ON ZETA FUNCTIONAL DETERMINANT BY SUN-YUNG ALICE CHANG

Introduction

This is the set of lecture notes the author gave in the PDE workshop held in the University of Toronto, sponsored by the Fields Institute, in June of 1995. The notes was taken and the first draft was written up by Jie Qing, who is also a coauthor of some of the material presented in the lectures. The main theme of the lecture notes is to discuss the zeta functional determinant, with emphasize on the connection of the functional to conformal geometry, and to the sharp borderline Sobolev inequalities which governs the functional.

There are three chapters in the notes, each chapter corresponds roughly to the material covered in one lecture. In the first chapter, we introduce the notion of the zeta functional determinant as originally defined by Ray and Singer in 1971, we then covered the Polyakov formula for the quotient of the log-determinant of the zeta functional on two conformally related metrics defined on compact surfaces. We also discussed the main analytic tool–namely some sharp Sobolev inequality called Moser-Trudinger-Onofri’s inequality used to study the functional and gave some applications. In chapter two, we discuss some generalization of the zeta functional determinant to manifolds of dimension 4 and related compactness and isospectral problems. Finally in chapter 3, we discuss generalization of Polyakov formula to compact manifolds with boundary, and report on some recent ongoing research work with Jie Qing in this direction. The lectures may be considered a continuation report of the author’s earlier lecture notes [C] in the summer geometry institute in Utah, 1993 on related subjects.

The author would like to thank the organizers for their kind invitation to report on her work in the workshop. She would also like to thank the participants for the stimulating exchange of information.

Chapter 1. Zeta functional determinant on compact surfaces

A. Preliminary about heat kernel

Suppose (M, g) be a compact Riemannian manifold. We denote {λ_k} the eigenvalues of the Laplacian-Beltrami operator:

0 ≤ λ_0 < λ_1 ≤ λ_2 ≤ · · · λ_k ≤ · · · , (1)

Typeset by AMS-TEX 1

and denote {ϕ_k} the corresponding eigenfunctions which form an orthonormal basis for L^2(M). Then the heat kernel K(x, y, t) is defined as K(x, y, t) = ∑ k e^{−λk t}ϕ_k(x)ϕ_k(y) . (2)

K(x, y, t) is the fundamental solution of the heat equation in the sense that for any given f ∈ C^infty(M), we have {_∂ ∂t u − Δu = 0 u(x, 0) = f(x) . The trace of the heat kernel Z(t) is defined as Z(t) = ∫ M K(x, x, t)dV (x) = ∑ k e^{−λk t} = T r(e^{−tΔ}) . (3)

One of the fundamental result about the heat kernel is the following theorem for the asymptotic expansion of the kernel as t tends to zero.

Theorem. ([MP],[MS]) Suppose (M, g) is a compact Riemannian manifold without boundary. Then

Z(t) ∼ (4πt)^{− n2} (a_0 + a_2t + a_4t^2 + · · · ) as t → 0^+

where

a_0 = vol(M, g) a_2 = 1 3 ∫ M R dV (4) a_4 = 1 180 ∫ M (10A − B + 2C)dV where R is the scalar curvature of (M, g) and A, B, C are polynomials of degree 2 in the curvature tensor R_{ijkl}, and dV is the volume form with respect to the metric g. In fact, the expansions of type (4) have been worked out for a quite large class of formally self-adjoint elliptic operators. We will discuss more of this in later chapters.

B. Zeta functional determinant

In this section, we will first explain the notion of log-determinant of the Laplacian operator as introduced by Ray and Singer [RS], we will then state and prove a formula of Polyakov [Po] about the log-determinant on compact surfaces.

For a compact Riemannian manifold, we define the zeta function ζ(s) = ∑ λ_k ≠0 λ_k^{−s}. (5) Then by Weyl’s asymptotic formula for the eigenvalues

(λ_k)^{n2} ∼

(2n)^nk w_nvol(M) we know that ζ(s) is well-defined when Re(s) >^n_2 . Using the expansion (4) and the Milin transform x^{−s} = 1 Γ(s) ∫_∞ 0 e^{−xt}t^{s−1}dt . where Γ(s) denote the value of Gamma function at s, we obtain the regularized zeta function ζ(s) = 1 Γ(s) ∫_∞ 0 t^{s−1}(Tre^{−tΔ} − 1)dt . (6)

Formerly we have e^{−ζ′} (0) = ∏ k λ_k . Therefore through the regularization of the zeta function, Ray and Singer [RS] defined the logarithm of the determinant of the Laplace as: log det Δ = −ζ^′(0) . (7) Remark:

1.The reader is referred to [RS], [OPS-1] and Chapter 1 in [C] for more detailed justification of the “regularized process” used in the definition above. 2. The notion of log-determinant of the Laplacian was introduced in [RS] to define the notion of analytic torsion,

log T = 1/2 n∑ q=0 (−1)^qqζ_q^′(0)

where ζ_q^′(0) denotes the negative of the log-determinant of the Laplacian on qforms. It was later established by Cheeger [Ch] and Muller [Mu] that the notion of analytic torsion coincides with the Rademeister torsion, hence is a topological quantity.

A generalization of the expansion (4) above is the following formula:

Tr(fe^{tΔ}) ∼ ∑ ma_m(f, Δ)t^{m−n2} as t → 0^+ (8)

where a_m(f, Δ) = ∫ M fU_m(Δ)dV and U_m(Δ) is a local invariant of Riemannian geometry of order m. In particular, a_m(1, Δ) = a_m(Δ), where a_m(Δ) is the coefficient of the heat kernel as appeared in (4). 3

Ray-Singer-Polyakov formula. [Po] Suppose (M, g_0) is a closed compact surface, and vol(M, g_0) = vol(M, g_w) for g_w = e^{2w}g_0. Then log detΔ_w detΔ_0 = − 1 12π ∫ M {|∇w|^2 + 2K_0w}dV_0 (9)

where K_0 is the Gaussian curvature of (M, g_0).

To prove the formula, we will first establish a lemma. Lemma. Suppose (M, g_0) is a closed compact surface. Then d dε |_{ε=0}ζ^′_{Δu+εf} (0) = 2a_2(f, Δ_u) (10)

where Δ_w denotes the Laplacian of the metric g_w = e^{2w}g.

Proof of Lemma. We will sketch the proof by some formal computations which can all be justified rigorously. We first notice that

a_2(f, Δ) = 1 12π ∫ M fKdV. (11) and d dε |_{ε=0} T r(e^{−tΔu+εf} ) = d dε |_{ε=0} T r(e^{−te−2εf Δu} ) (12) = 2tT r(fΔ_ue^{−tΔu} ) = −2t d dt T r(fe^{−tΔu} ). Here we have used a crucial fact that when n = 2, Δ_w = e^{−2w}Δ for any metric g_w = e^{2w}g. Therefore d dε |_{ε=0} d ds |_{s=0} ζ_{Δū+εf} (s) = d ds |_{s=0} d dε |_{ε=0} ζ_{Δu+εf} (s) = d ds |_{s=0} { 1 Γ(s) ∫_∞ 0 t^{s−1} d dε |_{ε=0} T r(e^{−tΔu+εf )}dt }

= −2 d ds |_{s=0} { 1 Γ(s) ∫_∞ 0 t^s d dt T r(fe^{−tΔu} )dt } (13) = 2 d ds |_{s=0} { s Γ(s) ∫_∞ 0 t^{s−1}T r(fΔ^{−tΔu} )dt }

= 2a_2(f, Δ_u).

In the last step above, we have used the expansion of Γ function near s = 0 as:

Γ(s) = 1 s − 1 s + 1 + · · · . 4

This fact together with the asymptotic formula for T r(fΔ^{−tΔu} ) as t → 0^+ and the identity (11) justify the last step in the formula (13) above. Proof of the formula. By (10) and (11) we have

ζ^′_{Δw} (0) − ζ^′_{Δ0} (0) = 2

∫_1 0 a_2(w, Δ_{tw})dt = 1 6π ∫_1 0 (∫ M wK_{tw}dV_{tw} ) dt = 1 6π ∫_1 0 (∫ M w(−Δ(tw) + K_0)dV_0 ) dt. Since −Δu + K_0 = K_ue^{2u}. Thus

ζ^′_{Δw} (0) − ζ^′_{Δ0} (0) = − 1 12π ∫ M {|∇w|^2 + 2K_0w}dV_0. The formula thus follows by definition of the log-determinant of the Laplacian.

