INSUFFICIENT CONVERGENCE OF INVERSE MEAN
CURVATURE FLOW ON ASYMPTOTICALLY
HYPERBOLIC MANIFOLDS

ANDRE NEVES

ABsTrACT. We construct a solution to inversemean curvature Bow on
an asymptoti cally hyperbolic 3-manifold which does not have the con-
vergencepropertiesneededin order to prove a Penrosebype inequality.
Thi s contrasts sharply with the asymptoti cally Rat case. The main idea
consists in combining inverse mean curvature Row with work done by
ShibTram regarding boundary behavior of compact manifolds. Assuming
the Penrose inequality holds, we also derive a nontrivial inequality for
functi ons on S2.

1. INTRODUCTION

A Penrose inequality for asymptotically flat 3-manifolds was proven inde-
pendently by Huisken-Ilmanen [5], using inverse mean curvature flow, and
Hugh Bray [1], using a conformal deformation of the ambient metric. Re-
cently, Hugh Bray and Dan Lee [1] extended Bray’s approach and prove
a Penrose inequality for dimensions less than 8. Arguing by analogy with
the asymptotically flat case, the following conjecture was stated by Xiadong
Wang in [13]. Let (M, @) is an asymptotically hyperbolic 3-manifold with
R > —6 and mass M (see next subsection for definitions).

Conjecture. If ¥ is an outermost sphere with H (3¢) = 2, then

’EO| 1/2
> | — .
M= (16!

If equality holds then (M, Q) is isometric to an Anti-de Sitter—Schwarzschild
manifold outside Y.

The main purpose of this paper is to show that, contrarily to what was
suggested in [13], the inverse mean curvature flow does not have the nec-
essary convergence properties in order to prove this conjecture. Before we
explain the main theorem of this paper we need to introduce some notation
first.

1.1. Notation and Definitions. Given a complete noncompact Riemann-
ian 3-manifold (M, g), we denote its connection by D, the Ricci curvature
1



2 Insufficient convergence of inverse mean curvature flow on ...

by Rc, and the scalar curvature by R. The induced connection on a sur-
face ¥ C M is denoted by V, the exterior unit normal by " (whenever its
defined), the mean curvature by H and the surface area by |X|.

A sphere ¥ C M with mean curvature H (X) = 2 is said to be outermost if
it is the boundary of a compact set and its outside region contains no other
spheres with H = 2. We say that X is outer minimizing if every compact
perturbation lying outside of ¥ has bigger surface area.

In what follows gy denotes the standard metric on S2.

Definition 1.1. A complete noncompact Riemannian 3-manifold (M, g) is
said to be asymptotically hyperbolic if the following are true:

(i) There is a compact set K CC M such that M \ K is diffeomorphic
to R3 minus an open ball.

(ii) With respect to the spherical coordinates induced by the above dif-
feomorphism, the metric can be written as

g=dr? +sinh®r gy + h/ (3sinhr) + Q
where h is a symmetric 2-tensor on S? and
QI +[DQ| +[D*Q| +[DQ| < Cexp(—4r)
for some constant C.
For simplicity, the manifolds we consider have only one end. The above

definition is stated differently from the one given in [13] (see also [4]).
Nonetheless, using a simple substitution of variable

(S

they can be seen to be equivalent.

Note that a given coordinate system on M \ K induces a radial function
r(x) on M \ K. With respect to this coordinate system, we define the inner
radius and outer radius of a surface ¥ C M \ K to be

r =sup{r|B;(0) C ¥} and T =inf{r|X CB,(0)}

respectively. respectively. Furthermore, we denote the coordinate spheres
induced by a coordinate system by

{X|=r}:={xeM\K|r(x)=r}

and the radial vector by #,. We stress that the radial function r (X) depends
on the coordinate system chosen. If $ is an isometry of H?, the radial
function s(x) induced by this new coordinate system is such that

Is(X) —=r(x)] < C forallx e M \K,

where C depends only on the distance from $ to the identity. We denote
by S and s the correspondent quantities defined with respect to this new
coordinate system.
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The mass M of an asymptotically hyperbolic manifold (M, g) with R >
—6 is given by

3

. 9 2 1/2
M = W [(/52 trgohdHO> _Z </82 tI‘gOhXidu())

i=1

where (X1,X2,X3) are the standard coordinates on S? ¢ R3. This quantity
is well defined (i.e. independent of the coordinate system chosen for M \ K)
by [13] (see also [4]).

The Anti-de Sitter-Schwarzschild metric (S? x [tg, +00), gm) is given by
_ dt?

1+t —mit
where we choose tg so that the mean curvature of the coordinate sphere

Yo = {|X| = to} is 2. A change of variable (see [13, page 294]) shows that
the metric can be written as

Om + t290.

g =dr? + (sinh®r +m/ (3sinhr)gy + P,

where P is term with order exp(—5r). An explicit computation reveals that
the scalar curvature equals —6 and that

m s\ V2
M=o (Zely
2 16!
1.2. Statement of the main results. We start by briefly describing how

inverse mean curvature flow could prove the conjecture. Find a family of
surfaces (Xt)t>o with initial condition ¥y such that

dx "

dt ~ H(Z)
Note that the existence theory for a weak solution developed in [5, Section
3] can be used in the current setting. Moreover, the same arguments in [5,
Section 5] show that the quantity (called the Hawking mass)

) = "2 16! H2 _4d
R TTREEA Y S

is monotone nondecreasing along the flow. Therefore,

’20’ 1/ 2 ‘
(16') =My (EQ) SIEI&mH (Zt)
The result would follow if one could show that the limit of the Hawking
mass is not bigger than M .

In the asymptotically flat case, Huisken and Ilmanen [5, Section 7] showed
this by proving that

liminfw = IiminfE =1,

t—oco  area(By, (0) t—oo I
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where Tt and Iy denote the outer radius and inner radius of ¥t respectively.
In our setting, it is not hard to see that in order for the limit of the Hawking
mass to be smaller than M we need to find an isometry $ of H? such that,
with respect to the induced coordinate system, the following two properties

hold:
1)

.. . Bs,(0) ...

1 f— =1 f(5t —s¢) =

minf g () ~ i (St —s¢) =0,
where St and S; denote, respectively, the outer radius and inner ra-
dius of X with respect to the radial function s(x) induced by $;

2) If the metric with respect to the coordinates induced by $ is written
as
g = ds? +sinh?sgy + h'/ (3sinhs) + P,

then

/xitrgoh!du():O for i=1,2,3,
S2

where X; denotes the coordinate functions of the unit sphere in R3.

If these properties do not hold, it is impossible to compare the limit of the
Hawking mass with the mass of the manifold. As a matter of fact, during
the proof of the main theorem, we will construct a solution to inverse mean
curvature flow for which the limit of the Hawking mass is bigger than the
mass of the manifold.

We can now state the main theorem.

Theorem 1.2. There is an asymptotically hyperbolic 3-manifold (M, g) with
scalar curvature —6 and for which its boundary g is an outer-minimizing
sphere with H (3g) = 2 satisfying the following property.

