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Machine learning is about solving some standard mathematical problems,

but typically in very high dimension!
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Supervised learning;:
Approximating a target function f* using a finite training set

S = {<wj7yj - f*<w]>>7] S [n] — {1727 nr 7n}}

Image classification:
We are interested in the function

f* :image — its content (category)

We know the values of f* on a finite sample (the labeled data). The goal is to find accurate
approximation of f*.
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Unsupervised learning

Generating non-existing data: Pictures of FAKE human faces

https://arxiv.org/pdf/1710.10196v3.pdf
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https://arxiv.org/pdf/1710.10196v3.pdf

Unsupervised learning:
Approximating the underlying probability distribution using finite samples.

Generating pictures of fake human faces:
Approximating and sampling an unknown probability distribution.

@ Random variable: pictures of human faces

@ We don't know its probability distribution

@ We do have a finite sample: pictures of real human faces

@ We can approximate the unknown probability distribution and produce new samples
@ These new samples are pictures of fake human faces.
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Reinforcement learning:
Solving the Bellman equation for a Markov decision process.

Time series learning:
Approximating dynamical systems.
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We have been solving these kinds of problems in (computational)

mathematics for a long time!

After all,

@ approximating functions

@ approximating and sampling probability distributions
@ solving differential and difference equations
are all classical problems in numerical analysis.

So what is really the difference?

Dimensionality!
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Dimensionality of the CIFAR-10 problem
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Input dimension:

d=32x32x3=23072
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Classical approximation theory

Approximate a function using piecewise linear functions over a mesh of size h:

@ d = dimensionality of the problem
@ m = the total number of free parameters in the model

B~ m—l/d

5 = fl ~ WAV e 2

To reduce the error by a factor of 10, we need to increase m by a factor of 109/2,
Curse of dimensionality (CoD): As d grows, computational cost grows exponentially fast.

True for all classical algorithms, e.g. approximating functions using polynomials, or wavelets.
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Apparently, deep neural networks can do much better in high dimension.

What is the magic?
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Will focus on: supervised learning

Knowing the values of f* on a finite training dataset

S = {(wjayj — f*<mj>>7] < [n] — {1727 T 7n}}

find accurate approximations of the target function f*.

Our main objective is to:

Minimize the testing error ( “population risk” or “generalization error”):
R(f) = Eanilf(@) — @) = [ (@)= £(@)Pdn

where 11 is the distribution of & (say on a domain X C RY).

To be specific, we will take X = [0, 1]%.

July 19, 2022 12 / 66



The three main components of the error

The total error: f* — f where f = the output of the ML model.

Define:
o f,, =argmin sy, R(f) = best approximation to f* in H,,

) fnm = "best approximation to f* in H,,, using only the dataset 5"

Decomposition of the error:

AN

f*_f:f*;f@—i_fm :rfn,@—i_fn,m_i

/ v
appr. estim. optim.

e f* — f,, = approximation error, due entirely to the choice of the hypothesis space

o f,— fnm = estimation error — additional error due to the fact that we only have a
finite dataset

o fnm — [ = optimization error — additional error caused by training
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Approximation Error
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Benchmark: High dimensional integration

Grid-based quadrature rules (« is some fixed number):

C(g)

me/d

I(g) — In(g) ~

Curse of dimensionality (CoD)!

Monte Carlo: {x;,j € [m]} are i.i.d samples of p

E(I(g) — I.(g))" = Va;ig), var(g) = Eg° — (Eg)”
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Implications to function approximation

Representation of functions using transforms:

Representing functions using Fourier transform:

Fla)= | flw)e o
Rd

Approximate using discrete Fourier transform on uniform grids:

wa]

1
m

The error suffers from CoD:

f* o fm ~ B~ m—a/d
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“New" approach: Let m be a probability distribution

ff(x) = /Rd a(w)e““”m)w(dw) = Ewwa(w)ei(“”w)

Let {w;} be an i.i.d. sample of 7, f,(x) = L 3" a(w;)e@i®),

m g=1

E|f*(@) — fula)l? = 2

Note: fi(x) = D i1 ajo(w; ) = two-layer neural network with o(z) = €’*.