Remark: Recently there has been a lot of research work in the computation of the log-determinant formulas for general elliptic and pseudo-differential operators. The reader is referred to articles for example by Kontseivich-Vishik and Okikiolu [Ok]. In particular in the article by Okikiolu, she has applied some general formula for the log-determinant for the product of two operators to give an alternative proof of Polyakov’s formula (9) above.

C. Extremal metrics and compactness of isospectral metrics

We will now indicate some applications of the Polyakov formula. We first notice that by the uniformization theorem we may choose a metric with the constant Gaussian curvature as the background metric for a closed surface of a given conformal structure, thus we may assume without loss of generality that K_0 = constant. The following result, first pointed out in [OPS-1] is an easy consequence of the Polyakov formula.

Theorem. Suppose K_0 is an negative constant, then F [w] = log^{detΔw}_{detΔ0} attains its maximum at and only at the constant curvature metrics, when the volume of the metric g_w is fixed. Proof. Since ∫ M e^{2w}dV_0 = ∫ M dV_w = ∫ M dV_0 by assumption, we have e^{2w̄} ≤ e^{2w} = 1, where w̄ =^1_{Vol(M,g0)} ∫ M wdV_0 and e^{2w} =^1_{Vol(M,g0)} ∫ M e^{2w}dV_0. Thus w̄ ≤ 0.

Recall the formula F [w] = − 1 12π (∫ M |∇w|^2 + 2K_0 ∫ M w ) . Thus for K_0 a negative constant, we have clearly that F [w] ≤ 0 and F [w] = 0 ⇐⇒ w = 0.

In the case when K_0 is a positive constant, as in the case when M = S^2, similar result as in the statement of theorem above still holds, but the proof becomes analytically much more interesting. This result is first established by Onofri [On] in connection with the string theory, see also [OPS-1] for an alternative proof. 5

Theorem. (Onofri) log 1 4π ∫ S^2 e^{2w} ≤ 1 4π {∫ S^2

|∇w|^2dV_0 + 2 ∫ S^2 wdV_0 } . (14)

Moreover the equality holds if and only if the metric g_w = e^{2w}g_0 is isometric to the standard metric g_0 of S^2.

Onofri inequality (14) is a geometric form of a sharp Sobolev inequality. Recall that in the classical Sobolev embedding Theorem, we have

W^{α,q}_0 (Ω) → L^p(Ω)

for Ω ⊂ R^n , and^1_p =^1_q −^α_n , qα < n. In particular, W^{1,2}_0 (Ω) → L^{n+2n−2} (Ω) for n ≥ 3. It turns out that when n = 2, it is not difficult to see that, for domains Ω in R^2, there exist unbounded functions in W^{1,2}_0 (Ω) with fixed W^{1,2}_0 (Ω) inorm. Nevertheless by a result of Trudinger [T], we have that for all p ≥ 1: ‖w‖_Lp_{(Ω)} ≤ C √ p‖∇w‖_L2_{(Ω)} and thus ∫ Ω e^β w2 ∫ Ω |∇w|2 ≤ C|Ω| for some constant β and C independent of w ∈ W^{1,2}_0 (Ω). Later Moser[M-1] found out that the best possible constant β in the inequality above is 4π and is attained. This is the so-called Moser-Trudinger inequality ∫ Ω e^{4π} w2 ∫ Ω |∇w|2 ≤ C|Ω| (15) for an universal constant C.

Remarks:

1. It was pointed out in [CY-2] that the best constant 4π in (15) above has a geometric meaning and is actually the isoperimetric constant. i.e. L^2 ≥ 4πA. where L is the arc length of the curve {x ∈ Ω||w(x)| = t}, and A is the area of the set {x ∈ Ω||w(x)| ≥ t} for function w ∈ W^{1,2}_0 (Ω). 2. For the sphere S^2, Moser has also established in [M-1] that 1 4π ∫ S^2 e^{4π} |w−w̄|2 ∫ S2 |∇w|2 ≤ C 0. (16)

Observe that 2(w − w̄) ≤ 4π (w − w̄)^2 ∫ S^2 |∇w| 2 + 1 4π ∫ S^2 |∇w|^2. 6

we obtain 1 4π ∫ S^2

e^{2(w−w̄)} ≤ C_0e^{14π ∫S2 |∇w|2} . (17)

It is clear that Onofri’s inequality (14) follows from the inequality (17) if one can prove that the best constant C_0 in (17) is one. (Notice that the best constant C_0 in (16) is not one.) We will now sketch the original proof of Onofri of inequality (14). Consider the functional

J[w] = log 1 4π ∫ S^2

e^{2w}dV_0 − 1 4π ∫ S^2 (|∇w|^2 + 2w)dV_0. Apply (17), we have that J[w] ≤ log C_0, thus the functional J[w] is bounded from above. To prove (14), it suffices to establish that sup J[w] = 0. To do so, we will first, within the class of metric which are isometric to g_w, improve the inequality (17) to gain some some “compactness”. One way to do so is via consideration of functions in a special class §: § = { w : ∫ S^2

e^{2w}x_j dV_0 = 0, for j = 1, 2, 3 } . We now notice that for any given metric g_w = e^{2w}g_0, there exists a conformal transformation ϕ of S^2 such that

a. w_ϕ ∈ §, where e^{2wϕ} g_0 = ϕ^∗(g_w) b. J[w_ϕ] = J[w].

The key step that one can gain some ”compactness” within the class § is a consequence of the following theorem due to Aubin.

Theorem. ([A-2]) For w ∈ § , and for any ε ≥ 0, there exists a constant C_ε so that log 1 4π ∫ S^2 e^{2(w−w̄)} ≤ ( 1 2 + ε ) 1 4π ∫ S^2

|∇w|^2dV_0 + log C_ε. (18)

As a immediate consequence of (18), we have

Corollary. For all w ∈ § , we have ∫ S^2

|∇w|^2dV_0 ≤ C_1(J[w] + C_2), for some constants C_1 and C_2. (19)

Apply properties (a) and (b) and (19) above, we may assume, without loss of generality that the maximizing sequence w_k for J[w] all exist in the class § and that they are uniformly bounded in W^{1,2}. Thus a weak limit w_0 of w_k exists; w_0 ∈ §, and satisfies the equation Δw_0 + 1 = e^{2w0}

from this we conclude that w_0 is induced by some conformal transformation ϕ of S^2, i.e. e^{2w0} = ϕ^∗(g_0). Since among all conformal transform ϕ, the only one which induces a function in § is the identity transformation, thus w_0 = 0 and SupJ[w] = J[w_0] = 0. We have hence established (14).

Another interesting and beautiful application of the Polyakov formula is the following result of Osgood-Phillips-Sarnak [OPS-2]. 7

Theorem. Isospectral metrics on a closed surface are C^∞-compact module the isometry class.

In the special case of S^2, apply Polyakov formula and analysis similar to the proof of the Onofri inequality as indicated above, we obtain that for a given w ∈ W^{1,2}(S^2) ∫ S^2 |∇u|^2 ≲ CF [u] + C (20) where u = w_ϕ (in the sense of (a), (b) above) is a ”good” representative of metric in the sense that u ∈ S and the metrics e^{2wϕ} g_0 and e^{2w}g_0 are isometric to each other. Since F [w] is a spectral information which is invariant under the isometry, F [u] = F [w]. (20) together with the volume bound of the metric g_u give a W^{1,2}- norm bound for u. After that, one can iteratively obtain W^{k,2}-norm bound of u using the bound for the k-th heat coefficient {a_k(Δ)} in the expansion (4) for k ≥ 3. One thus gets the C^∞-compactness of isospectral metrics module the isometry class.