There is a smooth solution to inverse mean curvature flow (3¢)i>0 with
initial condition Yo such that for every coordinate system we have

liminf(S; — s;) > 0.
t—oo

In the next section we prove this theorem leaving all the technical aspects
for the remaining sections. In that section, we also discuss whether the
asymptotically hyperbolic manifold constructed in Theorem 1.2 constitutes
or not a counterexample to the Penrose inequality. In Section 3 some basic
properties of spheres in asymptotically hyperbolic manifolds are proven. In
Section 4 we prove a long time existence result for inverse mean curvature
flow on Anti-de Sitter—Schwarzschild space. It is important that the esti-
mates in this section do not depend on the area of our initial condition and
this requires a careful bookkeeping. Finally, in Section 5 we adapt the work
of Shi-Tam [11] and Mu-Tao-Yau [12] to prove long time existence for a flow
inspired in [11].

Acknowledgments The author would like to express his thanks to Gang
Tian for many useful discussions and also for his interest in this work.
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2. PROOF OF THE MAIN THEOREM
We now prove the main theorem.

Proof of Theorem 1.2. Consider the ambient manifold to be Anti—de Sitter—
Schwarzschild (S? x [tg, +00), gm) with positive mass. Set f to be a smooth
function on S? with
7[ exp(2f )dpo =1
52
that is invariant under reflection on all coordinate planes and consider

S(ro) = {(ro +f (%, % | %e S2} C S2 x [to, +00).

According to Proposition 3.1 e) we know that

lim my (X(rg)) = m][ exp(—f )dpo > m,
< 2

ro—oo 2

where the last inequality is a consequence of Holder’s inequality.
Choose r( sufficiently large such that X(rg) satisfies hypothesis (H) of

Section 4 and m

my (E(ro)) > 5
This is possible because, due to Proposition 3.1, we know that
lim H=2 and lim |A]>=0.
rop—o0 p—0o0
Therefore, we can apply Theorem 4.1 and conclude the existence of a smooth
solution (Xt)t>0 to inverse mean curvature flow where, by monotonicity of
Hawking mass,

g< Mk (S(r0)) < Jim m (5).

Denote the induced metric on ¥t by gi. The above inequality implies

Lemma 2.1. The Gaussian curvature K\t of 3t with respect to the normal-
ized metric

G = (41)[S
does not converge to one when t goes to infinity.
Proof. From Theorem 4.1 (iii) we know that

S = {(fe + (%, % | %e S?},

where f is such that

34| = 4! sinh?fy
and the functions f{ converge to a smooth function f o, defined on S%. More-
over, Proposition 3.1 (more precisely, identity (2)) implies that the metric
G converges to § = exp(2f »)do. Note that the ambient metric is preserved
by reflections with respect to the coordinate planes and thus the metric §
also shares these symmetries.

Suppose that }Zt converges to one. Then § is a constant scalar curvature
metric which is symmetric under reflection on the coordinate planes and
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so fo, must be identically zero. If this were true, it would follow from
Proposition 3.1 e) that

. m
tlggo My (3t) = 92
and this is impossible. (I

Outside X(rg), i.e., on the region

N = Uzt,

t>0
the metric gy can be written as
dt?
Om = 55 TG

We want to find a new asymptotically hyperbolic metric g with R(g) = —6
such that, with respect to this new metric, the mean curvature of X is 2,
(3t)t>0 is a solution to inverse mean curvature flow, and the induced metric
on Yt by g coincides with g. This would finish the proof for the following
two reasons.

First, because (3t)t>0 is a smooth solution to inverse mean curvature flow
for g, there is a smooth function u on N such that

Vu

divy ([ =— ) =0 and u'(t) =3
(%) H=*

Therefore, if ¥’ is a surface in N containing Y (r) in its interior, the diver-

gence theorem implies that

(o) = / Ful e, Suydp = [ (FuLe, Fuydp < [
3(ro) >

and thus X(rg) is outer-minimizing.

Second, the intrinsic geometry of 3; is maintained and so we know from
Lemma 2.1 that the Gaussian curvature of 3; with respect to the normalized
metric does not converge to one. Proposition 3.1 f) implies that no matter
the coordinate system we choose we will always have

liminf(St — ;) > 0.
t—oo
The construction of the metric g is inspired by the work of Shi and Tam
[11]. Consider smooth positive functions u defined on N such that
Uy, = H (20)/ 2

and

#u
(1) 2H 2#7 = 202 AU+ 4Uu?H (Vu, VH Y + (U—U®) (Rt +6 —2H A{H 1),

where the Laplacian and gradient term are computed with respect to the
metric ¢ and Ry is the scalar curvature of ;. Having such a function u,
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the new metric iS deﬁned to be

and it has scalar curvature —6 by Lemma 5.1. Note that the intrinsic ge-
ometry of Y; is preserved and the mean curvature and the exterior normal
vector of ¥; computed with respect to g equal

H(>)=H(&t)/u and " ="/u
respectively. Thus

H n

H H
and this implies that (Xt)t>0 is indeed a solution to inverse mean curvature
flow for the new metric with H (3) = 2.

We are only left to check that equation (1) has a solution. Note that,
provided we choose rg sufficiently large, Proposition 3.1 and Theorem 4.1
imply that

Ri+6—-2HAH'>0
for all t. It is important to remark that this estimate holds because the
constants on Theorem 4.1 do not depend on Iy but only on To—r . Therefore,
Theorem 5.2 implies that equation (1) admits a solution and that the metric
g is asymptotically hyperbolic.
O

2.1. A nontrivial consequence of the Penrose inequality. Assuming
that the Penrose inequality holds as conjectured by Xiadong Wang, we will
argue that for every smooth function f defined on S? with

7[ exp(2f )dpo =1
g2

we have
3

(][52 K exp(3f )duo)z - <][52 Kt exp(3f )Xiduo)2 > 1,

i=1
where K¢ denotes the Gaussian curvature of exp(2f )gy. A simple compu-
tation shows that an equality is attained if exp(2f )gy has constant scalar
curvature. Moreover, if we denote

3

| (f) = <7[82 Kt exp(3f )du0>2 - (7[32 K exp(3f )xidu0>2

i=1
and consider T to be a conformal transformation of S? such that
T*go = exp(2U)go,
then | (f) = I (f o T + u). This will follow at once from the relationship

between | (f ) and the mass of asymptotically hyperbolic manifolds that we
now describe.
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In what follows we use the same notation as in the proof of Theorem 1.2.
Set f to be a smooth function on S? with

7[ exp(2f )dpo =1
82
and consider
S(ro) = {(ro+f (%, %| % S*} C S* x [tg, +00).

Given a geometric quantity T defined on 3(rg), we use the notation T =
O(exp(—r,) whenever we can find a constant C for which

IT| < Cexp(—ry.)