Conclusion:

Functions of the this type (i.e. can be expressed as this kind of expectation)
can be approximated by two-layer neural networks with a
dimension-independent error rate.
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Approximation theory for the random feature model

o Let ¢(-;w) be a feature function parametrized by w € (,
e.g. ¢(x;w) =oc(w!x).
We will assume that ¢ is continuous and () is compact.

@ Let 7y be a fixed distribution for the random variable w.

o Let {wg};”:l be a set of i.i.d samples drawn from .

The _random feature model (RFM) associated with the features {¢(-;w})} is given by

1
m

”MS
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What spaces of functions are “well approximated” (say with the same convergence
rate as in Monte Carlo) by the random feature model?

@ In classical approximation theory, these are a the Sobolev or Besov spaces: They are
characterized by the convergence behavior for some specific approximation schemes.

@ Direct and inverse approximation theorems.
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Define the kernel function associated with the random feature model:

k(z, ') = By [0(; w)o(x'; w)]

Let H;. be the reproducing kernel Hilbert space (RKHS) induced by the kernel k.

Probabilistic characterization:
f € H,. if and only if there exists a(-) € L*(m) such that

F) = / a(w)d(@; w)dmo(w) = Eupenya(w)d(@; w)

and

1113, = [ @whdn(w) = Euena’(w)
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Direct and inverse approximation theorem

Theorem
For any 6 € (0,1), with probability 1 — & over the samples {w
Jr e Hy

Ly, we have for any

7= S asols wdlay S L+ VR(T7D)

7=1

T heorem

Let (w ) 720 be a sequence of i.i.d. random samples drawn from m. Let [* be a continuous
functlon on X . Assume that there exist a constant C and a sequence {(a;,),m € NT,

j € [m]} such that sup;, |a;,| < C and

m

: 1 0 *
3 aimle ) = (),
]:

for all x € X . Then with probability 1, f* € H;, and there exists a function a* € L°°(7)
such that

F(@) = /Q 0" (0)(; ) dmo(w) = Buyrya* () )
< (.
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Conclusion:

Roughly speaking, functions that are well approximated by the random feature models are
functions which admit the integral representation:

F(@) = /Q 0" (w)(®; w)dmo(w) = Erprnya” () (@: w)

H; is about the right function space associated with the RFM.
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Approximation theory for two-layer neural networks

Consider “scaled” two-layer neural networks:

1 m
—Ez;aja wiz), o(t)=max(0,t)
]:

What class of functions are well-approximated by two-layer neural networks?

Integral representation: Consider functions f : X = [0,1]¢ — R of the form

fla) = /Q ao(w'z)p(da, dw) = E Jac(wz)], @€ X

o () =R! x R¥! is the parameter space
@ p is a probability distribution on {2

The actual values of the weights are not important. What'’s important is the
probability distribution of the weights.

E, Ma and Wu (2018, 2019), (related work in Barron (1993), Klusowski and Barron (2016), Bach (2017), E
and Wojtowytsch (2020))
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The Barron space

Definition (Barron space)
Consider function f : X +— R. Define the “Barron norm”

I1fll5 = mf]}EpI&III’th

where U, = {p: f(x) = E,ac(w’x)}, the set of possible representations for f.

Define the set of Barron functions

B={fecCX):|fls < oo}

E, Chao Ma, Lei Wu (2019)
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Structural theorem

Let f be a Barron function. Then f = 2, fi where f; € C*(R?\ V;) where V; is a
k-dimensional affine subspace of R? for some 0 < k < d — 1.

As a consequence, distance functions to curved surfaces are not Barron functions.

o fi(x) = dist(x,S?1), then fi is not a Barron function.
o fo(x)=||x||, f2 is a Barron function.

