EXISTENCE AND UNIQUENESS OF CONSTANT MEAN
CURVATURE FOLIATION OF ASYMPTOTICALLY
HYPERBOLIC 3-MANIFOLDS

ANDRE NEVES AND GANG TIAN

ABSTRACT. We prove existence and uniqueness of foliations by stable
spheres with constant mean curvature for 3-manifolds which are asymp-
totic to Anti-de Sitter-Schwarzschild metrics with positive mass. These
metrics arise naturally as spacelike timeslices for solutions of the Ein-
stein equation with a negative cosmological constant.

1. INTRODUCTION

In 1996, Huisken and Yau [11] showed that metrics that arise as spacelike
timeslices of solutions to the Einstein vacuum equation have a well defined
center of mass. More precisely, they showed that metrics which are as-
ymptotic to Schwarzschild metrics with positive mass outside a compact
set admit, under some technical assumptions, a unique foliation by stable
spheres with constant mean curvature. We prove an analogous result for a
large class of metrics that arise naturally as spacelike timeslices for solutions
to the Einstein equation with negative cosmological constant. More pre-
cisely, we show that metrics which are, outside a compact set, asymptotic to
Anti-de Sitter—Schwarzschild metrics with positive mass admit, under some
technical assumptions, a unique foliation by stable spheres with constant
mean curvature and thus, they have a well defined center of mass.

We remark that even if the results proven here are formally analogue
to the ones proven in [11], the fact that the manifolds we work with are
asymptotically hyperbolic instead of asymptotically flat makes the under-
lying geometry rather different and hence new arguments are needed. For
instance, in a forthcoming work, the first author constructs a solution to in-
verse mean curvature flow in a asymptotically hyperbolic manifolds which,
independently of which coordinate system we choose, does not approach
any coordinate spheres. It was proven by Huisken and Ilmanen that this
phenomena cannot happen in asymptotically flat manifolds [9, Section 7].

Most of the work in this paper is devoted to prove uniqueness of foliations
by stable spheres with constant mean curvature for asymptotically Anti-de
Sitter—Schwarzschild metrics with positive mass. Note that the uniqueness
of such foliations fails for the hyperbolic 3-space and so the positivity of the
mass needs to be used. The central idea in the paper consists in combining
the positivity of the mass with the Kazdan-Warner obstructions [12] in order
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2 Existence and uniqueness of constant mean curvature foliations

to prove uniqueness. The relation between positive mass and the study of
foliations near infinity for asymptotically flat manifolds was observed by
Christodoulou and Yau in [6].

The existence of such foliations in the asymptotically flat setting was
proven by Huisken and Yau [11] using a modified mean curvature flow and
by Ye [18] using a perturbation method. For metrics asymptotic to Anti—de
Sitter—Schwarzschild metrics, the existence of such foliations was proven by
Rigger [15] using the mean curvature flow approach. The arguments in [18]
can be adapted in a straightforward way in order to obtain the existence
result for metrics asymptotic to Anti—de Sitter—Schwarzschild metrics. We
include its proof in the last section for the sake completeness.

Before stating the main result we need to introduce some notation. De-
note by go the standard round metric on S?. The Anti-de Sitter-Schwarzschild
manifold with mass m > 0 is defined to be (sp,00) x S? with the metric

gm = (14 %> —m/s)"tds® + s%go,

where sq is the zero of 1 + s2 — m/s. Note that when m = 0 the Anti-de
Sitter—Schwarzschild metric becomes the hyperbolic metric. After a change
of coordinates, the metric can be written in the form

gm = dr? + (sinh?r + m/(3sinh ) + O(exp(—37)))go.

Our result will apply to metrics which are, outside a compact set, lower
order perturbations of Anti—de Sitter—Schwarzschild metrics.

Definition 1.1. (M, g) is an asymptotically Anti—de Sitter—Schwarzschild
manifold with mass m if, for some compact set K, M — K is diffeomorphic
to R? minus a ball and, with respect to this diffeomorphism, the metric can
be written (in spherical coordinates) as

g = dr? + (sinh® 7 +m/(3sinhr))go + Q,

where

Q| +VQ| + [V*Q| = O(exp(—5r)).

Remark 1.2. A direct computation shows that the mass m coincides with
the mass defined in [7] and [17] for asymptotically hyperbolic metrics.

With respect to the coordinates specified in the Definition 1.1, M — K
becomes equipped with a radial function r. Hence, given a foliation (2;)¢>0
of M, we can define the lower radius and the upper radius to be

r, =sup{r(z)|z € ¥;} and 7, =inf{r(z)|z € X}
respectively. Given a family of functions f; defined on >;, we use
ft=0O(exp(—nry)) and  f; = o(exp(—nr;))
to denote that
lim sup(lfy| exp(nr,)) < oo and  limsup(|fi| exp(nr,)) =0

respectively.
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A surface Y. with constant mean curvature is said to be stable if volume
preserving variations do not decrease its area. A standard computation
shows that stability is equivalent to the second variation operator

Lu=-Af— (|A|2 + R(v, 1/)) f

having only nonnegative eigenvalues when restricted to functions with zero
mean value, i.e.,

/E(IA!2+R(V,V))f2du§ EIVf\Qdu

for all functions f with [y, fdu = 0.
The purpose of this paper is to show the following result.

Theorem 1.3. Asymptotically Anti—de Sitter—Schwarzschild manifolds with
positive mass admit a unique foliation (X¢)¢>0 by stable spheres with constant
mean curvature such that

(1) lim (7 — 6/51,) = —o0.

t—o0
Remark 1.4. A condition similar to (1) was also assumed in [11] for metrics
that are asymptotic Schwarzschild metrics. It is an interesting question if
one can strengthen Theorem 1.3 by weakening condition (1) to the condition

that r, is sufficiently large. Its analogous version for metrics asymptotic to
Schwarzschild metrics was solved in [14].

A contradiction argument implies the following corollary.

Corollary 1.5. There are positive constants Cy and Rg depending only on
g so that any stable sphere ¥ with constant mean curvature satisfying

|| >Cy and T—6/5r < —Rp
1S unique.

Proof. Assume there are two distinct sequences (31);eny and (X2);¢n of stable
spheres with constant mean curvature such that

lim [£}] = lim [£7] = oc,
71— 00 71— 00

- 1 pi =2 2
lim 7; — 6/5r; = lim 7j — 6/5r; = —oo,
1—00 71— 00

and H(X}) = H(X?) for every integer i. The proof of Theorem 1.3 also
applies to the foliations

=% ifi<t<i+l,
where j = 1,2, and so we obtain a contradiction. O

Acknowledgement The first author would like to express his gratitude
to Alice Chang for many useful discussions.



4 Existence and uniqueness of constant mean curvature foliations

2. OUTLINE OF THE PROOF

We outline the proof of Theorem 1.3 in order to emphasize the main ideas
over the technical aspects of the paper. Let (¥;);>0 denote a foliation by
stable spheres with constant mean curvature. For the sake of simplicity, we
assume in this discussion that 7; — 7, is uniformly bounded. We use the
notation

fdp=[S™" | fdp,
o8 oM
where |X;| stands for the surface area of 3.

Section 3 is devoted to auxiliary computations. In Section 4 we follow the
same argumentation done by Huisken and Yau in [11] and use the stability
assumption in order to derive the following estimate for the mean curvature
of ¥y (Lemma 4.1)

(2) H? =44+ 167/|%| + 7[2 O(exp(—3r))du

and the following integral estimate for the trace free part of the second
fundamental form (Proposition 4.3)

7[ |APdu < O(exp(—dry)).
P

In Section 5 we study the intrinsic geometry of ;. More precisely, we
show that after pulling back by a suitable diffeomorphism from ¥; to S2,
the metric

g = 47 /|5e|g
can be written as
exp(QBt)go,
where g denotes the standard round metric on S? and

B = O(exp(—ry))-

This result implies that g, is very “close” to being a round metric. The proof
of this result (Theorem 5.1) has two steps. The first step consists in deriving
a pointwise estimate for \A| from the integral estimate (Proposition 5.3). In
order to do so, we have to exploit the fact that the hyperbolic metric is
conformal to the Euclidean metric on the unit ball and so the same is true,
up to a term of low order, for the metric g. Therefore, denoting by do
the surface measure induced by the Euclidean metric on ¥;, we have by
conformal invariance that

im [ |4 'do = tim [ |47 du=o0,

t—o0 PN t—o0 bR
where the quantities measured with respect to the Euclidean metric are
denoted with a bar. Because the Euclidean area of ¥; converges to 4w
(Proposition 4.2), the identity above and Gauss-Bonnet Theorem imply that
the Euclidean mean curvature H has no concentration points. We can then
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use Michael-Simon Sobolev inequality and the equation satisfied by \A|2
(with respect to the Euclidean metric) in order to apply the standard Moser
iteration procedure and conclude that, up to lower order terms,

(3) sup|A? < C | |APdo=CH |APdu < O(exp(—4r,)).
P 3t P>

The second step consists in using Gauss equation (Lemma 3.2) which,
combined with estimates (2) and (3), implies that the Gaussian curvature
of 3; with respect to §; satisfies

Ky = (47) 7V [S|((H? — 4)/4 = |A]/2) + O(exp(—7)) = 1+ O(exp(—r)).
The desired result follows from this estimate.

