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SHRINKWRAPPING AND THE TAMING OF HYPERBOLIC
3 MANIFOLDS

DANNY CALEGARI AND DAVID GABAI

0. INTRODUCTION

During the period 1960 1980, Ahlfors, Bers, Kra, Marden, Maskit, Sullivan,
Thurston and many others developed the theory of geometrically nite ends of hy-
perbolic 3 manifolds. It remained to understand those ends which are not geo-
metrically nite; such ends are called geometrically in nite.

Around 1978 William Thurston gave a conjectural description of geometrically
in nite ends of complete hyperbolic 3 manifolds. An example of a geometrically
in nite end is given by an in nite cyclic covering space of a closed hyperbolic 3-
manifold which bers over the circle. Such an end has cross sections of uniformly
bounded area. By contrast, the area of sections of geometrically nite ends grow
exponentially in the distance from the convex core.

For the sake of clarity we will assume throughout this introduction that N =
H3= where is parabolic free. Precise statements of the parabolic case will be
given in x7.

Thurston’s idea was formalized by Bonahon [Bd]] and Canary [Cal with the fol-
lowing.

De nition 0.1. The end E of a hyperbolic 3-manifold N is simply degenerate if it is
topologically of the form S [0; ) where S is a closed surface, and there exists
a sequence fS;jg of CAT( 1) surfaces exiting E which are homotopicto S 0 in
E. This means that there exists a sequence of maps f; : S ¥ N such that the
induced path metrics induce CAT( 1) structures on the S;’s, f(S;) S [i; 1)
and f is homotopic to a homeomorphism onto S 0 via a homotopy supported in
S [0;1).

Here by CAT( 1), we mean as usual a geodesic metric space for which geo-
desic triangles are thinner than comparison triangles in hyperbolic space. If the
metrics pulled back by the f; are smooth, this is equivalent to the condition that
the Riemannian curvature is bounded above by 1. See [BH] for a reference. Note
that by Gauss Bonnet, the area of a CAT( 1) surface can be estimated from its
Euler characteristic; it follows that a simply degenerate end has cross sections of
uniformly bounded area, just like the end of a cyclic cover of a manifold bering
over the circle.

Francis Bonahon [BQ] observed that geometrically in nite ends are exactly those
ends possessing an exiting sequence of closed geodesics. This will be our working
de nition of such ends throughout this paper.
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The following is our main result.

Theorem 0.2. The end E of a complete hyperbolic 3-manifold N with nitely generated
fundamental group is simply degenerate if there exists a sequence of closed geodesics exit-
ing E.

Consequently we have,

Theorem 0.3. Let N be a complete hyperbolic 3-manifold with nitely generated funda-
mental group, then every end of N is geometrically tame, i.e. it is either geometrically
nite or simply degenerate.

In 1974 Marden [Ma]] showed that a geometrically nite hyperbolic 3-manifold
is topologically tame, i.e. is the interior of a compact 3-manifold. He asked whether
all complete hyperbolic 3-manifolds with nitely generated fundamental group
are topologically tame. This question is now known as the Tame Ends Conjecture or
Marden Conjecture.

Theorem 0.4. If N is a complete hyperbolic 3-manifold with nitely generated funda-
mental group, then N is topologically tame.

There have been many important steps towards Theorem 02 The seminal re-
sult was obtained by Thurston [T]], Theorem 9.2, who proved Theorems [I.3 and
for algebraic limits of Fuchsian groups. Bonahon [BQ] established Theorems
and @4 when 1(N) is freely indecomposible and Canary [Ca] proved that
topological tameness implies geometrical tameness. Results in the direction of 0.4
were also obtained by Canary-Minsky [CaM], Kleineidam Souto [KS]], Evans [EV],
Brock Bromberg Evans Souto [BBES], Brock Souto [BS] and Souto [Sa]]. Actually
[Sa] plays a crucial role, for it is used in obtaining Theorem[@.4 from our main tech-
nical result described later in the introduction. Independently, and very recently,
lan Agol [[Ag|] has announced a proof of 0.4

Thurston rst discovered how to obtain analytic conclusions from the existence
of exiting sequences of CAT( 1) surfaces. Thurston’s work as generalized by
Bonahon [Bo]] and Canary [[Cal]] combined with Theorem[@2yields a positive proof
of the Ahlfors’ Measure Conjecture [AZ].

Theorem 0.5. If isa nitely generated Kleinian group, then the Lebesgue measure of
its limit set is either full or zero. If L = S, then acts ergodically on S% .

Theorem [ is one of the many analytical consequences of our main result.
Indeed Theorem 02 implies that a complete hyperbolic 3-manifold N with nitely
generated fundamental group is analytically tame as de ned by Canary [Ca]. It
follows from Canary that the various results of x9 [Cal] hold for N.

Our main result is the last step needed to prove the following monumental
result, the other parts being established by Alhfors, Bers, Kra, Marden, Masket,
Mostow, Prasad, Sullivan, Thurston, Minsky, Masur Minsky and Brock Canary
Minsky. See [[Mil] and [BCMI.

Theorem 0.6 (Classi cation Theorem). If N is a complete hyperbolic 3-manifold with

nitely generated fundamental group, then N is determined up to isometry by its topolog-
ical type, the conformal boundary of its geometrically nite ends and the ending lamina-
tions of its geometrically in nite ends.
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The following result was conjectured by Bers, Sullivan and Thurston. Theorem
is one of many results, many of them recent, needed to build a proof. See
[BCM] or [BB] for a more detailed discussion.

Theorem 0.7 (Density Theorem). If N = H3= is a complete nitely generated 3-
manifold with nitely generated fundamental group, then is the algebraic limit of geo-
metrically nite Kleinian groups.

The main technical innovation of this paper is a new technique called shrinkwrap-
ping for producing CAT( 1) surfaces in hyperbolic 3-manifolds. Historically, such
surfaces have been immensely important in the study of hyperbolic 3-manifolds,
e.g. see [T, [Ba], [Cal] and [CaM].

Given a locally nite set  of pairwise disjoint simple closed curves in the 3-
manifold N, we say that the embedded surface S N is 2-incompressible rel.  if
every compressing disc for S meets  at least twice. Here is a sample theorem.

Theorem 0.8 (Existence of shrinkwrapped surface). Let M be a complete, orientable,
parabolic free hyperbolic 3 manifold, and let bea nite collection of pairwise disjoint sim-
ple closed geodesics in M. Further,letS  Mn be a closed embedded 2 incompressible
surface rel.  which is either nonseparating in M or separates some component of  from
another. Then S is homotopic to a CAT( 1) surface T via a homotopy

F:S [0;1]1 ' M

such that

1) F(s 0)=s

(2) F(S t) = Stisanembedding disjointfrom for0 t<1

B)FE =T

(4) 1f TYis any other surface with these properties, then area(T)  area(T?)
We say that T is obtained from S by shrinkwrapping rel. , or if is understood, T is
obtained from S by shrinkwrapping.

In fact, we prove the stronger result that T is minimal (to be de ned in x1)
which implies in particular that it is intrinsically CAT( 1)
Here is the main technical result of this paper.

Theorem 0.9. Let E be an end of the complete orientable hyperbolic 3-manifold N with

nitely generated fundamental group. Let C be a 3-dimensional compact core of N, @g
the component of @C facing E and g = genus(@g). If there exists a sequence of closed
geodesics exiting E, then there exists a sequence fSjg of CAT( 1) surfaces of genus g ex-
iting E such that each £S;g is homologically separating in E. That is, each S; homologically
separates @g from E.

Theorem now follows directly from Souto [Sq] or can be derived from the
pleated surface interpolation technique introduced by Thurston [[T] and developed
by [[CaZ], [CaM] and [Sa]]. See x6.

The proof of Theorem (.9 blends elementary aspects of minimal surface theory,
hyperbolic geometry, and 3-manifold topology. The method will be demonstrated
in x4 where we give a proof of Canary’s theorem. The rst time reader is urged to
begin with that section.
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This paper is organized as follows. In x1 and x2 we establish the shrinkwrap-
ping technique for nding CAT( 1) surfaces in hyperbolic 3-manifolds. In x3 we
prove the existence of -separated simple geodesics exiting the end of parabolic
free manifolds. In x4 we prove Canary’s theorem. This proof will model the proof
of the general case. The general strategy will be outlined at the end of that section.
In x5 we develop the topological theory of end reductions in 3-manifolds. In x6 we
give the proofs of our main results. In x7 we give the necessary embellishments of
our methods to state and prove our results in the case of manifolds with parabolic
elements.

Notation 0.10. If X Y, then N(X) denotes a regular neighborhood of X in Y
and int(>X) denotes the interior of X. If X is a topological space, then jXj denotes
the number of components of X.

Acknowledgements 0.11. The rst author is grateful to Nick Makarov for some
useful analytic discussions. The second author is grateful to Michael Freedman for
many long conversations in Fall 1996 which introduced him to the Tame Ends con-
jecture. He thanks Francis Bonahon, Yair Minsky and Jeff Brock for their interest
and helpful comments. Part of this research was carried out while he was visiting
Nara Women’s University, the Technion and the Institute for Advanced Study. He
thanks them for their hospitality.

1. SHRINKWRAPPING

In this section, we introduce a new technical tool for nding CAT( 1) surfaces
in hyperbolic 3 manifolds, called shrinkwrapping. Roughly speaking, given a col-
lection of simple closed geodesics in a hyperbolic 3 manifold M and an embed-
ded surface S Mn ,asurface T M is obtained from S by shrinkwrapping S
rel.  if it homotopic to S, can be approximated by an isotopy from S supported
in Mn , and is least area subject to these constraints.

Given mild topological conditions on M; ;S (namely 2 incompressibility, to
be de ned below) the shrinkwrapped surface exists, and is CAT( 1) with respect
to the path metric induced by the Riemannian metric on M.

We use some basic analytical tools throughout this section, including the Gauss
Bonnet formula, the coarea formula, and the Arzela Ascoli theorem. At a number
of points we must invoke results from the literature to establish existence of min-
imal surfaces ([MSY]), existence of limits with area and curvature control ([CiSc]),
and regularity of the shrinkwrapped surfaces along  ([R1]). General references
are [CMI|, [Us] [Fed] and [B].

1.1. Geometry of surfaces. For convenience, we state some elementary but fun-
damental lemmas concerning curvature of surfaces.
The following lemma is formula 5.6 on page 100 of [CM].

Lemma 1.1 (Monotonicity of curvature). Let be a minimal surface in a Riemannian
manifold M. Let K denote the curvature of , and Ky, the sectional curvature of M.
Then restricted to the tangent space T

1. .
K =Ku AP

where A denotes the second fundamental form of
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In particular, if the Riemannian curvature on M is bounded from above by some
constant K, then the curvature of a minimal surface in M is also bounded above
by K.

The following lemma is just the usual Gauss Bonnet formula:

Lemma 1.2 (Gauss Bonnet formula). Let be a C® Riemannian surface with (possibly
empty) C3 boundary @ . Let K denote the Riemann curvature of ,and the geodesic

curvature along @ . Then .

K =2 () dl
@
Many simple proofs exist in the literature. For example, see [Js].
If@ is merely piecewise C3, with nitely many corners p; and external angles
i, the Gauss Bonnet formula must be modi ed as follows:

Lemma 1.3 (Gauss Bonnet with corners). Let be a C3 Riemannian surface with
boundary @ which is piecewise C3, and has external angles ; at nitely many points p;.
Let K and be as above. Then
z z >
K =2 () di i
0 i

Observe for abc a geodesic triangle with external angles 1; »; 3thatLemmall3
implies 7 <
K=2 i

i

Notice that the geodesic curvature vanishes precisely when @ is a geodesic,
that is, a critical point for the length functional. More generally, let be the normal
bundle of @ in , oriented so that the inward unit normal is a positive section.
The exponential map restricted to de nes amap

‘@ [0 ] ®

for small , where (;0) =Idjps ,and (@ ;t) for small tis the boundary in of
the tubular t neighborhozod of @ . Then

abc

. dl = o . length( +(@ )

Note that if is a surface with sectional curvature bounded above by 1, then
by integrating this formula we see that the ball B¢(p) of radiustin about a point
p2 satis es

area(B¢(p)) 2 (cosh(t) 1)> t?
for small t > 0.

1.2. Comparison geometry. For basic elements of the theory of comparison ge-
ometry, see [BHI.

De nition 1.4 (Comparison triangle). Let ajajas be a geodesic triangle in a geo-
desic metric space X. Let 2 R be given. A comparison triangle is a geodesic
triangle azazasz in the complete simply connected Riemannian 2 manifold of con-
stant sectional curvature , where the edges a;a; and @ satisfy

length(a;a;) = length(aiay)
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Given a point x 2 aja, on one of the edges of aja,as, there is a corresponding
point X 2 aza; on one of the edges of the comparison triangle, satisfying

length(a;x) = length(arx)

and
length(xaz) = length(Xaz)

Remark 1.5. Note that if > 0, the comparison triangle might not exist if the
edge lengths are too big, but if 0 the comparison triangle always exists, and is
unique up to isometry.

There is a slight issue of terminology to be aware of here. In a surface, a triangle
is a polygonal disk with 3 geodesic edges. In a path metric space, a triangle is just a
union of 3 geodesic segments with common endpoints.

De nition 1.6 (CAT( )). Let S be a closed surface with a path metric g. Let S
denote the universal cover of S, with path metric induced by the pullback of the
path metric g. Let 2 R be given. S is said to be CAT( ) if for every geodesic
triangle abc in S, and every point z on the edge bc, the distance in S from a to z is
no more than the distance fromatozina comparison triangle.

By Lemma [[3 applied to geodesic triangles, one sees that a C2 surface  with
sectional curvature K satisfying K everywhere is CAT( ) with respect to
the Riemannian path metric.

More generally, if is a surface which is C3 outside a subset X without
interior, if K in nX, and if the formula from Lemma [L3 holds for every
geodesic triangle with verticesin nX then is CAT( ).

This is an easy exercise in comparison geometry; see [B] for details.

De nition 1.7 ( minimal surfaces). Let 2 R be given. Let M be a complete
Riemannian 3 manifold with sectional curvature bounded above by , and let
be an embedded collection of simple closed geodesics in M. An immersion

ST M

is  minimal if itis smooth with mean curvature0on Sn , and is metrically CAT( )
with respect to the path metric induced by  from the Riemannian metric on M.

Notice by Lemma [ that a smooth surface S with mean curvature 0 in M is
CAT( ), so a minimal surface (in the usual sense) is an example of a  minimal
surface.

1.3. Statement of shrinkwrapping theorem.

De nition 1.8 (2 incompressibility). An embedded surface S in a 3 manifold M

disjoint from a collection of simple closed curves is said to be 2 incompressible rel.
if any essential compressing disk for S must intersect in at least two points. If
is understood, we say S is 2 incompressible.