Denote by M (rg) the mass of the metric g constructed in the proof of
Theorem 1.2. It is not hard to see that, by choosing ry sufficiently large,
we can have f o, (defined in Theorem 4.1 (iii)) and Wy, (defined in Theorem
5.2 (i)) respectively, as close to f and wp as we want. Moreover, from
Proposition 3.1 d), we have that

2Wo = |So|(H — 2)/ (4! ) = K ((rg)) + O(exp(—Ty)),

where the Gaussian curvature is computed with respect to the normalized
metric §(ro) := 4! [2(ro)|"'gs (). Therefore, denoting the mass two tensor

of g by h, we have that
(16! )" %h[%(ro)| V2
is well approximated by
(m16! V215(r0)| 7Y 2 4 2 exp(3f )wo) %
= (K(3(ro)) exp(3t ) + Olexp(~1p)) ) oo

Because the metric (rg) converges to exp(2f )go (Proposition 3.1 a)), we
obtain that

3

_ (7[32 Ky exp(3f )duo>2 = <7[82 Ky exp(3f )xidu0>2.

i=1

If we assume the Penrose inequality, we know that

16! 1/2
M (Fo) (w) =1

and so the desired inequality follows.
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3. BASIC PROPERTIES OF GRAPHICAL SURFACES ON ASYMPTOTICALLY
HYPERBOLIC 3-MANIFOLDS

In this section (M, g) denotes an asymptotically hyperbolic manifold with
some given coordinate system on M — \K. Given a function f on S? we
consider the surfaces

S(p) = {(op+f (%, %| % S’} CM —\K.
The function f satisfies hypothesis (I ) if there are constants V, Vy such that
<y,
(1)
|Vof | < Vo,

where Vg denotes the connection with respect to the round metric on S?. We
denote by S(gp) and s(p), respectively, the outer radius and inner radius of
Y(tp), where s(X) is the radial function induced by some coordinate system

Given any geometric quantity T defined on ¥(¢p), we use the notation
T = O(exp(—kr))
when we can find a constant C = C(g,V, V) for which
IT| < Cexp(—kr).

The next proposition collects some properties for the surfaces 3(qy) when
(p is very large.

Proposition 3.1. Assume that f satisfies hypothesis (I). The following
properties hold:

a) When qy goes to infinity, the normalized metrics
A(op) := 4! ()| Ix(qn)
converge to
6= (7[5 exp(2f >duo) exp(2f oo
b) There is a constant C = C(g,V, Vo) such that, for all gy > 1,
|S(c)|IH = 2| + [E(@)||A] < C + CS;IZPIV%f |
and
s;12p|v§f | < C(Z(@)I[H — 2|+ [S(a)IIA]) + C:

c) Assume that

sup\Vléf\gE forallk =2,---,n—1.
SQ

There is a constant C = C(g,E,V,Vy) such that for all gy > 1
S(cp) " V"AJ> < C + Csup [Vif |2
52
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and
sup |[Vif | < C + C|S(qp)|" T2V A%
SQ

d) The mean curvature of ¥(Gp) satisfies
2trg,h

H2 —4=4K (2) 4 2/A? — + O(exp(—4r));

sinh”r
e)
1 12

lim my (X(p)) = - <7[ exp(2f )dp.0> 7[ trg,h exp(—f )dup.
Go—00 4 S2 352
f) There is a coordinate system $ for which

i (5(%) — s(cp)) =0

if and only if

K = lim K () =1,
Co—o0

where K (o) is the Gaussian curvature of ¥(0p) with respect to ().

Note that this proposition holds, with obvious modifications, if

() = {(o +Fo (%, % | %e S},

where the functions fq, converge to a function f on S2.

Proof. Consider tangent vectors to X(¢p)
#f ,
#i = Eﬁ#r +#Hi’ | = 1,2,
where (%, %) represent coordinates on S? which are orthonormal (with re-
spect to gp) at a given point p.
The induced metric on X(¢) is given by
_ #f #f
- H%HY

gi + sinh®(qp + f )go(#,, #:,) + O(exp(—r))

and so

V/detgy = sinh?(gp + f )/detgo + O(1) = sinh?(gp) exp(2f )/detgo + O(1).
This implies that
: RACH) 7[
2 lim ———— = 2f)d
@ oo 4l sinhZqy  J s2 exp(2f ) dio
and the first property follows from the fact that

(sinh gp) ~2gj = exp(2f )Go(# . #: ).

Denoting the connection with respect to the standard hyperbolic metric
by D, we have

lim
qo—0o0

5 S hr -
Dy # =0, Dy, # = :?r?hr #., Dy, # = —sinhrcoshré& #,
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and
ID —D| < Cexp(—3r)

for some C = C(Q).
Thus,

A # #f #i #i
= opoh T aopanot T aop Dt g
#2f

= —coshr sinhr& # + ————# + O(1)# + O(exp(—r)).

D#z#l D#T#"j + D#Gi#

J

H9H%
An easy computation shows that the exterior unit normal is given by
(3) " =(1+O(exp(—2r))# + O(exp(—2r))#, + O(exp(—2r))#,
and thus
A = coshr #2f on).

sinhr & T 0%
This implies Property b).

Property c¢) follows from what was done above plus some tedious compu-
tations. We now prove Property d).

It was shown in [10, Lemma 3.1.] that

trg,h
RC(",") +2 = ——% 4 O(exp(—4r)) and R = —6+ O(exp(—4r)).
2sinh”r
Combining this with Gauss equations we obtain that
H2 —4=4K ((p)) + 2/A2 + 4(R(",") = R/2—1)

2trg,h
sinh®r

= 4K (Z(p)) + 2|A|2 — + O(exp(—4r)).

Combining Property a) with Property d), it follows from the definition of
Hawking mass that

| S(a)["? / 2trgy N
lim my (Z = lim ———=- d
lm, e (3(w) = Jim “HeRey [ G

1 2|3 3/2
B g
q—oo (16! )3/2 S(q) sinh”r

1 3/2 A
= 5 (7[52 exp(2f )dHO> ][52 2trg,h exp(—3f )dp
1

1/2
== <][ exp(2f )dpg> 7[ trg,h exp(—f )duo.
4 52 s2

Finally, we prove Property e). Given a coordinate system induced by an
isometry $ of H3, we consider the function on Y(qy) given by

W(X) =s(X) — G where |2(qy)| = 4! sinh?q,
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where s(X) is the radial function for this coordinate system. For all q
sufficiently large, 3(q) is graphical over the coordinate spheres for this new
coordinate system and so

lim sup (|#ST|2 T (1- <",#S>)) exp(2p) < oo

Jo—o0

Due to [10, Propostion 3.3], we know that
As = (4 — 2|#J |?) exp(—2s) + 2 — H
+(H —2)(1— (#,")) + (1 — (#,"))? + O(exp(—3s)).

Therefore, Property d) implies that w satisfies the following equation with
respect to §(0p)

(4) Aw = exp(—2w) — K (gp) + P (o),
where
lim IP (p)|djt = 0.
Go—2° ./ 5(qo)

Suppose the coordinate system induced by $ is such that
lim s(gy) — s(ap) = 0.
Qo—00

Then
lim w=20
Jo—0o0
and so equation (4) implies that
lim K (q) = 1.
Qo—00

Assume for simplicity that

7[ exp(2f )dpp =1
S2
because, according to (2), this implies that

lim ¢ — ¢ =0.
Go—00
If K = 1, then g is a round metric on S? and hence there is a conformal
transformation $ of S? for which $*g = gy. From Property a) we know that
g = exp(2f )gy and so $*gy = exp(—2f oT)gy. This conformal transformation
induces an isometry of hyperbolic space which we still denote by $. The
relationship between the radial functions r(x) and s(X) is determined by

[S00) + T 0 $(x) =1 0 $(x)| < C exp(~r (X))
for some constant C. This implies that for all X in X(qp)
W(X) + G — t| < Cexp(—p),

and thus

Iim w =0.
fo—o0
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4. LONG TIME EXISTENCE FOR INVERSE MEAN CURVATURE FLOW ON
ASYMPTOTICALLY HYPERBOLIC 3-MANIFOLDS

In this section the ambient manifold will be an Anti—de Sitter—Schwarzschild
metric (S? x [Sp, +00), gm ) with mass m > 0.