D. Problem of prescribing Gaussian curvature

Another closely related problem to the analysis in section C above is the following problem first proposed by Nirenberg :

Given a function K on S^2, when can it be the Gaussian curvature of a metric on S^2?

To solve this problem is equivalent to ask for what function K does there exist a solution w to the following non-linear PDE.

−Δw + 1 = Ke^{2w} on S^2 (21)

for the given function K. Using the variational approach, solution of (21) are critical points of the functional

F_K [w] = log 1 4π ∫ S^2 Ke^{2w}dV_0 − 1 4π ∫ S^2 (|∇w|^2 + 2w)dV_0. It turns out that the functional F_K [w] never attains its supremum unless K is a constant function. Also via the Gauss-Bonnet formula, one has ∫ S^2 Ke^{2w}dV_0 = 4π, which in particular implies that K must be positive somewhere. One of the original motivation to derive the inequality (16) was to study the equation [21]. For example, inequality (16) implies that for a function K which is positive somewhere on S^2, the functional F_K [w] is bounded from above. In [M-2], Moser has further applied the inequality (16) to prove that if K is an even function defined on S^2, i.e. K(x) = K(−x) for all x ∈ S^2, then equation (21) has an even solution. In recent years there has been a lot of study of the Nirenberg problem, e.g. [ChD], [CY-1], [CY-2], [CGY], [ChL], [ChLi], and [XY]. Here we will mention some results from [CY-1], [CY-2] and [CGY]. 8

Definition. We say the function K satisfies a non-degenerate (nd) condition if ΔK(x_0) ≠ 0 whenever ∇K(x_0) = 0.

Theorem. ( [CY-1], [CY-2]) Suppose K > 0 satisfies (nd), and ∑ ∇K(x_i)=0, ΔK(x_i)<0 (−1)^{indexK (xi)} ≠ 1,

where index_K (x_i) denotes the Morse index of K at the point x_i, Then K(x) can be realized as the Gaussian curvature of a metric on S^2.

Theorem. [CGY] Suppose K > 0 satisfies (nd), then all solutions w of the equation (21) satisfy the a prior bound: ∫ S^2 (|∇w|^2 + 2w)dV_0 ≤ C(maxK, MinK, (nd)). Currently there is active research going on for the related problem of prescribing scalar curvature on S^n, n ≥ 3. We will not go into the details here.

Chapter 2. Generalization of Polyakov formula on 4-manifolds In the last chapter we have discussed the Ray-Singer-Polyakov formula for the Laplacian operator on closed, compact surfaces. We have also mentioned some applications of the formula and the underlying analysis. We will now discuss some generalization of the formula for more general differential operators in higher dimensional closed, compact manifolds.

A. Isospectral problem in 3-dimensional manifolds

We will first briefly mention some results which partially generalizes the isospectral compactness result of Osgood-Phillips-Sarnak on compact surfaces mentioned at then end of the last chapter.

Recall the heat kernel trace expansion on a compact, closed n-dimensional Riemannian manifold (M, g),

Tr(e^{−tΔ}) ∼ (4π)^{− n2} ∞∑ k a_kt^{k−n2} ast → 0^+, (1)

where

a_0 = ∫ M dV a_2 = 1 3 ∫ M RdV a_4 = 1 360 ∫ M ( 5R^2 − 2 ∑ |R_{ij} |^2 + ∑ |R_{ijkl}|^2 ) dV, 9

and a_{2k+1} = 0, fork = 0, 1, 2, .... In particular when n = 3, a_3 = 0, so there is no additional information from this heat coefficient alone. On the other hand we have that when n = 3,

a_4 = 1 360 ∫ M ( 3R^2 + 6 ∑ |R_{ij} |^2 ) dV. (2) Therefore we have ∫ M R^2, ∫ M ∑ |R_{ij} |^2 ≲ |a_4|. (3)

We will now see that we may derive some spectral compactness result from the information from (3).

Theorem 1. ([CY-3], [CY-4]) On a compact, closed 3 dimensional manifold, let g = u^{4n−2} g_0 be a metric conformal to a background metric g_0. Assume that a. vol(M, g) is bounded, b. ∫ M |R_{ij}|^2dV_g is bounded, c. λ_1(M, g) ≥ Λ > 0.

Then { ‖u‖_W 2,2 ≤ C 1 C ≤ u ≤ C (4) for some positive C depending on the information on (a), (b) and (c) above for all manifolds unless (M, g_0) is isometric to (S^3, g_c); with g_c being the canonical metric on S^3. In the latter case (4) holds in the isometry class of g.

Following the same pattern of proof as in [OPS-2] as indicated in chapter one, we can also conclude that:

Corollary 1. Isospectral set of conformal metrics on a closed 3-manifold is C^∞- compact.

The theorem above has been generalized by M.Gursky to higher dimensional manifold with some L^p, p >^n_2 , growth assumption on the norm of the Ricci curvature tensor.

Theorem 2. [Gu] On (M^n, g_0), let g = u^{4u−2} g_0 be a metric conformal to g_0. Assume that

a. vol(M, g) is bounded b. ∫ M |R_{ijkl}|^pdV_g is bounded, for some p >^n_2 .

Then { ‖u‖_W 2,p ≤ C 1 C ≤ u ≤ C (5) for some positive C depending on the information on (a), (b) for all compact, closed manifolds (M, g_0) unless (M, g_0) is isometric to (S^n, g_c). In the latter case, (5) still holds in the isometry class of g.

Remark. The assumption that p >^n_2 is necessary in the statement of Theorem 2 above. Indeed when p =^n_2 some counterexamples have been constructed in ([CGW]) which indicates that Theorem 2 fails in this case.

We will explain some idea in the proof of Theorem 1 above by comparing it to the solution of the Yamabe problem; that is the problem of finding a metric with constant scalar curvature within a given conformal class of metrics on a closed, compact manifold. Denote L = −Δ +^{n−2}_{4(n−1)} R the conformal Laplacian operator; then a equivalent way of stating the Yamabe problem is to solve the following PDE on a compact manifold M.

Lu = cu^{n+2n−2} (6) for some constant c. Solutions of (6) can be found by minimizing ∫ M RdV under the constraint of fixing the volume of the metrics. Yet since the imbedding of W^{1,2} → L^p is compact for p ≤^{2n}_{n−2} , but not compact for p =^{2n}_{n−2} , the minimum may not be attained. In [A-1], T.Aubin defined the Yamabe quotient Q(M, g) as: Q(M, g) = ∫ M R_gdV_g vol(M, g)^{n−2}n . He then proved that if

Y (M, g_0) =: inf

g conformal to g_0 Q(M, g) < Y (S^n, g_c). (7) then a minimizing sequences for Y (M, g_0) converges in L^{2nn−2} , hence minimum is attained. Yamabe problem was eventually solved by Aubin [A-1] and Schoen [Sc- 1] by establishing that (7) always hold for any manifold (M, g_0) not isometric to (S^n, g_c).

The underlying analysis in the proof of Theorem 1, as is in the case of the Yamabe problem, is to study the extremal functions of the optimal Sobolev inequality

Y (M, g_0) (∫ M u^6dV_0

) 1_3 ≤ ∫ M |∇u|^2 + 1 8 ∫ M R_0u^2. (8)

In the special case when (M, g_0) = (S^3, g_c), extremal functions for (8) are

u_ε = ( ε(1 + |x|^2) ε^2 + |x|^2

) 1_2

for ε > 0.

We observed that ∫

S^3

u^{6+δ}_ε dV_0 −→ +∞ as ε −→ 0

for any δ > 0. Thus it is convincing that any sequence of functions {u_k} with ∫ M u^{6+δ}_k dV_0 bounded for some δ > 0 would converge strongly in L^6 on compact 3-manifolds. Indeed, the key point in the proof of Theorem 1 above is to indicate that for any sequence of metrics g_k = (u_k)^{4n−2} satisfying the assumptions of the theorem, there exists some Δ > 0 so that ∫ M u^{6+δ}_k dV_0 is uniformly bounded.

