion of rat ional
points on Fano variet ies; we thank Yuri Tschinkel for explaining this to us.

A cknowledgment s. The authors thank Karim Belabas, Manjul Bhargava,
Henri Cohen, and Johan deJong for many useful conversat ionsabout the topic
of this chapter, and the organizers of the Miami Winter School in Geometric
Methods in Algebra and Number Theory for invit ing the � rst author to give
the lecture on which this art icle is based.

The � rst author was part ially supported by NSF Grant DMS-0401616 and
the second author by NSF Grant DMS-0245606.

N ot at ion: Throughout this paper, G will be a transit ive subgroup of the
permutat ion group Sn and q will be a prime power that is coprime to jGj.

2 Count ing ext ensions of funct ion � elds

2.1 H urwi t z spaces

In this sect ion, we recall basic facts about Hurwitz spaces, i.e., moduli spaces
for covers of P1. We will make constant use of the fact that the category
of � nite extensions L=Fq(t), with the morphisms being � eld homomorphisms
� xing Fq(t), is equivalent to the category of � nite (branched) coversof smooth
curves f : Y ! P1 de� ned over Fq, the morphisms being maps of covers
over P1. Recall that q is coprime to jGj, eliminat ing painful complicat ions
concerning the residue characterist ic.

Let Y be a geometrically connected curve over Fq and f : Y ! P1 a
Galois covering equipped with an isomorphism G ! Aut(Y=P1). We refer to
such a pair (Y; f ) as a G-cover. Let H be a point stabilizer in the G-act ion on
f 1; 2; : : : ; ng, and let f 0 : Y0 ! P1 be the degree-n covering corresponding to
the subgroup H � G. We then set r (f ) to be the degree of the rami� cat ion
divisor of f 0. Call qr ( f ) the discriminant of f .

We denote by Nq;G (X ) the number of isomorphism classes of G-covers
f : Y ! P1=Fq with qr ( f ) < X . Note that , by requiring that Y be geometri-
cally connected, we have excused ourselves from count ing extensions of Fq(t)
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which contain some Fqf =Fq as a subextension. This decision will not a� ect the
powers of X and logX in the heurist ics we compute, though it may change
the constant terms.

The G-covers P1 with discriminant qr are parametrized by a Hurwitz va-
riety H r . More precisely:

Proposi t ion 2.1. There is a smooth scheme H r over Z[ 1
jGj ] which is a coarse

moduli space for G-covers of P1 with discriminant r . The natural map

f isomorphism classes of G-covers of P1=Fqg ! H(Fq) (1)

is surjective, and the � bers have size at most jZ j, where Z is the center of G.

Proof. We refer to [16] for details of the construct ion of H r in posit ive charac-
terist ic. Let h be an Fq-rat ional point of H . Then the obstruct ion to h arising
from a cover Y ! P1 de� ned over Fq lies in H 2(Fq; Z ) where Z is the center of
G; since Gal( �Fq=Fq) has cohomological dimension 1, this obtruct ion is t rivial
(see [7, Cor. 3.3] for more discussion of this point .) Further, the isomorphism
classesof covers f parametrized by the point h are indexed by the cohomology
group H 1(Fq; Z ), which has size at most jZ j. �

What 's more, H r is the union of open and closed subschemes which
parametrize G-covers with speci� ed rami� cat ion data. In order to express
this decomposit ion, we need a bit more notat ion.

We call a mult iset c = f c1; : : : ; ck g of conjugacy classes of G a Nielsen
class, and denote by r (c) the total index

P k
i = 1 i nd(ci ). We also write jcj for

the number of branch points k. Finally, for each Nielsen class c we de� ne ~� c

to be the subset of Gk consist ing of all k-tuples (g1; : : : ; gk ) such that

� The mult isets c and f c(gi ); : : : ; c(gk )g are equal, where c(g) denotes the
conjugacy class of g;

� g1g2 : : : gk = 1;
� the gi generate G.

Note that ~� c is preserved by the act ion of G given by

(g1; : : : ; gk ) 7! (gg1g� 1; : : : ; ggk g� 1):

We denote by � c the quot ient of ~� c by this act ion.
Let f : Y ! P1

�Fq
be a G-cover whosebranch locus in P1( �Fq) is f x1; : : : ; xk g.

By considerat ion of the act ion of tame inert ia at x1; : : : ; xk , we can associatea
Nielsen classc to f which is � xed by Gal( �K =K ) and which sat is� es r (c) = r (f )
[4, 1.2.4]. The set of Nielsen classes inherits a Gal( �Fq=Fq)-act ion from the
cyclotomic act ion on C, as described in Sect ion 1; we call a Nielsen class
which is � xed by this act ion an Fq-rational Nielsen class. If f descends to a
G-cover Y ! P1

Fq
, it follows that the Nielsen class c is Fq-rat ional.