Theorem 1.9 (Existence of shrinkwrapped surface). Let M be a complete, orientable,
parabolic free hyperbolic 3 manifold, and let bea nite collection of pairwise disjoint sim-
ple closed geodesics in M. Further,let S  Mn be a closed embedded 2 incompressible
surface rel.  which is either nonseparating in M or separates some component of  from
another. Then S is homotopictoa  minimal surface T via a homotopy

F:S [0;1] XM
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such that

1) F(s 0)=s

(2) F(S t) = Stisanembedding disjointfrom for0 t<1

B)FES =T

(4) 1f TYis any other surface with these properties, then area(T)  area(T?)
We say that T is obtained from S by shrinkwrapping rel. , or if is understood, T is
obtained from S by shrinkwrapping.

The remainder of this section will be taken up with the proof of Theorem

Remark 1.10. In fact, for our applications, the property we want to use of our
surface T is that we can estimate its diameter (rel. the thin part of M) from its
Euler characteristic. This follows from Gauss Bonnet and the bounded diameter
lemma (Lemmal[l.T4 to be proved below). In fact, our argument will show directly
that the surface T satis es Gauss Bonnet; the fact that it is CAT( 1) is logically
super uous for the purposes of this paper.

1.4. Deforming metrics along geodesics.

De nition1.11( separation). Let be acollection of disjoint simple geodesics in

a Riemannian manifold M. The collection is separatedifanypath :1 ¥ M
with endpoints on  and satisfying
length( (1))

is homotopic rel. endpoints into . The supremum of such is called the separation
constant of . The collection is weakly separated if

dist( ; ) >

whenever ; "are distinct components of . The supremum of such is called the
weak separation constant of

De nition 1.12 (Neighborhood and tube neighborhood). Let r > 0 be given. For
a point x 2 M, we let N (x) denote the closed ball of radius r about x, and let
N<r(X); @N(X) denote respectively the interior and the boundary of N(x). For a
closed geodesic in M, we let N( ) denote the closed tube of radius r about
and let N<( ); @N,( ) denote respectively the interior and the boundary of N( ).
If denotes a union of geodesics j, then we use the shorthand notation

L
Ne( )= Ne( i)
Remark 1.13. Topologically, @N,(x) is a sphere and @N,( ) is a torus, for suf -
ciently small r. Similarly, N (X) is a closed ball, and N( ) is a closed solid torus.
If is separated,then N -,( ) isaunion of solid tori.

Lemma1.14 (Bounded Diameter Lemma). Let M be a complete hyperbolic 3 manifold.
Let be adisjoint collection of  separated embedded geodesics. Let > 0 be a Margulis
constant for dimension 3, and let M denote the subset of M where the injectivity radius
isatmost . IfS Mn isa2 incompressible  minimal surface, then there is a con-
stantC =C( (S); ; )2Randn=n( (S); ; ) 2 Z such that for each component S;
of S\ (MnM ), we have
diam(Sj) C
Furthermore, S can only intersect at most n components of M
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Proof. Since S is 2 incompressible, any point x 2 S either liesin M , or is the
center of an embedded m disk in S, where

m = min( =2; =2)
Since S is CAT( 1), Gauss Bonnet implies that the area of an embedded m

disk in S has area at least 2 (cosh(m) 1) > m?2.
This implies thatifx 2 S\ MnM then

area(S\ Nm(x)) m?
The proof now follows by a standard covering argument.

A surface S satisfying the conclusion of the Bounded Diameter Lemma is some-
times said to have diameter bounded by C modulo M

Remark 1.15. Note that if is a Margulis constant, then M consists of Margulis
tubes and cusps. Note that the same argument shows that, away from the thin part
of M and an neighborhood of , the diameter of S can be bounded by a constant
depending only on (S)and .

De nition 1.16 (Deforming metrics). Let > 0 be such that is separated.
Choose some small r withr < =2. Fort 2 [0; 1) we de ne a family of Riemannian
metrics g on M in the following manner. The metrics g¢ agree with the hyperbolic
metric away from some xed tubular neighborhood N( ).
Let
h:iNra () ¥ [0;r(@ 1)
be the function whose value at a point p is the hyperbolic distance from p to
. We de ne a metric gr on M which agrees with the hyperbolic metric outside
Nra (), andon Nya () is conformally equivalent to the hyperbolic metric,
with ]
Ot Ier?gth element — 14 2sin? h(p)
hyperbolic length element rd t

We are really only interested in the behaviour of the metricsgrast ¥ 1. As
such, the choice of r is irrelevant. However, for convenience, we will x some
small r throughout the remainder of x1.

The deformed metrics g¢ have the following properties:

Lemma 1.17 (Metric properties). The g metric satis es the following properties:

(1) For each t there is an f(t) satisfying r(1 t)=3 < f(t) <2r(1 t)=3such that
the union of tori @N¢ ) ( ) are totally geodesic for the g¢ metric

(2) For each component ; and each t, the metric g¢ restricted to N( ;) admits a
family of isometries which preserve ; and acts transitively on the unit normal
bundle (in M) to

(3) The area of a disk cross sectionon Ny; )isO(1 t).

(4) The metric g¢ dominates the hyperbolic metric on 2 planes. That is, for all 2
vectors , the g¢ area of is at least as large as the hyperbolic area of

Proof. These properties can be veri ed by a straightforward computation.

Notation 1.18. We denote lengthofanarc : 1 ¥ M with respect to the g metric
as length, ( (1)), and area of asurface : R ¥ M with respect to the g metric as
areat( (R)).
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1.5. Constructing the homotopy.

Lemma 1.19 (Minimal surface exists). Let M; ;S be as in the statement of Theo-
rem For each t, there exists an embedded surface S¢ isotopic in Mn to S, which is
ge least area among all such surfaces.

Proof. Note that with respect to the g metrics, the surfaces @N¢( ) described
in Lemma [ I7 are totally geodesic, and therefore act as barrier surfaces. If there
exists a lower bound on the injectivity radius in Mn with respect to the g metric,
then the main theorem of [MSY]] implies that either such a minimal surfaces S; can
be found, or S is the boundary of a twisted | bundle over a closed surface, or else
S can be homotoped off every compact setin Mn .

First we show that these other two possibilities cannot occur. If S is nonsep-
arating in M, then it intersects some essential loop  with algebraic intersection
number 1. It follows that S cannot be homotoped off , and does not bound an |
bundle. Similarly, if 1; » aredistinct geodesics of separated from each other by
S, then the i’s can be joined by anarc which has algebraic intersection number
1 with the surface S. The same is true of any S” homotopic to S; it follows that S
cannot be homotoped off the arc , nor does it bound an I bundle disjoint from

Now suppose that the injectivity radius on M is not bounded below. We use the
following trick. Let g} be obtained from the metric g; by perturbing it on the com-
plement of some enormous compact region E so that ithasa aring end there, and
there is a barrier minimal surface close to @E. Then by [MSY] there is a minimal
surface S} for the g} metric. Since S} must either intersect or , by the Bounded
Diameter Lemma [LT4, unless the hyperbolic area of S \ E is very large, the di-
ameter of SE in E is much smaller than the distance from or to @E. Since by
hypothesis, S} is least area for the gj metric, its restriction to E has hyperbolic area
less than the hyperbolic area of S, and therefore there is an a priori upper bound
on its diameter in E. By choosing E big enough, we see that S} is contained in
the interior of E, where g and g{ agree. Thus S} is minimal for the g, metric, and
therefore Sy = SE exists for any t.

Lemma 1.20. Fix small r as in De nition[[.T8 Suppose for some t, the surface S¢ does
not intersect N1 (). Then S is a minimal surface in M, and we can choose Sy, = St
foru=>t.

Proof. Since g¢ agrees with the hyperbolic metric outside Ny ¢ ( ), age minimal
surface S¢ which does not intersect N ¢ is actually a minimal surface for the
hyperbolic metric. Since the g, metric dominates the hyperbolic metric for each u,
such an S¢ is also g, minimal for all u > t.

By hypothesis, St is isotopic to S in Mn . A minimal surface in the complement
of isobviously minimal. Suppose there is some other minimal surface R
which can be perturbed to an embedded surface R Mn isotopicto S in Mn .
If there is an inequality area(R) < area(St) then for some such perturbation R’ we
have area(R") < area(S;). On the other hand,

RO MnNr(l u)( )

for some u t, contrary to the de nition of Sy and the choice of S, = Sq.
It follows that if Sy is disjoint from N,; ) for some t, then the proof of Theo-
rem[L3follows, by taking T =S, = St forallu  t.
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For the remainder of the proof of Theorem [L9 therefore, we assume that there
isanin nite sequence t; ¥ 1such that S, intersects Ny¢1 ).

To extract good limits of sequences of minimal surfaces, one generally needs
a priori bounds on the area and the total curvature of the limiting surfaces. Here
for a surface S, the total curvature of S is just the integral of the absolute value of
the (Gauss) curvature over S. For minimal surfaces of a xed topological type in
a manifold with sectional curvature bounded above, a curvature bound follows
from an area bound by Gauss Bonnet. However, our surfaces St are minimal with
respect to the g¢ metrics, which have no uniform upper bound on their sectional
curvature, so we must work slightly harder to show that the the S¢ have uniformly
bounded total curvature. More precisely, we show that their restrictions to the
complement of any xed tubular neighborhood N ( ) have uniformly bounded
total curvature.

Lemma 1.21 (Finite total curvature). Let S be the surfaces constructed in Lemma[L.T9
Fix some small, positive . Then the subsurfaces

S! =S¢\ MnN ()
have uniformly bounded total curvature.

Proof. Having chosen , we choose t large enough so thatr(1 t) < =2.

Observe rstly that each S¢ has g area less that the g¢ area of S, and therefore
hyperbolic area less that the hyperbolic area of S for suf ciently large t.

Let s = St \@Ns( ) for small s. By the coarea formula (see [Fed],[CM]) we
can estimate 7

area(S¢ \ (N ¢ ynN =»( ))) . length( ¢.s) ds

If the integral of geodesic curvature along a component of ¢ is large, then the
length of the curves obtained by isotoping into S¢ \ N ( ) grows very rapidly.
Since there is an a priori bound on the hyperbolic area of Sy, it follows that for
each constant C; > 0 there is a constant C, > 0, such that for each component of
t. which has length C; there is a loop

" Se\(N ()N ()
isotopic to by a short isotopy, satizsfying

d  C;

For otherwise, the hyperbolic area of an =2 tubular neighborhood of such a in
St would be bigger than the hyperbolic area of S, which is absurd.

On the other hand, since S; is g¢ minimal, for t suf ciently large, there is a
constant C; > 0 such that each component of  which has length C; bounds
a subdisk of S¢ contained in MnNy(; ).

By the coarea formula above, we can choose so that length( ¢.s) is a priori
bounded. It follows that if S? is the subsurface of S¢ bounded by the compo-
nergs of s of length > C, then we have a priori upper bounds on the area of SY,
on gso dl and on (S). Moreover, SY is contained in MnN(; r where the
metric g agrees with the hyperbolic metric, so the curvature K of SY is bounded

above by 1 pointwise, by Lemmalldl By the Gauss Bonnet formula, this gives
an a priori upper bound on the total curvature of S?, and thereforeon S{ ~ S¥.
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Remark 1.22. A more highbrow proof of Lemma [L.Z1 follows from theorem 1 of
[S], using the fact that the surfaces S are globally least area.

Lemma 1.23 (Limit exists). Let S¢ be the surfaces constructed in Lemma LI Then
there is an increasing sequence

o<t <th<

such that limjx 4 t; = 1, and the S;, converge on compact subsets of Mn to some
T M™Mn withclosure T in M.

Proof. By de nition, the surfaces S¢ have g¢ area bounded above by the g; area of S.
Moreover, since S is disjoint from , for suf ciently large t, the g; area of S is equal
to the hyperbolic area of S. Since the g area dominates the hyperbolic area, it fol-
lows that the St have hyperbolic area bounded above, and by Lemmal[LZ]] for any
, the restrictions of S to MnN () have uniformly bounded nite total curvature.
Moreover, by assumption, each S intersects Ny(; 1), SO by the bounded diame-
ter Lemma [ I4 they are all contained in some xed compact subset E of M. By
standard compactness theorems (see e.g. [Ci1Sc]) any in nite sequence S;, contains
a subsequence which converges on compact subsets of En , away from nitely
many points where some subsurface with nontrivial topology might collapse.

But S is 2 incompressible rel. , so in particular it is incompressible in MnS,
and no such collapse can take place, and the limit T exists (compare [MSY]]). Since
each S; is a minimal surface with respect to the g¢ metric, it is a minimal surface
with respect to the hyperbolic metric on MnN; ( ). It follows that TV is real
analytic of mean curvature 0, properly embedded in Mn ,andwe cande neT to
be the closure in M.

Lemma 1.24 (Interpolating isometry). Let ftjg be the sequence as in LemmalLZ3 Then
after possibly passing to a subsequence, there is an isotopy F : S [0;1) ¥ Mn such
that

F (S, t|) = Sti
and such that for each p 2 S the track of the isotopy F (p; [0; 1)) either converges to some

well de ned limit F(p;1) 2 Mn or else it is eventually contained in N ( ) for any
> 0.

Proof. Fix some small . Outside N ( ), the surface S, converge uniformly and
smoothly to T'. It follows for i suf ciently large, that Sy, and Sy, , are both sections
of the exponentiated unit normal bundle of TnN ( ), and therefore we can isotope
St, t0 Sy,,, along the bers of the normal bundle.

Let Z be obtained from N ( ) by isotoping it slightly into MnN ( ) so that it
is transverse to T, and therefore also to Sy, for i suf ciently large. For each i, we
consider the intersection

i — Sti \ @Z
and observe that the limit satis es
Iim ;= =T\@z
() e

Let be a component of which is inessential in @Z. Then for large i, can
be approximated by i which are inessential in @Z. Since the S¢, are 2
incompressible rel. , the loops i must bound subdisks D; of S,. Since @Z is a
convex surface with respect to the hyperbolic metric, and the g metric agrees with
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the hyperbolic metric for large t, it follows that the disks D; are actually contained
inZn for large i. It follows that D; and Dj+1 are isotopic by an isotopy supported
in Zn , which restricts to a very small isotopy of jto j+1 in@Z.

Let be a component of which is essential in @Z. Then so is ; for large
i. Again, since S, and therefore Sy, is 2 incompressible rel. , it follows that ;
cannot be a meridian of @Z, and must actually be a longitude. It follows that there
is another essential curve E in each j, such that the essential curves 9 and
cobound a subsurface A; in S, \ Zn . After passing to a diagonal subsequence,
we can assume that the ! converge to some component °of .

By 2 incompressibility, the surfaces A;j are annuli. Note that there are two rela-
tive isotopy classes of such annuli. By passing to a further diagonal subsequence,
we can assume A; and Aj.41 are isotopic in Zn by an isotopy which restricts to a
very small isotopy of ;i [ Yto j+1 [ %,in@Z.

We have shown that for any small and any sequence Sy,, there is an arbitrarily
large index i and in nitely many indices j with i < j so that the surfaces Sy, and
St; are isotopic, and the isotopy can be chosen to have the following properties:

(1) The isotopy takes N ( ) \ Si; to N () \'Sy; by an isotopy supported in
N ().

(2) Outside N (), the tracks of the isotopy are contained in bers of the ex-
ponentiated normal bundle of TnN ( ).

