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§1. Introduction

Consider a sequence of real numbers given by a recurrent equation

L)
Ny = —— L= Aoy - Apepy - 1
P p—lz D P p—p (1)

Here f is a C3-function on [0,1]. The sequence A, is defined as soon as Ay = y is given. In
this sense we shall write A,(y) and assume y > 0.

If ¥ = cy then A,(y') = & A, (y). Therefore, if A,(y) — 00 as p — oo and ¢ > 1 then
also N,(y') — 0o as p — oo, If Ap(y) — 0 as p — oo and 0 < ¢ < 1 then A,(y') — 0
as p — oo. This implies that the set of y > 0 for which A,(y) — o0 as p — oo is
an open semi-line (y™,00) while the set of y > 0 for which A (y) — 0 as p — o0 is an
interval (0,y~). It is a natural question whether 3~ = y* = 3© and A (y(o)) — const as
p — 00. As it is easy to understand, this constant must be equal to ( fo (7)dy)~! and it
is our first assumption that fol f(v)dy > 0. Without any loss of generality it is enough to

consider the case fol f(v)dy = 1 because if FD(y ) = K f(y) for some constant K then for
the corresponding sequence /\}})(y) we have /\( )(y) =K1 A, (y).

The above formulated question appeared in our joint paper with Dong Li (see [LS]) on
short time singularities in complex-valued solutions of the 3-dimensional Navier-Stokes sys-
tem on R3. There we mneeded the positive answer for the particular case
f(v) = 67? — 10y + 4. Each of us found his own proof of the needed statement but the
proofs were different and required different assumptions concerning the function f. The
proof given by Dong Li can be found in his paper [L]. Below I present my proof which uses
some inductive process. Here are the main assumptions about the function f:

(1) f € ¢3([0,1]).

(2) f(0) or f(1) is zero. Without any loss of generality we can consider the case f(1) = 0.

3) [ f(y)dy = 1. As it was already explained, this is not a restriction because of the
scaling properties of (1).
1

(4) Let f1(7) = f(v) + L =7, f200) = —h(0) =70, fs(1) = 55 [ wfolz) dz.

0

Thenfffg v)dy # —1.
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(5) The last assumption concerns the initial part of our inductive process. It will be
formulated later in §2, §4.

Main Theorem. If the conditions (1)-(5) are fulfilled, then there exists y'*) > 0 such that for
p——

Ap(y @) — /f(v) dy| =1.
0

Clearly y(© is unique.

We shall call A,(y(©) a separating solution of (1).
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2. Derivation of the Main Recurrent Formula

It follows from (1) that

/\p((l + z)y) = (1 + 2)° Np (y)

and therefore

d Ny (1 + 2)y)
dx

= p(1 + O(px)) Ay (y)-

We shall use this formula in the cases where y = O(1), A,(y) = O(1), pr = o(1). Then in
the main order of magnitude £ A, ((1 + 2)y) = p A, (y) and does not depend on z, i.e. in
this approximation A,((1 + z)y) is a linear function of . We shall formulate this statement
as a separate lemma.

Lemma 1. Let for some numbers Ay, As

A < Nply) < As
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Then there exists a constant C'; depending on A;, Ay such that

% Mo (y + 2y) = p(L + ) Ay (y) (2)

and |ei| < €y - p|z| provided that p|z| < 1.

Below in this text various absolute constants which appear during the proof will be
denoted by A,B,C with indeces, various remainders will be denoted by €, § with indeces.