Denote by Ck the con� gurat ion space of k disjoint points in P1. The (geo-
metric) fundamental group of Ck is the (spherical) braid group on k-st rands.
We denote by � k 2 Ck the braid that pulls st rand i past st rand i + 1.
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Proposi t ion 2.2. For each Nielsen class c, there is a Hurwitz space H c=�Fq

which is a coarse moduli space for G-covers f : Y ! P1
�Fq

with Nielsen class c.

The action of � 2 Gal( �Fq=Fq) sends H c to H c� ; so the Fq-rational connected
components of H r are each contained in H c for an Fq-rational c with r (c) = r .

The map � : H c ! Cj cj that sends a cover f to its rami� cation divisor is
�etale. Moreover, the geometric points of the � ber of � above f x1; : : : ; xk g 2 Ck

are naturally identi� ed with � c. The action of � 1(Ck ) on � � 1(f x1; : : : ; xk g)
is given by

� i (g1; : : : ; gk ) = (g1; : : : ; gi gi + 1g� 1
i ; gi ; : : : ; gk )

so that the connected components of H c are in bijection with the � 1(Ck )-orbits
on � c.

Proof. For theexistenceof H c, see[4, x1.2.4]. Thedescript ion of the connected
components of H c is due to Fried; see, e.g., [10, x1.3], and [16, Cor 4.2.3] for
the extension of Fried's results to posit ive characterist ic prime to jGj. �

2.2 A n upper bound on t he number of ext ensions of Fq ( t )

Proposit ion 2.1 shows that , up to a constant factor, one can reduce the prob-
lem of controlling NFq ( t ) ;G (X ) to the problem of controlling the number of
Fq-rat ional points on the variet ies H r , as r ranges up to logq X . Bounding the
number of Fq-points on a variety of high dimension over a small � nite � eld is a
di� cult mat ter. In the context at hand, we may give a straight forward upper
bound, but the exponent is far from the one appearing in Malle's conjecture.
We carry this out below; to clarify mat ters, we � x q and G and consider only
the dependence as X ! 1 .

We will use the following easy lemma to bound various sequences arising
in this paper.

Lemma 2.3. Suppose f an g is a sequence of real numbers with an = 0 when-
ever n is not a power of q, and suppose

1X

r = 1

aqr q� r s;

considered as a formal power series, is a rational function f (t) of t = qs. Let
a be a positive real number. I f f (t) has no poles with jt j � qa , then:

XX

n = 1

an � X a :

I f f (t) has a pole of order b at t = qa and no other poles with jt j � qa , then:

XX

n = 1

an � X a(logX )b� 1:
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Here we use the notation A(X ) � B (X ) to mean that there are real constants
C1; C2 > 0 such that C1A(X ) � B (X ) � C2A(X ).

Proof. It follows immediately from the decomposit ion of f (t) in part ial frac-
t ions that

RX

r = 1

aqr � qaR

when f (t) has no poles with jt j > qa . Moreover, if f (t) has a pole of order b
at t = qa and no other poles with jt j � qa , then

RX

r = 1

aqr � CqaR Rb� 1

for some C 2 R. Then the lemma follows, since qblogq X c � X . �

Lemma 2.4. Let q and G be � xed. Denote by E(j ) the number of elements g
of G with ind(g) = j , and set e(G) = supj E(j )1=j . Then

lim sup
X ! 1

logNq;G (X )
logX

� a(G) +
log(2e(G))

logq
:

In particular

lim sup
X ! 1

logNq;Sn (X )
logX

� 1 +
log(4n2)

logq
: (2)

Note that the right-hand-side of the � rst inequality in Lemma 2.4 ap-
proaches Malle's constant a(G) when q becomes large relat ive to jGj.

Proof. De� ne a sequence of integers an such that aqr = jH r (Fq)j and an = 0
if n is not a power of q. So

Nq;G (X ) �
XX

n = 1

an :

We have seen in Proposit ion 2.2 that the Fq-rat ional components of H r

are the union of Hurwitz variet ies H c=Fq. Since H c is a � nite cover of degree
j� cj of Cj cj

�= Pj cj =Fq, we have

jH c(Fq)j � q;G j� cjqj cj

and
aqr � q;G

X

c:r (c)= r

j� cjqj cj :
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Let f (r ) be the sum of qk over all k-tuples (g1; : : : ; gk ) in G sat isfyingP
i i nd(gi ) = r . (Here, k is allowed to vary.) Then evident ly

X

c:r (c)= r

j� cjqj cj � f (r ):

On the other hand,
X

r

f (r )q� r s = (1 �
X

g2 G

(q1� i n d(g)s)) � 1:

We conclude that
X

r

aqr q� r s � q;G (1 �
X

g2 G

(q1� i n d(g)s)) � 1 = (1 �
X

j � a(G) � 1

E(j )q1� j s)� 1: (3)

It is easy to see that (3) has no poles once we have

jqs j > 2qa(G) E(j )1=j

for every j . The � rst part of the proposit ion now follows from Lemma 2.3.
We now show that , when G = Sn , we have E(j )1=j < 2n2 for all j ;

this proves the second part of the lemma. Any � 2 Sn with ind(� ) = j
� xes at least n � 2j elements of f 1; 2; : : : ; ng. Enumerat ing such � by their
number l of � xed points, we obtain E(j ) �

P
n � 2j � l � n � 1

n !
l ! < 2j n2j . Thus

E(j )1=j < n2(2j )1=j � 2n2. �

R emark 2.5. It is interest ing to contrast the \ t rivial" upper bounds of
Lemma 2.4 with what can be obtained in the number � eld set t ing.

The upper bounds of Lemma 2.4 used explicit knowledge of the funda-
mental group of a punctured P1. In the number � eld set t ing, such tools are
unavailable. Nevertheless in [9] an upper bound for Nn (X ) wasderived, similar

to (2), with the exponent log(n) replaced by a quant ity of the form e
p

log(n ) .
The proof wasconsiderably morecomplicated, but neverthelessgeometric: the
key idea is to � nd in each number � eld K a small set f x1; x2; : : : ; xr g of alge-
braic integers which are \ nondegenerate" in the sense that they do not sat isfy
an algebraic relat ion of low degree, and then to show that an appropriate set
of t races Tr(xg1

1 : : : xgr
r ) su� ce to determine K .

Further, let N Gal
q;n (X ) denote the number of Galois extensions of P1

Fq
of

degreen and discriminant less than X . Lemma 2.4 implies that N Gal
q;n (X ) � q;n

X
2
n + l og ( 2n )

l og ( q) . Again, a result of a similar 
 avor was shown in [9], where it was
shown that N Gal

q;n (X ) � X 3=8 if n � 3. Again, the proof in the number � eld
case was more elaborate and in fact relied on the classi� cat ion of � nite simple
groups; the main idea is to prove the theorem using a low-degree permutat ion
representat ion of G when G is simple, and to proceed by induct ion on a
composit ion series otherwise.
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3 Count ing point s on H urwit z spaces under heur ist ic (A )

Lemma 2.4 asserts, at least , that the upper bound of Malle's conjecture is
close to valid when q is large compared to jGj. Beyond Lemma 2.4, we can
do no more than speculate about the exact number of Fq-points on H r . The
situat ion improves somewhat if we are willing to assume the heurist ic (A )
from the int roduct ion: that is, we suppose that a geometrically irreducible d-
dimensional variety over Fq has qd points. This heurist ic reduces the problem
of est imat ing jH r (Fq)j to the substant ially simpler problem of comput ing the
number of geometric connected components of the spaces H r and their � elds
of de� nit ion.

Let h(q; r ) be the sum of qdim C over all geometrically connected compo-
nents C of H r which are de� ned over Fq. Denote by bFq (G) the number of
Gal( �Fq=Fq)-orbits on the set f c 2 C : ind(c) = 1=a(G)g.

We shall prove:

Proposi t ion 3.1.
X

qr � X

h(q; r ) � X a(G) log(X )bFq (G) � 1:

Proposit ion 3.1 amounts, roughly speaking, to the assert ion that Malle's
conjectures are compat ible with naive dimension computat ions for Hurwitz
spaces. The proof is more di� cult than that of Lemma 2.4 but is st ill elemen-
tary.

The problem here is that the decomposit ion of H r into geometrically con-
nected components is somewhat subt le. Let h0(q; r ) be the sum of qj cj over all
Fq-rat ional Nielsen classes c with r (c) = r . If H c were a nonempty geometri-
cally connected variety for every Fq-rat ional Nielsen class c with r (c) = r , we
would have h0(q; r ) = h(q; r ). (We remark that , in many cases, H c is known
to be geometrically connected by the theorem of Conway and Parker [10,
Appendix].) In the following proposit ion we show that h0 is a reasonable ap-
proximat ion to h, at least on average.

Proposi t ion 3.2. There exist constants m; C1; C2, depending only on G, such
that

C1

X

r < R � m

h0(q; r ) <
X

r < R

h(q; r ) < C2

X

r < R

h0(q; r ) (4)

for all R � 0:

Proof. Recall that ~� c consists of (g1; : : : ; gk ) 2 Gk such that the mult iset
f c(gi ); : : : ; c(gk )g equals c; g1; : : : ; gk generate G; and g1g2 : : : gk = 1. Write
n(c) for thenumber of orbitsof thebraid group � 1(Cj cj ) on ~� c. The right-hand
inequality above thus follows immediately from the following lemma.