Choose a sequence ; ¥ 0, and pick a subsequence of the St,’s and relabel so that
St;; St,.., satisfy the properties above with respectto N , (). Then the composition
of this in nite sequence of isotopies is F.

Remark 1.25. The reason for the circumlocutions in the statement of Lemma[L.24
is that we have not yet proved that T is a limit of the S; as maps from S to M. This
will follow in XI.8 where we analyse the structure of T near a pointp 2 , and
show it has a well de ned tangent cone.

1.6. Existence of tangent cone.

Lemma 1.26 (Tangent cone). Let T% T be as constructed in LemmaL23 Letp 2 T\ .
Then near p, TYis a surface with a well de ned tangent cone.

Proof. We use what is essentially a curve shortening argument. For each small s,
de ne

Ts =ONs(P)\ T
For each pointqg 2 Tn ,we de ne (q) to be the angle between the tangent space
to T at g, and the radial geodesic through q emanating from p. By the coarea
formula, we can calculate

.7z zZ

area(T \ Ns(p)) o 1. Co8( )dl dt . length(T¢)dt

where dl denotes the length element in each T;. Note that this estimate implies
that Tt is recti able for a.e. t. We choose s to be such a recti able value.

Now, each component of Ts is a limit of components ; of Si; \ @Ns(p) for
large i. By 2 incompressibility of the Sy, each ; is a loop bounding a subdisk D;
of Sy, for large i. @Ns(p) is convex in the hyperbolic metric. By cutting out the
disks @Ns(p) \ Nr1 ( ) and replacing them with disks orthogonal to  which
are totally geodesic in both the g; and the hyperbolic metrics, we can approximate
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@Ns(p) by asurface @B boundingaball B Ng(p) which is convex in the g¢ metric.
Let ! be the component of Sy, \ @B approximating i, and let D! be the subdisk of
St, which it bounds. Then the disk D! must be contained in B, by convexity of @B
in the g¢ metric. The disks D! converge to the component D T bounded by ,
and the hyperbolic areas of the D! converge to the hyperbolic area of D. Now, let
D' be the cone on  to the point p. D can be perturbed an arbitrarily small amount
to an embedded disk D, and therefore by comparing D with the D!, we see that
the hyperbolic area of D' must be at least as large as that of D.

Since this is true for each component of Ts, by abuse of notation we can replace
T by the component of T \ Ng(p) bounded by a single component . We use this
notational convention for the remainder of the proof of the lemma. Note that the
inequality above still holds. It follows that we must have

Zs sinh(t)

area(T \ Ns(p)) Iength(Ts) Sinh(s )dt = area(cone on Tg)
0

For each t 2 (0;s], de ne kTk by the formula

smh(s)
kTek = Iength(Tt) Sinh(D)
Geometrically, if : Ns(p)np ¥ @Ns(p) is the projection map along radial geodesics,

then (T¢) @Ns(p), and
kT¢k = length( (Ty))
It follows from the inequalities above that for some intermediate s’ we must
have
kTok KTk

with equality iff T \ Ns(p) is equal to the cone on Ts.

Now, the cone on Ts is not minimal in Ng(p)n unless Ts is a great circle or
geodesic bigon in @Ng(p) (with endpoints on @Ngs(p)\ ), in which case the lemma
is proved. So we may suppose that for any s there is some s’ < s such that kTgk
kTsk. Therefore we choose a sequence of values s; with s; ¥ 0 such that kT, k >
KTs,.. K, such that kTs, k converges to the in mal value of kT{k with t 2 (0; s], and
such that kTg, k is the minimal value of kT{k on the interval t 2 [s;; 1]. Note that for
any small t, the cone on Ty has area § length(T¢) + O(t3).

The set of loops in the sphere with length bounded above by some constant,
parameterized by arclength, is compact, by the Arzela Ascoli theorem (see [Eed]).
Therefore we may choose i < j suchthat (Ts;)and (Tg;) are CO close in @Ns(p).
Now, the cone on Tg, can be perturbed slightly to interpolate a surface FSSJ_i between
Ts; and Ty; satisfying

s?2 Zs,
area(Fg') 7‘ + length(T¢)dt
Sj
where can be chosen as small as we like, for large i; j.

Suppose the curve (Tg,) is not very close (in the C° topology) to being a great
circle or geodesic bigon in @Ngs(p). Then by pushing in regions where the (geo-
desic) curvature of Tg, is positive, we can push FSSJ_i rel. boundary to a new surface
ngi in Ns(p)n , where

i s? i
area(Fs') TI + area(Ggl)
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and where depends only on the Hausdorff distance from (Ts,) to a geodesic
bigon or great circle in @Ns(p).

But then Ggi has area strictly less than the cone on Ts;, which as we have
pointed out, is absurd. It follows that the curves (Ts,) converge geometrically
to a great circle or a geodesic bigon in @Ns(p).

Let C @Ns(p) be this geometric limit. Then inside an neighborhood of
C in @Ns(p), we can nd a pair of curves C , where C* is convex, and C is
convex except for two acute angles on  \ @Ns(p). The cone on C is a pair of
barrier surfaces in Ns(p). In particular, once (Tg;) and (Ts,.,) are both trapped
between C* and C , the same is true of (T,) for all r 2 [sj+1;si]. This is enough
to establish the existence of the tangent cone.

Notice that Lemma [[.28 actually implies that T is a recti able surface in M,
which is a local (topological) embedding. In particular, this shows that the isotopy
F:S [0;1) ¥ M constructed in Lemmall.24can be chosen to limit to a homotopy
F:S [0;1] ¥ MsuchthatF(S;1)=T.

1.7. The thin obstacle problem. From the proof of Lemma [[28 we see that T
exists as a C° map which by abuse of notation we denote u : T ¥ M. Moreover,
the formula 7 7

S

area(T \ Ng(p)) = L

T, €0s( )

implies that the derivative du is in L', and therefore u is in the Sobolev space H!,
See [[Mor for a de nition.

Actually, the fact that u is a limit of maps F(;tj) : S ¥ M which are minimal
for the gy metric, and therefore L2 energy minimizers for the metric structure on S
pulled back by F ( ;t;), easily implies that du is L2.

We need to establish the regularity of du along in the following sense. Let
L = T \ , and call this the coincidence set. For each local sheet of T, we want
the derivative du to be well de ned along the interior of L from either side, and
tangentially also at a non interior point of L.

Now, if I L isan interval, then the re ection principle (see [Oss]) implies that
each local sheet T* of T with @T* = I can be analytically continued to a minimal
surface across 1, by taking another copy of T™, rotating it through angle along
the axis I and gluing it to the original T* along I. It follows that du is real analytic
from either side along the interior of L. Note that if the tangent cone at a point p
is not literally a tangent plane, then an easy comparison argument implies that p is
an interior point of the coincidence set. See [[N]] page 90 for a fuller discussion.

Non interior points of L are more dif cult to deal with, and we actually want
to conclude that du is continuous at such points. Fortunately, this is a well known
problem in the theory of variational problems, known as the Signorini problem, or
the (two dimensional) thin obstacle problem.

In the literature, this problem is usually formulated in the following terms:

dl dt

Thin Obstacle Problem. Let be a bounded open subset of R?, and A an oriented
line containedin .Let :A ¥ Randg:@® ¥ Rbegiven,withg on@® \A.
De ne

K=fv2g+HPjv on Ag
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Minimize Z
J(u) = F(X;u; ru)dx
overu 2 K.

Here HP denotes the usual Sobolev space over  for the LP norm, with zero
boundary conditions.

The main conditions typically imposed on F are suf cient regularity of F and
its partial derivatives (Lipschitz is usually enough) and ellipticity (see [Fre] page
281 for details). For example, if we want the graph of u to be a (Euclidean) mini-
mal surface away from (A), then the formula for F is F = (1 + jruj?)=? which
is certainly real analytic and elliptic. The de nition of F for a nonparametric mini-
mal surface in exponential co ordinates on hyperbolic space is more complicated,
but certainly F is real analytic and elliptic in the sense of Frehse.

See Figure [ for an example of the graph of a function solving the Dirichlet thin
obstacle problem, where ja is constant. This surface is visually indistinguishable
from the graph of the function solving the unparameterized minimal surface thin
obstacle problem with the same boundary and obstacle data, but for computer
implementation, the Dirichlet problem is less computationally costly.

FIGURE 1. The graph of a function solving the thin obstacle problem

The next theorem establishes not only the desired continuity of @u, but actually
gives an estimate for the modulus of continuity.
The following is a restatement of theorem 1.3 on page 26 of [[Ri]] in our context:

Theorem 1.27 (Richardson [Ril] Regularity of thin obstacle). Let u be a solution to the
thin obstacle problem for F elliptic in the sense of Frehse and p 2 [1; 1], and suppose that
@ ; ;g aresmooth. Then @u is continuous along A in the tangent direction, one sided
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continuous in the normal direction on either side, and continuous in the normal direction
at a non interior point. Furthermore, @u is Helder continuous, with exponent 1=2; i.e.
the modulus of continuity of @u is O(t172).

We apply this theorem to our context:

Lemma 1.28 (Regularity along coincidence set). Foru: T ¥ M de ned as above, the
derivative du along local sheets of T is continuous from each side along the coincidence set
L, and continuous at non interior points.

Proof. If p is an interior point of L, this follows by the re ection principle. Other-
wise, by Lemmal[lZ8and the discussion above, the tangent cone is a plane in the
tangent space at p.

We show how to choose local co ordinates in a ball B near each pointp 2 L such
that B\ isthe x axis, each local sheet of T is the graph of a functionu: ¥ R,
and u is non negative along the x axis. Let = B\ , and let ° be another
geodesic through p orthogonal to and tangentto . Let F and G be foliations of
B by totally geodesic planes orthogonal to and ° respectively. Then each leaf of
F is totally geodesic for both the hyperbolic and the g metric for all t, and each
leaf of G is totally geodesic for the g¢ metric for suf ciently large t. It follows that
T has no source or sink singularities with respect to either foliation. Since T \ B
is a (topological) disk, by reasons of Euler characteristic it can have no saddle
singularities either, and therefore no singularities at all. We let F and G be level
sets of two co ordinate functions on B. De ne a third co ordinate function to be
(signed) hyperbolic distance to the plane containing and ° and observe that u
is a graph in these co ordinates.

It follows that u solves an instance of the thin obstacle problem, and by Theo-
rem[[Z7the desired regularity of du follows.

Remark 1.29. For our applications, the fact that u is C1*1=2 is more than necessary.
In fact, all we use is that u is C*. This is proved (with a logarithmic modulus of
continuity for du) by [Ere], and (with a Helder modulus of continuity for du) in
arbitrary dimension by [KI].

Remark 1.30. The structure of the coincidence set is important to understand, and
it has been studied by various authors. Hans Lewy [[Lew] showed that for J the
Dirichlet integral and  analytic, the coincidence setisa nite union of points and
intervals. Athanasopoulos [Ath] proved the same result for the minimal surface
guestion, for symmetric domain and obstacle A, but his (very short and elegant)
proof relies fundamentally on the symmetry of the problem, and we do not see
how it applies in our context.

Note that if the Hausdorff dimension of the coincidence set is strictly < 1, then
since T is C1*%72 (and therefore Lipschitz) along this coincidence set, the theory of
removable singularities implies that T is actually real analytic along . It follows
in this case that the coincidence set consists of a nite union of isolated points, and
that T is actually a minimal surface. See e.g. [[Car] for details.

Remark 1.31. Existence results for the thin obstacle problem for minimal surfaces
with analytic obstacles (see e.g. [Ril], [KI, [[N]]) gives an alternative proof of the
existence of the limit T. Given S, we can shrinkwrap S near in small balls by
using existence for the thin obstacle problem, and away from by replacing small
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disks with least area embedded disks with the same boundary. The argument of
[HS] implies that for S 2 incompressible, this converges to a surface T.

1.8. CAT( 1) property. We have shown that T satis es all the properties of the
conclusion of Theorem[LL9, except that we have not yet shown that it is intrinsically
CAT( 1). In this subsection we show that T is CAT( 1) with respect to the path
metric induced from M, after possibly replacing it by a new surface T with the
same properties.

Lemma 1.32 (CAT(-1) property). After possibly replacing T by a new immersed surface
with the same properties, T is CAT( 1) with respect to the path metric induced from M.

Proof. To show that T is CAT( 1) we will show that there is no distributional pos-
itive curvature concentrated along the coincidence set L. Since Tn is a minimal
surface, the curvature of T is bounded above by 1 on this subset. It will follow
by Gauss Bonnet that T is CAT( 1).

We rst treat a simpler problem in Euclidean 3 space, which we denote R3. Let

be an embedded surface in R® which is C3 outside a subset X which is contained
inageodesic inR3, and which is C! along X from either side along the interior of
X, and C* at non interior points of X. Then we claim, for each subsurface R

with C3 boundary @R ZnX, that .

K =2 (R) dl
RnX oR
Compare Lemmall2

In other words, we want to show that X isa removable singularity for R, at
least with respect to the Gauss Bonnet formula.

Let :RnX ¥ S?denote the Gauss map, which takes each point p 2 R to its
unit normal, in the unit sphere of S2. Then K is the pullback of the area form by

. Let R denote the completion of RnX with respect to the path metric. Then R
is obtained from R by cutting it open along each interval in R\ X, and sewing in
two copies of the interval thereby removed. Notice that there is a natural forgetful
mapR ! R.

By the assumptions about the regularity of R, the Gauss map actually extends
to a continuous map :R ¥ S2. Moreover, since X is contained in a geodesic  of
R3, the image (RnR) is contained in a great circle C in S2.

For each boundary component of R, we claim thatthe map : ¥ C has
degree zero. For, otherwise, by a degree argument, there are pointsp 2 R which
map to the same point in p, for which (p*) = (p ), and the graphs of (p™*)
and (p ) locally have a nonzero algebraic intersection number. It follows that
the local sheets of R from either side must actually intersect along p, contrary to
the fact that is embedded. It follows that we can sew in a disk to R along each
boundary component to get a surface R’ homeomorphic to R, with @ﬁo = @R, and
extend to :R ¥ S2 by mapping each such disk into C.

Now, the surface R’ can be perturbed slightly in a neighborhood of X to a new

surface R* which is C3 in S2, in such a way that the Gauss map of R'isa pertur-
bation of . So the usual Gazuss Bonnet formul% (Lemmal[L2) shows that
K=2 (R) di

R oR
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R
But &u K isjust the integral of the area form on S? pulled back by the Gauss map;
it follows that

z z

K= degree( GY)
R S2

and z z
degree( (ﬁoo)) = degreg( (ﬁo))
s2 s2

since one map is obtained from the other by a small perturbation supported away
from the boundary. Since%he measure of C is zer% this last integral is just equal to

degree( (R)) = K
S2nC RnX
and the claim is proved.