Choose some p,0 < p < 1, and consider the sequence of intervals A, = [1— —\%, 14 —\%7]
It is clear that A, D A,y D ... . As was already mentioned, the proof of the main theorem
is based on some inductive process. Assume that for all ¢,1 < ¢ < p we have the intervals

D, = |ag, by] on the y-axis such that

P P
/\q(aq) =1 =—— /\q(bq) =14+ —

Vi Vi

and 0 < Az < a, < b, < A,. Putting in (2) y = a,, we get from Lemma 1 that the derivative
d% Ny () = q(1 + eff)) with |e¢(12)| < % where Cy depends only on p. In other words, if ¢ is
sufficiently large the function A,(y) is strictly monotone and changes from 1 — Ll 1 + &

Va Va
with the derivative of order of ¢q. Now we can write

mmm—mm=%‘ﬁ%:$MH$M%s%-
Then
s (L + &) = Apst (ap01) = Aplap) = Apir (1) — Apsa(ay)
+ Apr1 (ap) — Ay (ap) =
= (p+ 1)1+ ") (a1 — ap) + Aps1 (@) — Ap(ay)
with |e§,4)] < 3—%. This gives
P10+ ) @ = @) = 755 1+ &) = (@) =Aa). O

We shall use the recurrent equation (1) to find another expression for A,i1(a,) — Ay(ay).

PUt7:%7p2=p—p1,7'= z%' Then
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/\p+1(ap) = % zpzzl f(fy’) Npy (ap) Npot1 (ap) —
= 1 3 FO) A (ag) = DAsalay) = 1)+

1

= ﬁMv

PO an() =1) + 3 35 S pwa(a) = 1)

bR
i
=
Il
—_

() =

3

=S
Il
—

SR
NS
[y

SR
NI

FOO (@) = D(Apalay) = 1) +

p1

3 5 A nlag) = 1) =} 5 S,

p1=1

A similar formula can be written for A,(a,):

M) = 75 50 () = DAl = 1)+
ti S A ~ 1) = 5 & 1)

Subtracting A,(a,) from A,iq(a,) we get

Aosa(ap) = Mlay) = 1 (725) (Aplay) = D(Aa(ay) = 1)

+ 3 (2500 = 75 70) (Malap) = D(Apalay) = 1)

+¢§ﬁwmmw—M%AW—m%ﬂ

+1 51 (3%5) Ppalay) = 1) + b (A0 = 1) -

p1=1

(o) =1+ 3£ () = ' (3500 = 21 5) = £ 1.

p1=1

Here py, = p+ 1 — p;. Each term will be estimated in the next section.
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Now we can explain in detail the property (5) of the function f:

take some p, A3, Ay. Then for some py = po(p, As, As4) and all ¢,,1 < ¢ < po the segments
lag, by for which Ay(a,) = 1 — \/% Ng(by) =1 + -\% , Az <a, < b, < Ay exist.

Fix some number o > 0 which later will be assumed to be sufficiently small and consider
the sequence p™, p™+Y) = (1 4+ a)p™, n > 0. The choice of a will be discussed in §4.

()

For each n > 0 we write aym 1 — apm = QP and this equality will be used for
. . (n) 1 5(n)
the definition of r™. For p™ < p < p*1) we write Apn) 41 — Qpm) = Tp+§p. Denote
M, = max r™ 4+ 68| = max|a, — ag_1]¢”’2. Tt is clear that M, does not depend on the
q=p

choice of (™ and 515”) because ™ + §™ does not depend on the n. Then M, will be the
main p numbers which we shall estimate below.

§3. Estimates of 119)

In this and the next section we consider p, p™ < p < p™*V. First we consider the largest
terms among 1.

3.1 We start with
1 p
4) _
LY = ]—Qfl (p_ 1) (Ap-1(ap) = 1).

We have

11(74) - %fl (1%1) (/\p—l(ap—l) -1+ /\p—l(ap) - /\P—l(ap_l))

=—§%mn+%ﬁmmwmm—%4wq»+$>

where |e§,5)| < 1%. From (2)

1
(@) = Apa(p) = (o =) - (14 €Y,
|e§)6)| < 1%' From the estimate |a, — a,—1| < }% it follows that

1 M, Cs
]—9’ Ap-1 (ap) = Np-a(ap-1)| < ]95—/2 <1 + W) :

which gives
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and |e;(,7)| < 6;75%[” . Later it will be shown that M, are uniformly bounded. Consider