Lemma 3.3. There exists a constant C2 such that n(c) < C2 for all c.
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Proof. If g = (g1; : : : ; gk ) and g0 = (g0
1; : : : ; g0

k ) are two elements of Gk , we
writeg � g0 when g and g0arein thesameorbit of theact ion of thebraid group
on Gk . We shall need a simple fact about the act ion of the braid group on Gk :
suppose g = (g1; : : : ; gk ) 2 Gk with g1 : : : gk = 1. Then, for any 1 � j � k,
there exists (g0

1; : : : ; g0
k � 1) 2 Gk � 1 such that

(g1; : : : ; gk ) � (g0
1; : : : ; g0

k � 1; gj ): (5)

Moreover, one knows (see, e.g., [15, Cor. 9.4]) that

(gg1g� 1; gg2g� 1; : : : ; ggk g� 1) � (g1; : : : ; gk ) (6)

whenever g belongs to the subgroup generated by (g1; : : : ; gk ).
We show that n(c) � jGj jG j 2

. This is clear if jcj � jGj2.
Suppose k = jcj > jGj2. Then any k-tuple (g1; g2; : : : ; gk ) in ~� c contains

an element g0 2 G with mult iplicity at least jGj + 1. Let g0
0 be any element in

G conjugate to g0. Thus, applying the braid operat ions (5) and (6) above, we
deduce

(g1; g2; : : : ; gk ) � (g0
1; g0

2; : : : ; g0
k � jG j � 1; g0; g0; : : : ; g0) (7)

� (g00
1 ; g00

2 ; g00
k � jG j � 1; g0

0; g0
0; : : : ; g0

0) (8)

for certain g0
j ; g00

j 2 G, where both g0 and g0
0 occur jGj + 1 t imes at the end of

each expression. On the other hand g0jGj
0 = 1. Thus, if (g1; g2; : : : ; gk ) 2 � c,

then (g00
1 ; : : : ; g00

k � jG j � 1; g0
0) belongs to � c0 where c0 is c with jGj copies of the

conjugacy class of g0 removed. So n(c) � n(c0). If jc0j > jGj2 we may apply
the procedure that led to (7) again; indeed, repeatedly applying (7) and (8)
we can bring elements of � c to a \ standard form." We see in part icular that
n(c) � n(c0) for some jc0j � jGj2. The result now follows. �

We now turn to the left -hand inequality in (4). Here we will make use of
the theorem of Conway and Parker [10, Appendix] in order to show that H c

has geometric components de� ned over Fq for many choices of c.
We � rst show that H c is nonempty for many choices of c.
Let N � G be the normal subgroup consist ing of all products g1 : : : gk ,

where the Nielsen class of (g1; : : : ; gk ) is Fq-rat ional. We claim that for every
element g 2 N there exists, for some k, a k-tuple (g1; : : : ; gk ) such that

� g1 : : : gk = g;
� the Nielsen class of (g1; : : : ; gk ) is Fq-rat ional;
� the gi generate G.

It su� ces to show that this assert ion holds for g = 1; for if wehave(g1; : : : ; gk )
sat isfying the last two condit ions and having product 1, we can concate-
nate it with (gk+ 1; : : : ; g` ) having product g and represent ing an Fq-rat ional
Nielsen class. To see that the assert ion holds for g = 1, merely choose
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(g1; g� 1
1 ; : : : ; gk ; g� 1

k ) where (g1; : : : ; gk ) is a generat ing set for G which repre-
sents an Fq-rat ional Nielsen class.

Now let d1; : : : ; dK be a � nite set of Fq-rat ional Nielsen classes such that ,
for each g 2 N , there exists (g1; : : : ; gk ) represent ing some di which gen-
erates G and has product g. If c and d are two Nielsen classes, we denote
their concatenat ion by c + d. For each Fq-rat ional Nielsen class c, choose a
representat ive (g1; : : : ; gk ). By the discussion above, there exists an m-tuple
(g1; : : : ; gk ; gk+ 1; : : : ; gm ) which is contained in � c+ di

for some i . It follows
that H c+ di is nonempty for some i .

We now need to show that there are many Hurwitz spaces which are not
only nonempty but which possessa geometric component de� ned over Fq. Our
main tool is the following assert ion, which follows immediately from Proposi-
t ion 1 and Lemma 2 of [10]:

Lemma 3.4. There exists a group ~G, a surjective homomorphism ~G ! G,
and a constant C3(G) such that, for any Nielsen class ~c of ~G which contains
at least C3(G) copies of each nontrivial conjugacy class of ~G, the Hurwitz
space H~c is geometrically connected.