A sphere ¥y satisfies hypothesis (H ) if we can find constants (Qj);jen, "o,
and & for which

([H[>"0 and [So|[H? 4] < Qo,
(".#)>"0 and (" #)>1-|Z|7'Qu,
(H) A2 < (1/4—-&)H? and [S2|A2 < Qo
SSOPWnAF < Qn+2|20|_(n+2) for alln > 1,

[ Yo bounds a compact region containing S? x {sy}.

Recall that Ty and r, denotes, respectively, the outer radius and the inner
radius of Y.

Theorem 4.1. Assume that ¥y satisfies (H).

There is a constant r =1 ((Qj)jen," 0,8,T0o — Ig, M) such that if ry > r
then the inverse mean curvature flow (3t) with initial condition ¥¢ exists
for all time and has the following properties:

(i) There is a positive constant C = C((Qj)jen," 0,8,T0 — Iy, M) such
that the mean curvature of ¥t satisfies

H>C
and, for some other constant C = C((Qj)jen, "' 0,8,To — Iy, M),
S0|[H? — 4] < Cexp(—t);
(ii) For everyn >0 and K > 1 there is a constant
C=C((Q))jen," 0,8,Tg—rg,m)
such that
|So|" 2 [# VPAP® < Cexp(—(n +2)t)
and
20|V A]? < Cexp(—(n+2)t) for n>1;
(iii) The surfaces Xt can be described as
Se = {(fe + (%, % | %e S?},
where ft is such that
3¢ = 4! sinh?fy.

Moreover, the functions Ty converge to a smooth function f o, defined
on S2.
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(iv) For everyn >0 and kK > 1 there is a constant
C=C((Qj)jen 0,&,Tg—ry,m)
such that
|20/ [Ve|* < Cexp(—nt), [# fe| < Cexp(-t),
and

S0l [#¢ V1| < Cexp(—nt) for n> 1.

We essentially adapt to our setting some of the ideas used in the work of
Huisken—Ilmanen [6] and Claus Gerhardt [3] on smooth solutions to inverse
mean curvature flow. We could have been more precise regarding how the
constants depend on (Qj )j en but this version of the theorem suffices for our
purposes. The important point is that the estimates do not depend on r
(only on o —ry).

Proof. During the first part of this proof, given any geometric quantity T
defined on >t we use the notation

T = O(exp(—kr))
whenever there is a constant C = C(m) such that

IT| < Cexp(—kr).

Because H > 0 we have short-time existence for the flow. Denoting by
¢ = {|x| = r{"} the solution to inverse mean curvature flow with initial
condition {|x| =t} we know that

S| = |6 exp(t)
and thus we can find a constant K = K (m) such that
t/2-K <r{" -ty <t/2+K.

Because two solutions that are initially disjoint must remain disjoint [5,
Theorem 2.2], we have that for some constant K = K (m)
(5) /241, - K <r, <ri<t/2415+K and r; >r,.
Therefore, we can find K = K (m, o —r,) for which

K ~'[So] exp(t) < exp(2r) < K [So| exp(t).

We now derive the evolution equations that will be needed later on. We

use the notation
Bij ~ Cijj

when Bjj and Cjj have the same trace-free part.

Set

X :=((n# and )i:=exp(—t/2)(X,"),

where the function ( is such that gm = dr? 4 ((r)?go and " is the exterior
normal vector to Y.

Lemma 4.2. The following evolution equations hold.
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a)
de _ Ay A2 1 T2 (_3m )t
gt —pz Tlgz gt 2Sinh3r+0(exp(—5r) HE
b)
dH AH 9 W 1 Q‘VH‘Q.
E—W—UA’ + Re(", ))q—i“_”g ;
c)
dA AA 2VH@VH o 2A°
dt = H?2 H3 H
N A2 H2+2Re(",") + O(exp(—3r)) R
H 2 2H 2
(L ) oexp(—3n));
H ' HZ) P ’
d)

A2 AAE (AR H? 4R a0
dAP _ AP (AR HZ £ 9RA(, ) 4 Oexp(=30) ) 4
dt H2 H?2 2H 2

AP _2|VH§\2 (v @aZH,M
+ (lﬁ; + ’:|> O(exp(—3r)).
Proof. For every vector Y we have that
DyX =("(r)Y
and this implies that, using local coordinates (yi,Yy2) for %,
(V) 1, #) =exp(—t/ 2)A#, X T), i=1,2

and
exp(t/ 2)A) 1 = > (Vi A) (#, X ) + A#, Vi, X T)

= (VH,X) +Re(", X ")+ ("H — (X,")|A]>.

Moreover
Dy," = VH/H 2, DgX = ('#,
and so
de _ (C, (VHX) )
dt  H H2 2"
Therefore

de A <\A|2 1 Re(", X T)

e H2_2>)_6Xp(_t/2) HP
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Note that denoting by e;,e a gm-orthonormal basis for the coordinates
spheres

("XTYy=0 = (" #)#,X ) == ("e)e,X )

i
and hence, we obtain from [9, Lemma 3.1 (iii)] that
Re(", X )= (",e)Rc(e, X 1) + (", # )Rc(# , X 1)
i

— (m + O(exp(—5l‘)) ZC' &) (e, XT)

2sinh?r i

— (sin??’r +O(exp(—5l’)> (" # ) (#, X T)

3m
=#'|* | —=——5— + O(exp(-5r) ) (", X).
T (=5 + Olexn(-5r) ) .X)

The second evolution equation was derived in [5, Section 1].
We now prove the third identity. From [7, Theorem 3.2] it follows that
assuming normal coordinates around a point p

dAiij N dAj
dt ~ dt

ViViH 2ViHV/H | AkAyg —Rsis
H2 H3 H '

—Aj =

Arguing like in the proof of Simons’ identity for the Laplacian of the second
fundamental form A (see for instance [7]), one can see that

AAoij ~ ViVjH + HAim Aomj +A0ij H2/2— Aoij A2+ H Rsisj
- R$$Aiij + RkikmAQmj + Ry kmAim + Rij mAkm + Rmj ik Akm
+ DkRsjik + DiRgkjk-

Because the metric gy, satisfies

Rstuv = —(&uv — &v&u) + O(exp(—3r))
DgRstuv = O(exp(—3r))

it follows that

RiikmAmj +RkjkmAim +Rkij mAkm+Rmj ik Akm = —4Ajj +Ajj O(exp(—3r))
= 2Rc("," )Aoij =+ Piij O(exp(—3r)),

Rsigj = —0j + O(exp(—3r)),
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and therefore

dAOij N AADij _ 2ViHVjH

d = H2 H3

A2 HZ42Rc(",") + O(exp(—3r)) i
e 2H2 !

+ <:| + H12> O(exp(—3r)).

Using the formula
dA dA;;
#OH#) =
( 1277 ) dt

we obtain Lemma 4.2 ¢). The last identity follows from
d|A? dA .
=2(—,A
dt dt’

(A%, A) = 0.