B. Functional determinants on 4-manifolds

Definition. Let A be a geometric differential operator of (M, g). If A_{gw} (ϕ) = e^{−bw}A_g(e^{aw}ϕ) under the conformal change of metric g_w = e^{2w}g, then we say A is conformally covariant of bidegree (a, b).

Example. 1. L = −Δ +^{n−2}_{4(n−1)} R, the conformal Laplacian, then L is conformally covariant of bidegree (^{n−2}_n ,^{n+2}_n ).

2. An interesting fourth order differential operator defined on 4-manifolds was given by Paneitz [P]:

P_4 = (−Δ)^2 + div ( 2 3 R Id − 2R_{ij} ) d, which is conformal covariant of bidegree (0, 4). 3. [GJML] For any k ( k ≤^n_2 , when dim M = n is even ) , there exist conformally covariant operators P_{2k} of bidegree (_n 2 − k,^n_2 + k ) with leading term (−Δ)^k. The explicit expression for P_n for even dimensional manifolds of dimension n is only explicit known for the Euclidean space R^n and hence for the spheres S^n. The explicit formula for P_n on S^n, as we will discuss at the end of this chapter, has been studied in both Branson [B-1] and Beckner [Be-1], [Be-2].

Assume that A is a formally self-adjoint differential operator of positive order and has positive definite leading symbol, then A also has the heat kernel trace expansion as follows: Tr(fe^{−tA}) ∼ ∞∑ 0 a_k(f, A)t^{k−n2ℓ} t → 0^+ (9)

where a_k(f, A) = ∫ M fU_k(A)dV and U_k(A) is a local invariant of Riemannian geometry of order k, and where n = dim M and 2ℓ is the order of A.

Theorem. (Branson and Gilkey [BG]) Under the above analytical assumption , for any conformally covariant operator A, one has d dε |_{ε=0}a_m(A_{gw+εf} ) = (m − n)a_m(f, A_{gw} ) d dε |_{ε=0}ζ_{Agw+εf} (0) = 2ℓa_n(f, A_{gw} ). Now we may proceed as in chapter one to compute the zeta functional determinant of A. By Weyl’s invariants theory and the conformal transformation of local invariants, one can derive the formula for the normalized zeta functional determinant F [w] = logdet^{detAgw}_{detAg0} . In the special case when b − a = 2 and vol(M, g_w) = vol(M, g_0), explicit expression of F [w] was given by Branson -Orsted [BO] as:

F [w] = γ_1I[w] + γ_2II[w] + γ_3III[w] (10) 12

where γ_1, γ_2, γ_3 are constants depending only on A and

I[w] = 4 ∫ |C|^2wdV − (∫ |C|^2dV ) log ⧸ ∫ e^{4w}dV II[w] = ⟨P w, w⟩ + 4 ∫ QwdV − (∫ QdV ) log ⧸ ∫ e^{4w}dV, III[w] = 12 ( Y (w) − 1 3 ∫ (△R) wdV ) , where C is the Weyl tensor, 12Q = −ΔR + R^2 − 3|Ric|^2 and

Y (w) = ∫ ( Δ(e^w) e^w )_2 − 1 3 ∫ R |∇w|^2. Both the quantities Q and |C|^2 are terms which appear in the Gauss Bonnet integrand for compact. closed 4-manifolds:

4π^2χ(M) = ∫ ( |C|^2 8 + Q ) dV, (11) where χ(M) denotes the Euler-characteristic of the manifold M. It is also important to remark that the functional III[w] may be written as III[w] = 1 3 [∫ R^2_w dV_w − ∫ R^2 dV ]

so that when the background metric is assumed to be the Yamabe metric in a positive conformal class, the functional III is non-negative. Another important point is the relationship between the P aneitz operator and the Q curvature:

−P w + 2Q_we^{4w} = 2Q, (12)

Where Q_w is the Q curvature with respect to the metric g_w = e^{2w}g_0. Notice the comparison between the equation (12) to that of the Gaussian curvature equation on compact surfaces: Δw + K_we^{2w} = K.

In [BCY] and [CY-5], we continue the study of the log-determinant formula of Polyakov (9) as given in chapter 1 to the setting of general compact 4-manifolds. We first establish the compactness criteria for the functional determinant to a more general class of 4-manifolds; then we isolate the functional II[w] and provide certain compactness criteria. We also provide certain a-priori estimates for solutions of the Euler equations for the functional II. To state the results more explicitly, we define

k_d = −γ_1 ∫ |C|^2dV − γ_2 ∫ QdV = (−γ_2) 4π^2χ(M) + ( γ_2 8 − γ_1 ) ∫ |C|^2dV (13) 13

and k_p = ∫ QdV = 4π^2χ(M) − 1 8 ∫ |C|^2. (14)

We have the following existence results ([CY-5]):

Theorem. If the functional F satisfies γ_2 < 0, γ_3 < 0, and k_d < (−γ_2)8π^2, then sup w∈W^{2,2} F [w] is attained by some function w_d and the metric g_d = e^{2wd} g_0 satisfies the equation γ_1 |C_d|^2 + γ_2 Q_d − γ_3△_dR_d = −k_d · Vol(g_d)^{−1}. (15) Further, all functions φ ∈ W^{2,2} satisfy the inequality:

k_d log ⧸ ∫ e^{4(φ−φ̃)}dV_d ≤ (−γ_2) ⟨P φ, φ⟩ − 12γ_3Y_d(φ). where φ̃ denotes the mean value of φ with respect to the metric g_d, and ⧸ ∫ denotes 1 vol(M,g_d) ∫ M dV_d. For the functional II, we have a similar existence result:

Theorem. If k_p < 8π^2, and assume that P is an non-negative operator with kernel of P consisting of constant functions. Then inf_{w∈W 2,2} II(w) is achieved by some function w_p and the metric g_p = e^{2wp} g satisfies the equation

Q_p = k_p Vol(g_p)^{−1}; (16)

and all functions φ ∈ W^{2,2} satisfy the inequality

k_p log ⧸ ∫ e^{4(φ−φ̃)}dV_p ≤ ⟨P φ, φ⟩ (17) where φ̃ is the mean value of φ with respect to the metric g_p. Further the equation (16) may be expressed in terms of the conformal factor w_p:

P w_p + 2Q = 2Q_p e^{4wp} . (18)

In particular for the operator L and ∇/^2 , we obtain existence results for extremal metrics of the corresponding log-determinant functional. We also obtain existence of extremals for the functional II in many cases. Thus for a large class of conformal 4-manifolds, we have the existence of several extremal metrics in addition to the Yamabe metric. It is an interesting problem to study the relation among these metrics. For example, we found in [BCY] that on S^4 all these extremal metrics coincide. In order to identify these extremal metrics in special circumstances, we provide some uniqueness results ([CY-5]):

Theorem. If k_d ≤ 0, the extremal metric g_d for the functional F corresponding to the conformal Laplacian operator L is unique.

Theorem. If k_p ≤ 0, P is non-negative and KerP = {constants}, then the extremal metric g_p is unique.

These uniqueness assertions are obtained as consequences of the convexity of the corresponding functionals. We were able to identify some of the extremal metrics with known metrics in special circumstances. We remark that:

Remark.

(1) Theorem 1.1 applies to all functionals of the form γ_1I + γ_2II + γ_3III. What is required in the statement of Theorem 1.1 is that γ_2γ_3 > 0. In case γ_2 > 0, , γ_3 > 0 we substitute infimum for supremum of F [w] in the statement of the theorem. (2) The main examples of functionals F [w], which appear in the form of Theorem 1.1 above, are quotients of two zeta function determinants

F [w] = log(det A_w/ det A),

where A_w is the operator A evaluated w.r.t. to the conformal metric g_w = e^{2w}g. In [BO], for operators A or powers of A which satisfies the conformal covariance property: A_w(φ) = e^{−bw}A (e^{aw}φ), explicit formulas for quotient of functional determinant are computed and are all of the form F [w]. For up to a multiplicative constant, the coefficients γ_1,γ_2,γ_3 in F [w] are computed for A = −△ +^R_6 the conformal Laplacian operator, for which the conformal covariance property holds with b = 3 and a = 1, and for A = ∇/^2, the square of the Dirac operator for which the conformal covariance property holds with b =^3_2 and a =^5_2 .