Section 6 contains the main estimate that makes uniqueness possible. Set

wi(x) = r(x) — 7, where |5 = 4wsinh? 7.

We want to show that w; converges uniformly to zero (Theorem 6.1). With
respect to the standard round metric gg, the functions w, satisfy the equation
(see (14))

Apwy = exp(—2w;) — 1+ P,

where
| Pldg = Ofexp(-r)).
SQ

Because we are assuming that 7, — r; is uniformly bounded, we have that
wy is bounded in W12 with respect to gy and thus, we can take a sequence
converging weakly to wq that satisfies

(4) Agwy = exp(—2wp) — 1.

It is well known that this equation can have many solutions. Therefore,
we need to use the fact that the mass is nonzero in order to show that
wp = 0. This is achieved through the Kazdan-Warner identity [12]. Because
the metric g, is “close” to being the round metric, this identity implies that,
for each of the standard coordinate functions x1,z2, 3 on S? (see (16)),

/ 2 Kidpg = O(exp(—2r,)), fori=1,2,3.
S2

On the other hand, a careful expansion of the terms involved in the Gauss
equation shows that the Gaussian curvature of g; is such that

SV Ky = (4m)THS P2 (H? - 4) /4
+ m(4m) " 1% % /sinh® r + O(exp(—1)).

Hence, because the mean curvature is constant, we obtain from the Kazdan-
Warner identity that (Proposition 6.3)

m [ x;exp(—3w)duo = O(exp(—ry)), fori=1,2,3.
S2



6 Existence and uniqueness of constant mean curvature foliations

Therefore,

m x;exp(—3wp)dup =0, fori=1,23.
52
Recalling that wy is a solution to equation (4), the above identity implies that
wo = 0. Standard techniques can then be used to show that w; converges
to zero uniformly.
In Section 7 we improve the rate of convergence of w; to zero (Theorem
7.1). In order to do so, we redefine w; to be

wi(xz) = r(x) — 7,y
where 7; is such that
H = 2cosh#/sinh 7 — m/ sinh® 7 + o(exp(—47%)).
Then, the equation satisfied by w; improves to become
Apwy = exp(—2w;) — 1 + o(exp(—2r)).

Using the orthogonality condition given by the Kazdan-Warner obstructions,
standard elliptic estimates show that

|wi|c2.0 = o(exp(—ry)).

In Section 8.1, we use the strong approximation of 3; to a coordinate
sphere in order to prove uniqueness of foliations by stable spheres with
constant mean curvature. The main reason for this to work is that, with
respect to the round metric on S2, the linearization of the mean curvature
on a coordinate sphere {|z| = r} is the operator

L(f)=Aof + (2 —=3m/sinhr)f,

which is invertible is m is not zero. Finally, in Section 8.2 we adapt the
arguments used in [18] and we show that, for all r sufficiently large, we can

find a stable sphere with constant mean curvature which is a perturbation
of {|z| = r}.

3. PRELIMINARIES

In this section we compute the relevant formulas needed throughout this
paper. Before doing so, we need to introduce some notation. ¥ is assumed
to be a stable sphere with constant mean curvature. The radial vector is
denoted by 0, and 9, stands for the tangential projection of 8, on T'Y, which
has length denoted by |3, |. Finally, v denotes the exterior unit normal to
.

We start by computing the asymptotic expansion of some geometric quan-
tities depending on g,,, the Anti de Sitter- Schwarzschild metric with mass
m. Let {e1,e2} denote a g,,-orthonormal basis for the coordinate spheres

{lz| =7}

Lemma 3.1.
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(i) The mean curvature Hy,(r) of {|x| = r} is such that
H,,(r) = 2coshr/sinhr — m/sinh®r 4+ O(exp(—57)).

(ii) The scalar curvature is -6.
(iii) The Ricci curvature is such that

Rn(0r,8,) = —2 — m/sinh® r + O(exp(—5r))

Ru(e1,e1) = R (e, e2) = =2 4 m/(2sinh®r) + O(exp(—5r))

R (e1,e2) = 0.

(iv) The derivatives of the Ricci curvature with respect g, are such that
Ve Ry (0, e1) = Vi Ry (0r, €2).
Proof. If we write g, as dr? 4+ 1?(r)go, then
Hyn(r) = 2¢/(r) /3(r)

and so the first formula follows. The second formula is just direct compu-
tation. The rotational symmetry of the metric implies that its Gaussian

curvature is ) ~2(r) and that the second fundamental form of {|z| = r} is
trace free. Hence, we have from Gauss equation that

Rm(ara ar) =-3- ¢_2(T) + H2/4

and so the first identity in (iii) follows. The other two identities in (iii) are a
consequence of (ii) and rotational symmetry. The last identity follows from
the same type of arguments. ([l

The next lemma relates the mass m of a metric g with the Gaussian
curvature K of a surface X.

Lemma 3.2. The Gaussian curvature of ¥ satisfies
K = (H? — 4)/4 +m/sinh®r

—3m|d,] |2/(2sinh® r) — |A]2/2 + O(exp(—5r)).
Proof. Because g is C2-perturbation of order O(exp(5r)) of g, we have

R = —6+ O(exp(—5r))
and

2+ R(v,v) =2+ Ry, (v,v) + O(exp(—5r))
= —m/sinh®r + 3m|d, |>/(2sinh® r) + O(exp(—5r)).
The result follows from Gauss equation
K = R/2 — R(v,v) + H?/4 — |A]? /2.
O

Next, we derive the equation satisfied by the trace-free part of the second
fundamental form A.
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Lemma 3.3. The Laplacian of |A|? satisfies
H? -4

A(A[2/2) = < - \AF) AP + [V AP

+ (|12 + [H]|9] [21Al) O(exp(~3r) + |A|O(exp(~5r)).

Proof. We assume normal coordinates z = {z%},_; » around a point p in the
constant mean curvature surface . The tangent vectors are denoted by
{01,02}, the normal vector by v, and the Einstein summation convention
for the sum of repeated indices is used.
Simons’ identity for the Laplacian of the second fundamental form A (see
for instance [10]) implies that
A(JA?/2) = |VA]? + HTe(A%) + H?| A2 — |A*
+ H/iinViyj — R, |A]? + 2Rkikmf01mjfiij
+ 2Rpijm Arm Ay + Aij(ViRyjir + ViRukjn)-
From
Rstuv — _(5su5tv - 5sv5tu) + O(exp(—?)?“))
if follows that
2Rk1kmﬁmjjzj + 2Rk1jmfzikmfiz] = —4‘;1‘2 + ’/01’20(6Xp(—37“)).
Hence, Tr(A3) = 0 implies that
H? -4
2
+ (kayjik + ViRykjk)fL’j + \zzl|20(exp(—3r)).

A(|A]?)2) = [VA]? + ( - MP) |A? + HRyi; Ay

On the other hand, if {v;,v2} is an eigenbasis for A, we obtain from Lemma
3.1 that

4]
V2
_ 4l

V2
= 107 [P|AO(exp(~3r)) + |AO(exp(~5r)

RyivjAiy; = “—=(R(v1,v1) — R(v2,v9))

(R (v1,01) — Ry (va, v2)) 4 |A|O(exp(—5r))

and
(ViRyjik + ViRukje) Aij = V2| A|(Vy, R(v,01) = Vi, R(v, 02))
= 10 P|A|O(exp(—=3r)) + | A|O(exp(—5r)).
Thus, the desired result follows. O

Finally, we derive the equation satisfied by the Laplacian of r on X.
Throughout the rest of this paper, we will progressively estimate and explore
all of its terms.
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Proposition 3.4. The Laplacian of v on ¥ satisfies
Ar = (4—20]?)exp(—2r) +2 - H
+(H = 2)(1 = (9, 1)) + (1 = (9;,v))* + O(exp(~37))
or, being more detailed,
Ar = 2coshr/sinhr — m/sinh®r — H
+ (H = 2)(1 = (0, 1)) + (1 = (9,,v))? — 2|0, |* exp(—2r)
+ 10, 2O (exp (=37)) + O(exp(—5r)).