E and Wojtowytsch (2020)
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Direct approximation theorem

Theorem
For any f* € B, there exists a two-layer network f,,(-;0) such that

< 17718
S

LF* = fn5 0)l 22

Moreover,

161l < 1171l

Path norm:

1 m
16llp = — > laxlllwills,
m
k=1

if fin(x;0) = Z] 1 450 (wf@

— discrete analog of the Barron norm, but for the parameters.
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Inverse approximation theorem

Let f* be a continuous function. Assume there exist a constant C' and a sequence of
two-layer neural networks { f,,} such that

1 m
— " ag|[lwilly < C,m € N*,
m k=1

fm(@) = f*(z)

for all x € X, then f* € B, i.e. there exists a probability distribution p* on (), such that

ff(x) = /Qaa(wTa:)p*(da, dw) = E a0 (w’ x)

forallx € X and || f*||g < C.

Conclusion: Roughly speaking, functions that are well approximated by two-layer neural
networks are functions that admit the above integral representation.
Barron space is the right function space associated with two-layer neural networks.
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Extensions:

@ Extension to residual neural networks (E, Ma and Wu (2019, 2020)):

@ where in place of the Barron space, we have the “flow-induced function space”.

@ Extension to multi-layer neural networks, but results unsatisfactory.

@ Need a natural way of representing “continuous” multi-layer neural networks as expectations over
probability distributions on the parameter space, i.e. the analog of:

f(x) =EJac(w'x)], € X
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Estimation Error

We are minimizing the training error:

A 1 1

Ra(f) = - Z(f(wﬂ — [*(=)))” = 525(97 ;)

But what we are really interested in is to minimize the testing error:

R(f) = /X (f(@) — (@) d

July 19, 2022 29 / 66



The Runge phenomenon

What happens outside the training dataset?

Example: Polynomial interpolation on equally spaced grid points

—— Target function

Interpolant
Training data

2.0 :
1.5 -
1.0 -
0.5 -
0.0 -
-1.0 -05

Figure: The Runge phenomenon: f*(x)

July 19, 2022 30 / 66

0.0

0.5

~ 112542



Generalization gap = difference between training and testing error

generalization gap:

R(f) = Rl )] = |Bapi() -

S|

where §(x) = (f(x) — f*()).
Naively, one might expect:

E(generalization gap)* = O(1/n)

This is not necessarily true since f is highly correlated with {x,}.
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Bounding the generalization gap

Use the naive bound:

R

~=>
\m

) = Rau(f)l < sup [R(f) = Rau(f)]
f€Hm

Theorem

Given a function class H, for any § € (0, 1), with probability at least 1 — & over the random

samples S = (x1,--- ,x,),

e [h()] — — 3 hia)

1=1

——Zh x;)

sup
heH

heH

Sup
heH

heH

< 2Rad,(H) + sup [|h]

1
> 5 n<7'[) — Sup ||hHoo

log(2/9)

log(2/9) |

July 19, 2022
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Rademacher complexity of a function space

The Rademacher complexity of a function space measures its ability to fit random noise on a
set of data points.

Definition: Let H be a set of functions, and S = (x1, @9, ..., x,,) be a set of data points.
The Rademacher complexity of H with respect to S is defined as

Rad,(H) = —E;

where {&;}7_, are i.i.d. random variables taking values 1 with equal probability.
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o If H = unit ball in C°:

Rad,(H) ~ O(1)

@ If H = unit ball in Lipschitz space:
Rad,(H) ~ O(1/n"/?)
Another form of CoD! (note that n is the size of the training dataset).

As d grows, the size of the training dataset needed grows exponentially fast.
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Rademacher complexity of RKHS

Assume that sup,, k(x, ) < 1. Let HY = {f - | flla, < Q}. Then,

Q

Rad,(HY) < =
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Rademacher complexity of Barron space

Theorem

Let Fo ={f € B,||flls < Q}. Then we have

21n(2d)

n

Rad,(Fq) < 2Q

Neyshbur et al. (2015), Bach (2017)
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Generalization error analysis for two-layer neural networks

. ] N
L.,(0) = R (0) + A Og( Diollp, 6, — argmin £,(0).

Theorem
Assume that the target function f* : X — [0, 1] € B. There exist constants Cy, such that if
A > (Y, for any 0 > 0, then with probability at least 1 — § over the choice of training set, we

have

m n

For Barron functions, not only do good two-layer neural network approximations exist, they
can be found using only a finite training dataset (achieves “Monte Carlo error rate”).