We now examine the situations in which we can identify some of the extremal metrics. Let g_d denote the extremal metric for the determinant of the conformal Laplacian, g_p denote the extremal metric for the functional II, and g_y denote the Yamabe metric. Here are some examples: We denote k^′_p = 4k_p.

Examples.

(1) For S^4 we have |C|^2 = 0, χ = 2 hence k_d(S^4) = k^′_p(S^4) = 32π^2. In this case all three extremal metrics exist and we have the coincidence of all three with the standard metric: g_d = g_p = g_y = g_0.

(2) For H^2 × H^2 , we have χ = (4π^2)^{−1} · volume, |C|^2 =^{16}_3 . For any lattice Γ, k_d(H^2 × H^2 /Γ) = −4 · volume < 0, k^′_p =^4_3 volume. So we have g_0 = g_d = g_y. When Σ is a genus 2 hyperbolic surface, we have k^′_p(Σ × Σ) =^4_3 16π^2 < 32π^2. In the standard metric for Σ × Σ we have

P = △^2 + △. 15

If we take Σ to have a pinching neck so that λ_1(Σ) ≪ 1, then we see that λ_1(P ) is small negative. For such conformal structure on Σ × Σ, the functional II is not bounded from below, and the standard metric is a saddle point for II. (3) S^1 × S^3 is known to be conformally flat and by varying the radius t of S^1 we have a 1-parameter family of conformally flat structures S^1(t) × S^3. We have χ = 0 and |C|^2 = 0, so that k_d(S^1 × S^3) = k^′_p(S^1 × S^3) = 0. It follows that g_0 = g_d = g_p. The last equality holds since the Euler equation is a linear equation. We recall that Schoen [Sc-2] has shown that there exists a t_0 such that for t ≤ t_0 , g_y = g_0; while g_y ≠ g_0 when t > t_0. This is an instance where the extremal metric g_d is different from the Yamabe metric.

C. Sharp inequalities

The main analytic tool in the study of the zeta functional determinants on 4- manifolds is the following sharp Sobolov inequality , which is a generalized form of Moser’s inequality, due to Adam’s [Ad]: On a compact 4-manifold M without boundary we have: ∫ M e^{32π2|w−w̄|2} ≤ C_M , if ∫ M |Δw|^2 ≤ 1. (19)

Applying the elementary inequality 4(w − w̄) ≤ 32π^2|w − w̄|^2 ∫ M |Δw|^2 + 1 8π^2 ∫ M |Δw|^2 one obtains log ⧸ ∫ M e^{4(w−w̄)} ≤ 1 8π^2 ∫ M |Δw|^2 + log C_M . (20)

Inequality (20) is the key inequality which used in the derivation of the compactness results in Section B above.

In the special cases when k_d = (−γ_2)8π^2 and k_p = 8π^2, as is the case on (S^4, g_c) and when A is the conformal Laplacian operator L. Instead of using (20), we may employ the following sharp inequality due to Beckner [Be-2]: On (S^4, g_c),

log ⧸ ∫ e^{4(w−w̄)} ≤ 1 3 ⧸ ∫ S^4

wP_4w (21)

with equality holds if and only if e^{2w}g_c is isometric to the standard metric g_c of S^4.

Theorem 5. On (S^4, g_c) if γ_2 < 0, and γ_3 < 0, then F [w] ≤ 0 and F [w] = 0 if and ony if e^{2w}g_c is isometric to g_c.

Proof. On S^4

F [w] = γ_1 2 ∫ S^4

wP_4w + 24 ∫ S^4

w − 3π^2 log ⧸ ∫ S^4 e^{4w}

= γ_2 {∫ S^4 R^2_wdV_w − ∫ S^4

R^2_0dV_0 } . 16

Thus the result follows from inequality (21) above and the sharp Yamabe inequality ∫ S^4 R_wdV_w ≥ ∫ S^4

R_0dV_0,

where equality holds if and only if e^{2w}g_c is isometric to g_c on S^4.

To end this chapter, we would like to mention that inequality (21) is a special case of general set of inequalities established by Beckner on (S^n, g_c) for all n ≥ 2. To state the inequalities, we set

P_n = n−2 2∏ 0 (−Δ + k(n − k − 1)), when n is even

P_n = ( −Δ + ( n − 1 2 )_2)^1_2^{n−3}_2∏ 0 (−Δ + k(n − k − 1)), when n is odd.

Notice that P_n is the conformal pulling via the sterographic projection from R^n with Euclidean metric to S^n of the operator (Δ)^{n2} . Theorem. ([Be-2])

log ⧸ ∫ S^n e^{n(w−w̄)} ≤ n 2(n − 1)! ⧸ ∫ S^n wP_nw (22)

where equality holds if and only if e^{2w}g_c is isometric to g_c.

Beckner’s original proof of inequality (22) uses methods in Fourier analysis and is quite ingenious. It turns out one can also give an alternative proof (22) using the geometric method employed by Onofri in his proof of the inequality for the special case n = 2. The proof exploits the conformal covariant property of the P aneitz type operators. We now briefly outline the proof here:

Step 1. Let S_n[w] = ⧸ ∫ S^n wPnw + 2(n − 1)! ⧸ ∫ S^n w. Then Sn[w] is a conformally

invariant quantity. That is, if e^{2v}g_0 = ϕ^∗(e^{2u}g_0) for some conformal transformation ϕ of S^n, then S_n[v] = S_n[u].

Step 2. inf_⧸^∫_euw_{=1} S_n[w] = inf_{w∈S} S_n[w] and is attained. Here S denotes the set of ”balanced” metrics which satisfy ⧸ ∫ S^n e^{uw} = 1 and ∫ S^n e^{nw}x_j = 0, j = 1, . . . , n + 1.

Step 3. If S_n[w_0] = inf_{w∈S} S_n[w], let λ_1(P^{w0}_n ) be the first eigenvalue of the operator P^{w0}_n = e^{−nw0} P_n, then λ_1(P^{w0}_n ) ≥ n!. 17

Step 4. For any metric g_w = e^{2w}g_c, w ∈ S, λ_1(P^w_n ) ≤ n! with equality holds if and only if w ≡ 0.

¿From above four steps we may conclude easily that

S_n[w] ≥ 0 if ⧸ ∫ S^n e^{nw} = 1,

which implies inequality (22).

Chapter 3. The formula on compact manifolds with boundary In the last two chapters we have discussed the generalized Ray-Singer-Polyakov formulas of the zeta functional determinants for conformally covariant geometric differential operators on manifolds without boundary. As applications we have also discussed extremal metrics of the zeta functional determinants and some related isospectral problems. In this chapter we will discuss similar problems on compact manifolds with boundary. Here we are reporting some recent joint work of Jie Qing and myself. [CQ-1], [CQ-2].

Let (A, B) be a pair of conformally covariant geometric operators on (M, ∂M), where B is a boundary operator and we require that the space of functions w with Bw = 0 on the boundary ∂M does not depend on the metrics within a given conformal class. We know, under some suitable ellipticity assumptions of the operators (A, B), we have T r(fe^{−tAB} ) ∼ ∞∑ 0 a_k(f, A, B)t^{k−n2} ast → 0^+ (1) where a_k(f, A, B) = ∫ M fU_k(A) + n−1∑ ν=0 ∮ ∂M (N^ν f)U_{k,ν}(A; B) (2)

U_k(A) is a local invariant of order k, U_{k,ν} (A, B) is a local invariant of order k−ν −1, and N^ν is the νth covariant derivative in the inner normal direction. The typical example of such pairs of operators is (L, R), where L is the conformal Laplacian and R =^∂_{∂n} −^{n−2}_{2(n−1)} H, is the Robin boundary operator, where H denotes the mean curvature on ∂M and n is the dimension of the manifold M.