Now we show how to apply this to our shrinkwrapped surface T. We use the
following trick. Let j with t 2 [0;1) be a family of metrics on M, conformally
equivalent to the hyperbolic metric, which agree with the hyperbolic metric out-
side Ny(1 1), which are Euclidean on Ny(; 1)=2, and which have curvature pinched
between 1 and 0, and are rotationally and translationally symmetric along the
core geodesic. Then we let T be the surface obtained by shrinkwrapping S with
respect to the j¢ metric. l.e. we let gs.x be a family of metrics as in De nition .16
which agree with the j¢ metric outside Nr1 (1 s), construct minimal surfaces Se;¢
as in Lemmall I3 and so on, limiting to the immersed surface Ty which is mini-
mal for the j, metric on Mn , and C*%*2 along Tt \ . Arguing locally as above,
we see that small subsurfaces of Tt contained in the Euclidean tubes Ny, )-» sat-
isfy Gauss Bonnet in the complement of the coincidence set. By Lemmal[L1l the
surfaces Tt all have curvature bounded above by 0, and bounded above by 1 out-
side N1 ). By Gauss Bonnet for geodesic triangles, Tt is CAT(0), and actually
CAT( 1)outside Ny .

Now take the limitast ¥ 1. Some subsequence of the surfaces Tt converges
to a limit T. Again, by Gauss Bonnet for geodesic triangles, the limit is actually
CAT( 1), and the lemma is proved.

This completes the proof of Theorem
Problem 1.33. Develop a simplicial or PL theory of shrinkwrapping.

2. THE MAIN CONSTRUCTION LEMMA

The purpose of this section is to state the main construction Lemma 21 and
show how it follows easily from Theorem L9

2.1. The main construction lemma. We now state and prove the main construc-
tion lemma.

Lemma 2.1 (Main construction lemma). Let E be an end of the complete open orientable
parabolic free hyperbolic 3 manifold N with nitely generated fundamental group. Let
W N be a submanifold such that @W \int(N) separates W fromE. Let 1 Nn@W
bea nite collection of simple closed geodesics with = int(W)\ 1 anon empty proper
subset of 1. Suppose further that @W is 2 incompressible rel.

Let G be a nitely generated subgroup of 1 (W), and let X be the covering space of W
corresponding to G. Let  be the preimage of in X, and " a subset which maps
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homeomorphically onto  under the covering projection, and let B " be a nonempty
union of geodesics. Suppose there exists an embedded closed surface S~ XnB that is
2 incompressible rel. B in X, which separates every component of B from @X.

Then @W can be homotoped toa ; minimal surface which, by abuse of notation, we
call @W°, and the map of S into N given by the covering projection is homotopic to a map
whose image T?is 1 minimal. Also, @W" (resp. T°) can be perturbed by an arbitrarily
small perturbation to be an embedded (resp. smoothly immersed) surface @W¢ (resp. Tt)
bounding W¢ with the following properties:

(1) There exists an isotopy from @W to @W; which never crosses 1, and which
induces an isotopy from W to Wy, and a corresponding deformation of hyperbolic
manifolds X to X¢ which xes pointwise.

(2) There exists an isotopy from S to St X which never crosses B, such that Ty is
the projection of S¢ to N

Proof. The proof is reasonably straightforward, given the work in {Il First, we
obtain @W° from @W by shrinkwrapping rel. ;. Since = intf(W)\ iisa
nonempty and proper subset of 1, @W satis es the hypotheses of Theorem
and therefore @W" exists, and satis es the desired properties.

For each t = t; in our approximating sequence, the metric gc on W¢ lifts to a
metric on X which, by abuse of notation, we also call g;. Let gy be the metric on X;
which agrees with g¢ near the components B of , near (hyperbolically) concave
subsurfaces of the boundary @X; covering @W¢, and agrees with the hyperbolic
metric elsewhere.

This requires a small amount of explanation: the metric on N is deformed along
tubular neighborhoods of some geodesics in  ;nW in such a way that the tubular
neighborhoods intersect the interior of W, near @W. If isacomponentin ;nW
(i.e. an exterior geodesic ), we let gy agree with the deformed metric g on X near
@W, even though the core of the corresponding geodesics do not exist in X¢. On
the other hand, if is a component of ( 1 \ W)nB (i.e. an interior geodesic )
such that the surface @ X intersects small tubular neighborhoods of some lift to
X, then by LemmalLZ8 the normal direction to @X; into X; points into the tube
Nra t( 1), and therefore @X; is mean convex in the hyperbolic metric near 0
and acts as locally as a barrier surface for the hyperbolic metric. So we let g} agree
with the hyperbolic metric in tubular neighborhoods of such interior geodesics .
The point of this construction is that with respect to the gy metric, @X; acts as a
barrier surface, and we can nd a gy least area surface S;  int(X¢) by [MSY]].

There are two alternative approaches which deserve mention. Firstly, the limit-
ing surface @X' itself, covering @W ' acts as a barrier surface for the hyperbolic met-
ric near interior geodesics, by monotonicity properties of the thin obstacle problem
(see e.g. [IN]). Secondly, it is straightforward to develop a theory of shrinkwrap-
ping for surfaces which might be transverse at nitely many points to some of the
geodesics about which it is shrinkwrapped; in the limit, such transverse obsta-
cles become invisible, and the limiting surfaces are actually minimal (with respect
to the hyperbolic metric) near such transverse obstacles. This should be familiar to
the reader who has experimented by pushing needles through soap bubbles, and
observing that this operation does not deform their geometry.

In any case, we obtain our d; least area surface S¢. The immersed surfaces T
N are obtained by mapping S; to W¢ by the covering projection. After passing to a
further subsequence of values t = t;, the limit of the T¢ existsasamap fromSto N,
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with image T, by the argument of Lemma [ 23 applied locally. The regularity of
TY%locally along ; follows from the argument of Lemmal[L28, since that argument
is completely local. It follows that T'is ; minimal. Notice that some local sheets
of T? are actually minimal (in the usual sense) near geodesics in 1, corresponding
to subsets of S¢ in X¢ crossing components of nB where the gy metric agrees with
the hyperbolic metric. In any case, T is intrinsically CAT( 1), and the theorem is
proved.

2.2. Nonsimple geodesics. When we come to consider hyperbolic manifolds with
parabolics, we need to treat the case that the geodesics ; might not be simple. But
there is a standard trick to reduce this case to the simple case, at the cost of slightly
perturbing the hyperbolic metric.

Explicitly, suppose M is as in the statement of Theorem except that
some of the components are possibly not simple. Then for every > 0 there exists
a perturbation g of the hyperbolic metric on M in a neighborhood of  with the
following properties:

(1) The new metric g agrees with the hyperbolic metric outside N ( )

(2) With respect to the metric g, the curves in  are homotopic to a collection
of simple geodesics °

(3) The metric g is hyperbolic (i.e. has constant curvature 1) on N _,( %)

(4) Themetricgis1+ bilipschitz equivalent to the hyperbolic metric, and the
sectional curvature of the g metric is pinched between 1 and 1+ .

The existence of such a metric g follows from lemma 5.5 of [Cal. It is clear that the
methods of Xl apply equally well to the metric g, and therefore shrinkwrapping
can be done with respect to the metric g, producing a surface which is intrinsically
CAT( 1+ ).

In fact, since such a metric exists for each , we can take a sequence of such met-
ricsg for each small > 0, produce a shrinkwrapped surface T for each such ,
and take a limit T as ¥ 0 which is intrinsically CAT( 1), and which can be ap-
proximated by embedded surfaces, isotopic to S, in the complement of nC where
Cisa nite subset of geodesics whose cardinality can be a priori bounded above in
terms of the genus of S. We will not be using this stronger fact in the sequel, since
the existence of a CAT( 1+ ) surface is quite enough for our purposes.

3. ASYMPTOTIC TUBE RADIUS AND LENGTH

By [Ba] an end of a complete hyperbolic 3 manifold N is geometrically in nite
if and only if there exists an exiting sequence of closed geodesics. In this chapter
we show that if 1(N) is parabolic free, then the geodesics can be chosen to be

separated; in particular, all are simple.

De nition 3.1. Let N be a complete hyperbolic 3-manifold with geometrically
in nite end E. De ne the E-asymptotic tube radius to be the supremum over all
sequences T jg of closed geodesics exiting E, of
limsup tube radius( )
vl
Similarly de ne the E-asymptotic length to be in mum over all sequences f ;g as
before of
Ilin; Tf length( )
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We will drop the pre x E when the end in question is understood.

Proposition 3.2. IfE is a geometrically in nite end of the complete hyperbolic 3-manifold
N without parabolics, then asymptotic tube radius > 1=4 asymptotic length. If asymptotic
length = 0, then asymptotic tube radius = 1. There exists a uniform lower bound
to the asymptotic tube radius of a geometrically in nite end of a complete parabolic free
hyperbolic 3 manifold.

Proof. The second statement follows from the fact [Me] that tube radius goes to
in nity as length goes to 0. The third statement is an immediate consequence of
the rst statement and [[Me]. (Actually, Proposition B3 will show that log(3)=2 is a
lower bound.)

Now suppose that asymptotic length = L 2 f0; 1.g. Then there exists a se-
guence T ;g exiting E such that length( ;) ¥ L. As in [G2] if the tube radius
(v) % length( ;), then there exists a geodesic ; homotopic to a curve which is a
union of a segment of ; and an orthogonal arc from ; to itself, and each of these
segments has length  length( j)=2. By rounding corners and applying the above
result from [[Me], this implies that length( ;) < length( ;) C for some constant
C > 0. Thus if limsup tube radius ( j) < L=4, there exists a sequence f ;g such
that liminflength( j) L C where ;isasabove. Since 1 > L, f ;g must exit
the same end as f g, which is a contradiction.

Now suppose that asymptotic length is in nite and f ;g is an exiting sequence
such that length( ;) ¥ 1. Given R 10 we produce a new exiting sequence f ig
with tube radius ( ;) > Rforalli. If possible let ; be asmallest segment of ; such
that there is a geodesic path ; connecting @( i), length( ;) 10R and ; is not
homotopic to  rel endpoints. If ; does not exist, then tube radius( ;) 5R. So
let us assume that for all i, ; exists. Note that length( ;) ¥ 1 orelse wecan nd
an exiting sequence of bounded length. Therefore for i suf ciently large we can
assume that length( ;) > 10R, length( ) = 10R, and both of the angles between

i and ; are at least =2. The geodesic ; homotopic to the curve obtained by
concatenating ; and ; lies within distance 2 of ; [ ;i and for the most part lies
extremely close. If tube radius( ;) R, then there would be an arc ; connecting
points of ; such that length( ;) 2R and ; cannot be homotoped rel endpoints

into ;. If for in nitely many i, both endpoints of ; uniformly close to j, then
asymptotic length is bounded. Otherwise for i suf ciently large one nds new
essential geodesic paths ! of length  10R with endpoints in ; @ ;. This

contradicts the minimality property of ;.

Proposition 3.3. If N is a complete, orientible, hyperbolic 3-manifold and ;(N) has no
parabolic elements, then asymptotic tube radius> log(3)=2.

Remark 3.4. We will not be using Proposition B3 in this paper.
Proof. If not, there exists an exiting sequence ; such that
limlength( ;) =t = asymptotic length
1

and
limtube radius( ;) = r = asymptotic tube radius
1

wherer log(3)=2. By passing to a subsequence we can nd sequences f ;g; f ig
where jisaliftof jtoH3and ;isanearest 1(N) translate of ;. Furthermore
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we can assume that the associated triple (Lj; Dj; Rj) (as de ned in [GMTI]) con-
verges to (L; D; R). Here Re(D) = 2r and Re(L) = t. Asin [GMT], (L; D; R) gives
rise to a marked 2-generator group hf; wi. Since Re(D) < log(3); (L; D; R) must lie
in the parameter space P. It cannot lie in one of the 6 exceptional regions, or else
by [GMT]], [VR], [Li] and [[CLLM], it and (L;; Dj; R;j) correspond to a closed hyper-
bolic 3-manifold for i suf ciently large. Therefore some word u(f;w) in f and w
either gives rise to an element of shorter length or a translate A’ of Axis(f) := A at
distance less than Re(D) from A. In either case the reduction of length or distance
is bounded below by some constant . If (L; D; R) gives rise to a length reducing
killer word, then so does (L;; Di; R;) for i suf ciently large. Since 1(N) has no
parabolics, this word corresponds to a hyperbolic element and hence a geodesic

i N.Ifu(f;w) is loxodromic, then the corresponding geodesic is of bounded
distance from , the geodesic associated to f. Therefore the geodesics f ;g are at
bounded distance from f jg and hence exit the same end. If u(f;w) is parabolic,
then length( ;) ¥ 0, hence f g is exiting and must exit the same end as f ;g. In-
deed, in H3; u(f; v) takes a point x to y where d(x;y) < t=4. Then for i suf ciently
large there are essential closed curves of length < t=2 at distance at most 2d(x; A)
from ;. Similarly (L; D;R) does not give rise to an ortholength reducing killer
word, or else for i suf ciently large we would obtain a contradiction to the fact
that r is the asymptotic tube radius.

Question 3.5. What is the maximal lower bound for the asymptotic tube radius of a
geometrically in nite end E of a complete, orientable, hyperbolic manifold with nitely
generated fundamental group, both in the cases that E is parabolic free or not?

Question 3.6. What is the upper bound for asymptotic length of a geometrically in nite
end E? It follows from Theorem [0 that there is an upper bound which is a function of

rank( 1(E)).

4, CANARY’S THEOREM

In this section we give a proof of Canary’s theorem (Theorem E1) when N is
parabolic free. Our proof of Theorem @ will closely parallel this argument.

Theorem 4.1 (Canary). If E is a topologically tame end of the complete, orientable, hy-
perbolic 3-manifold N = H3= |, where has no parabolic elements, then there exists a
sequence of CAT( 1) surfaces exiting the end. If E is parametrized by S [0; A), then
these surfaces are homotopic to surfaces of the form S t, via a homotopy supported in
S [0;D).

Proof. It suf cesto consider the case that E is geometrically in nite. By LemmaB2
there exists a sequence of pairwise disjoint -separated simple closed geodesics

= f jg exiting E. Assume that and the parametrization of E are chosen so
thatforalli2N; ; S (i 1;i). Letg=genus(S), i=Ff 1, ; ijgandf jga
locally nite collection of embedded proper rays in E such that@ ; 2 ;.

An idea used repeatedly, in various guises, throughout this paper is the follow-
ing. If R is a closed oriented surface and T is obtained by shrinkwrapping R rel
the geodesics R, then R is homotopic to T via a homotopy which does not meet

R, except possibly at the last instant. Therefore, if r and hR; i = 1,
thenT\ & ;andif T\ j = ;, thenhT; ;i = 1. Here h; i denotes algebraic
intersection number.
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Casel. Each S iisincompressiblein Nn .(E.g. N =S R)

Proof of Case 1. Apply Lemma I to shrinkwrap S irel. i1 to a CAT( 1)
surface Sj. Since hS i; ji = 1,Si\ j & ;. Since f jgis locally nite, the
Bounded Diameter Lemma implies that the S;’s must exit E. Therefore for i suf-

ciently large S; E and hS;; 1i = 1; and hence the projection of Sj into S 0,
(given by the product structure on E) is a degree-1 map between surfaces of the
same genus. Since such maps are homotopic to homeomorphisms, we see that S;
can be homotoped within E to a homeomorphism onto S 0. See Figure P for a
schematic view.