- <D#t#i1#k>Aikj - <D#f#1 1#k>Aiik

and

O

We now argue that we can choose r = r(m) and a positive constant

C=C("0,Fo—Trgm)such thatifr, > r, then
(6) H>C and (",#) > Cexp(ry—ro)

while the solution exists.
Choosing r large enough so that for all r > r the term

3am
———— + O(exp(—5r
2sinh3 r (exp( )
in the equation of Lemma 4.2 a) is positive, we obtain that
d . &)
d — H2

while ) ¢ is nonnegative and thus )¢ > min) ¢ > 0. Note that ( (r) grows like
exp(r) and so, for some constant C = C(m),

)t < Cexp(Fo){#,").

This implies the desired bound for (",#).
Set * :=)(H. Because

Re(",") = =24 O(exp(=3r)),

the previous lemma implies that, provided we choose r sufficiently large,
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d*t _A*t 2<V*t,VH> 2 *t
E— H2 — H3 +(4+O(eXp(—3f))—H )2H2
A*y 2(V*(,VH) oy Tt
> _ _ _ v
> T L (3 HY)

Because * < v/3(min) ) implies that H? < 3, it follows from the maxi-
mum principle that *; > min{y/3(min) o), min* ¢} for all t and thus we can
use the inequalities in (5) in order to obtain the desired bound for the mean
curvature.

Lemma 4.3. We can find constants r = r('o,&,To — ry,m) and C =
C('0,&,Fo—rg, M) such that ifry >r, then
SollH2 = 4] < € (ISlsup(H? - 4]+ AP) + exp(-r5) ) exp(-1)
3o

and

|EO|2\A|2 <C <|Eo|2 sup\/&|2 + eXp(—2r0)> exp(—2t)
3o
while the solution exists.

Proof. We assume that the bounds in (6) hold. Let *{ := |A|?H ~2. From
Lemma 4.2

dH> AH2 (\A°|2 N H2+2RC(“,")> 2 2AVHP

dt ~ H? H?2 2H2 Ho

and thus

d*y _ A* _ O(exp(—3r
() G < T3 4 -2 (kT 1 ) QEP(30) E|(2 ) 1o,

where

e 4 (VHVIAR) o co|VHE IVAP  (VH @ VH,A)
T H5 H6 H4 H3 .

We claim that, given ' > 0, we can find a constant C = C('," ,Tp — Iy, M)
so that

o 2’A°‘2’

a* A* 1
b < t—i—4*t<*t——|—'>—i—Ce><p(—6I’0—3t)+Q

dt = H? 2
and
VH |? 1
Q) < 4 (e -+ ) + Cemp-ory -3,

whenever p is a critical point of *;.
The first inequality follows easily from Cauchy’s inequalities combined
with properties (5) and (6). Denote by {vi,Va} an eigenbasis for A at p and
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assume without loss of generality that Ai(vl, vi) > 0. Because p is a critical
point of *{ the following identities hold at p

VIA]? = 2|A]*H~'VH
and
AJH™'VH = V2VA(v;, Vi) = —V2VA V2, V).
As a result, we obtain that
|VH |?
H

- + 2|VA (v, Vo) |? = *2|VH |2 4 2|VA(v1, v2) 2

VAP = |A]

and

2VA(V1,Vo)|? = 2|V, A (v, Vi) +Re(", Vo) [2+2|Vy, A(V2, Vo) + Re(", vi)|?
< 2|V, A(Vi, Vi) 2+ 2|V, A Vg, Vo) |2
+ (V*{|VH]| + [VH[)O(exp(—3r)) + O(exp(—6r))

2 2

+ (V*{|VH| + |[VH [)O(exp(—3r)) 4+ O(exp(—6r))

* 2 * 2
= 2|(VH, vy)[? <\/t§ + ;) +2(VH, ) |2 <\/t§ - ;)
+ (V¥ |VH| + [VH [)O(exp(—3r)) 4 O(exp(—6r))

(VH ® VH,A)

2
=2 ’VV2A(V1,V1) —+

+2’VV1AO(V2,V2) +

=*ZVH [+ |[VH /2 -2
+ (V*{|[VH | + |[VH |)O(exp(—3r)) + O(exp(—6r)).

Moreover, we also have that at the point p
[VH?

4(VH, VIA]?) = 8*, v

and thus
VH |? 1
Q) -4 (o - )

(v IoH] 4 R

exp(—3r)) | Ofexp(—6r))
H4 + H4 '
The claim follows from Cauchy’s inequalities combined with properties (5)
and (6).
As a result, there is a constant C; = Cy('o,",To — Iy, m) for which if we
set

)t :=*t+ Cyexp(—6ry — 3t),

then
(8) d)t<A)t+4*t(*t—;+‘>+Q
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and

2
Q) <4 (@m0

whenever p is a critical point of ).
Chose ' < &/ 4 so that

e (A-8) - Le <o
and chose I so that C; exp(—6r) < &/ 4. Thus )¢ < 1/4 — 3&/ 4 and
Yi(X) <14 —&/2 = *(X) < 1/4— &l 4.
Therefore we can apply the maximum principle to )¢ and conclude that
*y <sup* o+ Cyexp(—6rg)

while the solution exists. This implies that

*t—%-i-' < —1/4—&/8

and so we obtain from equation (8) that
*t < (sup* o+ Cexp(—6rg))exp(—(1 + 28&)t)
for some C = C(' o, &,To — y,M). As a result,
%2 < Clsup*2 + exp(—12ry)) exp(—2t — 4&t),
VFirexp(3r) < C(sup* o + exp(—6rg)) exp(—2t — &t)

for some C = C(',&,To — ry,m). Using this bounds in equation (7) we
obtain

A*
v 5 — (2+ Cexp(—3U 2))*,

+ C(sup* o + exp(—6r,)) exp(—(2 + &)t) + C exp(—6ry — 1) + Q

*t
<
dt —

for some C = C(' ¢, &,To — Iy, m) and hence
A2 <C (sup]Ao2 + exp(—6r0)> exp(—2t).
3o

The evolution equation for H? is given by (see [5, Section 1])

dH2 AH?  6|VH|?
dt  H? H 2

_2|A‘2_H2_2Rc(n’n)

and thus, if we set ( := exp(t)(H? — 4), we obtain that

d , o
Oftt - ﬁ(; _ 3<V(ﬁ| VH) AP exp(t) — exp(t)(d + 2Re(", ")
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From the upper bound derived for |A| and the bounds given in (5) and (6)
we have that

d(e o ACe _ 3(V(+, VH)

d = H2 H2

-C <sup|Ai2 + exp(—6r0)> exp(—t) — Cexp(—t/ 2 — 3r)
o

where C = C(' ¢, &,Tp — Iy, ). The maximum principle implies that
H2>4-C (s;p(\H 2_ 4] + \A\2) + exp(—?)ro)) exp(—t).
0
In order to show the existence of some C = C(' ¢, &,To — Iy, M) for which
H2<4+4C <s;1p(H 24|+ |A]2) + eXp(—3r0)> exp(—t)
0

it is enough to note that
dH?  AH?
<

<t S 72 +4—H?+ Cexp(—3r, — 3t/ 2).

O

Fix some r for which Lemma 4.3 holds. Note that in this case we have
a uniform bound for |A|?> and so standard estimates can be used to show
that the solution (Xt)t>o exists for all time. Nonetheless, we need shaper
estimates on all the derivatives of A and this will occupy most of the rest
of the proof. What we have done so far proves Theorem 4.1 (i). The next
lemma will be useful in proving Theorem 4.1 (iii).