Proof. Tt suffices to prove the second identity. Using again normal coordi-
nates {z1,x2}, we have from Lemma 3.1

divs0, = (Vi"0y, 0;) + O(exp(—5r))
= H"(r) — H"(r)|d, |*/2 + O(exp(~5r))
= (2 — 9, |*)coshr/sinh r — m/sinh®r
+ 10,120 (exp (=3r)) + O(exp(—5r)).
On the other hand,
divy0, = Ar + (0,,v)H
and the result follows from the easily checked identity
0.7 |2coshr/sinhr + (8,,v)H = H — (H — 2)(1 — (9, v))
— (1= (0r,))% + 210, ? exp(=2r) + 18, [*O(exp (—4r)).
O
4. INTEGRAL ESTIMATES

We use the stability condition in the same spirit as in [11] in order to
estimate the mean curvature H and the L2 norm of |A]. In the next section,
we combine these integral estimates with Lemma 3.3 in order to obtain
pointwise estimates for |A|. From this section on,

(Xt)e=0

denotes a foliation by stable spheres with constant mean curvature satisfying
condition (1). We omit the index ¢ in the notation whenever it becomes
obvious that we are referring to quantities depending on ;.

Lemma 4.1. For each t, we have that
H? =4+ 167/|%| —|—7[ O(exp(—3r))du
¢
or, equivalently,

H =2+4n/|%| +7[ O(exp(—3r))dpu.
p
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Proof. The stability condition implies that, after a clever choice of test func-
tion (see [11, Proposition 5.3]),

s> [ AP+ Rowv)du= [ AP+ (H? - 2) /24 ROvw) + 2dp
Et Et
and so, because
R(v,v) = =2+ O(exp(—3r)),
we have

H? < 44 167/|%] —1—7[ O(exp(—3r))du.
3t

On the other hand, from Lemma 3.2 and Gauss-Bonnet Theorem we obtain
that

H? = 41 167/ ] + 27[ ARdu+ L Olexp(=3r))du,
PN hoM
and thus the result follows. O

This lemma combined with the equation for Ar gives us these first esti-
mates regarding ;.

Proposition 4.2. The following identities hold:
(i)
/E exp (—2r)du = 7+ O(exp(—1y)).
In particular, ;ﬁhere is a constant C so that
C~lexp(2r,) < |5¢| < Cexp(27).
(ii)
L 1= @) = Ofexp(-1))

(iii) For every positive integer j

/ 4107 |? exp(—jr)d = O(exp(—jry)).

t

Proof. Integrating the first identity in Proposition 3.4 and using Lemma 4.1
we obtain

(5) 4m+ | O(exp(—3r))du = / (4 — 2|0 ?) exp(—2r)dpu
o P

+ 7[& 47 (1 = (Op,v))du + /Zt(l — (0, v))2dp.

Hence, both quantities in (i) and (ii) are uniformly bounded because

. O(exp(—3r))du = O(exp(27; — 3r,)).
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Integrating the identity
A(exp(—jr)/j) = — exp(—jr)Ar + jexp(—jr)|d, [

we obtain, after using Lemma 4.1 and Proposition 3.4,
[ dleT P exp(-grydn= [ (42007 Pyexp(~( + 2)r)d
Et Et
~nf.expl-jr)d - Am(1 = (0r.v)) exp(-jr)du
Et Z:t

+ / (1= (O 0))? exp(—jr)dp+ | O(exp(—(3+ j)r))dp
pM it

+ O(exp(—=3r))du | O(exp(—3r))dpu.
poN 3
As a result, the third identity follows. Next, we use (iii) and the Euclidean
isoperimetric identity to prove both (i) and (ii).
With respect to the the unit ball model for the hyperbolic metric, the
metric g can be written as

g = > (d$2 +dy® + dzz) + 03,
where
2||
1— x>
If s, denotes the radius of the largest Euclidean ball centered at the origin

that is contained in the interior of ¥, then sinhr, = 2s;/(1 — s;?). The
Fuclidean isoperimetric inequality implies that

area(X;) > (36m)'3volume({|z| = 5,})*/% = 4ns?,

where the area and volume are measured with respect to the Euclidean
metric. Thus, denoting by do the surface measure induced by the Euclidean
metric, we have

2
Y(x) = Top and sinhr =

(6) / 4exp(2r)d,u2/ Sinh_Qrd,u/ exp(—2r) sinh ™2 rdp
3t 3t St

= |x|72d0 + O(exp(—2r,)) > 4m — 4w (1 — §2) + O(exp(—2r,))
pM

— 47 + O(exp(—1y)).
On the other hand,

1/2
£ a-@nan<iz 2 ([ a-@ra) = ofep-n)
t t
and, recalling that both quantities in (i) and (ii) are uniformly bounded, we
obtain from (5) that

tr+Oesp(-r)) = [ desp(-20)du+ [ (1= (00 d

Et 2t
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Therefore, (i) and (ii) follow from this estimate combined with (6). O

Next, we use the stability of 3; in the same way as in [11, Section 5] in
order to obtain integral estimates for A.

Proposition 4.3. The following estimate holds
F 1APdu+ [ Alau+ [ [VAPau < [ (0] POGexp(~r))d
P pIM P Xt

+ [ Of(exp(—T7r))dpu.
3t

In particular,

|APPdp < O(exp(—4r,)).
pI

Proof. Integrating the identity in Lemma 3.3 and using Lemma 4.1 we obtain
sef [APdu+ [ [VAPdp= [ (1AP + 14107 ) Ofexp(—3r)dn
P Yt >t

+/ |2i|4du+/ yzi|2du7[ Oexp(=3r))du+ | |A|O(exp(=5r))du.
P P P it

We now argue that, for every fixed € > 0,
(1) no()f [APdu+ [ [VAPdu=(1+e/2) [ |4
Et Et Et

+ [ 187 PO(exp(—4r))dp + | O(exp(—=7r))dpu.
Et Et

This is true because

Ix‘ilO(GXP(—57“))61MS/Z | AP0 (exp(~3ry))dp + . O(exp(=7r))dp,

3t
|A]|9] PO (exp(=3r)) < e/2|A|* + (9] [PO(exp(—4r)),
and, due to Proposition 4.2,

lim O(exp(—3r))dp = 0.

t—o00 Et

Before we use the stability of ¥; let us first remark that, according to
Lemma 3.1 and Lemma 4.1, we have for all ¢ sufficiently large

AP + R(v,v) = |AP +2 + R(v,v) > |A]? + O(exp(=3r)).

Hence, the stability assumption implies that

/ AP f2dp < / VP + / F20(exp(~3r))dp
P 3t 3t
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for all functions f with fEt fdu = 0. Using the test function (see [11, Section

5))
f—u—y[ udyu =u —u, with u:\fol\,
I

we obtain

[ 1Al < [ VIAIPau -+ 2 [ 4P
St P p3M
—I—/ (u — @)20(exp(—3r))dpu.
¢

Looking at the proof of Lemma 4.1 we see that

APdu= | O(exp(=3r)du = o(1)
Et Et

and so, because
w’ <o |APdy,
pM
we obtain for every € > 0 fixed

© [ 1Artdn<e [ Al o) 1APd
St P ¢
+ [ |V|A|Pdp + / (u — @)20(exp(—3r))dpu.
Et Zt
We now estimate the last two terms in this inequality. If {e1,es} denotes
an eigenbasis for A, one can easily check that

IVIA|]? = 2|VA(er,e1)?, VA(er,e1) = —VA(er, e2)
and
VAP = |VIA]? + 2|V A(er, e2) .
Using Codazzi equations and Lemma 3.1 we have that, for i,j = 1,2,
ViA(e;, ej) = Vj/ol(ei, ei) + R(v, e;)
= V;A(ei, ) + 10, |O(exp(—3r)) + O(exp(—5r))
and this implies that, for every ¢ > 0,
Vid(ei,e))[* > (1-¢/2)|V;A(er, e)]
+ 10, 20 (exp(—61)) + O(exp(—10r)).
Therefore, we can estimate

2|V A(er, e2)]* = (1= €)|VIA|]® + 19, PO (exp(~6r)) + O(exp(~10r))
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and obtain that

VAPdp > (2= o) [ [VIAdy
Et Zt

—I—/ 107120 (exp(—67))du+ | O(exp(—10r))dp.
Et Et
To handle the last term we remark that
[ w=aPO(exp(-3r)du < o) AP
Zt Et
and hence, we can rewrite equation (8) as

(-9 [ Aldn < 1/@~2) [ [VAPdu+o(1) 4 APd
St P P

+ [ 18] 2PO(exp(—6r))du + | O(exp(—10r))dp.
Et Et

Multiplying this inequality by (1 +¢€)/(1 —¢) (with € small) and adding to
equation (7) we obtain

F AP+ [ (Afau+ [ (AP < | (0] PO(exp(~r))d
Et Zt Et Et

+ [ Of(exp(—T7r))dp.
p3

O

5. INTRINSIC GEOMETRY

We study the intrinsic geometry of (X;):>0, the foliation of stable spheres
with constant mean curvature satisfying condition (1). More precisely, we
show

Theorem 5.1. After pulling back by a suitable diffeomorphism from ¥; to
S2, the metric
gt =A4r |Zt|71 gt
can be written as
exp(253¢)go
with

sup|B;| = O(exp(2F; — 3r;)) and /52 |V 8% dpo = O(exp(47; — 6r;)),

where the norms are computed with respect to gy, the standard round metric
on S2.