By the argument prior to Lemma 3.4, applied to ~G instead of G, there
exists a � nite set of Fq-rat ional Nielsen classes ~e1; : : : ; ~eL such that , for every
Fq-rat ional Nielsen class ~c of ~G, the Hurwitz scheme H~c+ ~ei

is nonempty.
Now consider an Fq-rat ional Nielsen class c of G. We want to � nd an

Fq-rat ional Nielsen class ~c of ~G which \ approximately" projects to c. For
each Gal( �Fq=Fq)-orbit O on the nontrivial conjugacy classes in C, let ~O be a
Gal( �Fq=Fq)-orbit of conjugacy classes in ~G which projects to O. We note that
the project ion of the mult iset ~O to G will be some mult iple kO O of O, where
kO � 1. We know that c can be expressed as

X

O

cO O

for some set of integers f cO g. Then the Nielsen class

~c =
X

O

d
cO

kO
e ~O

is Fq-rat ional; moreover, the project ion of ~c to G can be writ ten as c + c0,
where c0 is drawn from a � nite list of Fq-rat ional Nielsen classes c0

1; : : : ; c0
M .

Now we � x, once and for all, an Fq-rat ional Nielsen class ~c00 for ~G, con-
taining at least C3(G) copies of each nontrivial conjugacy class of ~G. We
know already that , for some i , the Hurwitz space at tached to ~c + ~c00 + ~ei is
nonempty; what 's more, it isFq-rat ional, and by Lemma 3.4 it isgeometrically
connected.

The project ion of ~c + ~c00 + ~ei , under the map ~G ! G, can be writ ten as
c+ di + n i 1, where di is drawn from some � nite list d1; : : : ; dN , and n i 1 refers
to n i copies of the trivial conjugacy class.
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We claim that H c+ di
has an Fq-rat ional geometrically connected compo-

nent . Indeed, to any ~G-cover Y ! P1 with Nielsen class ~c + ~c00 + ~ei , there is
canonically associated a G-cover of P1 with Nielsen class c+ di ; namely, take
the quot ient of Y by ker( ~G ! G).

The associated map H~c+ ~c00+ ~ei
! H c+ di

has as its image a geometrically
connected Fq-rat ional component of H c+ di

.
For notat ional convenience, de� ne h(q; c) to be the number of Fq-rat ional

geometric components of H c mult iplied by qj cj . By the discussion above,
h(q; c + di ) � qj c+ di j for some i .

We thus have, on the one hand,
X

i ;c:r (c)< R

h(q; c + di ) �
X

c:r (c)< R

qj c+ di j �
X

c:r (c)< R

h0(q; c)

and on the other,
X

i ;c:r (c)< R

h(q; c + di ) � N
X

c:r (c)< R+ r (di )

h(q; c):

This � nishes the proof of the proposit ion, taking C1 to be 1=N and m to be
the supremum of r (di ). �

We are now in a posit ion to prove Proposit ion 3.1:

Proof (of Proposition 3.1). By de� nit ion
P 1

r = 0 h0(q; r )q� r s =
P

c qj cj q� r (c)s ,
the sum being taken over all Fq-rat ional Nielsen classes c. This sum factorizes
as a product indexed by the Gal(Fq)-orbits O of conjugacy classes of G:

1X

r = 0

h0(q; r )q� r s =
Y

O

(1 � qjO j (1� i n d(O )s) )� 1: (9)

Here by ind(O) we mean the rami� cat ion index of any representat ive of the
orbit O, and by jOj the number of conjugacy classes in O.

Now (9) implies, via Lemma 2.3, that
P

qr < X h0(q; r ) � X a(G) log(X )bFq (G) � 1,
where a(G); bFq (G) are as in Malle's conjecture. The claim of Proposit ion 3.1
now follows at once from this and Proposit ion 3.2. �

4 Fur t her conject ures

In this sect ion, we discuss � rst (Sect ion 4.1) some further quest ions in the
funct ion � eld case. The heurist ics used for Proposit ion 3.1 also suggest certain
\ re� ned" heurist ics for extensionsof number � elds; we discusssome of these in
Sect ion 4.2. Finally in Sect ion 4.3 we discuss some more speculat ive quest ions
about the enumerat ion of higher-dimensional variet ies.

We noteby way of caut ion that there is lit t le numerical evidence to suggest
that some of the quest ions posed below have an a� rmat ive answer.
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4.1 M ore quest ions about funct ion � elds.

The following quest ion was raised by N. Katz and J. de Jong.

Quest ion 4.1. Let q be � xed. Is it t rue that there is a constant c := c(q) such
that the number of isomorphism classes of genus g curves over Fq is less than
cg, for all g � 1?