Theorem. [BG-1], [BG-2] On (M, ∂M), suppose A is an elliptic operator of order 2l, and (A, B) satisfies some suitable ellipticity and conformal invariant properties, then d dε | | | |_{ε=0}a^k(A, B)[u + εf] = (k − n)a^k(f, A, B)[u] d dε | | | |_{ε=0}ζ^′(A,B)[u+εf] = 2la^n(f, A, B)[u]. (3) For the purpose of this talk, we may assume (A, B) is the pair of operators (L, R).

A. 2-dimensional case.

We will start the discussion with the case of compact surfaces with boundary. For simplicity, we will consider the the pair of operators ( −Δ,^∂_{∂n} ) . Recall

a_2 ( f, −Δ, ∂ ∂n ) = 1 12π (∫ M fK + ∮ ∂M fk ) + 1 8π ∮ ∂M ∂ ∂n f (4)

where K is the Gaussian curvature of M, k is the geodesic curvature of the boundary ∂M. As a consequence of (3) above, we have

F [w] = log det ( −Δ,^∂_{∂n} ) [w] det ( −Δ,^∂_{∂n} ) [0] = −2

∫_1 0 a_2 ( w, −Δ, ∂ ∂n ) [tw]dt. (5) Applying the relations { −Δw + K[0] = K[w]e^{2w} ∂ ∂n w + k(0) = k[w]e^w we get F [w] = − 1 12π {∫ M |∇w|^2 + 2 ∫ M K[0]w + ∮ ∂M k[0]w }

− 1 4π {∮ ∂M k[w] − ∮ ∂M k[0] } . (6)

To consider the extremum of F [w], one needs to assume that ∮ ∂M k[w]e^w − ∮ ∂M k[0] = 0, (7)

which appears due to the term ∮ ∂M ∂ ∂n f in the expression of a_2 ( f, −Δ,^∂_{∂n} ) . A more geometric reason for imposing condition (7) is given in [OPS-2]. Notice that without imposing the condition (7), the functional F [w] is not be bounded from either above or below.

There are two types of variational problem for manifolds with boundary. We will call the conformal changes of metrics which preserve vol(M) by the conformal variations of type I, and call the conformal changes of metrics which preserve vol(∂M) by the conformal variations of type II. Then, when restricted to metrics conformal to a fixed one, the extremal metrics for the conformal variations of type I have constant Gaussian curvature on M and vanishing geodesic curvature on ∂M, while the extremal metrics for the conformal variations of type II have vanishing Gaussian curvature on M and constant geodesic curvature on ∂M. For simply-connected surface, the extremal metrics are metrics of the canonical metrics of hemi-sphere and disk for type I and type II problems respectively. In [OPS-2], Osgood, Phillips and Sarnak have studied these variational problems also for the log-determinant functional F [w] in (6) and in particular they have established the existence of the 19

extremal metrics for the functional. The role played by the Onofri’s inequality is replaced by the following Milin-Lebedev inequality in studying the extremals of F [w] on compact surface with boundary. was the following Lebedev-Milin inequality log ∮ S^1 e^{(w−w̄)} dθ 2π ≤ 1 4 {∫ D w(−Δ)w dxdy π + 2 ∮ S^1 w ∂w ∂n dθ 2π } (8) where w̄ denotes the average of w over S^1, and W ia any extension of w inside the unit disc D, and with equality holds if and only if (D, e^wg_0) is isometric to the standard metric (D, g_0).

B. 3-dimensional case.

On compact 3-manifolds with boundary, we again consider general conformally covariant, geometric, elliptic pair of operators (A, B). Via Weyl’s invariant theory, we can write a_3(f, A, B) = ∮ ∂M f(α_1K̃ + α_2H^2 + α_3(|L|^2 + α_4F ) + β ∮ ∂M f_N H + γ ∮ ∂M f_{;NN} (9)

where K̃ is the Guassian curvature of ∂M, N denotes the inward normal covariant differentiation a denotes the index {1, 2} in the tangential direction of the boundary ∂M, f_{;NN} denotes (double) covariant differentiation in the N direction and F = R_{aNaN} . Applying the conformal covariance property of (A, B), one may reduce the expression of a_3 in (9) above as: a_3(f, A, B) = ∮ ∂M f(α_1K̃ + α_2(H^2 − |L|^2)) + β ∮ ∂M f_N H + γ ∮ ∂M f_{;NN} . (10)

We may then apply the relation (2) to compute the log-determinant of zeta functional for quotient of two conformal metrics as: log det(A, B)[w] det(A, B)[0]

= −2α_1 { 1 2 ∮ ∂M | ~∇w|^2 + ∮ ∂M k̃_0w }

−2α_2 ∮ ∂M w(H^2 − 2|L^2|) + β 2 {∮ ∂M (H^2ds)[w] − ∮ ∂M (H^2ds)[0] } (11) + γ {∮ ∂M (( F + 1 4 H^2 ) ds ) [w] − ∮ ∂M (( F + 1 4 H^2 ) ds ) [v] } . In the following we will briefly indicate how to derive the formula (11) from the expression of a_3 in (10). For demonstration purpose, we will indicate the computation for the term with γ as its coefficient. We first write

f_{;NN} [w]e^{2w} = f_{;NN} [0] − f_N w_N + f_aw_a. (12) 20

Therefore

∫_1 0 (∮ ∂M w_{;NN} [tw]e^{2tw} ) dt = ∮ ∂M w_{;NN} − 1 2 ∮ ∂M (w_N )^2 + 1 2 ∮ ∂M | ~∇w|^2. (13)

To further express the terms in (13) into geometric forms, we first observe that 1 2 ( F + 1 4 H^2 ) [w]e^{2w} = 1 2 ( F + 1 4 H^2 ) [0] − w_{;NN} + 1 2 Δ̃w − 1 2 | ~∇w|^2 + 1 2 (w_N )^2. (14)

Thus

∫_1 0 (∮ ∂M w_{;NN} [tw]e^{2tw} ) dt = 1 2 {∮ ∂M (( F + 1 4 H^2 ) ds ) [0]− ∮ ∂M (( F + 1 4 H^2 ) ds ) [w] } . (15)

Since the formula (10) only involves boundary terms, one can handle the study of the extremal metrics in this case using the Moser-Trudinger and Onofri inequalities on 2-manifolds; in particular the study of the formula does not provide new insight of how to control the behavior of a conformal metric on the interior of the manifold from its boundary behavior. We will soon see that this is not the case on 4-manifolds with boundary.

C. 4-dimensional case.

It is natural that one seeks results about functional determinants on 4-manifolds with boundary analogous to the above mentioned ones on compact surfaces with boundary. For the convenience of this chapter we shall assume that (A, B) = (L, R) from now on. We first modify the definitions of conformal variations. For conformal variations of type I, we require the mean curvature H stays vanishing, and for conformal variations of type II we require the mean curvature H stays constant. In addition, we always require that ∮ ∂M (T ds)[w] fixed for all conformal variations (this corresponds to the requirement that ∮ ∂M kds stays constant for all conformal variations in the cases considered in [OPS] in dimension 2). It turned out that, to establish the existence of extremum of the functional determinant under conformal variations of type I, the following sharp inequality of Adams type is crucial. Theorem. [CQ-2] For any function ϕ on a given 4-manifolds (M, ∂M) with Neumann boundary condition Nϕ = 0, ∫ M e^{α|ϕ−ϕ̄|2} dx < C, (16) if ∫ M |Δϕ|^2dx ≤ 1, for any α < 16π^2.

Remark. Although for the purpose here it is sufficient that (16) holds for any α < 16π^2, in view of the Moser inequalities etc before, one would expect that the inequality (16) holds for α = 16π^2, which remains to be verified.

Apply the inequality (16), one can establish the existence of extremum for F [w] for conformal variations of type I relatively easily. In this case, one can also establish the uniqueness in some special classes of metrics.

Theorem. The maximum of F [w] is achieved by some w_d ∈ W^{2,2} if −a_4(L, R) < 16π^2. Moreover, if a_4(L, R) ≥ 0, then w_d is unique.