We need to show that the Gaussian curvature I?t of ¥; (computed with
respect to g;) converges to one with order O(exp(27; — 3r,)). In order to do
so, we know from Gauss equation (see Lemma 3.2) that we need to estimate

|4].
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Lemma 5.2. |A|? is uniformly bounded.

Proof. Suppose there is a sequence t; going to infinity and a sequence of
points z; in each ¥, (denoted simply by ;) such that

sup|A| = |A|(z;) =1/0;  and  lim |A|(z;) = 0.
3 i—00
Consider the sequence of ambient metrics g; = o, 2 g and denote the various

geometric quantities with respect to g; using an index i. Because H; = 0; H
converges to zero (see Lemma 4.1), we have that for all i sufficiently large

Al = H} 2+ |A]f = of (H? /2 + |AP) < 2.

Thus, there exists a universal constant ry for which B};O (z;)NY; is the graph
over T,.%; of a function with gradient bounded by one (see, for instance,
[5])). As a result, there is a uniform constant C' such that, for all s < rg,

Cc s’ < / dp; < Cs°.

Furthermore, the generalization of Michael-Simon Sobolev inequality proven
in [8] states the existence of some other universal constant C' such that, for
every compactly supported function wu,

1/2
</ u? dui> <C (/ |Vul; du; +/ H;|ul d,ui> .
> 3 %

Hence, because H; converges to zero, we have that for all ¢ sufficiently large
and every compactly supported function u

1/2
/ u? dp; < 20/ |Vul; du;.
B (z:)N%; Bi (2N

Finally, because |Al; is uniformly bounded, it follows easily from Lemma 3.3
that

0

AilA)? > =3|A]? + O(exp(—3r)).

We have now all the necessary conditions to apply Moser’s iteration ar-
gument (see, for instance, [13, Lemma 11.1.]) and obtain that, for some
constant C,

1= |A]2(z) < C / AP du: + Ofexp(~3r,))
X

=C [ |APdp+ O(exp(—3ry)).
i,

The last expression converges to zero by Proposition 4.3 and this gives us a
contradiction. (|
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Next, we improve the estimate on \A|2 The idea is to exploit the fact
that the hyperbolic metric is conformal to the Euclidean metric on the unit
ball. Therefore, each X; inherits another induced metric. The proof consists
in showing that, for this new induced metric, we can apply Moser’s iteration
argument for |A|? and thus bound the supremum by its L2 norm (computed
with respect to the Euclidean metric).

Proposition 5.3. The following estimate holds
sup|/i|2 < O(exp(27; — 2rt))/ \6;|20(exp(—4r))du + O(exp(27; — Try)).
Zt Et

In particular,

sup|AJ? < O(exp(2F; — 61)).

P
Proof. Recall that, with respect to the the unit model for the hyperbolic
metric, the metric g can be written as

g = > (da:2 + dy? + dzz) + O(wf?’)

where
2 2|z

@Z)(ZL') = 1_7|x’2 and SiHhT = 1_7’x|2

The surfaces 3; converge pointwise to the sphere of radius one and, ac-
cording to Proposition, 4.2 (i)

lim exp (—2r)dp = lim do =,
t—o0 bR t—o0 bR

where do denotes the surface measure induced by the Euclidean metric. The

trace free part of the second fundamental form and the mean curvature with

respect to the Euclidean metric are denoted by ]A| and H respectively. Next,
we argue that we have the necessary conditions to apply Moser’s iteration
on Y; with respect to the Euclidean metric.
We start with the remark that
—2
lim |A| do = 0.

t—o00 Et

The reason is that, by conformal invariance of

/ APdp,
P

the above identity is true if we substitute the Euclidean metric by § = ¢ 2g.
Nevertheless, this metric is a lower order perturbation of the Euclidean met-
ric and so, using the formulas derived in [9, Section 7] (more precisely iden-
tity (7.10)) the remark follows. Therefore, Gauss-Bonnet Theorem implies
that

lim Hdo = 167.

t—oo pon

We use this to argue that the mean curvature has no concentration points.
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Lemma 5.4. For ecvery g > 0 there is a positive ry such that, for all t
sufficiently large and all T in X,

/ FQdU < £0-
Etﬁgro (SC)

Proof. Denote by H? the 2-dimensional Hausdorff measure and consider the
sequence of Radon measures given by

ni(A) = nga,
Y:NA

where A is any H2-measurable set. From Allard’s compactness Theorem we
can extract a sequence Y; that converges to the unit sphere in the varifold
sense and, moreover, we can also assume that 7; converges to a Radon
measure 7} supported on the unit sphere. Lower semicontinuity implies that,
for every H2-measurable set A,

(9) 7(A) > 4H* (AN {|z] = 1}).
On the other hand,

1— 00

AH2({|z| = 1}) = 167 = lim s Hdo = 7({|z] = 1}).

Therefore, an equality in (9) must hold for every H?-measurable set A and
this implies the desired result. O

An immediate consequence of this lemma combined with the generaliza-
tion of Michael-Simon Sobolev inequality proven in [8] is the existence of
universal constants C' and 7y such that, for every Euclidean ball BTO cen-
tered at a point in {|z| = 1} and for all ¢ sufficiently large, we have both

that
1/2
/ u? do <C \Vu| do
Ethro Etméro

for every compactly supported function u and that
H2(A) < KHY(DA)

for every open subset A of ¥; N B, with rectifiable boundary. A standard
argument implies the existence of a universal constant C' for which

C1s? < H? (ES(x)> < Cs® forall s<ry,
where x is in ¥ and §5($) denotes the intrinsic ball of radius s.

With respect to the Euclidean Laplacian, the equation for |A|2 becomes
(see Lemma 3.3)

A|AP > —4y?|APIAP + O(1)|A]? + 19, | A|O(exp(—r))
+ O(exp(—6r)).
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The zeroth order terms are bounded and so, in order to apply Moser’s it-
eration argument, we need to check that 1?|A|? is in LP for some p > 1.
Because |A| is bounded, we have from Proposition 4.3

[ wrreiap o = [ wartedn [ JAPOxp(~(3 - )
P >t 3t
= O(exp((2 + )7 — 4ry)),
which is bounded for all € sufficiently small. Hence, setting
Qy = Sup|12i‘a
pI

Moser’s iteration (see, for instance, [13, Lemma 11.1]) implies the existence
of some constant C depending on & small for which

) 1/(1+¢€)

a? <€ [[VaPdo + o [ 107 PrE0(esp(—(1+ <))o )
Et Zt

+ Ofexp(—6r,)).

Therefore, Proposition 4.2 (iii) implies that
a; < O(exp(—2r,)) / |APdp + O(exp(—2(3 +£) /(1 + €)r,)).
P

The result follows from applying Proposition 4.3 and choosing ¢ appropri-
ately small.
O

We can now prove Theorem 5.1.

Proof of Theorem 5.1. Lemma 3.2 and Lemma 4.1 imply that the Gauss-
ian curvature of ¥; with respect to g; satisfies

Ky =1 [Sy] |AP/(87) + O(exp(2r, — 3r,)).
As a result, we obtain from Proposition 5.3 that
Ki=1+ O(exp(47; — 61,)) + O(exp(27; — 3r;)) = 1 + O(exp(27: — 31,)).

Hence, because we are assuming condition (1), I?t converges uniformly to
one and this implies that, after pulling back by a diffeomorphism, the metric
gt can be written as exp(20;)go where, according to [4, Lemma 3.7], (;
converges uniformly to zero and, denoting the coordinate function on S? by
Z1,x2, and z3,

(10) / xjexp (208;)dpo =0 for j=1,2,3.
SQ
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Using the smallness of 3; for ¢ sufficiently large, we have that (§; satisfies
the equation

Aoy =1— K exp(203;)
=1 —exp(26) + O(exp(27; — 3r,)) exp(20;)
= =26t + f(Bt) + O(exp(27T; — 3r;)) exp(205;),

where
f(s) =1+ 2s — exp(2s)
is such that | f(3;)| = O(B?). Therefore,
(1) fi=of._ Ao =+ F(6)/2dp0 -+ Olexp(2r: ~51,)
= O(IBil3) + O(exp(27; — 3r,))
and, combining integration by parts with Cauchy’s inequality,

(12) /52 VB2 dpo < (2 + o(1) +1/2) /32 B2dug 4+ O(exp(47; — 61,)).