E, Chao Ma and Lei Wu (2018)
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A priori vs. a posteriori estimates

@ A priori estimates: RHS depends on the target function, not the size of the parameter

Hf*HB log(2d)

R(0,) < + 1 £ 1ls +0(n"'?)

@ A posteriori estimates: The RHS does not depend on the target function but the size of
the parameter

R(O) ~ Ru(6)] S 6111222 4 017

o ||0||« can be arbitrarily large.

@ The connection to f* is still missing.
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The Training Process

Can we find good solutions efficiently using gradient descent?

min R, (6) = %Zu(a:j, 0) — f*(x,))

is a non-convex function in a high dimensional space.

1. Can gradient descent converge fast?

3rd source of CoD: the convergence rate.

2. Does the solution we obtain generalize well (i.e. have small testing error)?
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Hardness of gradient-based training algorithms

o Let h(-;0) be any parametric model such that Q(6) = E,,.||Vyh(z;0)||5 < oo
o Let R/(0) = Eypp[(h(x;0) — f(x))?], the loss function associated with f.

j = 0; . We have

Let F = {fi,..., fu} be an orthonormal class, i.e., {f;, f;) r2()

LS NIVRAG) - TRIE) < 47

where VR/(6) = Ej  VRIi(9).

We only have limited ability to distinguish target functions using gradients if there are many
orthonormal functions in the function class.

o If M = exp(d), then the variance of the gradients is exponentially small.
e The convergence rate for gradient-based training algorithms must suffer

from CoD!

Shamir (2018)



Barron space is such a function class

Let s > 0 be a fixed number, B5 = {f € B : ||fllz < (1 + s)°d*}. Then B contains at least
(1 + s)? orthonormal functions.

Proof:
@ Consider the set of orthogonal functions:

d
G, = {COS(QWbTaZ) : Zbi <m,b; € N+} .

1=1

Barron (1993)
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Barron space is the right object for approximation theory, but is too big for training.

The right function space for two-layer NNs (error does not suffer from CoD):

@ should be in-between the RKHS and Barron space;
@ could very well be initialization dependent.
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Training two-layer neural networks under conventional scaling

Initialization:

Define the associated Gram matrix K = (Kj;):

1
K;;= %EwwN(O,]/d) [U(WT%)U<"UT‘BJ’>]-

The associated random feature model: {w;} = {w}} are frozen, only allow {a;} to vary.
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Gradient descent dynamics

da; A

“Lit) = =V Ry ~ Ol ) = O(1)
dw; . !

— () = =Vu,Ru~ Ollaj]) = O (Am>

where A, = A\pin(K)

In the “highly over-parametrized regime” (i.e. m > n), we have time scale separation:
the dynamics of w is effectively frozen.
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Highly over-parametrized regime

Jacot, Gabriel and Hongler (2018): “neural tangent kernel’ regime

e Good news: exponential convergence (Du et al (2018))

e Bad news: converged solution is no better than that of the random feature model

(E, Ma, Wu (2019), Arora et al (2019), ...... )

Theorem

Denote by { f,.(x;a(t), Wy))} the solution of the gradient descent dynamics for the random
feature model. For any § € (0,1), assume that m > n’X\ 46~1In(n?6~1). Then with
probability at least 1 — 60, we have

2 |

AN

Ru(a(t), W (1)) < e " 'R, (a(0), W(0))

a B i 1+\/1n
migg_l\fm(w, (1), W () — flz;al(t), Wy)| S - \ﬁ

This is an effectively linear regime.
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Mean-field formulation

1 m
= {fm(®) = EZ%U w; )}
j=1

Let .
](Ul, te ,um> — Rn(fm)a u’] — (a’]7w3>

Lemma:. {u;(-)} is a solution of the gradient descent dynamics

d’U,j

E - _vuj]<u17 T ,’U,m), u](o) — ’LL?, “7 S [m]
if and only if
1 m
7=1
is a solution of A
OR,

Chizat and Bach (2018), Mei, Montanari and Nguyen (2018), Rotskoff and Vanden-Eijnden (2018), Sirignano

and Spiliopoulos (2018)



This is the gradient flow under the Wasserstein metric

AN

OR.,
0p

Long time decay theorem under the condition of displacement convexity.