Q: how can one nd an exiting sequence of CAT( 1) surfaces?

A shrinkwrap!

LTINS

FIGURE 2. A schematic depiction of shrinkwrapping in action

Case 2. General Case. (E.g. N is a homotopy handlebody.)

Proof of Case 2. Without loss of generality we can assume that every closed ori-
entable surface separates N, (see LemmaBJland Lemmakg). We rst use a purely
combinatorial/topological argument to nd a particular sequence of surfaces. We
then shrinkwrap these surfaces and show that they have the desired escaping and
homological properties.

Fix i. If possible, compress S i, via a compression which either misses  or
crosses  once say at j, i. If possible, compress again via a compression
meeting n j, at most once say at j, i. Afteratmostn 29 2 such op-
erations we obtain embedded connected surfaces Si;  ;S! , none of which is a
2-sphere and each is 2-incompressiblerel jinf i, [ [ i,0. Withatmost2g 2
exceptions, each j;j i, is separated from E by exactly one surface Sf(. Call Bag,i<
the region separated from E by S{.

Sinceeachiy, g,wecan ndap 2 N and a reordering of the Sji ’s (and their
bags) so that for in nitely manyi p, , 2 Bagil; furthermore, for i such that

» 2 Bag}, if p(i) denotes the maximal index such that .y 2 Bag} then the set
fp(i)g is unbounded. By Lemmaldl S! is homotopic rel j+inf i,; ; j.gtoa
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o -
i+1
p(i)
Coreof N
—
S 0 S i
0and 1compressS i to get the S}
[ )
—
—
—

[

FIGURE 3. The Bounded Diameter Lemma and the intersection
number argument show that S i undergoes no compression,
and T; actually separates all ; fromE.

CAT( 1) surface S;. Since the collection f ,:;yg is in nite and locally nite, the
Bounded Diameter Lemma implies that a subsequence of these S!’s must exit E.
Call this subsequence Tq1;T2; . Therefore, for i suf ciently large, T; must lie in
S (p; 1) and hence hTj; i = 1. Therefore, projection of T to S p is degree
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1. This in turn implies that genus T; = g and T; can be homotoped within E to a
homeomorphism onto S 0. See Figure[B for another schematic view.

Remark 4.2. Thisargument shows that for i suf ciently large, S iis2-incompressible
in Nn ;. Also, given any -separated collection of exiting geodesics a suf ciently
large nite subset is 2-disc busting. Actually using the technology of the last chap-
ter, this statement holds for any sequence of exiting closed geodesics.

The proof of Theorem [8 follows a similar strategy. Here is the outline in the
case that N has a single end E and no parabolics. Given a sequence of -separated
exiting simple closed geodesics = f jg we pass to subsequence (and possibly
choose 1 to have nitely many components) and nd a sequence of connected
embedded surfaces denoted f@W;g such that for each i; @W; separates ; = 1 [

o[ [ ifrom i and is 2-incompressible rel ;. It is a priori possible that
the @W;’s do not exit E. If W; denotes the compact region split off by @W;, then
after possibly deleting an initial nite set of W;’s (and adding the associated ;’s to

1) we nd a compact 3-manifold D W, which is a core for W = [W;.

We next nd an immersed genus g surface T;, which in a twisted sense, sep-
arates off a subset B; of ; from E. For in nitely many i, B; includes a xed
and for these i’s the set fp(i)g is unbounded, where p(i) is the largest index of a

k  Bi. The surface T; separates B;j from the rest in the sense that T; lifts to an
embedded surface T; in the 1(D)-cover W; of W; and in that cover T; separates a
lift B; from @W;, the preimage of @W;. The argument to this point is purely topo-
logical and applies to any 3-manifold with nitely generated fundamental group.
In the general case, F@W;g will not be an exiting sequence.

Next we shrinkwrap @W; rel j+1 to a CAT( 1) surface which we continue to
call @W;. Then we homotope T rel *; to a CAT( 1) surface in the induced W;
and let T; now denote the projected surface in N. (The point of shrinkwrapping
@W; is that @W; is now a barrier which prevents T; from popping out of W; dur-
ing the shrinkwrapping process.) We use the y’s to show that, after passing
to subsequence, the T;’s exit E. We use  to show that for i suf ciently large, T;
homologically separates E from a Scott core of N.

We have outlined the strategy. For purposes of exposition, the construction of
the Ti’s in x6 is slightly different from the sketch above.

In XA we make the necessary embellishments to handle the parabolic case.

The next chapter develops the theory of end reductions which enables us to
de ne the submanifolds W;.

5. END MANIFOLDS AND END REDUCTIONS

In this section, we prove a structure theorem for the topology of an end of a
3 manifold with nitely generated fundamental group.

The rst step is to replace our original manifold with a 1 ended manifold M
with the homotopy type of a bouquet of circles and closed orientable surfaces. We
then prove TheoremB.Z8 the in nite end engul ng theorem, which says that given an
exiting segence of homotopically non trivial simple closed curves we can pass to
a subsequence and nd asubmanifold W, with nitely generated fundamental
group, containing  which has the following properties:
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(1) W can be exhausted by codimension-0 compact submanifolds W; whose
boundaries are 2 incompressible rel  \ W;.
(2) W has a core which lies in Wj.

@M

FIGURE 4. A schematic view of fWig, f jgand M.

This completes the preliminary step in the proof of Theorem [@3 as explained
at the end of x4. The proof of Theorem .9 itself is in x6.

In what follows we will assume that all 3-manifolds are orientable and irre-
ducible.

Lemma 5.1. If E is the end of an open Riemannian 3-manifold M° with nitely gener-
ated fundamental group, then E is isometric to the end of a 1-ended 3-manifold M whose
(possibly empty) boundary is a nite union of closed orientable surfaces. A core of M is
obtained by attaching 1-handles to the components of @M, unless @M = ;, in which case
acore is a 1-complex and M=M?,

Proof. A thickened Scott core C [Sc] of M' is a union of 1-handles (possibly empty)
attached to a compact 3-manifold X with incompressible boundary. Split M along
all the boundary components of X and let M be the component which contains
E.

Remark 5.2. M is a submanifold of M". M is isometric to a submanifold M of the
covering of M’ corresponding to the inclusion (M) ¥ (MY, and the inclusion
M ¥ N is a homotopy equivalence.
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De nition5.3. Calla nitely generated group a free/surface group if it is a free prod-
uct of orientable surface groups and a free group. Call a 1-ended, irreducible, ori-
entable, 3-manifold M an end manifold if it has a compact (possibly empty) bound-
ary and a compact core of the form @M | [ 1-handles if @M & ; or a handlebody
if @M = ;.

Note that 1(M) is a free/surface group for M an end manifold.

Lemma 5.4. If G is a subgroup of a free/surface group, then its ;-rank equals its H;-
rank, both in Z and Z=2Z-coe cients.

Proof. A nitely generated subgroup of a free/surface group is a free/surface
group, and equality holds in that case. An in nitely generated subgroup of a
free/surface group contains an in nitely generated free summand. Consequently,
both ; and Hj rank are in nite for such subgroups.

Lemma5.5. An Hj-injective subgroup G of a free/surface group K is nitely generated.
Proof. Rank 1(G) = rank(G=[G;G]) rank(K=[K;K])=rank ;(K)< 1.

Lemma 5.6. A 1-ended, orientable, irreducible 3-manifold M with compact boundary is
an end-manifold if and only if (M) is a free/surface group, Ho(M;@M) = 0 and @M
is 1-injective.

Every closed embedded ;-injective surface in an end-manifold is boundary parallel.

Proof. Let M be an end-manifold with core C of the form @M 1 [ 1-handles or
handlebody if @M = ;. Since the inclusion C ¥ M is a homotopy equivalence,
@M is incompressible and (M) is a free/surface group. If T M is a compact
properly embedded ;-injective surface, then T can be homotoped rel @T into C.
The cocores D; of the 1-handles are properly embedded disks whose boundary
misses @T. Since T is homotopically essential, it follows that each intersection
T \ D; is homotopically inessential in T, and therefore T can be homotoped off
the cocores of the 1 handles. Once this is done, T can be further homotoped rel.
boundary into @M, since C deformation retracts to @M in the complement of the
cocores of the 1 handles. This implies that Hy(M; @M) = 0.

Conversely, since Hy(M;@M) = 0 and M has incompressible boundary, a con-
nected, closed orientable incompressible surface R must separate off a connected,
compact Haken manifold X with incompressible boundary. Since (M) is a
free/surface group, 1(X) is a closed orientable surface group and using [St] we
conclude that X = N(T) for some component T of @M, so R is boundary parallel.

If @M = ;, then any core is a handlebody. Conversely, if @M & ;, by [Mc]
M has a core C which contains @M. If C? is obtained by maximally compressing
C, then by the second pararaph, each component of @C" is boundary parallel and
henceC =@M | [ 1-handles.

Corollary 5.7. If W is a 1-ended, 1-injective submanifold of the end-manifold M such
that 1 (W) is nitely generated and @W is a union of components of @M, then W is an
end-manifold.

De nition 5.8. Given a connected compact subset J of an open irreducible 3-
manifold M, the end reduction of J to M is to rst approximation the smallest
open submanifold of M which can engulf, up to isotopy, any closed surface in
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MnJ which is incompressible in MnJ. End reductions were introduced by Brin-
Thickstun [BTZ, BT2]. Their basic properties were developed by Brin-Thickstun
[BTT, BT2] and Myers [My]. In particular [BT1] show that W3 can be created via
the following procedure. If V; Vo is an exhaustion of M by compact
connected codimension-0 submanifolds such that J V1, then one inductively
obtains an exhaustion W, W> of W3 as follows. Transform V; to W;
through a maximal series of intermediate manifolds U; = Vj;Uy; Up = Wp
where Uys1 is obtained from Uy by one of the following 3 operations.

(1) Compress along a disc disjoint from J.

(2) Attach a2-handle to U which lies in M nint(Uy), and whose attaching core
circle is essential in Uy.

(3) Delete a component of Uy disjoint from J.

Having constructed W;, pass to a subsequence of the V;’s and reorder so that
Wi int(Vi+1). Finally pass from Vj.; to Wj.; via a maximal sequence of the
above operations. Since @W; is incompressible in M J, an essential compression
of Uk can be isotoped rel boundary to one missing W;. Therefore, we will assume
such operations miss W; and hence W; int(Wj+1). Brin and Thickstun [BT1]
show that W3 is up to isotopy independent of all choices.

We will say that fW;g is a standard exhaustion of W3 if it is an exhaustion of
W3 which arises, as above, i.e. via the three end-reduction operations from an
exhaustion of M by compact sets.

Remark 5.9. Note that operations (1) and (2) reduce the sum of the ranks of ; of
the components. It follows that the transition from V; to W; is obtained by a nite
sequence of operations.

Remark 5.10. (Historical Note) Brin and Thickstun [BT1], [BT2]] study end reduc-
tions to develop a necessary and a suf cient condition, end 1-movability, for taming
an end of a 3-manifold. More recently, Myers [[My]] has promoted the use of end
reductions to address both the R3-covering space conjecture and the Marden con-
jecture.

Lemma5.11. The inclusion iz : W3 ¥ N induces ; and Hji-injections. The latter in
both Z and Z=2Z homology.

Proof. The j-injectivity was rst proven in [BT2] and rediscovered in [My]]. Our
proof of Hj-injectivity mimics the proof of j-injectivity in [My]. Suppose C ~ W;
is a union of oriented simple closed curves bounding the surface S. Note that by
elementary 3 manifold topology, we can assume S is embedded.

By choosing n suf ciently large we can assume that Wi [S V. If V! is ob-
tained by adding a 2-handle to V,, then S V2. If V! is obtained by compressing
V1, via a compression missing J, then by modifying S near the compressing disc
we obtain a surface S; spanning C (orientably, if need be) with S; V1. If V/1is
obtained by deleting components of V; which miss C, then S; = S\ V2 still spans
C. Since Wy, is obtained from V,, by a nite sequence of such operations it follows
that C bounds in W, and hence in W3.

Hi-injectivity of W3 in N gives us the following crucial corollary:

Corollary 5.12. An end-reduction in an end-manifold has nitely generated fundamental
group.
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Proof. Combine LemmaBEIlwith LemmakEd

De nition5.13. If W5 is an end reduction of the codimension-0 submanifold J in
N, then we say that W3 is trivial if W3 is isotopic to an open regular neighborhood
of J or equivalently W is isotopic to int(J). Wj is eventually trivial if it has an
exhaustion W; W> such that @W; is parallel to @Wj; for all i; j.

We now study end reductions of disconnected spaces J. While the following
technology and de nitions can be given for more general objects we restrict our
attention toa nite unions of pairwise disjoint closed (possibly non simple) curves
none of which lie in a 3-cell. Ultimately we will address end reductions of in nite
sequences of exiting curves.

De nition5.14. If J isa nite union of pairwise disjoint closed curves in an open
irreducible 3-manifold M, we say that that J is end nonseparable if there is a com-
pact connected submanifold H such that 3 int(H) and @H is incompressible in
MnJ. Such an H is called a house of J. If J is end nonseparable, then de ne W3 to
be an end-reduction of H, and call W3 the end reduction of J.

Lemma 5.15. The end-reduction W3 of an end nonseparable union J of simple closed
curves is well de ned up to isotopy.

Proof. Let H and H? be two houses for J. We want to show that if Wy is an
end reduction of H, then there is an isotopy of H’ to H} xing J, so that the end
reduction Wiy of H! is equal to Wy. By the de nition of a house for J, both H
and H! satisfy the property that they are connected submanifolds of M whose
boundaries are incompressible in MnJ.

Let fW;g be a standard exhaustion of Wy arising from the exhaustion fV;g of
M. By passing to a subsequence we can assume that H [H  V». By considering
the passage of V, to W,, we observe that H? can be isotoped to H! rel J to lie
in int(W,) and that @W, is incompressible in MnH}. Thus Wy is also an end-
reduction of H'. Since end reductions are unique up to isotopy the result follows,
and we may unambiguously denote Wy by W3.

Lemma 5.16. Let A be a nite union of pairwise disjoint closed curves in the open irre-
ducible 3-manifold M. Then A canonically decomposes into nitely many maximal pair-
wise disjoint end non separable subsets Ay; :An. Indeed, if B is a maximal end non
separable subset of A, then B = A; for some i.

Proof. It suf ces to show that if B and C are end non separable subsets of A, then
either C [ B is end non separable or C\ B = ;. Let Hg and H¢ be houses for B
and C respectively. LetV N be a compact submanifold containing Hg [ Hc.
By considering the passage of V to W by a maximal sequence of compressions,
2-handle additions, and deletions which are taken with respect to B [ C, one sees
that Hg (resp. He) can be isotoped to lie in W via an isotopy xing B (resp. C). If
B\ C & ;, then W is connected and hence is a house for B [ C.

Lemmab5.17. If A;;  An are the maximal end non separable components of a nite set
A of pairwise disjoint closed curves in an open irreducible 3-manifold M, then they have
pairwise disjoint end reductions. In particular they have pairwise disjoint houses.