On the other hand, we know that the L? norm of the projection of 3; on
the kernel of A + 2 has order O(|3:|3) because, from (10), we have that for
J=123,
2 [ o= | it (Bdo = 0151
52 52
Hence, because 3; converges uniformly to zero,

/ VB 2o > (6 + o(1)) / (6 — B duo.
S2 S2

Combining this with (11) and (12) we obtain
/52 B2dpo = O(exp(47; — 61,))

and so, by (12), the estimate on the L?-norm of the gradient follows. Finally,
a simple computation shows that for some constant C

Noff = —CB} — O(exp(47; — 6r)).

Thus, from Moser’s iteration, we obtain that for another constant C'

sup gi<C /SZ B dpo + O(exp(47¢ — 6r,)) = O(exp(47; — 6r,)).
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6. UNIQUE APPROXIMATION TO COORDINATE SPHERES

The purpose of this section is to show that a foliation by stable spheres
(34)¢>0 with constant mean curvature must approach the coordinate spheres
{|z| = r} when t goes to infinity. Such result is obviously false in hyperbolic
space because we can always apply an isometry to our foliation that changes
its center. Hence, we need to use the fact that the ambient manifold is
an asymptotically hyperbolic space with nonzero mass. The connection
between nonzero mass and uniqueness of the limit for any foliation will be
made through the Kazdan-Warner identity. More precisely, we show

Theorem 6.1. Let (X;);>0 be a foliation by stable spheres with constant
mean curvature satisfying condition (1). Then

tlim (Fe—1r) =0 and tlim 10,7 [2dp = 0.
—00 —00 poM

Proof. Let
wy(x) = r(x) — 7, where |5 = 4rsinh?#,.

We want to show that

t—o0

tlim wg=0 and lim / |V |2dp = 0.
—00 v,

An immediate consequence of Proposition 4.2 and Theorem 5.1 is that

t—o0 52

(13)  lim exp(—2wt)d,u0:tlim/ 4 exp (—2wy) /|24 |dp
—00 bop
= tlim dexp (—2r)du = 4.
—00 oM

We start by deriving a sequence of preliminary results. Combining the
first identity in Proposition 3.4 with both Lemma 4.1 and Theorem 5.1, we
obtain that the Laplacian of w; with respect to the standard round metric
go is given by

(14) Apw; = exp(—2wy) — 1+ P,
where
Py = —2|Vow|? exp(—2r) + (47) 71 |Z¢] exp(26:) (1 — (8, v))?
+exp(26;)(1 — (Or,v)) + (exp(—2w¢) + 1)O(exp(27¢ — 3r,))
+ O(exp(—2ry)).
Furthermore, Proposition 4.2 and (13) imply

Lemma 6.2.

g |P|duo = O(exp(—ry)) + O(exp(2T¢ — 31y)).
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Note that if §; was the round metric and P; = 0, then solutions to equation
(14) would correspond to constant scalar curvature metrics. Because there
is no compactness for the set of such solutions, we cannot expect to derive
apriori estimates solely from equation (14). In order to have good estimates
we need to prevent exp(—2w;) from concentrating at any point. This will be
achieved because of the lemma we present next. It uses the Kazdan-Warner
identity [12] combined with the fact that the mass of the ambient manifold
is not zero and that ¥; has constant mean curvature.

Lemma 6.3. For each of the standard coordinate functions 1,2, x3 on S?
we have

m [ x;exp(—3w)duo = O(exp(27; — 3r,)) /2 x; exp(—3wy)dug
S

S2
+ O(exp(37¢ — 4r,)) + O(exp(57; — 61)).

In particular, fori=1,2,3,

-1
lim x; exp (—3wy)dpyg (/ exp (—3wt)d,u0> =0.
S2

t—o0 52

Proof. Recall that the Gaussian curvature of ¥ with respect to g; is denoted
by K;. Kazdan-Warner identity [12] says that, for the standard coordinate
functions x1, x9, 23 on S2, the following identity holds for each i = 1,2, 3,

/52<th, V) exp(26;:)duo =0
or, equivalently,
/52 xif?t exp(20;)dpy — /52 [?MV&, Va;)exp(26;)duy = 0.
We saw in Section 5 that
Ky =1+ O(exp(27; — 31))
and this implied that (see Theorem 5.1)
By = O(exp(21; — 3r,)) and /52 |V B|?dpo = O(exp(47; — 61,)).
Thus,
/52 (V B¢, V)| duo < O(exp(27; — 3r,))

and so

/S ] Ki(V B, Va;) exp(28;)dpo = /S VB, Vai)dpuo + Olexp(dr; — 6r,))

= / 2B¢xidpo + O(exp(4ry — 6r,)) = O(exp (47t — 614)),
S2
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where the last equality comes from the fact that (recall proof of Theorem
5.1)

(15) / xjexp (26y)dpo =0 for j=1,2,3.
S2
Therefore, the Kazdan-Warner identity becomes

(16) /52 2Ky exp (26)dpo = O(exp(47; — 6r,)) for i =1,2,3.
From Lemma 3.2 we know that
AnRy = |5y (H? — 4)/4 +m|%| /sinh3 r — 3m|0) |2 %] /(2 sinh3 r)
— [AP 3] /2 + O(exp(2r; — 57))

and hence, because ¥; has constant mean curvature, we obtain from (16)
and (15) that

m/ x; |Et|3/281nh_3rexp (26;) duo
S2

:/ 3/2m|8ﬂ2[2t|3/2 sinh ™3 r exp (26;)dpo

paM
" /S ISHP2 [A2/2 exp (28) dito
+ O(exp(37; — 5r,)) + O(exp(57; — 61,)).

The first assertion in the result follows because, due to Theorem 5.1, Propo-
sition 4.2, and Proposition 4.3,

/ 3m|0, |2 [2¢*/? /(2sinh® r)dpo = O(exp(Ty — 3ry)),
3t

/ AP IS dpg = O(exp(37 — 4ry)),
S

and

m/ x; |th|:3/2/s.inh3 rdug = (47r)3/2m/ x; exp(—3wy)duo
52 S2
+ O(?t - Sft) + O(—4Zt).

The second assertion of the lemma follows from Hélder’s inequality and
condition (1). O

We use this lemma to prove
Proposition 6.4. The functions w; are uniformly bounded in W12,

Proof. Given a smooth function v on S2, denote

S[u]z/ \Voulzduo—Q/ udfip.
S2 S2
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This functional has the property that, given F' a conformal transformation
of S2, then

Slu] = S[v] where F*(exp(—2u)go) = exp(—2v)go.

This invariance can be used in the same way as in [4, Proposition 4.1] in
order to show

Lemma 6.5. S[wy| is bounded independently of t.

The proof will be given in the Appendix. From integration by parts in
(14) we obtain

(17) / |V0wt|2d,u0—/ wtd,ugz—/ wtexp(—th)d,ug—/ wy Pydpg.
S2 S2 S2 S2

The last term on the right hand side converges to zero because Lemma 6.2
implies that

[l Pikdso < 7= £ (Ofexp(=1) + Olexp(2ri = 3r,).
Set
VtE/ exp (—2w¢)dpo,
52

which we know that it converges to 47. Using Jensen’s inequality we obtain
that, for all ¢ sufficiently large,

(18) / [Vowy|*dpio —/ wy dpo < Vi log <V}_1/ eXp(—Bwt)du()) +1.
52 S2 S2

We estimate the first term on the right-hand side using a slightly modified
form of Aubin’s inequality [1, Theorem 6].

Lemma 6.6 (Aubin). Given a smooth function u in S* such that for all

i=1,2,3
~1
/ x; exp (—3u)dpo </ exp(—3u)d,u0> <1/2
SZ SZ

then, for every 6 > 0 there is C(J) so that

9
47rlog7[ exp(—3u)duy < < + 5) / |Voul?dpo — 3/ udpg + C(0).
2 8 52 2

Aubin’s proof extends to this setting with obvious modifications. Lemma
6.3 implies that we can apply this result and so, combining it with (18), we
have

C(9) <((9/84 )V /(4m) — 1) [qg\vowt|2du0 — (3V/(4m) — 1) /52 wid

for some constant C'(0). Therefore, using Lemma 6.5, we obtain the existence
of some constant C'(d) for which

C(5) < (25 = 3/4)Vi/(4) =1) [ i
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and thus, choosing ¢ sufficiently small, we get that

/ we dpo
S2

is uniformly bounded from above. We already know it is trivially bounded
from below because V; converges to 47 and so, we can apply Lemma 6.5 and

conclude that
/ [Vow[*dpo
52

is uniformly bounded above. The result follows from Poincaré inequality. [J

For any sequence t; going to infinity, we can extract a subsequence so
that wy; converges weakly in W12 to wg. Furthermore, we know that from
Trudinger’s inequality [16] (see also [3, Corollary 1.8]), exp (—pwy,) con-
verges in L' to exp (—pwy) for any p. Therefore, for i = 1,2, 3,