Lemma 4.4. There is a constant C = C(Qq," 0, &,To — Iy, M) such that
1= ") < € (sup(i = ")) + exp(-3rg) ) exp(-)
o
for all t and thus
|EO|]Vr|2 < Cexp(—t)
for some other constant C = C(Qq, Q1," 0, &,To — Iy, M).

Proof. We denote by A any geometric quantity defined on ¥; for which we
can find a constant C = C(' o, &, Ty — Iy, m) such that

|A] < C(IH — 2| + |A] + exp(—2r))
For every vector Y we have that
Dyt = ((NI (1) (Y = (Y, #)#).

Therefore
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For every tangent vectors Z and W we have
(Vi#,"),Z) = =(IC ") (#Z) + AZ#)
and
(Vz#t! W) = ("I( (Z,W) — ("I (Z,#) (W, #) — (#,")AZ,W),

where #, denotes the tangential projection of # . These identities combined
with Lemma 4.3 and with

((,: 1 + O(exp(—2r))

imply that

aie (L) =2 () e -+ Loy

- <(() ) = A )
- ({)2<#r,">+<#r,">|#ﬂ2
+((,<#r,">2H + [#2A

and

div(A(-#")) = <VH,#r>+Rc(",#rT)+((/H - ((/A(#I,#?) — |AP#,")

= )+ C e ) - AR

+ [#"|2A + O(exp(—3r)).

As a result we get

di#.,") A"
dd ~  H?2

where

2 _ L/ 2 wy n T2 L/ n\2 T2 i2 n
H"Q =2 ( (#e, ") — D) 2(<#r’ JH A+ )

+ ARG, ") + 4T 2A + Ofexp(—3r)).
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Setting * := (#;,") — 1, we obtain from (6) and Lemma 4.3 that

/ N 2 *
Q=2H"? (T—H((+<((> )+4t(*t2—2*t—4)

+ AP #,") +* (A + O(exp(—3r))
(*§ = 2%t —4) +* (A + O(exp(—3r))
> —*¢(1 —A) + O(exp(—3r)),
where the last inequality follows from 0 > *{ > —1. There is
C =C(Qo," 0,&,To — Iy, M)

*
27
4

for which
A] < Cexp(—t)
and hence
d*e > A% (14 Cexp(—t))*t + Cexp(—3t/ 2 — 3ry)
dt = H2 -0
for some other C = C(Qq, " 0, &, To—ry, M). This equation implies the desired
result. O

For the rest of the proof, C will denote any constant with dependence
C= C((Q] )J €Ny I 0 SO’TO - L()a m)

Set fi to be such that %] = 4! sinh? f; and we remark that f; — t/ 2 is
uniformly bounded. An immediate consequence of the previous lemma is
that ¥; can be written as the graph of a function f{ over the coordinate
sphere {|x| = fi} with

fe] <C and  [So||VF|> < Cexp(—t)

for some constant C. Furthermore, Lemma 4.3 and Proposition 3.1 imply
the existence of some constant C for which

S50[2 922 < C exp(—21).

The next lemma is an adaptation of what was done in [3, Section 6].
Given two tensors P and S we denote by S* T any linear combination of
tensors formed by contracting over S and T.

Lemma 4.5. There ist =1 ((Qj)jen," 0,8,To—rg, M) so that if rq > 1 the
following property holds.
For every n > 0 there is a constant C such that
S50/ [9"F([2 < C exp(—nt)
for allt. Equivalently, for all n > 1 there is a constant C for which
|20/ T2V A? < Cexp(—(n +2)t).

o

Proof. We start by showing that it is enough to bound V"A.
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Lemma 4.6. There exists a constant C for which
|S0[*|VA| < C|So[*| VA + C exp(—3t/ 2)
and
|50/ [V2A[ < C|S|*|V2A| + C exp(—2t).
Moreover, if we can find a constant E for which
12/ F2|V*A|? < E exp(—(K+2)t) forallk=1,...n —1,
then
[0 VIHLALR < Gy o[V HALR 4+ Cy exp(—(n + 3)t).
for some constant C; = C1(E, (Qj)jen, "' 0,8,To — g, M).
Proof. On each ¥ consider the 1-form
B(X)=Rc(X,").
First we estimate the derivatives of B. In local coordinates (X1,X2), B can
be written as
Bj =Fj(r,Vvr), j=12,
where Fj (r, i, &) is defined on R? and
ID¥Fj| < Skexp(—3r) | =1,2

for some constant Sy, provided (g, @) lie on a fixed compact set.
We denote by P any tensor on ¥t for which |P| = O(exp(—3r)) and by
Q any tensor for which |Q| = O(exp(—3r)) and

vVQ=Vrx«P + V?r « P,
Using this notation we have
VB =Vr«Q+ V% xQ
and so we can estimate
Zo’|BJ* < Cexp(—3t), and [So*|VB[* < Cexp(—4t)
for some constant C.
Let {vi,Va} be an orthonormal basis for ;. We know that for every
integer p
VPA (v, Vo) = VPA(vy, Vo)
and
VpA(Vl,Vl) — va(VQ,VQ) = VpA(Vl,V1> — VpA<V2,V2).
Moreover, Codazzi equations imply that for i # j
VPVA(Y, V) ) = VPV A(ve, Vo) — VPB;
and thus
VM HA| < C|IV™TIA| 4+ C|VB|

for every integer m. This implies the desired result when n =0, 1.
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To prove the general result we proceed by induction. The inductive hy-

pothesis implies that
120K VKr 2 = |Z0[¢| V¥ |2 < Crexp(—kt) forallk=1,...,n+1
for some Cy = C1(E, (Qj)jen, "' 0,8,To — g, M) and thus, using the expres-
sion derived for VB, we obtain
120K 3| VKB |2 < Crexp(—(k +3)t) forallk =1,...,n

for some C; = Cy(E, (Qj)jen " 0:8,To — Iy, m). Hence, the desired result
follows. O

In what follows L; will denote any tensor that satisfies the following
properties. There exists a constant C for which

SollL1| < Cexp(—t), [Sol*|VL1[* < C|So|*|VA[® + C exp(—3t),
and if there is a constant E such that
120K T2 VKA|2 < Eexp(—(k+2)t) forallk=1,...n —1,
then
[0[M VLA [? < Ci[o|"P2VIA? + Crexp(—(n + 2)t)
for some constant C; = C1(E, (Qj)jen, " 0, &,To — Iy, m). Likewise, Lo will
denote any tensor with the same properties of L except that we just require

|Lo| to be uniformly bounded.

We can see from Lemma 4.2 that the evolution equation for A can be
written as

dA  AA . .
a%m—A+L1*A+M + VA x VA % Lg,
where the tensor M stands for the term

<|_1| + H12> O(exp(—3r))
that appears on Lemma 4.2 c¢). The relevant property of M is that
120/%IM |? < C exp(—3t)
and
50[*|VM |2 < Cexp(—3t)|Zo[*| VA|? + C exp(—4t)
for some constant C. If there is a constant E such that for all t
120K VA2 < Eexp(—(k+2)t) forallk=1,...n—1,
then
20" T2 V™M |2 < Cy exp(—3t)[So|" 2|V A|? + Cyexp(—(n + 3)t)

for some other constant C; = C{(E, (Qj)jen, " 0, 8,0 —rg, mM). This follows
from the fact that in local coordinates (X1, X2)

M = <|—1|+H12) F(r,Vr),
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where F (r, g, &) is a matrix-valued function defined on R? for which there
is a constant Sy such that, provided (g, ) lie on a fixed compact set,

IDKF| < Sy exp(—3r).