Unfortunately, in general displacement convexity does not hold in the current setting.
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Convergence of gradient flow

If the initial condition p has full support and if the gradient flow dynamics converges, then
it must converge to a global minimizer.

Theorem
Let p; be a solution of the Wasserstein gradient flow such that

@ po is a density on the cone © := {|a|* < |w]|?}.
@ Every open cone in © has positive measure with respect to p
Then the following are equivalent.
© The velocity potentials %—?(ph -) converge to a unique limit ast — oc.
@ R(p:) decays to minimum Bayes risk as t — oo.

If either condition is met, the unique limit is zero. If also p; converges in Wasserstein metric,
then the limit po, is a minimizer.

Chizat and Bach (2018, 2020), Wojtowytsch (2020)
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In the over-parametrized regime, which global minimum gets selected?
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Jaim Cooper (2018):

Generically, the set of global minimizers of the empirical risk forms a submanifold of
dimension m — n.

|dea of proof: Use Sard's theorem.

There are n conditions:
flx;,0) = f"(x;), j€|n]
and § € R™.
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The escape phenomenon
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Figure: Fast escape phenomenon in fitting corrupted FashionMNIST.

@ This suggests that GD solutions can be dynamically unstable for SGD.
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Quantifying this phenomenon: Linear stability

o Linearizing GD: Let H(A) = V>R,,(6). Linearzing GD around 6* gives

Ory1 — 0" =0, — 0" — n(Vﬁn(é’) - Vﬁn(e*))
~ (I —nH(07))' (6 — 07).

e Stability condition:
M(H(07)) <

VO
flatness

SHEN
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The edge of stability (EoS)

In practice, GD often settles at the edge of stability (EoS) (Wu, Ma and E (NeurlPS 2018)).

n 0.01 0.05 0.1 0.5 1

FashionMNIST | 53.5+4.3 39.3+0.5 19.6+0.15 3.94+0.0 1.9£0.0
CIFAR10 198.9+£0.6 39.8+£0.2 198=+0.1 3.6%£04 -

prediction 2/7 200 40 20 4 2

@ See Jastrzebski et al. ( ICLR 2020); Cohen et al. (ICLR 2021) for some analysis of this striking

phenomenon.
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Linear stability analysis for SGD

@ Over-parametrized: Assume 7%”(6’*) = 0 for the global minimum 6*.
@ Linearizing the SGD dynamics around 6*:

N N n *\ /N *
O =0 — > O VR(07) (6 — 67). (1)

JEL

and let Hj = V2€j<9*>
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The one-dimensional case

@ The SGD iteration: .
Ori1 = (1— U Z H;)0,
s
Ef;1 = (1 —na)Eb;,
9

EO;,, = [(1 —na)* + %32] F6?,

where

1 L 1} 1"
a = - E 1 H;, “sharpness
1=

1 n
I 2 iy . . 1
S =45 El H? — H?  “non-uniformity
1=

e Stability condition:

(1 —mna)*+ %32 < 1.
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The stability digram

s:nonuniformity
s:nonuniformity

a:sharpness 2/n a:sharpness

@ The learning rate and batch size play different roles in the global minima selection.
@ Compared with GD, SGD prefers more uniform solutions.
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Extension to high dimensions

@ Similar analyses can be extended for high-dimensional cases

772
)\max{<]_nH)2+§ } < 17

where . .
H=-Y H;, Y=-H?-H*
nZZ: ’ n "

e Simplification: Let
a = )\maX(H)a 52 — >\maX<Z>

then a necessary condition is

0<a<

B
, < s < —.
n

| Do
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FashionMNIST CIFAR10
157 o ©®
51 @ @D . ol ® ®

=> *  SGD, B=25 .‘ => *  SGD, B=25
= B SGD, B=10 od 2 L E SGD B=10 = — — — — * Ee
€ 0k A SCDB4 - || E A SGD, B=4 x o0
'Tg g 40 — * .J,,,. ¢
= * c [ ——————— i ——— —
= S - =
c O c 9()-
o r-- ? ——————————— o

OO 2 4 OO 10 20

sharpness sharpness

Figure: The sharpness-non-uniformity diagram for the minima selected by SGD. Different colors denote
solutions found by SGD with different batch sizes.