(19) m x; exp(—3wog)dpo =0 and / exp(—2wp)duo = 1.
52 52
On the other hand, it is easy to recognize from (14) that w satisfies weakly
Apwy = exp(—2wyp) — 1

and so, the identities in (19) imply that wg = 0, i.e., w; converges weakly
in W12 to zero. Hence, from Rellich’s Theorem and integration by parts
formula (17) we obtain

lim / ]Vowt\Qduo = lim / w?duo =0.
t—oo Jg2 t—oo Jg2
We argue next that w; converges to zero uniformly. We start with

Lemma 6.7.
lim sup|d, |* = 0.
t—o0 ¥,
Proof. Note that we have from Proposition 4.2
lim / 10,7 [2dp = 0.
p3M

t—o0

Arguing like in the proof of Proposition 3.4 and using the fact that the norm
of the second fundamental form of ¥; is bounded, it is straightforward to
see that

V{1, 8;)| < €19, | + O(exp(=3r))
for some constant C'. Combining Proposition 3.4 with the Bochner formula
for |Vr|? we obtain that, for some other constant C and for all ¢ sufficiently
large,

AlD 2> =9 >+ 2|VVr|? — |[VVr||0] PO (exp(—2r))
+19,|O(exp(—3r))
> —C|9,|* + O(exp(—67)).
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Because the second fundamental form of 3; is bounded, we can invoke the
same reasons as in Lemma 5.2 in order find 7y so that, for all ¢ sufficiently
large and all = in 3;, we can apply Moser’s iteration argument in By, (z) "X
and conclude that

supld] > < C / 107 dy + Oexp(—6r)),
p3M p3M

where C' is a constant independent of ¢. ([

An immediate consequence of this lemma, Proposition 4.2, and the iden-
tity |0, |> = 1 — (v, 0,)% + O(exp(—5r)) is

Lemma 6.8. For all t sufficiently large
O(exp(=5r)) + 10, */3 < 1 — (1,0,) < |9, [*/2 + O(exp(—5r)).
A simple computation using identity (14) shows that
(20) Agw? > 8rw(exp(—2w;) — 1) + 2Pwy
and we want to write this inequality as
Agw? > —Cw? — (finite sum of positive terms f;),

where C' is a t-independent constant and each term f; has its LP norm
converging to zero for some p > 1. We can then apply Moser’s iteration
argument and conclude that, for some constant C,

supwt2 < C/52 thdMO +CZ | fil e
i

This implies uniform convergence of w; to zero.
In what follows, C is a generic constant independent of t. The first term
in (20) can be easily estimated as

wy(exp(—2w;) — 1) > —w?/2 — (exp(—2w;) — 1)%/2,

where the term with the exponential converges to zero in any LP-norm due
to Trudinger’s inequality [16]. Looking at the expression of P, w; (see (14)),
we have that the the first term and the third term cause no problem because

—|Vow|? exp(—2r)w; = O(1)|9,|? exp(—2w; )w; + w;O(exp(—2r;))
> —Cw} — C19,|* exp(—4wy) + O(exp(—4r,))
and also
(L= O v))we = —w}/2 = (L= (0r,v))* /2 2 —wi /2~ |0, |'/8.

The same sort of estimate works for the last two terms and to handle the
second term we note that, by Proposition 4.2,

/ Vw10 duo < 9 / (1= (B0 v) + Olexp(—5r)))?dp = Olexp(~r,)).
S2 3t
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Hence, for some constant C,

[92(2t’ (1 - <8T,y>)2‘wt‘)1+sduo < C/SQ’VOw’2+2€‘a;r‘2+2€|wt|1+€dl$0
< [ o i
§2

= CISE [ Vo] Pl dno

< |7 — 1" O(exp(2eT¢ — 1))

and, because we are assuming condition (1), we obtain that, for some suffi-
ciently small ¢,

lim [ (IS¢ (1= (8, v))2|w]) Fodpo = 0.

t—o0 92

7. STRONG APPROXIMATION TO COORDINATE SPHERES

We will start by arguing that we can choose 7; such that
H = 2cosh 7/ sinh 7 — m/ sinh® 7, 4 o(exp(—47%)).

We will then show that, with respect to g;, X is o(exp(—r;)) “close” to
{|z| = 7}. This is exactly the rate we need in order to prove uniqueness
for the constant mean curvature foliation. Being more precise, rename the
family of functions w; on ¥; by

wi(x) = r(z) — 7.
This section is devoted to show
Theorem 7.1. With respect to the metric g,
[wi|cz.e = o(exp(—1y)).

Before proving Theorem 7.1 we need to argue that 7 is well defined. In
order to do so, the following proposition is important

Proposition 7.2. The following identity holds for each ¥ :
sup [0 2 = o(exp(~2r,)).

pI

Proof. Direct computation implies the following gradient estimate
Lemma 7.3.
V10, | < (dexp(=2r) —4n/ |Su])[,] | +3[8, | + 10, |o(exp(—2r)).

Proof. Because g is a perturbation of the hyperbolic metric, if we decompose
a unit tangent vector V as V + (39,, where V has no 0, component, then
18] < 10,]| + O(exp(—3r;)) and so

(21) [V =V,0.) <10 P + 18, [7O(exp(~3r,)).
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Denoting the connection with respect to the hyperbolic metric by V, we can
estimate
(V,VI0] ) = 2(Vvdr, 0,) = 200, v)(Vyw,8) + 10, |O(exp(=3r,)).
Due to Theorem 6.1 and Proposition 5.3, we know that

sgp|A] = o(exp(—2r,)).
t

Hence,
(V,V|9 %) = 2(coshr/sinhr) (V,d) — (8,,v)(V,d] VH
+o(exp(—2r,))[9) |
< (2coshr/sinhr — H)|9, | + H(1 - (9,,v))(V,8,)
+ H{(0p, v)(V = V,0]) 4 o(exp(—2r,))|9, |
< (dexp(=2r) — 4n/ |Ze)|0, | + 319, P + 19, |o(exp(—2r,)),
where in the last inequality we used Lemma 4.1, Lemma 6.8, and (21). O

Choose p in ¥; so that |9, |(p) = 0. Given ¢ in ¥, denote by (s) the unit
speed geodesic connecting p to ¢ and let f(s) = |9,/|(7(s)). From Lemma
7.3 we have

d
£f2 < (|47 / 2| — 4exp(—2r)| 4 o(exp(—2r,))) f + 3f°
< ajf+3f°,
where
a? = sgp|47r/ |2:] — 4exp(—2r)| + o(exp(—2r;)).
t
If we set
V(s) = oy tan((3/4) %0y s) /V/3,
then

(V) = a2V 4 3V?2
and so, while V' is well defined, we have f <V because f(p) = 0. Moreover,
diam(g;) converges to 2 and therefore

lim oZdiam?(g;) = lim o |S;] 7!
t—o0 t—o00
< lim sup |4 — 4|8 7 exp (—2r,)| = 0,
t—oo v,

where the last equality follows from Theorem 6.1. Hence, we obtain for all
t sufficiently large

10, 1(q) = f(q) < V(diam(g;)/2) < az = o(exp(—1,)).
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The decay for |9, | proved above combined with Lemma 6.8 allow us to
write the second identity in Proposition 3.4 as

Ar = 2coshr/sinhr — m/sinh®r — H + P,
where | P| = o(exp(—4r)). Thus, we obtain after integration

H = 2 coshr/sinhr — m/ sinh® rdu + %o(exp(—élr))d,u
3t

and so, the existence of 7; satisfying r, < 7y <7y follows easily.
We also remark that a careful inspection of the term P shows that

(22) [VP| = ofexp(~5r))

because, as can be seen from Lemma 6.8, Lemma 7.3, and Proposition 7.2,
we have

V(8r,v)| = o(exp(=3r)) and |V[9, [*| = o(exp(—3r)).
Proof of Theorem 7.1. We know from Theorem 6.1 that w; converges to
zero uniformly and thus, the expansion for H implies
Ar = 4exp(—27) (exp(—2w;) — 1) — 8mexp(—37¢) (exp(—3w;) — 1)
+ o(exp(—4r))
= —8wyexp(—27¢) + f(wy)O (exp(—2r)) + w;O(exp(—3r))
+ o(exp(—4r)),
where
f(x) = exp(—2x) — 1 4 2z.
Hence, from Theorem 5.1, the above identity translates to
Aowy + (2exp(27y — 27 + 26;) + o(1))wy = f(we)O (1) + o(exp(—2r)).

When ¢ goes to infinity the above operator converges to Ag+2. Therefore,
in order to get a good control of w; we need to control the projection of w;
on the kernel of Ag + 2. This is achieved using the following improvement
of Lemma 6.3

Lemma 7.4.