If K denotes the curvature tensor of ¥, then for any tensor T we know
that
AVT = VAT +K «VT + VK =T

and
dvT dr VT o
dT T
:V7—2+VT*L1+T*VL0.
dt 2
The last identity comes from the fact that, using normal coordinates,
dvT dT
T(#11 e !#n+1) = Va(#li o 1#n+1) - VT(#ll e a#na D#t#n+1)
+ (T« VA)(#1, -, #nt1).
Therefore,
davT AVT VT dar AT
—_— = — — —_ - — T L
dt HZ ~ 2 (dt H2>+ *VLi

+ VT %Ly + V2T «VL; + T % VL,.
Proceeding inductively, it can be checked that

° ° n
dV"A _AV"A (E+1) VIA+Y VIA«VTIL,

dt = H?2 2 .
j=0
n—1 - _ n—1 _ _
+Y VITPAVIL +V'M + ) VIA«V" L,
j=0 j=0

+ ) VAR VEHALVL
j.k,1>0,j +k+l=n

and thus we can find a constant C for which

d|vnA°|2 _ A|Vnpi|2 B |vn+1pi|2

— (n+2)|V"AP?

dt - H?2 H?2
n ) . o n_1 . o A o
+CY VAV IL[VA[+C Y [V FA|[ VT L [[VRA|
j=0 j=0
+C|V"M||[V"A| +C > VI HA| VKA VLo |[V"A|
j k>0, +k+l=n

n—1
+C Y VAV L[V A
j=0
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We now show the desired bound when n = 1. Recall that for some
constant C we have (see Lemma 4.3 and Lemma 4.6)

IVLo| 4 [VL1| + |[VA| < C(|[VA] + exp(—3t/ 2)|S0| ¥ ?),
IV2A| < C(IV2A| + exp(—2t)[So|72), and |Sg|*|A]? < Cexp(—2t).
In this case, we can find ' > 0 such that
d VA2 _ A|VA?

< e — (3= Cexp(—'1))|VA]? + C|[VA[*

+ Cexp(—(3 +")t)|%o| 2.

Hence, if we set
*y= |Eo|3\VA|2 + exp(—3t),
then
d* *

t o A%y
dt — H?2
for some other constant C. Moreover, from Lemma 4.2 d) and Lemma 4.3,
we can find some positive constant

C=C((Qj)jen " 0,8&,Fo —Ig,M).

— (3—Cexp(—'t))*t + C*? + Cexp(—(3+")t)

so that
dAPR _AAP < o a .
AL < S+ (CIml ! - U2)VAP + (CI%ol ! - VAP

+ C exp(—3t)|XZ0| 3.
Choose r so that
fp>r — C_|E()|71 <1/4
Set

_ log* ?

+ +K |ZoP|A%,

where the constant K will be chosen later. Note that

d+¢ A+ \
— L <~ (3-Cexp(—"1)) + (C — K/4)[So*| VA
dt = H
1 *x 22
N lVOﬁt + C exp(—3t)

for some constant C. Choose K such that K > 4C + 4. If p is a maximum
of +¢, then at p
[Viog*¢|”
4
We can now chose r so that for al ry > r we have

Viog*HE0)

= K2|VIA2 < 2K 2|VA2IA|? < CK 2|%0| 2| VA2

~[ZoP’IVAP(p) +
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The maximum principle implies that
+ < -=3t+C
for some constant C and so
[S0l*|VA[? < Cexp(—3t)

for some other constant C.
For n > 1 we argue by induction. Thus, assume that

120K VA2 < Cexp(—(k +2)t) forallk=1,...n—1
for some constant C. Then, we can find another constant C for which
VLo + VL1 ? < CJ%| 7 Zexp(—( +2)t) if1<j <n-—1,
IV'Lo|? + [V"L1|?> < C|V"A|? 4 C|Zo| "2 exp(—(n + 2)t),
V" HIALZ < CIVTHIAZ 4 C|2o) " exp(—(n + 3)t),
VA2 < C|V"A]2 4 C|Zo| "2 exp(—(n + 2)t),
and
|[V"M |? < Cexp(—3t)|V"A|? + C|Zo| "2 exp(—(n + 3)t).
Looking at the evolution equation of [V"A|2, we see that we can find
" > 0 and a constant C such that
dV"A|2  A|V"AJ2
< _
d — H?

((n+2) — Cexp(—'t))|V"A|?
+C|So " Pexp(—(N+2+")t)
and the maximum principle implies the desired result. ([

In what follows, C continues to denote any constant with dependence

C=C((Qj)jen, 0,&,Tog—Trgy m).

One immediate consequence of this lemma is that if we denote by Vg the
connection determined by gy (the round metric on S?), then for every n > 0
|Vofi| <C

for some constant C. Moreover,
dr sinh r
dt ~ 2coshry
and thus, combining Lemma 4.3 with Lemma 4.4, we have
d
dt

1 sinh fy
H 2 cosh f¢
< C(JH —2[ +exp(—2ry — 2t) + |[(#,") — 1])

+ ((#,") —1)H !

<c (supuH 24| 4 AR+ ) — 1) + exp<—2r0>) exp(~21),
3o
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for some other constant C. As a result, we get that the functions f{ converge
to a smooth function f ., on S? and so this proves Theorem 4.1 (iii).

We will now argue that for all integers k > 1 and n > 0 there is a constant
C such that

S| [#¢ V|2 < Cexp(—nt) forn>1, [#f|<Cexp(-t),
and
|20 F2#E VA2 < Cexp(—(n + 2)t).
This estimates finish the proof of the theorem.
We start with the case k = 1. Using normal coordinates, we have that

(# Vi, #) = #h(#ift) — (VIi, Dy )
= #({(#,"))H T — (") (VH #)H 72 — A(VE #)H
/
= —((<#r," WVEL#OH T — (#," ) (VH, #)H 2
and this implies that
Sh[# VH([? < Cexp(—t).
The same type of computations shows that for every n > 1 we can find C
such that
|0/ [t V" ([* < Cexp(—nt)
This implies that, for each n > 1,
|50/ P2 [# VA < Cexp(—(n + 2)t)
for some constant C. Having this estimates one can then show that
[#2f¢| < Cexp(—t)
and, for each n > 1,
342 972 < Cexp(—nt).

Repeating this process gives the desired estimates.

5. A MODIFIED SHI-TAM FLOW

In this section ¥ denotes a sphere satisfying hypothesis (H) and (Zt)t>0
is a solution to inverse mean curvature flow for which Theorem 4.1 holds.
Consider the manifold

N ==

t>0
where the metric gy can be written as
dt?
9m = g3 + G-

The metric g is defined to be

uz o,
g:= mdt + O,
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where function u satisfies (1).
Lemma 5.1. The metric § has R(g) = —6.