Proof. Let Aq;Ay; ; A be the maximal end separable subsets of A. Let fVkg be
an exhaustion of M with A V;. Consider a sequence Vi = Uy; U =W,
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where the passage from one to the next is isotopy, compression, 2-handle addition
or deletion, where the compressions or deletions are taken with respect to A. By
passing to a subsequence of the exhaustion we can assume that W;  V», and in
the above manner pass from V, to W5. In like manner construct W3; W,4; . By
deleting nitely many of the rst W;’s from the sequence and reindexing, we can
assume that all the W;’s have the same number of components.

It suf cesto show that if W is a component of Wy, then W contains a unique A;
and that @W is incompressible in M nA;. Indeed, it suf ces to prove incompress-
ibility of @W in Mn(W \ A), for then W is a house and can only contain one A; by
maximality. If @W is compressible in Mn(W \ A) it must compress to the outside
via some compressing disc D. Consider a term V, in the exhausting sequence with
Wk [ D Vnh. By considering the passage of V, to W, we can rechoose the disc
spanning @D to obtain a new compressing disc E ~ Wy. Since @W is incompress-
ible in M nint(Wy), it follows that E must hit a component of Wy distinct from W.
This imples that W, contains fewer components than Wy, which is a contradiction.

Lemmab5.18. If A;;As;  ; An areas in LemmaBI7 with pairwise disjoint end reduc-
tions Wa,; Wa,; iWa,,, thenWa, [Wa, [ [ Wa,, is Hi-injective in M, in both
Z and Z=2Z coef cients.

Proof. Repeat the proof of LemmaBEI1l

Corollary 5.19. Let A be a union of nitely many pairwise disjoint simple closed curves
in the end-manifold M. If each component of A is homotopically nontrivial, then A breaks
up into at most rank( 1(M)) maximal non separable subsets.

Proof. If A partitions into maximal non separable subsets Az; :An, then the Hy-
rank of Wy, is non trivial, since 1(Wa,) is a nontrivial subgroup of a free/surface
group. Now apply the previous lemma.

Lemma5.20. IfJ  J%are nite, end nonseparable unions of homotopically essential,
pairwise disjoint, simple closed curves with end-reductions W and W?, then W is isotopic
rel J to Wy, where W;  W?©:

Proof. LetW; W, be a standard exhaustion of W. LetZ; Z> be
a standard exhaustion of W? arising from the exhaustion fV;g of M. By passing
to subsequence we can assume that W;  V;. By considering the passage of V; to
Z1 we can isotope W; rel J to lie in Z;. Proceeding by induction and passing to
subsequence, we can assume that Wy ~ Vgand Wy 1 Zx 1. By considering the
passage of Vi to Zy (which xes Zx 1) we can isotope Wy rel Wy 1 to lie in Zy.
The isotoped W;’s give rise to an isotopy of W to W, with W; W'

Lemma5.21. Let 1; 2; be a sequence of homotopically nontrivial, pairwise disjoint
simple closed curves in the end-manifold M. Then we can group together nitely many of
the curves into 1, and pass to a subsequence so that

(1) i=*F1; ; igisend nonseparable.
(2) Foreach 2 j, thereexistsa °2 ;1  suchthat[ ]=[ '] 2 Hi(M;Z=22):
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Proof. By passing to subsequence we can assume that each ; represents the same
element of H1(M; Z=2Z). By LemmaBE.Id if T isa nite subset of ,then T canon-
ically partitions into nitely many end nonseparable subsets S;; ;S with cor-
responding pairwise disjoint end reductions W1;  ;W,. De ne

X
Cc(m)= rank(H;(W;i; Z=2Z)) = rank(H, ([jL, Wi; Z=2Z)) rank(Hi(M;Z=2Z))
i=1
where the last inequality follows from LemmaBk.I8 De ne
C()=maxfC(T)jT isa nitesubsetof ¢

Now passto anin nite subset of with C( )is minimal. By LemmakI8 if T
with C(T) = C( ), then adding a new element to the T does not increase the num-
ber of end non separable subsets in its canonical partition. Since C( ) is minimal,
we can enlarge T by adding nitely many elements so that the enlarged T, which
by abuse of notation we still call T, is end nonseparable. Again by maximality
of C(T); T together with any nite subset of is still end non separable. Now
express as|[ jwith 1 =T.

Lemmab5.22. Let f ;g be a set of pairwise disjoint homotopically non trivial simple closed
curves in the end-manifold M, with 1 possibly having multiple components. Let ; =
[}=1 j- Fixx 2 1. Let W; denote an end-reduction to j and G; = in ( 1(W;; X)),
where in : W; T M isinclusion. Then

1) G G, Gz .

(2) If G = [G;, then the natural map G ¥ (M) is Hy-injective in Z and Z=2Z
coef cients, i.e. G=[G;G] ¥ 1(M;X)=[ 1(M;X); 1(M;X)] is injective (also
after reducing mod 2 in the Z=2Z case).

(3) Gis nitely generated.

Proof. Conclusion (1) follows directly from Lemmak2d By LemmaE Il each G;i
is Hy injective in M. Since G = [G;, (2) follows. Conclusion (3) follows from
LemmaEl

Lemmab5.23. If 1; »; is a sequence of pairwise disjoint, homotopically non trivial,
simple closed curves in the end-manifold M, then after passing to subsequence, allowing
1 to have multiple components and xing a base point x 2 1, there exists a compact set

D; M and compact submanifolds fW;g of M such that

(1) @W; \ @M is a union of components of @M and @W; @M is connected.

@I ;= [Ji-:1 j,then §  W;; and D4 can be isotoped rel X to Dj ~ W; such

that ; can be homotoped into D; via a homotopy supported in W;.
(3) @W; is 2-incompressible rel ;.

Proof. By Lemma B21] we can assume that if ; = [}=1 i, then ; is end non-
separable, each  represents the same element of H;(M;Z=2Z) andj ;j 2. By
Lemma after possibly enlarging 1, we can further assume that if G; de-
notes in ( 1(W;j; X)) 1(M; x), then G; = G; for all i;j. For each i, xan end-
reduction W; of ;, with Wt w2z W3 a standard exhaustion arising
from the exhaustion Vg of M.

Since each component of @M is incompressible, Wij is connected and every
closed surface in M separates, it follows that for j suf ciently large, Wij \@M isa
union of components of @M and @Wij @M is connected. This proves (1).
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Let Dy be a Scott core of W; withx 2 D;. Toeach 2 jpicka; & 2 ;
(though one can use the ; if 0 = [ ] 2 Hy(M; Z=2Z)). By construction there exists
a Z=2Z-homology between and °and a homotopy from into D; supported
in Wy. Choose W/ suf ciently large to contain these homotopies, homologies as
well as D;. Let W, = Wli. By construction W, satis es the conclusions of 2) and
@W; is incompressible in M 1. To show 2-incompressibility, note that if Wy
had an essential compressing disc E transverse to 2 4, thenjE\ j 2 if
0=[]12Hi(M;zZ=2Z)and E\ & ; otherwise, forsome 2 ; .

Now x i > 1. By LemmaEZ0 D; can be isotoped rel x into Wj. Let D;j
be an isotoped image. Since G; = G;, the inclusion D; ¥ W; is a homotopy
equivalence. Choose j suf ciently large, so that W} engulfs Dj, homotopies of

i into D; and homologies between elements of ; and 1. As in the previous
paragraph if Wi = W/, then W; satis es the conclusions (2) and (3).

Remark 5.24. By Corollary Bl W, is an end-manifold, hence D; W1 can be
taken to be of the form N(@W1) | [ 1-handles, if @W; & ; and a handlebody
otherwise.

Theorem 5.25 (In nite end engul ng theorem). If 1; 2; is a locally nite se-
quence of pairwise disjoint, homotopically non trivial, simple closed curves in the end-
manifold M, then after passing to subsequence, allowing 1 to have multiple components

and xing abase pointx 2 1, there exist compact submanifoldsD W; W, of
M such that

(1) @Wi \ @M is a union of components of @M and @W; @M is connected.

(2) f i =1[j= j.then § Wi, and ; can be homotoped into D via a homotopy

supported in W;.
(3) @W; is 2-incompressible rel ;.
(4) If W = [W;, then W is ; and H; injective in both Z and Z=2Z coe cients.
(5) D isacoreof W and is of the form @W 1 [ 1-handles.

The conclusion of this theorem is schematically depicted in Figure El

Proof. Let ¢ (resp. f g = ) denote the subset of ; (resp. f ijg= ) produced in
lemmak23 For each i, let WE’ be an end-reduction of (,’ Let D1, W; and G; be be
as in the proof of that lemma. In particular we can assume that for all i, G; = G;.
De ne ;= ;= YandD = D;. By RemarkBZdwe can assume that D is of the
form @W; I [ 1-handles.

As discussed in the proof of LemmaBEZ1l if is a nite subset of ° which
contains ;, then is end nonseparable. Therefore, if ? then Gy G
Gi = Gy and hence Gy = G ,whereG = in ( 1(W ;X)) and W is an end-
reduction of

De ne ptobe 1 [ ! whereis isthe smallest integer such that ! \W; = ;.
De ne , = 92. Since > \W; = ; it follows, by considering the three end-
reduction operations, that there exists an end-reduction W, of , such that W,
W,. Since G; = G , the inclusion D ¥ W, is a homotopy equivalence. Let W»
be a suf ciently large term in a standard exhaustion of W, to contain Wy [ »
together with a homotopy of , into D and a homology of , to an element of

1. By construction, W, satis es conditions (2). As in the proof of LemmakZ3 it

satis es (3).
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Having inductively constructed yand Wy de ne x+1= k[ 9k+1 where ix+1

is the smallest integer such that Qkﬂ \ Wy = ;. Now construct Wi+, as above and
complete the proof by induction.

The ; and Hj-injectivity follows as in the proof of lemmaB Il after noting that
W is obtained by applying the usual end-reduction operations to Vj, rel i, where

fVjg is an exhaustion of M and j, ¥ 1.
De nition 5.26. Call the W constructed in theoremBE259an end-engul ng of
The following remarks and results are not used in the proof of Theorem 0.9

Remark 5.27. Given J J® with end-reductions W and W one can isotope
W relJ to Wy so that Wy W? (lemmaB20). On the other hand one cannot in
general isotope W' to contain W. One need only look at the case of 3 J° be-
ing nested balls in the Whitehead manifold to nd examples. Such considerations
make it challenging to nd nested end reductionsW; W, W3

Theorem 5.28 (Finite end reduction theorem). Let M be an end-manifold. If =f ;g
is a end non separable union of nitely many homotopically essential, pairwise disjoint,
closed curves, then an end-reduction W of has nitely generated fundamental group
and given a standard exhaustion fW;g, then by passing to subsequence, for all i; j < k;

in (2(Wi))=in (1(Wj))  1(Wk)

andthemapin : 1(Wyx) ¥ (W )restricted toin ( 1(W;)) induces an isomorphism
onto 1(W ). Herein denotes the map induced by inclusion.

We rst prove a topological lemma.

Lemma5.29. If M is an end-manifold, then M has an exhaustion by compact manifolds
Vi V7 , such that for each i > 1 either V; is a handlebody, in which case @M = ;,
or V; is obtained by attaching 1-handles to a N (@M).

Proof. If @M = ;, then 1(M) is free and this result follows directly from [EE]. If
@M & ;,itsuf cestoshow thatif X isany compactsubmanifold of M,then X V
where V is obtained by thickening @M and attaching 1-handles. We use the stan-
dard argument, e.g. see [BH], [BT2] or [EE]. Using the loop theorem we can pass
from X to a submanifold Y , with incompressible boundary via a sequence of com-
pressions and external 2-handle additions. By appropriately enlarging X to Xj,
S0 as to contain these 2-handles, we can pass from X; to Y by only compressions.
By enlarging Y, and hence X1, we can assume that @M Y and no component of
Mnint(Y ) is compact. By LemmalE8l each component of @Y is boundary parallel
and hence Y is of the form N (@M) [ 1-handles.

Proof of theoremB.28 LetV,; Vs be an exhaustion of M as in Lemmak.29so
that Vi. LetW;y W, be a standard exhaustion of W arising from the

exhaustion Vg of M.
By De nitionEI4and LemmakIZ (W )is nitely generated, so we can pass
to subsequence and assume that the induced map 1(W1) ¥ (W ) issurjective.
LetH; =in ( 1(W31)) wherein : Wy ¥ W; is inclusion. We now show that after
passing to a subsequence of the Wis;i  2; the induced maps

Hy ¥ Hz ¥ T W)

are all isomorphisms.
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Forj 1,letGj = *( 1(W1)), where J:W; ¥ Vjisinclusion. Each Gj is a
nitely generated subgroup of 1(V;) and hence is a free product of nitely many
closed orientable surface groups and a nitely generated free group. Since for all
J. rank(Gj) rank(G,), there are only nitely many possibilities for such groups
and hence by passing to a subsequence we can assume that for j; k > 1, the groups
Gj and Gy are abstractly isomorphic. Free/surface groups are obviously linear,
hence residually nite by Malcev [MV]. Further, Malcev [Mv] went on to show that
nitely generated residually nite groups are Hop an, i.e. surjective self maps are
isomorphisms. This implies that the induced maps G, ¥ Gz ¥ G, 1 are all
isomorphisms. If

K =ker(in : 1(W1) ¥ (W)
then
K =ker( 1(W1) ¥ 1(M))=ker( 1(W1) T Gp)

We now show that K = ker( 1(W1) ¥ 1(W>)). Onereadily checksthatifW; V
and K = ker( ¢(W1) ¥ 1(V)), and V' is obtained from V by compression, 2-
handle addition or deletion where the operation is done avoiding Wj, then K
ker( 1(W1) ¥ (V9. This implies that if K, = ker( 1(W1) T 1(W,)), then
K K. Ontheotherhand K, K since K =ker( 1(W1) ¥ 1(W )). Therefore,
the induced mapsH, ¥ Hz ¥ (W ) are isomorphisms.

Apply the argument of the previous paragraph to obtain a subsequence of fWig
which starts with W; and W> such that the ;-image of W» in Wj; j = 2, maps iso-
morphicallyto ;(W ), viathe map induced by inclusion. Continue in this manner
to construct W3; Wy;

Addendum to theorem 29 We can obtain the following additional property. If i;j <
k, then

in (2(Wi))=in (1(Wj))  1(Wk)

where in denotes inclusion. Themap in : (Wy) ¥ 1(W) restricted to in ( 1(W;))
induces an isomorphism onto 3 (W).

Proof. Apply Theorem BE22Z9 to produce the space D as well as the sets f ig; f ig;
fWig which we now rede neasf {g;f lg;fWlg. De ne 1= 1= %, Wy =W},
o= Yand ;= % LetWwi=w}! wZ wj be a standard exhaustion
of an end reduction W> of ,, which we can assume satis es the conclusions of
Theorem De ning W, = W#, we see that the restriction of in:  1(W,) ¥
1(W2) = 1(D)toin ( 1(W1)) 1(W2) is an isomorphism. Choose 3 = ?3 2
flgsothat 3\ W, = ;andde ne 3 = [ 3 LetW} w2 w3
be a standard exhaustion of an end-reduction W3 of 3 which satis es the
conclusions of Theorem and has W, W31. De ning W3 = W32, we see
that the restriction of in:  1(W3) ¥ 1(W3) = 1(D)toin ( 1(W2)) 1(W3) is
an isomorphism. Now de ne 3 = 93 and 2 = 1 [ is. Inasimilar manner
construct 4; s D4 s, 7 Wy, Ws; and nallyde neW = [W;.