‘/WMMZWWHW+M@M%i=M&
5’2

Proof. We saw in Lemma 7.3 that |A|?2 has order o(exp(—4r,)) and so, we
obtain from Lemma 3.2 and Proposition 7.2 that

Ki =1+ o(exp(-1,)).
This implies that (check proof of Theorem 5.1)
exp(26;) = 1+ o(exp(—ry))

and thus, an inspection of the proof of Lemma 6.3 shows that

m [ exp(—3w)xidug = o(exp(—r;)) i=1,2,3.
S2
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This implies the desired result. U

As a result, if we decompose wy as u; + v¢, where u; is in the kernel of
Ag + 2 and v is perpendicular to us;, we obtain from the previous lemma
that

[utl ez = o(exp(—ry)) + [we30(1)
and thus, because u; converges to zero uniformly,
(23) [urlc2.a = o(exp(—ry)) + [0 30(1).
On the other hand, we have that v; satisfies
(24) Aogve + (24 o(1))vy = wo(1) + f(wi)O (1) 4 o(exp(—2r)).

Looking at the way the terms in this equation were derived and using (22)
we see that

[uro(1)]go = o(L)[ulgo,  [f(we)O (D] coa < OL)welEo.a,
and
lo(exp(—27))|co.a = o(exp(—2r,)).
Hence, from Schauder estimates, we have that for some constant C'
[l za < 0(1)|tg]coa + Clwi|20.a + C'suplve| + o(exp(—2r,))

Moreover, |w|co,« converges to zero (see Proposition 7.2) and hence we have
from (23)

|ve| 2. < suplug| + o(exp(—T1)).

Using the same arguments as in the proof of Theorem 5.1, we can see that
the orthogonality condition of v, identity (23), and equation (24), imply the
estimate

/ w?dpy = o(exp(—2r;)).

SQ

A simple computation shows that, for some constant C,
Agv} > —Cvf — Cuf + o(exp(—2r))

and thus, using Moser’s iteration we obtain

supv? < 0/52 widpg + Csupu; + o(exp(—2r,)) = o(exp(—2r,)).
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8. EXISTENCE AND UNIQUENESS OF CONSTANT MEAN CURVATURE
FOLIATIONS

8.1. Uniqueness. We are now ready to prove the main theorem.

Theorem 8.1. If the mass of the asymptotically Anti de Sitter- Schwarzschild
metric is nonzero, then any two smooth foliations by stable spheres with con-

stant mean curvature (E})DO and (E%)po for which
(25) lim (7; —4/3r;) = —o0
t—o0

will coincide for t sufficiently large.

Proof. We can reparametrize the foliations so that H(X}) = H(X?) = H;
for all ¢ sufficiently large. The results in the previous section imply the
existence of 7; so that

H; = 2cosh#;/sinh 7 — m/ sinh® 7 + o(exp(—47%))
and for i = 1,2, the functions
wy =r(x) — 1

7

t
have C% norm of order o(exp(—r;)), where the norm is computed with
respect to the rescaled metric gi. From Theorem 5.1 we know that, after
pulling back §! by a suitable diffeomorphism, the metric can be written
as exp(26;)go, where go denotes the standard round metric on S2. The
following lemma improves the estimate on [;.

Lemma 8.2. The functions B¢ can be chosen so that
Bl 2o = oexp(—ry)).

Proof. A direct computation using the fact that each ¥} is the graph over

{lz| = 7} of a function w} with |w}|c2e = o(exp(—r;)), reveals that

|/ci|%,0ﬂ = o(exp(—2r,;)), where the norm is computed with respect to the

metric gg. Combining Lemma 3.2 with the asymptotic expansion of Hy in

terms of 74, we obtain that the Gaussian curvature of §; can be written as
K =145, where |Si|coa = o(exp(—r,)).

The functions 3; were chosen so that, for each coordinate function x1, zo,
and x3,

/ exp(26;)xidpy =0, i=1,2,3
5‘2
and they satisfy the equation
Ao =1— I?t exp(205;)
=1—exp(20;) + exp(206;)o(exp(—7)).

One can then use the smallness of 8, and argue in the same way as in the
proof of either Theorem 5.1 or Theorem 7.1 in order to prove the lemma. [
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With respect to the coordinates (r,w) in R x S? we consider, for each

fixed t, the interpolation surfaces
s = {f+ (1 — s)w; (w) + swi(w) |win 7}, 1<s<0
and set
Ft(S) = H(Et,s)-

In what follows, we fix ¢ large and suppress the index ¢ in the notation

for the sake of simplicity. From Taylor’s formula, we have

1
F1)=F(0)+F'(0)+P, P= / / sF" (su)duds,
0o Jo
where
F'(0) = As, 6 + (AP + R(v, 1)), 0, =0’ —w'
and, for some universal constant C,
[F"(s) < C(IV28ll¢] + [Vl + ] exp(—2r))s, ..
We know that F(1) = F(0) and that
(|A]? + R(v,v))1 = (H? — 4)/2 — m/ sinh® 7 + O(exp(—4r))
= 87 /|8| — 3m/ sinh® 7 4 O(exp(—4r)).

Therefore, using Theorem 7.1, we have that, with respect to the metric go,
¢ satisfies the following equation

Aogp + exp(203)(2 — 3m/sinh 7 + O(exp(—2r)))¢p
+ |2 (4m) " exp(26)P = 0
or, alternatively,
Aod + (2 — 3m/sinh7)p = Q — |21 (47) " exp(28) P,
where
Q= (1 —exp(20))(2 —3m/sinh7)¢ — exp(26)O(exp(—2r)).
Consider the decomposition
p=do+¢1, Q=Qu+Q1 [S'exp(2)P =P+ P

where ¢g, Qq, Py belong to the kernel of Ag+2 and ¢1, @1, P; are orthogonal
to ¢o, Qo, Py respectively. Then

(26) Ao¢r + (2 —3m/sinh )¢ = Q1 — P,
(27) 317’L/ sinhfqbo = PO - QU,

and it is immediate to recognize that, for some universal constant C,
2
|Polcoe + [P1|coe < Clo|ge.a

and
|Qolco.a + |Q1]coe < oexp(—1))[@|co.a,
where the norms are computed with respect to gg.
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Applying Schauder estimates to equation (26) and using the fact that
|| 2.0 converges to zero, we obtain

|p1]c2.0 < CSUIP $1] + Cldolg.a + olexp(—r))|dolco.a,
5

where C' is some uniform constant. The orthogonality condition satisfied by
¢1 can be used in the same way as in the proof of Theorem 7.1 in order to
show that

sup ¢1] < Cl|Z2.0 + o(exp(—1))[d] co.a-

Therefore,
|$1]c0 < Cldolgna + o(exp(—r))|dolco.e,

where C' is some uniform constant. Because the C*% norm of ¢q is bounded
by its C%% norm, we obtain from (27) that

[¢olcz.e < O(exp(r))[8[En.a + o(1)]@lcoe
< O(exp(z))[boléza + o(1)|olcoe-
From Theorem 7.1 we have that |¢|o2, = o(exp(—r)) and thus

|¢0]co.a < o(1)|dolco.a.

Consequently, for t sufficiently large, ¢9 = 0 and this implies that ¢; = 0.
1

Hence w} = w? for all t sufficiently large and this is the same as ¥} = ¥2. O
8.2. Existence. We show existence of a foliation by stable spheres with
constant mean curvature when the mass of the asymptotically Anti de Sitter-
Schwarzschild metric is positive. This result was previously shown by Rigger
[15] using a modified mean curvature flow approach. The argument we use
is a straightforward adaptation of the arguments used by Rugang Ye in [18],
where he showed a similar theorem in the context of asymptotically flat
manifolds. We include the proof of existence of a foliation for the sake of
completeness.

Theorem 8.3. If the mass of the asymptotically Anti de Sitter- Schwarzschild
metric is nonzero, the manifold M admits, outside a compact set, a foliation
by spheres with constant mean curvature. Moreover, if the mass is positive,
then the spheres are stable.

Proof. Given ¢ € C*°(S?) and r sufficiently large, let

Zr(¢) = {(r + ¢(x),2) |« € 5%}

and set F(r,¢) = H(X,(¢)). Because the metric g is a C3 perturbation of
gm, we have from Lemma 3.1 that

F(r,0) = 2coshr/sinhr —m/sinh®r + O(exp(—5r))
and

(|A|2 + R(v, I/))Er(o) =87 /|%,(0)] — 3m/ sinh®r + O(exp(—57)).
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For every r sufficiently large, we want to find ¢ so that
F(r,¢) = 2coshr/sinhr — m/sinh®r.