6 (1, 1
I, —Z Z—jfl(’Y)—p_

L10)) () = 1),

We can write

Y AG) + AG) ® _ _  J(0) (8)
p(p—1) T pp—1) P

1 , 1 B
§f1(7>_ pTlfl(V) =

|€1(78)| < % For the difference A, (a,) — 1 from Lemma 1 and 2 we have
p

p
Apy(ap) =1 = Np(ap,) =1 + Ap(ap) = Ay (ay,) = — W + (1 + 61(911))<ap —ap,)-
1
The estimate for e( ) was given before. Then
S fo(7') iy — ay,)
2 2 P 3
1/2+Z 1 +E()’ (4)

|e§,3)] < % and

(10)

lep | < ]%. For the second term in (4) we write
(5) Km0 piap—ap) S d
B =) p(p—1) = Z L) -y 2 LO) v Y (ag—ag) =
p1=1 p1=1 p1=1 g=p1+1

LY (g —ae) - X fly) oy =

q2=2 ¥= <

hSES

pP1
P

= Y lag— ) 2 S Ry =

q=2 p1<q
p q/p ()

= > (ag—a4) f f2(7) - vdy + ¢ =
q=2

= Zp: (ag — ag-1) - (g_z e <1%> + €gll)>
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where |e§,”)| < %. Recall now that a, —a,—1 = T(;+fq
Therefore
() 1 1 &1
e " \/7f <_> 4= —f (Q) sm 4 (12) _
- 3 3 € =
3/2 » pz q; NG p) )
™ [ ) 1~ 1
r" 3y q n 13)
= dy + = ) —fg(—>6()+e(
3/2 2 q p
p¥ / VAl {2 SEVA AN
|e§,13)| < ]% R™ where R = = max |r(™)|. The last sum will play an important role in the

next section. Finally we have

1 1
faly d7 () / £5(7) 1 <& 1 q
1% / dy+ 5> —=fs =)o + €
P 3/2 p3/2 2 q P
/ ) Nal P V4 j%

4)| < 014(1+R<”>)_

and ]ep -

3.2. In this part of §3 we shall consider other Ii(,j ), j # 4,5 about which we shall show that
they have a higher order of smallness and will be included later in the remainders. For ],()7)

we have

p—2
7
L' o= - %
p1=

p—2
_ 1 (15)
= w2, [f (1%) + oo (;ﬁll)] ta
1
= 2 () + v ()] dy + e
0

and ]ep 16) | < 016 The last integral is zero in view of the condition f(1) = 0.

For IZ(,G) we can write
7o) < S8
P
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Consider
12
[(3 = 2_9 fly Apy @p —1) (/\p’2+1<ap) - /\p’2<ap))'
p1=1
We have
/\pl(ap) -1 = /\p1<ap1) -1+ /\p1(ap) - /\p1(ap1) .
By construction, Ay, (a,,) —1 = _\/LpT and with the help of Lemma 1

Api(ap) — NAp(ap,) = (p1 + 5(1))< ap — p,) -

For the difference (a, — a,,) we write

P P
lap — ap,| < > lag — ag1| < M, - > _q51/2 <
q=p1+1 g=p1+1

p
3 (1 1
<M, Cy- [ q5/2 =M, - Cy -3 <—3/2 — p_3/2) =
1

p1+1

3/2
=My 3 g (1= (L 2)") < 0o
1

p p 1
Thus ( )
pP—D1
| Apy (ap) = Apy(ap )| < M, - Coy - 1/2 : (6)
by D
In the same way
la, — ap,| < M, - Cy - m (5)

Now we can estimate the difference Ay y1(a,) — Ay, (ap):
A /+1(ap) Apé(%) = /\p’2+1<ap’2> - Apé(“pé)"’
+ Appt1 (ap) = A ’+1(ap ) — Ap&(‘%) + /\p’z(ap’g)'