The emphasis of this quest ion is on the case where q is � xed and g ! 1 .
The upper bound cg log(g) wasestablished by Katz and de Jong in unpublished
work. In a certain sense this bound is analogous to Lemma 2.4. Note that this
problem, again, amounts to count ing the number of Fq-points on a variety
(namely the moduli space M g) of high dimension. One di� culty in using,
e.g., the Lefschetz � xed point formula, is that the Bet t i numbers of M g grow
very rapidly with g.

Returning to the dist ribut ion of discriminants, one may also study the
propert ies of certain zeta funct ions; this serves to smooth out the irregular-
ity in the dist ribut ion of discriminants. For instance, consider the funct ion
� q;G (s) :=

P
L D � s

L =Fq ( t ) , where L varies over degree n extensions of Fq(t) with
Galois group G, and DL is the discriminant of L . A \ geometric" variant of
� q;G is the zeta funct ion:

� q;G (s) =
1X

r = 0

jH r (Fq)jq� r s: (10)

Quest ion 4.2. What are the analyt ic propert iesof � q;G (s)? In part icular, is it
the case that � q;G (s) has an analyt ic cont inuat ion to the left of <s = 1=a(G),
with a pole of order bFq (G) at s = 1=a(G)?

4.2 Quest ions about number � elds

Thediscriminant of a number � eld K =Q may beregarded asa measureof ram-
i� cat ion, where each rami� ed prime is weighted according to the conjugacy
class of tame inert ia. Here we � rst discuss generalizat ions of Malle's conjec-
ture that allow for varying this weight ing. Then we take up the quest ion of
mult iplicity of discriminants, already raised in Conjecture 1.3. As an example
of these heurist ics, we give heurist ics for the number of icosahedral modular
forms with conductor � N (Example 4.4).

The quest ions proposed in this sect ion are interrelated. In part icular, the
upper bounds implicit in Quest ion 4.5, Quest ion 4.3, and Conjecture 1.3 are
close to equivalent (see Remark 4.7.) In fact , these weak upper bounds seem
on considerably safer ground then the general quest ions, as they do not pre-
suppose a posit ive solut ion to the inverse Galois problem.
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M al le' s conject ure wit h modi � ed weight s

Set K = Q and let other notat ion be as described prior to Conjecture 1.2. Let
f : C ! Z � 0 be invariant under the Gal( �Q=Q)-act ion and such that

f (g) = 0 ( ) g = f idg:

We call such an f a rational class function. Set a(f ) = maxc2 C;c6= f idgf (c) � 1.
Let bQ(f ) be the number of Gal( �Q=Q)-orbits on the set f c 2 C : f (c) =
a(f ) � 1g.

If L=Q is a Galois extension with group G and p is a prime not dividing
jGj, let cp 2 C be the image of a generator of tame inert ia at p. Now we de� ne
the f -discriminant of L to be:

Df (L ) =
Y

p-jGj

pf (cp ) : (11)

For instance, if f = ind, then D f (L ) is the prime-to-jGj part of DL 0 ,
notat ion being as prior to Conjecture 1.2, taking K = Q.

Let NG;f (X ) (or, when the group is clear from context , just N f (X )) be
the number of Galois extensions L=Q with Galois group G and D f (L ) < X .

Quest ion 4.3. Is it t rue that NG;f (X ) � cX a( f ) (logX )bQ( f ) � 1?

We note that this type of generalizat ion is already, in some sense, ant ici-
pated in Malle's conjecture. A given G can be equipped with many di� erent
embeddings into symmetric groups; Malle's conjecture already predicts an
asymptot ic for N f (X ) when f is the index funct ion corresponding to any
such embedding.

Example 4.4. Let � : G ! GL(V ) be a complex representat ion. Then g 2
G 7! codimV g, the codimension of the invariant space, de� nes a rat ional class
funct ion. If L=Q has Galois group G, D f (L ) is the prime-to-jGj part of the
Art in conductor of the Galois representat ion associated to L .

For example, we may take G to be the � nite subgroup of order 240 in
GL 2(C) whose image in PGL 2(C) is isomorphic to A5. For this group, there is
a uniqueconjugacy class(theconjugacy classof non-central involut ions) which
has f (c) = 1. Subject to Art in's conjecture, the holomorphic modular forms
of weight 1, conductor N , quadrat ic Dirichlet character, and icosahedral type
are in biject ion with the Galois extensions with group G and Art in conductor
N such that complex conjugat ion is sent to a non-central involut ion.