Remarks 5.30. If one allows each ; to be a nite set of elements, then we can
obtain the conclusion (in Theorem and its addendum) that each j is Z=2Z-
homologically trivial.
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Question 5.31. Let M be a connected, compact, orientable, irreducible 3-manifold such
that (M) & 0 and let G be a subgroup of 31(M). If the induced map G=[G;G] 1
Hi (M) is injective, then is G nitely generated?

Question 5.32. Let be a locally nite collection of pairwise disjoint homotopically es-
sential simple closed curves such that C( ) = C( ") for any in nite subset ’of . Isit
true, that given n 2 N, there exists an end-engul ng of W = [W; of such that for all i,
JE\ ij nforall essential compressing discs E of W;.

6. PROOF oF THEOREMS[0LO, [A AND 0.2 PARABOLIC FREE CASE

Proof of Theorem 8@ By Lemma &l and Remark B2 it suf ces to consider the
case that E is the end of an end-manifold M N such that the inclusion M ¥ N
is a homotopy equivalence. By Lemma 32 there exists an -separated collection
= T jgof closed geodesics which exitE. We let ; denote theunion ; =[j i j.
Apply TheoremBEZ9to and M to pass to a subsequence also called  where
we allow ; to have nitely many components. Theorem also produces a
manifold W open in M and exhausted by compact manifolds fW;g having the
following properties.
(1) Wis ;and Hj injective (in Zand Z=2Z coe cients) in M and hence (W)
is a free/surface group.
(2) @W;in@M is a closed connected surface which separates  from E and is
2-incompressible in N rel. ;.
(3) There exists a compact submanifold core D W, of W such that for each
i; jcanbe homotoped into D via a homotopy supported in Wj. D is either
of the form @W | with 1-handles attached to the 1-side, if QW & ; or a
handlebody, otherwise.

Let Gj denote in ( 1(D)) 1(W;j). Let @D denote D\ @M = @W. Let X;
denote the covering space of W; with group G; and let D denote the lift of D. Pick
a homotopy of ; into D supported in Wj. This homotopy lifts to a homotopy
of " into O, thereby picking out the closed preimages "i of ; which are in 1-1
correspondence with ;. Let f'\l; ; Aig denote these elements.

Since W; is an atoroidal Haken manifold with non empty boundary;, it follows
from Thurston (see Proposition 3.2 [[Ca]] or [Ma]) that int(XX;) is topologically tame.
Let X; denote its manifold compacti cation. Since the lift D is a core of X;, there
is a canonical identi cation of @D with some set of components of @X;. Let 0.0
denote these components. Having the same homotopy type as D, it follows by
the usual group theoretic reasons that X; either compresses down to a 3-ball, or
to a possibly disconnected (closed orientable surface) 1. In the former case X; is
a handlebody which, for reasons of Euler characteristic, is of the same genus as
D. In the latter case, since @.1 is an incompressible surface, X; is topologically
@D 1 with 1-handles attached to the 1-side. Let Sj denote @Xi @.0. Again by
reason of Euler characteristic, genus(S;) = genus(@e D), where @eD = @D @.D.

De ne g’ = genus(S;) = genus(@: D). We show thatg® g = genus(@: C), where
C is the original core of M. By construction D \ @M is a union of components of
C \ @M, therefore it suf ces to show that the number of 1-handles attached to
N (D \ @M) is not more than the number of 1-handles attached to N(C \ @M ) in
the constructions of D and C respectively. If D\ @M = C \ @M, then this follows
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FIGURE 5.

immediately from the fact that D and C are cores respectively of W and M and
the Hj-injectivity of W in M. Let E = (C\ @M)n(D \ @M). The H;-injectivity
of C implies that the inclusion H1(C \ @M) ¥ H;(M) is injective. If the kernel
ofin : Hy(D [E) ¥ H;(M) is nontrivial, then a non trivial homology between
D and E would lie in some Vj, where j > 1 and Vj is a term in the exhausting
sequence of M used for constructing fW;g. But in this case, E \ W; & ;. This
contradicts the choice of W;. Therefore

() number of 1-handlesof D rankH;(M) (rankH;(D\ @M) + rank H;(E))
=rankHi(M) rank(H1(@C \ M))
= number of 1-handles of C
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Isotope S; X; to an embedded surface Si Xj via an isotopy which does
not cross ";. Next, if possible, compress $' via a compression either disjoint from
™ or crossing " once, say at Ail. If possible, compress the resulting surface via
a compression crossing Ain’\il at most once and so on. Note that by the calcula-
tions of the previous paragraph, the genus of the $' are uniformly bounded, so
there is an a priori upper bound on the number of compressions we need to do. In
the end we obtain connected surfaces $i; ; §ri1 in X; which are 2-incompressible
rel “nf%,;  ;%.,0wherem < 2¢° 1andnand genus(Sl) g Since Xin";
is irreducible, we can assume that no S\J' is a 2-sphere. These S\J's create a par-
tition BI; B of “inf",;  ;”,0, where B} is the subset of “inf",; ;% g
separated from S; by §J' Each §ji is incompressible to the S; side, since the com-
ponent of X; split along §{ L L §ﬁ, which contains S; is homeomorphic to
N(SI L [SHI 1-handles. Therefore, each Si is 2-incompressible rel B}.

As in the proof of Canary’s theorem, after appropriately reordering the Bj’s we
can ndap 2 N and a sequence k; < ky < such that Ap B'l‘i and if p(i)
denotes the largest index of a Aj 2 B'l“, then limj s 1 p(i) = 4. In general reorder
the Si’s so that, if possible, ", BI.

Fix i. Let W be the union of W; together with the components of Nnint(M)
which non trivially intersect @W;. Let Y; denote the covering of Wi0 with funda-
mental group G;. View Xj; "4, and the §ji ’s etc. as sitting naturally in Y. Let 2
be disjoint from W;. Apply Lemmaldto W;; [ andS!.

We have the following dictionary between terms appearing in our current setup
(on the left) and the terms appearing in the hypothesis of LemmaZ1l(on the right):

the geodesics [ i

the manifold W/

WINCL D=

the subgroup G; of 1(W))
the cover Y; with 1(Y;) = G;j
the lifted geodesics B}

the geodesics 3

the manifold W

W\ ;=

the subgroup G of 1 (W)
the cover X with ;(X) =G
the lifted geodesics B

the surface S

the surface S}

Then LemmaZJl constructs surfaces T; and P; where the correspondence is

the shrinkwrapped surface T!
the approximating surface P!

the shrinkwrapped surface T

L|
¥ the approximating surface T

In more detail: W/ is isotopic to a manifold W%, via an isotopy xing i [
pointwise. This isotopy induces a homotopy of the covering projection :Y; ¥
W! N to acovering projection "W :Y; ¥ W/W N. Our §{ is isotopic to a
surface P via an isotopy avoiding B} and the projection of P! into N is a surface
P! which is homotopic to a CAT( 1) surface T'. Furthermore, P' and T' are at
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Hausdorff distance 1 and the homotopy from P! to T' is supported within the
1-neighborhood of P1.

We relabel superscripts, and by abuse of notation we let the sequence fT 'g stand
for the old subsequence fTXig, with ) being denoted by , etc. We also
drop the superscript new so in particular the projection :Y; ¥ W} now refers to

new . Yi ¥ Winew_

We use the py’s to show that T igexitsE. Let ¥ jgbealocally nite collection
of properly embedded rays from f jg to E. For each i, §{ intersects some compo-
nent ! of () with algebraic intersection number 1, s0 PT\ 1 ,4)) & ;.
Therefore for all i, we have an inequality dist(T"; piy) 1. Our assertion now
follows from the Bounded Diameter Lemma.

Lemma 6.1. Let E be an end of M an orientable 3-manifold with nitely generated fun-
damental group. If C is a 3-manifold compact core of M and Z is the component of MnC
which contains E, then [@e C] generates H»(Z) and is Thurston norm minimizing. Here
@ C is the component of @C which faces E.

Proof. First, @ C is connected, or else there exists a closed curve in M intersecting
a component of @ C once, hence is not homologous to a cycle in C, contradicting
the fact that C is a core. That [@g C] generates Hy(Z) follows from the fact that any
2-cycle w in Z is homologous to one in C, so the restriction of that homology to
Z gives a homology of w to n[@:C] for some n. Equivalently, observe that the
inclusion C ¥ M is a homotopy equivalence, and use excision for homology.

Let Q int(Z) be a Thurston norm minimizing surface representing [@=C]. We
can choose Q to be connected since Hx(Z) = Z. LetV  Z be the submanifold
between @:C and Q. If genus(@eC) > genus(Q), then there exists a nonzero z in
the kernel of in : H1(@eC) ¥ Hy(V). This follows from the well known fact
that for any compact orientable 3-manifold V, the rank of the kernel of the map
in @ Hy@V) ¥ Hy(V)is %rank(Hl(@V )). Since C is a core, z is in the kernel of
the map in : H1(@eC) ¥ H1(C). This gives rise to a class w’ 2 H(M) and dual
class z° 2 Hy (@ C) with hz’% wi & 0, which is again a contradiction.

Using this lemma, we now complete the proof of Theorem 0.9

Let Z denote the component of N split open along @=C which contains E. By
LemmalEdl @=C generates Ho(Z). Next, observe that if is any ray in Z from @z C
to E and R is any immersed closed orientable surface in Z, then [R] = n[@zC] 2
H>(Z) where hR; i = n. To see this, note that hn[@cC]; i = n by considering n
copies of @ C slightly pushed into Z.

We now use , to show that for i suf ciently large [T] is homologous in Z to
[0eC] 2 H2(Z) = Z. Let be the ray p Where Z is a path from @¢C to
@ ,. For what follows assume that i is suf ciently large so that

No(PON( [ p[C)=;
where N2 (P") denotes the 2 neighborhood of P!, and hence
hTh i =hP'; i
We now compute this value. By perturbing P!, if necessary, we can assume that

Pis transverse to , and no intersections occur at double points of P'. There is a
1 1 correspondence of sets

fo\P'g T Ff ()\Plg
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Let Bag; denote the component of Y; split along P which is disjoint from S;. Note
that ( ,) \@Bag; = ;. If isacomponentof ( ), thenh ;Pii =0ifno
endpoints lie in Bag; while h :Bii = 1 if exactly one endpoint lies in Bag;. To see
this, orient | so that the positive end escapes to E. Then the positive end of each
lift isin @Y;, which is outside the submanifold bounded by Pi. It follows that if
p is an endpoint of in Bag;, then p is the negative end of ,andh ; Pii = 1. Since
Ap lies in Bag;, there is at least 1 component  of (' ) with such an endpoint in
Bag;, and therefore
h 1 psPli 1
and hence )
[T']1=n[@eC] 2 H2(2)
forsomen 1.
Therefore

J @C)j j (M) xs(n[@eC]) = x(n[@eC]) = nx([@eC]) = nj (@eC)j
and hence n = 1 and genus(T') = genus(@=C). Here x (resp. Xs) denotes the
Thurston (resp. singular Thurston) norm on Hx(Z). The rst inequality follows
by construction, the second by de nition, the third since xs = x [G1], the fourth

since x is linear on rays [T2] and the fth by LemmalE1l This completes the proof
of Theorem

Remark 6.2. Since for i suf ciently large, genus(T?) = g, it follows that for such
i, no compressions occur in the passage from S' to §{. This mirrors the similar
phenomenon seen in the proof of Canary’s theorem.

If the shrinkwrapped @W, is actually a j-minimal surface disjoint from ;,
then @X; is a least area minimal surface for the hyperbolic metric, and we can pass
directly from S! to a ";-minimal surface T by shrinkwrapping in X;. Our Tt is
then the projection of T to N.

If the shrinkwrapped @W/{ touches i, then we can still shrinkwrap §{ in Xj. In
this case X;j is bent and possibly squeezed along parts of " and it is cumbersome
to discuss the geometry and topology of X;. Therefore we chose for the purposes
of exposition to express T' as a limit of surfaces. These surfaces are projections of
gy, minimal surfaces in the smooth Riemannian manifolds X; with Riemannian
metrics gy, . AS metric spaces, the (Xi; gt ) converge to the bent and squeezed
hyperbolic metric on X;.

Tameness Criteria Let E be an end of the complete hyperbolic 3-manifold N with
nitely generated fundamental group and compact core C. Let Z be the compo-

nent of N nint(C) containing E with @=C denoting @Z. LetT1;To;  be asequence
of surfaces mapped into N. Consider the following properties.

(1) genus(T;) = genus(@eC).

(2) Ti ZandexitE.

(3) Each Tj homologically separates C from E (i.e. [Ti] = [@eC] 2 H2(2)).

(4) Each T; is CAT(-1).

Theorem 6.3 (Souto [Sa])). If T1;T2; s asequence of mapped surfaces in the complete
hyperbolic 3-manifold N with core C and end E which satis es criteria (1), (2) and (3),
then E is topologically tame.
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Theorem follows directly from the proof of Theorem 2, [So]. That proof
makes essential use of the work of Bonahon [Ba] and Canary [Cal]. We now show
how criterion (4) enables us to establish tameness without invoking the impressive
technology of [Ba] and [ICa]]. This argument combines the heart of Souto’s proof
with basic 3-manifold topology.

A topological argument that criteria (1) - (4) imply tameness. It suf ces to con-
sider the case that E is the end of an end-manifold M which includes by a homo-
topy equivalence into N, and that C is of the form N(@M) [ 1-handles.

Using standard arguments, we can replace the T;’s by CAT( 1) simplicial hy-
perbolic surfaces. The idea of how to do this is simple: the CAT( 1) property
implies that each T; has an essential simple closed curve ; of length uniformly
bounded above. If ; denotes the geodesic in N homotopic to j, then either the ;
have length bounded below by some constant, and are therefore contained within
a bounded neighborhood of j, or else the lengths of the ; get arbitrarily short,
and therefore they escape to in nity. In either case, the sequence ;; ,; exits
E. Then we can triangulate T; by a1 vertex triangulation with a vertexon ;, and
pull the simplices tight to geodesic triangles. This produces a pleated surface, ho-
motopic to T;, which is contained in a bounded neighborhood of ; rel. the thin
part of N, and therefore these surfaces also exit E.

Note that either @ C is incompressible in N or each T; is compressible, i.e. there
exists an essential simple closed curve in T; that is homotopically trivial in N.
Indeed, using the ;-surjectivity of C and the irreducibility of N; T; can be ho-
motoped into C. If T; were incompressible, then T; could be homotoped off the
1-handles and then homotoped into a component of @M. For homological reasons,
the degree of this map would be one, which implies that T is homeomorphic to a
component of @M, which in turn implies that genus(T;) < genus(@=C), contradict-
ing Lemmalg1l

Thurston [T showed (in the pleated surface world) that when @gC is incom-
pressible, there exists a compact set K Z such that each T; can be homotoped
in Z to a simplicial hyperbolic surface which non trivially hits K. When T;j is
incompressible in Z, but compressible in N, Canary Minsky [[CaM]| proved the
corresponding statement. Generalizing Thurston [T]], Souto [So] showed that there
are only nitely many homotopy classes (homotopies within Z) of genus g simpli-
cial hyperbolic surfaces which non trivially intersect K. Therefore, by passing to
subsequence we can assume that each T; is homotopic to T; via a homotopy sup-
ported within Z.