From Lemma 1 and from the previous estimates (5), (5'), (6) it follows that

|(/\p’2+1 (ap) = A ph41 (ap ) — (/\p’z(ap) AV (ap’g))| <

h
3/2

§C’21|ap—ap/2|§Mp-C'22- .
by P
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This yields

11(73) = ]l, > f(Y) (Am(ap) —1) (/\p’2+1(ap) - /\p’2<ap)) =

p1=1

- 117 pi:ll F() <_ \/LpT + Api(ap) = /\pl(am)) (Appr1(apy) — = Ay (ap)) +

+(/\p’2+1(ap§) - /\p’g(ap’2>> + (/\p’2+1(ap) - /\p’2+1(ap’2) - /\p’z(ap) + /\p’2<ap’2>>

and from the previous estimates and the inequality |f(7')| < Cas %

3
|f£)| < #.0232[]92(\/%4—]\41)-020.171?_22.1)).

(M, - Cy pL/ + M, - Cy pg% )]
Cas - My [ Z_:l 32 + pil P2 p

IR =R L=

+p§ Bl S N2 B ] (M) Ca
et TR I e S P '

It will follow from our proof in §4 that M, are uniformly bounded. Therefore I,(,?’) has a
higher order of smallness.

Next we estimate

1 = 3 (376 = 15 50)) () = 1) (ala) — 1),

p1=1

As before,

|/\p1 (ap) -1 < |/\p1 (apl) — 1|+ ‘/\pl (apl) _/\pl(ap)| < —+ M, Cy - —7

and similarly
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P
— Corp 1 ; C_e /P
= 127; Z - | =X M CQO Z s p +

VP
p1=1 !
p—1
Mp-Cao- Cazp VP2 1 Cor- C20 Mp VP \/ 028(1+Mp)
- P> v p T 2 = P’ :
p1=1 p1=1

It remains to estimate

=27 (527) - (vla) - D) - 1.

It follows easily from the condition f(1) = 0 that

&

(1) 29
<

p

Now we can formulate the final result of all previous estimates.

1
/\p+1(ap - /\p(ap) = 3/2 fi(l p/ f
0

1 p
e S G (2) 0 e
and |e,| < % (max(1 + M, + R™))2.
4. The End of the Proof of the Main Theorem

As was mentioned before, the proof of the main theorem is based on induction. The
possibility of the first p(® steps is guaranteed by the property 5 of the function f. At the

. . . () (n)
th step of the induction we consider p > p™ and we have a, 1 — a, = +§ From (3)

p 1
Apt1 — Ap = 2052 ];(/\pﬂ(ap) — Nplap)) + 5;()1)

where | 6§,1)| < Bm(/\p“;;’;)_/\’?(a”)). In this inequality B is an absolute constant. From (7)

1
Apia(ap) = Molay) = = o 1) + o [ 230 dy
0
(8)
P(n=1) P . .
+ [ 52yt % 3 0o (1) 00 4 gl < ColtM R e,
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Thus

In the last expression, take p = p(™. Then r® = r(»=D 4§ ?M-lr)l It determines our
“renormalization” at the n*-step. Clearly, |r(™ — r(*=1| = ’5(?@21‘
In all previous formulas, replace r™~Y by ™ — (p( — p(=1)) and 55V by
(51(,71) + 7 — (=1 Then from (9)
[ b [ B
r = £+ pfi(1) —pof v dw—r(”)bf 22 dy
RN (n) [ o)
1 1 a4 n (n) _ p(r=1) 3y
t o S s (pw) 7 o (1) = D) [ By (10)

For p™ +1 < p < p™*Y we use the formula analogous to (9):

1

1
+ 00 = &+ ph(l o) [ L2 dy
0

0

(11)
p
5 5w h () 0+ A e

The substitution of 7™ from (10) gives

() _ 1 N~ 1 g> () _ _1 1 <L) (n)
5p+1 - \/5(;’;2\/5.]% (p 51] \/W(;\/afii () 51]