Proof. The mean curvature and the exterior normal vector of ¥; computed
with respect to g equal

H(>)=H()/u and " ="/u
respectively. Thus

H n

H H
and this implies that (Xt)t>0 is indeed a solution to inverse mean curvature
flow for the new metric with H (Xq) = 2.
We now check that the scalar curvature of g is —6. According to formula
(1.10) of [11], given metrics

ho:=dt? +¢g and h; =Vv2dt? + g,
the scalar curvature R? of hy and R! of h; are related by

3
(9) HO%:VZAtV—i—%(V—V?’)Rt —%uRM—%Rl,
where HY denotes the mean curvature of ¥y with respect to hg.

Let gy be the metric dt? 4+ g;. Because the scalar curvature of gy is —6,
we obtain from combining (9) (setting v = H ~!) both with Gauss equations
and with

dH-t  AH-!  |A2+Rc(",")
dt  H?2 H3
that the scalar curvature of gy is given by

A 2
R(%) =Rt —1- ‘HL
Consider the function v := u/H . Using (9) with hg = go and h; = g, the
condition that R(g) = —6 is equivalent to

— =V*Atv+ =(V—-V’ )R — =VR — 3v°.
7t t +2( )Rt 5 (%)

The evolution equation for u follows from the above equation, Gauss equa-
tions, and the evolution equation for H ~1.
O

Using the identification of ¥ with S? via
Se = {(Fe + (%, % | %e S},

the function Uy can be identified with a function on S? which we still de-
note by Ut. Recall that the normalized metrics ¢ (defined on Lemma 2.1)
converge to a smooth metric on S2. The main purpose of this section is to
prove
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Theorem 5.2. Assume that ¥ satisfies H (Xo) > 0 and that on Xt we have
Ri+6—-2HAH'>0

for all t.
Equation (1) admits a smooth solution U with initial condition Uy, =
H (X0)/ 2 and satisfying the following properties.

(i) If we denote by Uy the restriction of U to %, then the functions
Wi := 2exp(3t/ 2)|Xo|(uy — 1)/ (4!)

converge smoothly to a function Ws, defined on S?.
(ii) For every integer n and K we can find

A=A(Qj)jen:" 0,8, T0,Ig, M)
such that
VoW |> < Aexp(—nt) and [#V"W| < Aexp(—(n + 2)t);

(iii) The metric g is asymptotically hyperbolic. More precisely, we can
find a coordinate system (S,% and a symmetric 2-tensor Q such
that

1\)1/2
0= ds? 4 sinh? s + (m + ([Solf (41)) exp<3foo>woo) 540

3sinhs

and
QI +|DQ| +[D*Q| +[D’Q| < Aexp(—4r)
for some A = A((Qj)jen" 0, 8,T0, g, M).

Except for property (iii ), this theorem was essentially proven in [12, The-
orem 2.1] when the deformation vector of the foliation (Xt)t>0 equals the
unit normal vector. In light of Theorem 4.1 the same techniques apply with
no modification (see also [11]). Nonetheless, we need to make sure that some
estimates are independent of r; and so we sketch its proof. During the proof
A will denote any constant with dependence

A= A((QJ )J GN!‘ 0 801T0!L0’ m)
Proof. Set

Rt+6—2HAtH71
h*(t) =
® p( 2H?

and h™(t) = h™(t) if infug < 1 or, in case infug > 1,

<Rt+6—2HAtH1)

h™(t) = inf 512

3¢

Moreover, define

-2 -2
Wt =1- (supu0> , W™ =1-— (infu(]) ,
o o
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$E(t) = <1 —W*exp <— /Ot 2hi(s)ds)>m.

From [11, Lemma 2.2] (see also [12, Section 2.2]) we have that comparison
with the ODE

and

ds$

G =mmE-9),
implies
(10) $T() <u <$T(1)

while the solution exists. Moreover, we know from from Theorem 4.1 that
Ih*(t) — 3/4] < Aexp(—t) and |wp| < A.
for some constant A. Therefore, the inequalities in (10) imply that, while

the solution exists,
’Wt’ < A

for some other constant A.
Performing the change of variable

s = —4! |57 = —41 |2g| " Lexp(—t),
the evolution equation for w; becomes (see also [12, Theorem 2.1])

dws  u?

1) S2== _Aqws + 20%H g, (@wt, VH —1>

Fws(41) 15| (g +u(u+1) <AtH_1 R +6>> :

H 2H2

where the operators Bt and V are computed with respect to the normalized
metric ¢ and the range os s is —4! |$o|™! <s< 0.

In order to use the standard theory for quasilienar parabolic equations,
we need to make some remarks regarding the last term on the right-hand
side of equation (11). Direct computation shows that

_ X0 312 30| 3., 2
uu+1)=2+3 ﬁ(—s) Ws — o S Ws.
Thus the term
_ 3 AtHil Rt +6
12 Az 2 1 —
(12) s (5w (S - S

can be decomposed as

3[%o] o o [ [Xo]
————S*WZ — ———\/—SW. u(u+ 1F
160 5 Vs~ g s+ u(u+ DR,

_ AH™1 6(H2—-4)—4R
Ft:(4!)1\2t<tH .l SHZ t)

where
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Therefore, we obtain from Theorem 4.1 that the term in (12) is bounded by
some constant A.

Standard theory for quasilinear parabolic equations [8, Section VI, The-
orem 6.33] gives a uniform C%”bound in space-time for ws, i.e., for all
%% c S? and —4! [Yy|t <s,8< 0

[Ws(% — ws(%)| | [ws(%) —ws (%] _
dist (% %)2% s—¢|%  —

for some constant A.
The term in (12) has a uniform C%%bound and so standard Schauder

estimates imply that %WS and §2Ws are uniformly C%*bounded in space-
time. Bootstrapping implies the existence of a solution wg for all s with

IV "Ws| + [#sV"Ws| < A

for every integer n. Rewriting the equation for w; in terms of the variable t
and differentiating it with respect to time we obtain that, for every integer
n and K,

V"W |? < Aexp(—nt) and [#V"w|? < Aexp(—(n + 2)t).

As a result, Wy converges smoothly to a smooth function Ws, defined on S2.
Finally, we show that the metric g satisfies the definition of asymptotic
hyperbolicity given in the Introduction. The manifold N defined in the
beginning of this section is diffeomorphic to S? x [0, +00) and thus, besides
polar coordinates (r, %, admits also coordinates (t, % where r = f{ 4 ft. In
what follows we will use these coordinate systems, Theorem 4.1, and the
previous estimates for the function U without further mention. Let
h := 2w, exp(3f o0 ) [ Zo|¥ 2 (4l ) =32
and denote by Q any 2-tensor that satisfies
QI+ D Q[ + |D*Q| + [D?Q| = O(exp(—4r)).
Then
g=0m + P dt :9m+Tdt +Q
=gm +2(u—1)dr? + Q.
Due to the fact that

|| = 4! sinh?(r — fy),

we get that
] 2(u — 1) exp(30 2)[So¥2
= dr
9= On * = gl — ) O @
16h
= dr?
G + exp(3r) e

= (14 4hexp(—3r))*dr? + (sinh?®r +m/ (3sinhr))gy + Q.
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Thus, if we set
s:=r — 4/ 3hexp(—3r),
we obtain that
g = ds? + (sinh?s + (h +m)/ (3sinhs))gy + Q

and this implies that g is asymptotic hyperbolic if one uses the coordinate
system (s, %. O
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