Remark. One borderline case is H^4 with standard metric g_0, where −a_4(L, R) = 16π^2. We observed that, under conformal variations of type I, F [w] ≤ 0 and the sup_{ω∈E}F [w] = 0 is attained by and only by e^{2w}g_0 ∈ ϕ^∗g_0 for some conformal transfor-

mation ϕ of the standard sphere S^4 which maps the upper hemisphere to itself.

The problem of studying the functional F [w] for metrics conformal variations of type II is a much more involved one. It is clear that one would need some sharp inequality of the Lebedev-Milin type which relates the behavior of a metric inside a manifold to its boundary behavior. In an effort to search a correct formulation for such an inequality for compact 4-manifolds (M, ∂M), we (in [CQ-1] and [CQ-2]) have taken a geometric point of view. First we view the original Lebedev-Milin inequality (8) as an inequality which relates the the pair of local invariants (K, k) to the pair of operator(Δ,^∂_{∂n} ). As we have mentioned before on compact surfaces, the relationship between (K, k) and (Δ,^∂_{∂n} ) under conformal changes of metrics can be expressed via the partial differential equations:

Δw + K[0] = K[w]e^{2w} and ∂w ∂n + k[0] = k[w]e^w.

Therefore, on compact 4-manifolds, we start with the search for the right pairs of curvature functions and their corresponding differential operators. As the study in the case of compact closed manifolds suggest, one natural interior local invariant of order 4 which should appear is the Paneitz quantity

12Q = −ΔR + R^2 − 3|Ric|^2,

which has been discussed in Chapter 2. The differential operator corresponds to Q is the P aneitz operator

P_4 = (−Δ)^2 + div ( 2 3 R Id − 2R_{ij} ) . The relation between Q and P_4 can be seen via the following differential equation.

P_4w + 2Q[0] = 2Q[w]e^{4w} in M. 22

It turns out that on 4-manifolds there also exists a boundary local invariant of order 3 and a conformal covariant operator P_3 of bidegree (0, 3), the relation of (Q, T ) to (P_4, P_3) on 4-manifolds is parallel to that of (K, k) to (Δ,^∂_{∂n} ) on compact surfaces. More specifically we have a local invariant of order 3 defined as T = 1 12 ∂ ∂n R + 1 6 RH − F H + 1 9 H^3 − 1 3 T rL^3 + 1 3 Δ̃H (17)

and a corresponding operator

P_3 = 1 2 ∂ ∂n Δ + Δ̃ ∂ ∂n + 2 3 HΔ̃ + L_{ab} ~∇_a ~∇_b + ( 1 3 R − F ) ∂ ∂n + 1 3 ~∇H · ~∇ such that P_3w + T [0] = T [w]e^{3w} on ∂M, and P_3[w] = e^{−3w}P_3[0].

The best way to understand how T and P_3 were discovered in [CQ-2] is via the Chern-Gauss-Bonnet formula for 4-manifolds with boundary:

χ(M) = (32π^2)^{−1} ∫ M (|C|^2 + 4Q)dx + (4π^2)^{−1} ∮ ∂M (T − L_4 − L_5)dy. (18)

where L_4 and L_5 are boundary invariant of order 3 which are invariant under conformal change of metrics. Hence with a fixed conformal class of metrics, 1 2 ∫ M Qdv + ∮ ∂M T ds is a fixed constant. We would like to remark that in the original Chern-Gauss- Bonnet formula T is not exactly the term as we have defined in (17) above, actually it differs from T by^1_3Δ̃H, which does not affect the integration formula.

Thus on 4-manifolds with boundary it is natural to study the energy functional E[w] = 1 4 ∫ wP_4w + 1 2 ∫ wQ + 1 2 ∮ ∂M wP_3w + ∮ ∂M wT. (19) In view of the complicated expressions of the operators P_4, P_3, Q and T , in general it is difficulty to study the functional E[w] defined as above at this moment. But in the special case of (B^4, S^3) with the standard metrics, we have

P_4 = (Δ)^2, P_3 = 1 2 NΔ + Δ̃N + Δ̃, and Q[0] = 0, and T [0] = 3. (20)

Thus the expression in E[w] becomes relatively simple. Thus in this special case, we are able to study the conformal variation problem of type II of the functional F [w]. The main analytic tool is the following sharp inequality of Lebedev-Milin type on (B^4, S^3). 23

Theorem. Suppose w ∈ C^∞(B̄^4) and that e^{2w}g_0 is a conformal variation of type II with respect to the standard metric g_0 of B^4. Then log { 1 2π^2 ∮ S^3 e^{3(w−w̄)}dy }

≤ 3 4π^2 { 1 4 ∫ B^4

wΔ^2w + 1 2 ∮ S^3

wP_3w + 1 4 ∮ w_N + 1 4 ∮ w_{;NN} } , (21)

under the boundary assumptions ∫ S^3 τ[w]ds[w] = 0 where τ is the scalar curvature of M. Moreover the equality holds if and only if e^{2w}g_0 on B^4 is isometric to the canonical metric g_0.

Remark. The additional boundary condition assumed in the above is necessary in the sense that the left side of the inequality (21) would not have any lower bound otherwise. The choices of the right geometric conditions, like we imposed here, depend on the analytic expressions of transformation formulas for curvatures under conformal changes of metrics.

The key step in the proof of theorem is the following analytic lemma. Lemma. Suppose w solves

Δ^2w = 0 in R^4 w |_S3 = u w_N |_S3 = ϕ.

Then Δw | | |_{∂B4} = 2

Δ̃u − 2 { (−Δ̃ + 1)^{12} + 1 } ϕ (22) NΔw | | |_{∂B4} = 2P^3u + 2

Δ̃u − 2Δ̃ϕ (23)

where P_3 = (−Δ̃+1)^{12} (−Δ̃) is the same as the P_3 operator defined on S^3 by Beckner in Chapter 1.

We would also like to remark that the second term in (22) above, i.e. the term { (−Δ̃ + 1)^{12} + 1 } is the Dirichlet to Neumann operator on (B^4, S^3).

Corollary. On B^4, P_3[0](w) = P_3(w) on ∂B^4, provided that Δ^2w = 0 in B^4.

We can then state a result about extremal metrics of conformal covariant type II on (B^4, S^3, g_0). 24

Theorem. On B^4, suppose g_w is a metric conformal variation of type II with respect to the standard metric g_0. And assume further that Q[w] = 0. Then

F [w] = −8 { 1 4 ∫ B^4

wP_4w + 1 2 ∮ S^3

wP_3w + 2 ∮ S^3 w }

− 4 ∫ B^4

R^2[w]e^{4w} − 4 {∮ S^3 (τ̃dy)[w] − ∮ S^3 (τ̃dy)[0] }

− 50 3 {{∫ B^4

(Rdx)[w_h] + 2 ∮ S^3 (Hdy)[w] }

− {∫ B^4

(Rdx)[0] + 2 ∮ S^3 (Hdy)[0] }} . (24)

Hence F [w] is non-positive and attains its maximum at and only at metrics g_w = e^{2w}g_0 which is isometric to the standard metric g_0 within the class of conformal variations of type II with Q[w] = 0.

Here F [w] denotes a constant multiple of the functional determinant. Above result is a consequence of three sharp inequalities. The non-positivity of the first line in (24) above is a consequence of the sharp inequality of Lebedev-Milin type which we have established in (21), the non-positivity of the third line in (24) follows from the sharp Sobolev inequality on S^3 for the Yamabe problem, and the nonpositivity of the fourth term in (24) follows from the sharp Trace Sobolev inequality established by Escobar ([E-1], [E-2]) and Beckner [Be-1].

The problem of studying the extremal metrics for conformal variations of type II problem for the log-determinant functional on general compact manifolds with boundary remains open.

References

[Ad] D. Adams; “A sharp inequality of J. Moser for higher order derivatives”, Annals of Math., vol 128, (1988), pp 385–398.

[Al] O. Alvarez; “Theory of strings with boundary”, Nucl. Phys. B 216, (1983), pp 125-184.