Quest ion 4.3 then suggests that , if s(N ) is the number of icosahedral holo-
morphic weight-1 modular forms with quadrat ic character and conductor at
most N , then

s(N ) � cN

for some constant c. The best upper bound at present is s(N ) � � N 13=7+ � due
to Michel and the second author [13]. Serre [14] speculated that the number
of such forms with conductor exactly N is � � N � .
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M ult idiscr im inant s

One can use the funct ion � eld heurist ics described here to produce even more
re� ned (i.e., opt imist ic!) heurist ics for count ing number � elds, in which we
at tach to each � eld not just an element of R� 0 but an element of Rk

� 0 for
some k > 1. We could call such a map a \ mult idiscriminant ."

Let G be a � nite group, and let the orbits of the nontrivial conjugacy
classes under the act ion of Gal( �Q=Q) be denoted O1; O2; : : : Om . Given a
Galois G-extension L=Q, set D O i (L ) to be the product of all primes p - G
such that the image in G of tame inert ia at p is conjugate to Oi ; the map

L 7! (DO i (L ))1� i � m

can be regarded as a mult idiscriminant . Set NG (X 1; : : : ; X n ) to be the number
of L=Q such that DO i (L ) < X i for all i . We can then ask:

Quest ion 4.5. Is it t rue that , if X j ! 1 for all 1 � j � n, then the rat io

NG (X 1; : : : ; X m )
X 1 : : : X m

(12)

approaches a � xed limit c = c(G)?

As before, (12) can be heurist ically just i� ed by dimension computat ions
over � nite � elds. Indeed, let notat ion be as above but let f Oi g now denote
the orbits of the conjugacy classes in G under the cyclotomic character of
Gal( �Fq=Fq). Let NG;q(X 1; : : : ; X m ) be the number of Galois G-covers f : Y !
P1=Fq such that the number of branch points of f in P1 with monodromy in
Oi is less than ai = blog(X i )

log(q) c. Such covers are parametrized (as usual, up
to uniformly bounded � nite ambiguity arising from descent problems) by the
Fq-points of a variety, whose largest-dimensional connected component is a
Hurwitz space of dimension about

P
i ai . So our usual heurist ic suggests that

this variety has about
Q

i qa i , or X 1 : : : X m points.

Lemma 4.6. An a� rmative answer to Question 4.5 implies an a� rmative
answer to Question 4.3.

The proof of the Lemma is straight forward but tedious.

T he mult ipl ici t y of discr im inant s

A problem of a rather di� erent 
 avor is to count the extensions L=Q with
Galois group G whose discriminant is exactly X . One can show, e.g., by genus
theory, that this number can grow as fast as X c= log log(X ) . On the other hand
Conjecture 1.3 asserts that this mult iplicty is � � ;G X � .

Conjecture1.3 implies that the l-torsion part of theclassgroup of a number
� eld K =Q is � l ;[K :Q] D �

K =Q. (This follows immediately from class � eld theory,
as l -torsion in the class group of K would give rise to unrami� ed extensions
of degree l .)
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R emark 4.7. The following conjectures are equivalent :

1. Conjecture 1.3,
2. The upper bound NG;f (X ) � � ;G;f X a( f )+ � in Quest ion 4.3,
3. The upper bound NG (X 1; : : : ; X n ) � (X 1X 2 : : : X n )1+ � in Quest ion 4.5.

The implicat ions (1) =) (3) =) (2) are t rivial. We show the remaining
implicat ion in the following proposit ion.

Proposi t ion 4.8. An a� rmative answer to Question 4.3, or even the weaker
assumption

NG;f (X ) � � ;G;f X a( f )+ � ; (13)

implies Conjecture 1.3.

Proof. Let aG (X ) be the number of extensions L=Q with Galois group G and
with discriminant X . Clearly it will su� ce to show aG (X ) � � ;G X � . The main
idea will be to apply (13) with G replaced by Gk and some of its subgroups.

Fix k > 0 an integer. Wewritean element of Gk asa k-tuple(g1; g2; : : : ; gk ).
Let F be the class funct ion on Gk that is ident ically 1, i.e., F (c1; : : : ; ck ) = 1
for all conjugacy classes cj of G.

Let S be the class of subgroups of Gk which project surject ively onto each
copy of G; for each H 2 S we also write F for the rat ional class funct ion
on H that is ident ically 1. Then the k-tuples of G-extensions L 1; : : : ; L k are
in biject ion with the H -extensions L=Q, where H ranges over S. We denote
by [L 1; : : : ; L k ] the H -extension associated to a k-tuple in this way, and by
DF ([L 1; : : : ; L k ]) the F -discriminant of this extension, given by (11).