Using the fact [[G1]] that x = X, it follows that there exists a sequence of embed-
ded genus-g surfaces Ag; Az; such that for each i, A; lies in a small neighbor-
hood of T; and [Aj] = [Ti] = [0eC] 2 H2(Z). By passing to subsequence we can as-
sume that the A;’s are pairwise disjoint and each A; separates E from Ty. Let A,
denote the compact region between A, and A,. To establish tameness it suf ces to
show that each A,.,+1y is @ product. Let j be suf ciently large so that T; separates
Appp+1) fromE. Let T be asurface of genusgandletF : T 1 ¥ Z be a homo-
topy from T; to T1. By homotoping F rel @F, we can assume that F (A, [ Ap+1)
is an incompressible surface in T [0; 1], which by construction is disjoint from
@T [0; 1]. After a further homotopy, we canassume thatF (A, [Ap+1) =T B,
where B is a nite set of points. After another homotopy we can assume that for
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eachb 2 B, FjT bisahomeomorphism. Therefore there exists b; b’ 2 B such that
FjT [b; b’ maps onto A[p;p+11 and the restriction of F to @T  [b; b is a homeomor-
phism. Note that since T [b;b"] is homotopic into either boundary component,
F is 1 injective. It follows that this map is actually a homotopy equivalence. By
[Wa] such a map is homotopic rel. boundary to a homeomorphism.

Remarks 6.4. The point of this proof is that in the presence of an escaping se-
guence of CAT(-1) surfaces, hyperbolic surface interpolation and the niteness of con-

ned simplicial hyperbolic surfaces is all the hyperbolic geometry needed to estab-
lish tameness. Note that the niteness lemma in turn is powered by the Bounded
Diameter Lemma.

Proof of Theorem[0.4] It suf ces to consider the case that N is orientable, since it
readily follows using [Tul], that N is tame if and only if its orientable cover is tame.
If E is geometrically nite, then as in [EM] it follows that E is tame. Now assume
that E is geometrically in nite. Theorem O3 provides us with a collection fTig
which satis es Tameness Criteria (1)-(4). Now apply Theorem g3

Proof of Theorem It suf ces to prove Theorem 0.2 for the geometrically in-

nite ends of orientable manifolds. It follows from Theorems [I.9 and 0.4 that E
is topologically of the form T  [0; 1), where T is a surface of genus g. Theorem
provides for us a sequence fT;g of surfaces satisfying Tameness Criteria (1)-(4).
Since for i suf ciently large Ti T [0; 1) and homologically separates T 0
from E, it follows that the projection T; to T 0 is a degree 1 map of a genus g
surface to itself and hence is homotopic to a homeomorphism.

7. THE PARABOLIC CASE

Thanks to the careful expositions in [Bg], [[Ca] and [Sq] it is now routine to ob-
tain general theorems in the presence of parabolics from the corresponding results
in the parabolic free case.

We now give the basic de nitions and provide statements of our results in the
parabolic setting.

The following is well known, e.g. see [ICal] for an expanded version of more or
less the following discussion. Let N be a complete hyperbolic 3-manifold, then
for suf ciently small , the -thin part, N of N is a union of solid tori (Margulis
tubes), rank-1 cusps and rank-2 cusps. Let N denote Nnint(N ). The space
Ny =N [ Margulis tubes is called the neutered space of N, though we often drop
the . The parabolic locus @N, = P (usually just denoted P) isa nite union of
tori Tq; :Tm and open annuli A;;  An. Each annulus A; is of the form S* R
such that for t 2 R, each S  t bounds a standard 2-dimensional cusp in N . By
[Mc], N has a compact core C  Ng which is also a core of Ng and the restriction
to each component P? of P is a core of P". Such a core for Ny is called a relative core.
In particular if P is an annulus, then we can assume that C\ P’ = S [t;s]: If
N = H3= | then an end of Ng is geometrically nite if it has a neighborhood disjoint
from C( )= , the convex core of N. Such an end has an exponential expanding
geometry similar to that of a geometrically nite end of a parabolic free manifold.
The end E of Ny is topologically tame if it is a relative product, i.e. there is a compact
surface S and an embedding S [0; 1) ¥ Ng which parametrizes E. If U is a
neighborhood of E, then by passing to a smaller neighborhood we can assume that
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U\ A iseither ; orof the formS* (t;1)orS?* (( A;s) [ (t; 1)). Adding the
corresponding 2-dimensional cusps to S* pts. we obtain Ug the parabolic extension
of U. So if E is topologically tame, Ug is topologically SP  [0; 1), where SP is
topologically int(S) and geometrically S with cusps added.

Following [BQ] and [[Cal] we say that the end E of Ng is simply degenerate if it is
topologically tame, has a neighborhood U with a sequence f; : S® ¥ Ug such that
f; induces a CAT( 1) structure on SP, the f;’s eventually miss given compact sets
and each f; is properly homotopic in Ug to a homeomorphism of SP onto SP 0.
We say that E is geometrically tame if it is simply degenerate or geometrically nite.
The manifold N is geometrically tame if each end of Ng is geometrically tame.

Francis Bonahon showed that if is suf ciently small, then an end E of N, is
geometrically in nite if and only if there exists a sequence = f ;g of closed
geodesics lying in N, and exiting E.

We can now state the general version of the results stated in the introduction.

Theorem 7.1. Let N be a complete hyperbolic 3-manifold with nitely generated funda-
mental group with neutered space Ng. The end E of Ng is simply degenerate if there exists
a sequence of closed geodesics exiting the end.

Theorem 7.2. A complete hyperbolic 3-manifold with nitely generated fundamental
group is geometrically tame.

Theorem 7.3. If N is a complete hyperbolic 3-manifold with nitely generated funda-
mental group, then each end of Ny is topologically tame. In particular, each end of N is
topologically tame.

Theorem 7.4. If N = H3= is a complete hyperbolic 3-manifold with nitely generated
fundamental group, then the Lebesgue measure of the limit set of s either of full or zero
measure. If L = S%, then acts ergodically on S7 .

Theorem 7.5 (Classi cation Theorem). If N is a complete hyperbolic 3-manifold with

nitely generated fundamental group, then N is determined up to isometry by its topolog-
ical type, its parabolic structure, the conformal boundary of Ng’s geometrically nite ends
and the ending laminations of Ng’s geometrically in nite ends.

The following result was conjectured by Bers, Sullivan and Thurston. Theorem
is one of many results, many of them recent, needed to build a proof. See
[BCM] for a more detailed discussion.

Theorem 7.6 (Density Theorem). If N = H3= is a complete nitely generated 3-
manifold with nitely generated fundamental group, then is the algebraic limit of geo-
metrically nite Kleinian groups.

Theorem 7.7. Let N be a complete hyperbolic 3-manifold with nitely generated funda-
mental group and with associated neutered space Ng. Let E be an end of Ng with relative
compact core C. Let S be a compact surface with the topological type of ¢C, the compo-
nent of the frontier of C which faces E. Let Ug denote a parabolic extension of a neigh-
borhood of E. If there exists a sequence of closed geodesics exiting E, then there exists a
sequence FS;g of proper CAT( 1) surfaces in Ug homeomorphic to int(S) which eventu-
ally miss every compact set and such that each S; \ Ng homologically separates C from
E.

Proof of Theorem [ Given the manifold N with neutering Ng and end E of Ng
we explain how to nd a relative end-manifold M containing E.
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De nition 7.8. If A is a cod-0 submanifold of a manifold with boundary, then
the frontier A of Ais the closure of QA @M. If (R;@R)  (No;P) is a mapped
surface (resp. R is a properly mapped surface in N whose ends exit the cusps),
then a P -essential annulus for R is annulus (resp. half open annulus) A with one
component mapped to an essential curve of R which cannot be homotoped in R
into @R (resp. an end of R) and another component (resp. the end of A) mapped
into P (resp. properly mapped into a cusp). Let Cq be a 3-manifold relative core of
No. Using [[Mc] we can assume that Cy is of the form Py |1 [ Ho[ 1-handles where
Po = Co \ P is a core of P and Hg has incompressible frontier and is attached to
Po along annuli and tori. Furthermore Hg has no P-essential annuli. De ne ¢Cgp
to be the component of Cp which faces E and ¢H to be the components of Hg
which face E. De ne M to be the closure of the component of N split along gHog
which contains E. De ne @,(M) =P \M and @n(M) = gHo. We call M a relative
end-manifold. By slightly thickening @,(M) and retaining the 1-handles of Co \ M
we obtain a core C of M.

By passing to the 1(M) cover of N we reduce to the case thatin: M ¥ Ngisa
homotopy equivalence.

By passing to a subsequence we can assume that = f ;g is a collection of
geodesics escaping E and is weakly 1000-separating. As in Lemma 5.5 [Ca] we
slightly perturb the hyperbolic metric in the 1-neighborhood of  to a metric
such that for each i, jis -homotopic to a simple geodesic j and has pinched
negative curvature in ( 1:01; :99) and is 1:01-bilipshitz equivalent to the hyper-
bolic metric. Let be the resulting collection of simple closed curves.

Lemma 7.9. Let M be a relative end-manifold. Given a sequence  of homotopically
essential simple closed curves we can pass to an in nite subsequence also called  which
is the disjointunion 1 [ 2 [ s where 3 has nitely many components and the
other ;’s have one component. If ; denotes [}:1 i, then there exists a manifold W open
in M, exhausted by a sequence of compact manifolds fW;g with the following properties,

(1) Wis 1 and Hj injective (in Z and Z=2Z coe cients) in M and hence N.

(2) For all i;@n(W1) = @n(W;) and is a union of components of @,(M). At most
one component of @,(W.) can lie in a component of @,(M). For all i; @,(W;) is a
union of essential annuli and tori, each of which contains a component of @, (\W+1).
The frontier (W) is connected, separates ; from E and is 2-incompressible rel

i

(3) There exists a compact submanifold core F Wj of W such that each ; can be
homotoped into F via a homotopy supported in Wj. F is of the form W1 \@M |
with 1-handles attached to the 1-side. Finallyj ( F)j j ( C)j.

Proof. This lemma is just the relative form of that part of Theorem EZ9which was
used to prove Theorem@3 Let J be a connected compactsetandV; Vo V3

an exhaustion of M such that @,(M) @V, and the @,(V;) are the tori of M and
essential annuli which meet each annular component of @,(M) in exactly one com-
ponent. De ne the relative end reduction W3 of J to be the manifold exhausted by
submanifolds fW;g where V; passes to W; via the operations of compression, 2-
handle addition, deletion and isotopy, where the compressions and 2-handle addi-
tionsare done only to (V;) and its successors. The same arguments as before show
that W is both 3 and Hj-injective and as before we can de ne the relative no-
tion of end non separable and therefore end-reductions to nite and locally nite
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in nite collections of homotopy essential pairwise disjoint simple closed curves.
Similarly, relative versions of Remark BE24land formula ( ) from the proof of The-
orem @8 complete the proof.

Let Gj denote in ( 1(F)) 1(Wj). Fix a basepoint f 2 F. Let X; denote
the covering space of W; (based at f) with group G;. The homotopy of ; into F
supported in W; lifts to X;, hence provides us with a canonical ™, of closed lifts of

i in 1-1 correspondence with ;. Since W; is an atoroidal Haken manifold with
nonzero Euler characteristic, it follows by Thurston that int(’X;) is topologically
tame (see Proposition 3.2 [Cal]). By [[Tu2] a compacti cation X; of int(Xj) extends
int(Xi) [ @F [ @,F, where F is the lift of F to X;. Since F is a core of X; it
follows that X; is aunion of a closed (possibly disconnected or empty) orientable
surface | with 1-handles attached to the surface 1 side. Let S; denote the
unique boundary component of X; which is not a closed component of . Push
Sinint(F\@X;) slightly to obtain a properly embedded surface $;  X; with @$; =
@ F via a homotopy disjoint from ;. Note that S; is of the same topological type
as F. Let 2¥ be the compact region with frontier $;. Let :=j ($)j =] ( F)i.
De ne @, Xi and @,X; the respective preimages of @,(W;) and @n(Wi).

If possible compress 2" along 2¥ = $; via a compression that hits at most one
component of ";. Continue in this manner to obtain the region 29 whose frontier
is 2-incompressible rel B := “inf i,;  ; i.gwherem; (20 . Since X;n";
is irreducible, we can assume that no component of @2? is a 2-sphere.

Before we shrinkwrap W; and Z{ we need to annulate them, i.e. compress
them along essential annuli into P and the corresponding P'. Geometrically we
are eliminating accidental parabolics so that we can invoke the parabolic version
of LemmalZ1l

Lemma 7.10. If (E;@E) (No;P) is acompact -minimal surface (possibly non em-
bedded), then E cannot be homotoped rel @E into P.

Suppose f : R ¥ N is a properly mapped -minimal surface such that for each >
0; f (N,) is compact and R has no P -essential annuli disjoint from . If f is transverse
to Ny, then each component of Rnint(f 1(N,)) is either a compact disc or a half open
annulus.

Proof. If such a homotopy exists, then the lift E of E to H® has the property that
there exists a closed horoball H with @E  int(H) and E \ @H & ;. This violates
the maximum principle.

Therefore if is a component of ¥ 1(P) which bounds a disc D in R, then
f(D)\ Ny P.If isessentialin R, then can be homotoped into an end of R,
since there are no P -essential annuli for R disjoint from . Again the maximum
principle implies that the entire annular region bounded by is mapped into a
component of Nnint(No).

LetLy; ; Lk be amaximal collection of pairwise disjoint, embedded, essential
annuli disjoint from ; such that for each j, @L; has one component on W; and
one component on P. Furthermore assume that int(L;) \ W; = ;. Now annulate

Wi; along each L; to obtain the surface Wi'-. So if L; lies to the outside of Wj, then
the effect on Wj istoadd N(L;). IfL; W;andL; | isa product neighborhood,
then this annulation deletes L;  int(l) from Wj. There are no P -essential annuli






	0. Introduction
	1. Shrinkwrapping
	1.1. Geometry of surfaces
	1.2. Comparison geometry
	1.3. Statement of shrinkwrapping theorem
	1.4. Deforming metrics along geodesics
	1.5. Constructing the homotopy
	1.6. Existence of tangent cone
	1.7. The thin obstacle problem
	1.8. CAT(-1) property

	2. The Main Construction Lemma
	2.1. The main construction lemma
	2.2. Nonsimple geodesics

	3. Asymptotic Tube Radius and Length
	4. Canary's Theorem
	5. End Manifolds and End Reductions
	6. Proof of Theorems ??, ?? and ??: Parabolic Free Case
	7. The Parabolic Case
	References