Using Taylor’s formula like in the previous subsection, the above equation
is equivalent to solve on S2

Ag¢ + (2 = 3m/sinhr)¢ = P(¢) + Q(¢) + N,
where
N = |Z,(0)|(F(r,0) — 2coshr/sinhr + m/ sinh®r) /(47)
satisfies
[Nlcoa = O(exp(=3r))
and P and @ are such that, for some uniform constant C,
[P(@)lcoe < ClolZaa,
|P(¢) = P(¥)|coa < C[|c2a + []c2a)|d — Yoz,
Q(#)|co.e < oexp(—7))|¢|co.,

and

1Q(¢) — Q(¥)[co.e < o(exp(=7))|¢ — P|co.a.

Consider the map
T : C*%(§%) — C*(5?)
such that
Ao(T(w)) + (2 —3m/sinhr)T(u) = P(u) + Q(u) + N.

The map is well defined because the operator on the left hand side is invert-
ible. The existence of a constant mean curvature foliation follows from

Lemma 8.4. For all r sufficiently large, the map T is a contraction of
{ue C**(8?) | |ulcza < exp(—r)/r}
onto itself.
Proof. Set ¢ = T'(u) and consider the decomposition
¢=¢o+¢1, Plu)=PFPo+P, Qu)=0Qo+Q1, andN=Ny+ Ny,

such that ¢g, Py, Qo, No belong to the kernel of A+ 2 and ¢1, P;, @1, N1 are
orthogonal to ¢g, Py, Qo, Ny respectively. Thus,

—3meo/sinhr = Py + Qo + No
and so
[dolc2e < Olexp(r))ulge.a + o(1)|ul e + O(exp(—2r))
< o(1) exp(—r)/r.
Furthermore,

Aoy + (2 — 3m/ Sinh’l”)gf)l = Pl(u) + Ql(u) + NV
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and hence, we can argue in the same way as in the proof of Theorem 5.1
and use the orthogonality condition satisfied by ¢ in order to show that

|1]c2.0 < Clulgen + o(exp(—r))|ulc2a + O(exp(—3r))
< o(1)exp(—r)/r

for some uniform constant C'. Therefore, we have for all r sufficiently large
that |¢|c2.« < exp(—r)/r. Finally, we can argue in the same way and check
that
T (u) — T(v)|c2.e < o(1)|u —v|c2.a.
O

Denote by Y, the constant mean curvature sphere that is the graph over
{]z| = r} of a function w, with |w,|c2.« < exp(—r)/r, where the norm is
computed with respect to the standard round metric gg. We need to show
that X, is stable for all r sufficiently large, i.e., we need to show that second
variation operator

Lf=-Af— (]A\Q + R(v, l/)) f

has only nonnegative eigenvalues when restricted to functions with zero
mean value.
Because X, is the graph of a function with |w,|c2.e < o(exp(—r)), we

have that

sup AP = o(exp(—4r)),

X
where this norm is computed with respect to the metric g, induced by the
ambient metric. Moreover, we also have that

|A]> + R(v,v) = 81/|%,| — 3m/ sinh®r + O(exp(—4r)).

In this setting, Theorem 5.1 and Lemma 8.2 apply and so, after applying
a suitable diffeomorphism, the normalized metric g, = 4n/|%,|g, can be
written as exp(20,)go, where |3,|c2.« < o(exp(—r)). Hence, in terms of the
metric gg, the positivity of the operator L is equivalent to the positivity of
the following operator defined on S?

Lop = —Aog¢p — (2 — 3m/ sinhr + o(exp(—r))¢.

This is true for all r sufficiently large whenever m is positive. ([

APPENDIX A. PROOF OF LEMMA 6.5

Given a smooth function u on S?, recall that

S[u]z/ \Vou]2du0—2/ udpg.
S2 S2

We want to show that S[wy] is bounded independently of t. We essentially
follow, with some necessary modifications, the proof of [4, Proposition 4.1].
The main idea consists in exploiting the invariance of S under conformal
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transformations. More precisely, we will find conformal diffeomorphisms F}

for which the family of functions u; defined by
exp(—2uy)go = F (exp(—2wy)go)

/\VutIQd,uo and /utduo
S2 S2

are uniformly bounded. The desired result follows because Sfu¢] = S[wy].

A standard application of Brower’s fixed point Theorem (see for instance
[2, Lecture 3, Lemma 2]) implies the existence of a conformal diffeomorphism
T such that, for i = 1,2, 3,

(28) /2 xiexp(—4w; o Fy + 4v;)dpo = 0,  where  Fy'(go) = exp(2v¢)go-
s

is such that

Moreover, v; has an upper bound given by
Lemma A.1. There is a universal constant Cy so that
sup|y| < Co +2/3(Fr — 1y).

Proof. Assume that the maximum of o4 is attained at the north pole p in
S2. We know that

| amesp(ctun o T+ dwdio = [ (o) exp(~duw o T+ dri)duo
{x3>0} {z3<0}

and so

(29) 1/2/ exp(—4 sup wy + 4vy¢)dpo
{z3>1/2}

< / exp(—4inf wy + 44 )d .
{z3<0}

In stereographic coordinates, v; can be written as
ve(w) = log(A(L + [a]%)/(A? + |z[*))

for some A < 1. Note that sup~y = —infy = —log A. An explicit compu-
tation shows the existence of some rg so that, if

Fr)=8/3N M + A2 + 30t + 3(A2 + 1)r2 + 1)/ (A2 +12)?,
then
/ exp(4ye)duo = f(0) — f(ro)
{z3>1/2}
and

/ exp(4vy)duo = f(1).
{z3<0}

Hence, there are universal constants C7,Cs, and C3 so that, for all A <1,

/ exp(4y)dpg > CIA™2 — Cod?
{z3>1/2}
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and
/ exp(4yt)dpg < CsA™.
{z3<0}
Therefore, (29) implies that, for some universal constants Cs
A6 < O exp(4supwy — 4inf w;) + Cs.
The result follows because sup wy — inf wy =74 — 1. O
Let
ug =wioT — v +1ogd/2, where § = ][ exp(—2wy)dug.
SQ
The effect of J; is to ensure that exp(—2u¢)go has volume 47 and we observe
that, combining Theorem 5.1 with Proposition 4.2, we obtain
0t = 1+ O(exp(—r;)) + O(exp(27¢ — 3ry)).

Because
Sluz] = Sfwi] — log dy,

it suffices to show that S[u| is uniformly bounded.
Because

Aoy =1 — exp(2m),
we have (14) that
Agup = exp(—2u) — 1+ Qy,
where
Qr = exp(271) Py o T + exp(—2u) (6 — 1).
Integration by parts yields

2/ |V0ut|2d,u0—2/ uzd o
S2 S2
—/ —2utexp(—2ut)dug—/ 2uQdpg.
S2 S2

We argue that the last term on the right-hand side is bounded independently
of t. Note that Lemma 6.2 and Lemma A.1 imply that

/ |urQt|dpo < / lug o T~ Py|dpo + |0¢ — 1] / lug o T~ exp(—2w; ) dpo
52 52 52
< (I7e = 14| + Co) (O(=r¢) + O(exp (27, — 31)))
and so, because we are assuming condition (1), we obtain
lim / |urQ¢|do = 0.
t—o0 Jg2

Thus, using Jensen’s inequality we obtain that, for all ¢ sufficiently large,

(30) 2/ |Vou |2 dpo — 2/ urdpg < 4 logy[ exp(—4ug)dpo + 1.
S2 S2 S2



André Neves and Gang Tian 37

Lemma A.2.

/ [Voue|dpo
S2
is uniformly bounded independently of t.

Proof. Denoting by G(z,y) the Green’s function for the Laplacian on S? we
have

w(x) = /S | utdpo — /S | Bour(y) Gz, y)dpo(y)
and so, because VG(-,y) is in L' for all y,
/ |Vout|dpo S/ |Agug|dpo < C
52 52

for some constant C' independent of ¢. ([

This lemma and identity (28) allow us to use an improvement of Aubin’s
inequality [1], due to Alice Chang and Paul Yang [4, Lemma 4.2 |, which
says that under these conditions

4m 10%7[ exp(—4uy)dpy < 2/ [Voue| *dpio — 4/ ugdpg + C
52 52 52

where C' is a constant independent of ¢. Combining this with (30) we get

that
ﬁtz/ ug dig
S2

is uniformly bounded from above. A uniform bound below follows trivially
from exp(—2u:)go having volume 47. In order to bound the gradient term
we integrate by parts again so that, for all ¢ sufficiently large,

2/ \Vout\Qduo = 2/ exp(—?ut)(ﬂt — Ut)d,u,(] + / 2(’[)15 - ut)Qtd,uo
S2 S2 S2
< 2/ (exp(—2u¢) — 2m) (g — ug)dpo + 1
S2

< 2mlog ((27r)1 /52 (exp(—2uy) — 2m) exp(2(dy — ut))du0>

+1

<27 log/ exp(—4ug)dpo + C
S2

s/ \Voue|*dpo + C,
52

where C' is a constant independent of ¢.
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