1
1 n n n n—
= B )PP = g ()P = () = ) [ B
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p(™)
p(m) _p(n=1) n

p(") = D) p )
(12)
P s+1
_ 1 (n) 1 1 sn (2)
= S:p(zn)ﬂ (\/571 Z \/f3 (:5) 4 -5 q;? 7 I3 (%) 4 ) + O
where 5(2) is the sum of all remaining terms in the previous expression.
p
It is most important to estimate the differences
1 s+1 q 1 s 1 q
. RPN SR ENOr
/S+ Z S+1 q S f3 S q
q=2 9
Let AV = max |8 - ¢i]. Then
1<q<p
_ 1 1 1 S (n)
Js = S+l Vstl f3()s+1+<\/m_7g>qz:27§f3 (S_%l)(sq
Ly (n)
+7§ q; NG (f3 (s+1) — s (E)) 0q
Direct estimates of each part of the last expression give
Cs (n) Cs O 51 Css - Az(an) C34Dp
Therefore,
(n) RY (n)
1 1 g n) _ _1 1 q n
|\/§ (1:22 \/gf?) <p> 6(1 \/W ) \/gf?) (p(n)) 561 |
(13)
- (n) S A5 - (p=pn)
= > S| SOy Ly Y =7 < Oy =
s:p(">+1 p:p(")-i-l s 4 (p(n)) 1
From the estimates of §3
n C'36( + M (n)> 036<1+M)
el - () < oy 1l P (14)
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Instead of 5/11 we could take any power less than % The value of the constant Cs4 depends
on this power.

The estimate of r™ — (=1 is done with the help of (9) written for p = p™ and (10):
(n)

s S (15)
(M1l = 1/4 -
+ pn/

P — D) = 15

If A]E,") are uniformly bounded then |7"(”)*’”<n71>| decay exponentially with n. We can write

(n) (n)
(n) TL 1) f3 Ap(’ﬂ)+1 o 037 Ap(n)+1 1
(™~ 1/4 = 71 (16)
P po (14 )"
p™) Cor - A™ o o A

n 37 (n) 41 37 (n) 11
() = /p Z _f3 (_) = 1/f == (17)

P po (1 + )"

It remains to estimate 8" p®/ 2. We have (see above)

B(l)l Ap+1 (ap) - /\p(ap)‘

1
1BV < i
and from (8)
W) . 32 < B BY "
|ﬂp | - p7% < BY| Apgr (@) — Nplap)| < p3/2 (Csr + 038A )
Returning back to (12), (13), (14), (15), (16), (17) we have
2BW Cs6(1 + M,)?
|ﬁ152)| = p1/2 (Car + 038A ) + %pg,Tp (18)
FECTE Ay _ 2BWCy N Cag NS (14 M,)?
1 n p1/2 p5/11
po(1+a)
Now come back to (12), (13), (15), (16), (17). We can write
A (p—pn)  2BDCy  Cse - AM(1 + M,)?
(n) 14 n 37 39 D P
16,7 < Cis S R o (19)
This yields
A BOCy  CyA(p—pa) | Ca A (1+ M,)? . (20)

p+l — p1/2 (p(”))li p5/11
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Since p — p, < ap, we have

AM 2BWCy; + Algn)(c% + Cyo(1 + M,)*)

p+1 — p1/2 (p(n)>1/4 (21)

Mpi1 = 1?;3(1 |ag — aq- 1"]5/ < \7’ ‘ + q@%ﬁ |5 ’ <
m) m—1) p
|+Z|T |+(p+1)1/4'

From (21) it follows easily that |Ap7jr1] < ]% and it implies that M, < Cy;. Remind that
C with an index is an absolute constant.

If po is large enough then all a, € [%Ag,, 2A4] (see the end of §2). Since the derivatives
of all A,(y) within this interval are close to 1 the points b, also belong to the segment
[%A3,2A4}. The distance b, —a, < p};s;*? Therefore, lim a, = lim b, = y©. Theorem is

p——00 p—00

proven.
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