@ SGD favors more uniform solutions.
@ Non-uniformity is nearly proportional to the sharpness.
@ SGD favors flatter minima.
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Flat minima hypothesis

SGD converges to flatter solutions and flatter solutions generalize better.

100

80

-4 60

Accuracy

140

Cross Entropy

420

0
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
alpha

Figure: The landscape for for O(«) := (1 — a)fsap + abap.

Hochreiter and Schmidhuber, 1995; Keskar et al., 2016
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Exploring the global minima manifold

@ For over-parameterized models, global minima form a submanifold.
@ SGD oscillates around the manifold, bouncing back and forth inside the valley .
@ Claim: it moves slowly towards flatter minimum on the manifold.

Chao Ma et al. (2022)
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Effective dynamics close to the minima manifold

@ Consider the SDE approximating SGD:

e For a simple example, let f(z,y) = h(x)y? h(z) > 0. The global minima manifold is

given by: {y = 0}.
Assume the noise covariance is proportional to the Hessian on the minima manifold:

D(z) = %2v2 F(2,0) = [8 022@)] |

@ [he SDE can be written as

dxy = —h(z,)y?dt
dy; = 2h(xzy)ydt + \/nh(x)odW;.
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Effective dynamics close to the minima manifold

The original dynamics:

dx; = —h (z,)y dt
dyt = 2h<$t)ytdt + nh(ilft)O'th

Close to the minima manifold, y; is small. Hence, the x-dynamics is much slower than the
y-dynamics.

@ Quasi-static analysis: Assumes v, is close to the equilibrium given x;:
dz, = —E,h'(3,)y; o dt
dy.- = 2h(x)y - dT + \/nh(xy)odW.

@ The local equilibrium for y is given by v~ ~ N (0, %‘2) Hence we have

de,  no*h(zy)

dt 4

@ This is a gradient flow that minimizes h (the flatness)!
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Unsupervised learning: Approximating probability distributions

The memorization phenomenon: The training process ultimately converges to the
pirical distribution £ ~.

Can early stopping give us approximations whose error rate does not suffer
from CoD?

@

H

Hongkang Yang and E (2020, 2021)
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The Curse of Memory in Approximation by RNNs

Theorem
Let {H; };cr be a family of continuous, linear, causal, regular and time-homogeneous target

functionals. Suppose there exist constants o € N, 3,~v > 0 such that
yi(t) .= Hf(e;) € CTU(R), where €;(s) := €;1{;>0y with {ez}d , as standard basis vectors

|

. d Bt, (k) 1y _ ety 1)
in R?, and e”'y;"’(t) = o(1) as t — +00, with sup; <7 i=1...4
k=1,...,a+1. Then there exists a universal constant C(c) > 0 only depending on «,
such that for any m € N, there exists a sequence of width-m RNN functionals { H; }icr
such that Clavd
* - Q)Y
sup || H; — Hy|| < —.
teR pm

Curse of memory: Hj(e;) ~t™ = m ~ O(we ).

Zhong Li, Jiequn Han, Weinan E, Qianxiao Li (2020)
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Reinforcement learning

Existing work focuses on the “classical” situation when the state and action spaces are finite
(and small).

Almost no work for the situation when the state/action spaces are big or high dimensional, in
which case we must use function approximation.

Difficulty: Reinforcement learning involves all the aspects discussed so far:
@ function approximation
@ learning dynamical systems
@ learning probability distributions
@ generalization gap
@ training is done online and can not be decoupled
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@ The central theme is about understanding high dimensional functions.

@ A reasonable mathematical picture is taking shape.

@ approximation theory in high dimension
@ global minimum selection and late stage training

@ Theorems vs. insight.

o carefully designed numerical experiments
@ asymptotic analysis
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