DF ([L 1; : : : ; L k ]) is, away from primes dividing jGj, the square-free part of
the product

Q k
j = 1 DL j =Q. Thus DF ([L 1; : : : ; L k ]) is (relat ively) large whenever

the DL i have few common factors with each other. On the other hand, if
DL 1 =Q = DL 2 =Q = � � � = DL k =Q = X , it follows that DF ([L 1; : : : ; L k ]) � X . In
part icular, X

H 2 S

NH ;F (X ) � aG (X )k : (14)

Combining (14) and (13), and not ing that the exponent a of (13) equals 1
whenever (G; f ) is replaced by (H ; F ) as above, we see that aG (X )k � G;k

X 1+ � . The result follows, k being arbit rary. �

4.3 T he scarceness of ar i t hmet ic ob ject s wi t h prescr ibed bad
reduct ion

We have discussed in previous sect ions heurist ics for count ing funct ion � elds,
number � elds, and Galois representat ions. In a certain sense all of these can
be regarded as \ 0-dimensional" arithmet ic objects. We now brie
 y discuss a
plausible statement in higher dimensions, at least as regards upper bounds.
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By way of mot ivat ion, we note that Conjecture 1.3 may be regarded as
saying that there are very few number � elds with very little bad reduction. If
onereplaces \ number � eld" with \ proper smooth variety," very lit t le isknown;
however, it is generally believed that there are \ relat ively few" proper smooth
variet ies V over Z. There are a few evident examples: one may take for V ,
e.g., a 
 ag variety associated to a Chevalley group over Z. Further, one may
blow up such a variety along an appropriate locus. However, as Jason Starr
and Johan de Jong pointed out to us, all such variet ies are rational, and there
seems to be no non-rat ional example known. A beaut iful result of Fontaine
states that there exist no abelian variet ies over Z.

The quest ion we state aims to quant ify this scarceness. For a � nite set
S of primes set N (S) =

Q
p2 S p. For concreteness and to avoid any tech-

nical hypotheses, we have phrased the quest ion in terms of modular Galois
representat ions.

Quest ion 4.9. Fix a Hodge{ Tate type � (i.e., a set of Hodge{ Tate weights),
posit ive integersn; d, and a prime l . Let GR(� ; S) be the set of modular Galois
representat ions � l : Gal(Q=Q) ! GL n (Ql ) with Hodge{ Tate weights � and
good reduct ion outside S. Here \ modular" means \ at tached to an automor-
phic form on GLn ." Let GRd(� ; S) � GR(� ; S) be the subset consist ing of � l

whose Frobenius traces lie in a � eld extension of Q with degree � d.
Is it t rue that jGRd(� ; S)j � � ;d;n ;� N (S) � ?

We can ask a similar quest ion with a more \ mot ivic" 
 avor; of course, one
may expect that under suitable modularity conjectures the quest ions above
and below are equivalent .

Quest ion 4.10. Fix K 2 N and let S be a � nite set of primes. Consider
the set V(K ; S) of proper smooth variet ies V over SpecZ[ 1

N (S) ] such that

dim(V ) � K and dim H i (VC; C) � K for each 0 � i � 2K . To each variety
V 2 V(K ; S) associate the sequence # (V (Fp))p =2 S , indexed by the primes not
in S. Then the number of dist inct such sequences is � K N (S) � .

An a� rmat ive answer to Quest ion 4.9 would imply Conjecture 1.3. It
would also imply that the number of ellipt ic curves over Q of conductor N is
� � N � .

Note that even the � niteness of GR(� ; S) would not be clear without
the hypothesis of modularity! Using modularity, one may probably show that
jGR(� ; S)j is bounded by a polyomial in N (S). The content of the assert ion is
then that jGRd(� ; S)j is much smaller. A related phenomenon is well-known
in the context of holomorphic forms: � x k � 2 and consider the spaceSk (N ) of
holomorphic forms of level N and weight k. Although dim Sk (N ) � const � N
as N ! 1 , the number of Hecke eigenforms whose coe� cient � eld has degree
� d seems to grow much more slowly with N .

One can enunciate a corresponding quest ion in the funct ion � eld case; it
also seems quite di� cult .



Count ing funct ion � elds 167

R emark 4.11. It is interest ing to note the contrast between the number � eld
and funct ion � eld contexts. In the number � eld set t ing, the ability to aver-
age seems to make count ing objects of conductor up to N much easier than
count ing objects of conductor exact ly N . In the funct ion � eld set t ing, on the
other hand, count ing objects of conductor up to N means count ing covers
of P1 whose rami� cat ion locus varies among all divisors of P1 of degree less
than logq N , while count ing covers with a � xed conductor amounts to study-
ing the arithmet ic (in the case of � nite covers, the �etale fundamental group)
of a single open curve inside P1, which might in some ways be easier. One
way to express the contrast is to observe that our understanding of the �etale
fundamental group of an open subset of P1

Fq
, though very far from complete,

is much greater than our understanding of the maximal Galois extension of
Q unrami� ed away from a � xed � nite set of primes.
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