[Au-1] T.Aubin; “ Equations differentielles non lineaires et probleme de Yamabe concernant la courbure scalaire”, J.Math.Pures Appl. 55(1976), 269-296.

[Au-2] T.Aubin;“Meilleures constantes dans le theorem d’inclusion de Sobolev et un theorem de Fredholme non lineaire pour la transformation conforme de la courbure scalaire”, J. Funct. Anal. 32,(1979), pp 148-174.

[Be-1] W. Beckner: “Conformal geometry and Escobar’s Sobolev trace inequality”, preprint 25

[Be-2] W. Beckner; “Sharp Sobolev inequalities on the sphere and the Moser- Trudinger inequality”, Annals of Math., 138 (1993),pp 213-242.

[B-1] T. Branson; “Group representations arising from Lorentz conformal geometry”, JFA, 74, (1987), pp 199-293.

[B-2] T. Branson; “Sharp Inequality, the Functional Determinant and the Complementary series”, preprint 1992.

[BCY] T. Branson, S-Y. A. Chang and P. C. Yang; “Estimates and extremal problems for the log-determinant on 4-manifolds”, Communication Math. Physics, Vol. 149, No. 2, (1992), pp 241-262.

[BG-1] T. Branson and P. Gilkey; “The functional determinant of a 4-dimensional boundary value problem”, preprint 1992, to appear in TAMS.

[BG-2] T. Branson and P. Gilkey; “The Asymptotics of the Laplacian on a Manifold with Boundary”, Comm. PDE 15 (1990), pp 245-272.

[BO] T. Branson and B. Ørsted; “Explicit functional determinants in four dimensions”, Proc. Amer. Math. Soc., vol 113, (1991), pp 669-682.

[C] S.-Y. A. Chang; “The Moser-Trudinger inequality and applications to some problems in conformal geometry”, IAS/Park city Math. Series, Vol.2. Nonlinear Partial Differential Equations in Differential Geometry, R. Hardt, M. Wolf editors. pp 65-124.

[CGY] S.-Y. A. Chang, M.Gursky and P.Yang, “ Prescribing scalar curvature on S^2 and S^3”, Calculus of Variation, 1, 1993, pp 205-229.

[CGW] S.-Y. A. Chang, M. Gursky and T. Wolff, ”Lack of compactness in conformal metrics with L^(d/2) curvature”, Journal of Geometric Analysis, Vol 4, No.2, 1994, pp 143-154.

[CQ-1] S-Y. A. Chang and J. Qing; “The zeta functional determinants on 4-manifolds with boundary I - the formula,” preprint, 1995.

[CQ-2] S-Y. A. Chang and J. Qing; “The zeta functional determinants on 4-manifolds with boundary II - extremal metrics and and compactness of isospectral set ”, preprint, 1995.

[CY-1] S.-Y.A. Chang and P.C. Yang; “Prescribing Gaussian curvature on S^2”, Acta Math. 159 (1987), pp 215-259.

[CY-2] S.-Y.A. Chang and P. Yang; “Conformal deformation of metrics on S^2,” J.

Diff. Geometry 27, (1988) pp. 259-296.

[CY-3] S.-Y.A. Chang and P. Yang; “Compactness of isospectral conformal metrics on S^3”, Comm. Math Helv., 64, (1989) pp. 363-374.

[CY-4] S.-Y.A. Chang and P.C. Yang; “Isospectral Conformal Metrics on

3-manifolds” J. of AMS 3, (1990) pp. 117-145.

[CY-5] S.-Y.A.Chang and P.C.Yang; “Extremal Metrics of Zeta Functional Determinants on 4-Manifolds, ” Annals of Math., 142 (1995), 171-212.

[Ch] J.Cheeger: “ Analytic torsion and the heat equation”, Annals of math., 109, (1979), pp 259-333.

[ChD] Chen, W.-X. and Ding, W-Y.;“ Scalar curvature on S^2”, Trans. AMS 303 (1987) 369-382.

[ChL] K. C. Chang and J.Q. Liu ; “ On the Nirenberg’s problem” International J.

of Math., 4 (1993), 35-88.

[ChLi] W.Chen and C.Li ; “ A necessary and sufficient condition for the Nirenberg’s problem”, Comm. Pure and Appl. Math., 1996

[E-1] J. Escobar; “ Sharp constant in a Sobolev trace inequality,” Indiana U.

Math. J. 37 (1988),pp 687–698.

[E-2] J. Escobar; “ The Yamabe problem on manifolds with boundary”, J. Differential Geom. 35 (1992) pp 21–84.

[FM] A. Fisher and J. Marsden; “Deformations of the scalar curvature”, Duke Math. J., 42, (1975), pp 519-547.

[GJML] C. R. Graham, R. Jenne, L. Mason, and G. Sparling; “Conformally invariant powers of the Laplacian, I: existence”, J. London. Math. Soc.

[G] M.Gursky: “ Compactness of conformal metrics with integral bounds on curvature”, Duke Math. J., 72, no. 2 (1993), 339-367.

[M-1] J. Moser; “A Sharp form of an inequality by N. Trudinger”, Indian Math.

J., 20, (1971), pp 1077-1091.

[M-2] J. Moser; “On a non-linear problem in Diff. Geometry Dynamical Systems”, (M. Peixoto ed.) Acad. Press, N.Y. 1973.

[M-P] S.Minakschisundaram, and A. Pleijel; “ Some properties of the eigenfunctions of the Laplace operator on Riemannian manifolds.” Can. J. Math. 1, pp 242-256 (1949 ).

[M-S] H.McKean, and I. Singer; “ Curvature and eigenvalues of the Laplacian .”

J. Diff. Geom. 1, pp 43-70 (1967).

[Mu] W.Muller; “Analytic torsion and R-torsion on Riemannian manifolds” , dv.

in Math., 28 (1978), 233-305.

[Ob] M. Obata; “Certain conditions for a Riemannian manifold to be isometric with a sphere”, Jour. Math. Society of Japan,14, (1962), pp333-340.

[Ok] K. Okikiolu; “ A new proof and some generalizations of the Polyakov-Ray- Singer variation formula”, to appear in Duke J.

[On] E. Onofri; “On the positivity of the effective action in a theory of random surfaces”, Commun. Math. Phys., vol 86, (1982), pp 321-326.

[OPS-1] B. Osgood, R. Phillips, and P. Sarnak; “Extremals of determinants of Laplacians”, J. Funct. Anal., vol 80, (1988), pp 148-211.

[OPS-2] B. Osgood, R. Phillips, and P. Sarnak; “Compact isospectral sets of surfaces”, J. Funct. Anal., vol 80, (1988), pp 212-234.

[OPS-3] B. Osgood, R. Phillips, and P. Sarnak; “Moduli space, heights and isospectral sets of plane domains”, Annals of Math., 129 (1989), pp 293-362.

[Pa] S. Paneitz, A quartic conformally covariant differential operator for arbitrary pseudo-Riemannian manifolds, preprint 1993.

[Po] A. Polyakov; “ Quantum geometry of Bosonic strings”, Phys. Lett. B, vol 103, (1981), pp 207-210.

[RS] D. B. Ray and I. M. Singer; “R-torsion and the Laplacian on Riemannian manifolds”, Advances in Math., 7, (1971), pp 145-210.

[Sc-1] R. Schoen, “Conformal deformation of a Riemannian metric to constant scalar curvature”, J. Differential Geom., vol 20, (1984), pp 479-495.

[Sc-2] R. Schoen; Variational theory for the total scalar curvature functional for Riemannian metrics and related topics, Topics in Calculus of Variations (M. Giaquinta, ed.), Lecture Notes in Math., Vol. 1365, Springer, Berlin, 1987.

[T] N. Trudinger; “Remarks concerning the conformal deformation of Riemannian structure on compact manifolds”, Ann. Scuo. Norm, Sup. Pisa, 3, (1968), pp 265-274.

[XY] X.W.Xu and P. Yang, ;“ Remarks on prescribing Gaussian curvature on S^2”, Trans. A.M.S., 336 (1993) 831-840.