ON THE STRUCTURE OF THE SINGULARITY MANIF OLDS OF
DISPERSING  BILLIARDS

PAVEL BATCHOURINE

1. Intr oduction.

A billiard is a dynamical system describing the motion of a point particle in
a connected, compact domain Q  T9; d > 2: In general, the boundary of the
domain Q is assumedto be piecewise C3-smooth, however later on we impose
further restrictions on the boundary (cf. Section 2). Smooth componerts of the
boundary @ are called satterers. If the smooth componerts of the boundary
are strictly convex, the billiard is called dispersing or a Sinai billiard. Inside Q
the particle moveswith constart velocity with elastic re ections at the boundary.
The kinetic energy of a point is a rst integral of the motion. Therefore the phase
spaceof the billiard isM = Q S% 1 = f(q;v)jg2 Q; jjvii = 1g: The Liouville
probability measure on M is a product of the Lebesguemeasureson Q and S¢ 1;
i.,e. d = const dogdv: The resulting dynamical system (M;fS!;t 2 Rg; ) is the
billiard o w.

The boundary @ de nes a natural cross-sectionfor the billiad ow. Let n(q)
be the unit normal vector of a smooth componert of the boundary @ at the point
g2 @, directed inwards. The billiard map T is de ned asthe rst return map on
@M ; where

@1 = f(gv)jg2 @; (v;n(q) > Og:
The invariant measurefor the map T is denotedby ; and we have
d ;1 = const j(v;n(q))jdodv:

Contrary to the caseof smooth dynamical systems,the billiard map T is dis-
cortinuous, which make the application of classicalmethods of analysis of stochas-
tic properties of a system signi cantly more dicult. Nevertheless,in 1970 Sinai
demonstrated ([S1]) that at leastin the cased = 2 dispersing billiards are hyper-
bolic, ergadic and even K -mixing. The main tool in the proof of ergadicity of the
billiard system was the so-calledfundamental theorem for the dispersing billiards.
This theorem ensuresan abudanceof geometrically nicely situated and su cien tly
large stable and unstable manifolds. For the cased > 2 the fundamertal theorem
was rst stated and proved in [SCh] and generalizedin [KSSz].

In the proof of the fundamertal theorem for dispersing billiards one makessome
assumptionsconcerningthe structure of the set of points, where the billiard map
and its iterations are discortinuous. These sets are called singularity manifolds.
They were assumedto be smooth manifolds with boundary until recerly, when
it wasfound in [BCST1] that in a typical situation there are special points where
these manifolds may have singularities in the senseof the singularity theory. At
these points the singularity manifolds don't have a tangent plane. Therefore one
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has to analyze the singularities to show that the argumerts in the proof of the
fundamental theorem remain valid. It was showvn in [BCSTZ2] that in the caseof
algebraic semi-disgersing billiards the proof of the fundamenrtal theorem remains
valid.

In this paper we show that in the caseof strictly dispersingscatterersin Q  TY;
d > 3the assumptionabout algebraicity is not neededand the fundamental theorem
remains valid if the boundaries of the scatterersare C8 7 smooth.

The paper consistsof two parts. First, we analyze the singularity manifolds of
the billiard map. These manifolds can be obtained as the imagesof some smaooth
manifold M under se\eral iterations of the billiard map. This map is irregular at
the the points of tangency, soto understand the structure of the singularity one
needsto study the billiard map near the points of tangency. We compute partial
derivatives of the map and shonv (Lemma 4.3), that after a singular, but simple
change of variables the billiard map becomesa local di eomorphism. In Lemma
5.1 we show that the singularity manifold is a level set of a smooth function with
a non-vanishing germ. The Theorem 7.1 implies that the singularity manifold has
a certain regularity property required in the proof of the fundamertal theorem.

In the secondpart we shaw that the proof of [SCh] of the fundamenrtal theorem
remains valid for typical con gurations of strictly dispersing scatterers. The im-
portant obsenation hereis Lemma 6.1 which statesthat for a typical con guration
strictly dispersing scatterersthe trajectories can have at most 2d 2 tangencies.

Ac knowledgemen ts. | would like to thank Ya.G. Sinai for intro ducing me to this
areaand proposingthe original problem. | am very grateful to him for his constart
interest, encouragemeh and help.

2. Preliminaries

2.1. Assumptions about the scatterers. We make the following assumptions
about the the scatterers:

(2) Each scatterer is a strictly convex C8 7 hypersurface,

(3) Finite horizon: the length of the trajectory betweentwo successie re ec-
tions is uniformly bounded,

(4) Time betweentwo successie re ections is bounded from below by some
positive constart ¢ > O:

Strictly convex here meansthat the secondfundamental form of ead scatterer
is positively de ned at every point.

Throughout the paper we considerthe con guration spaceQ T9Y asa subset
of the RY; the universal cover of T9: The con guration of scatterersin T lifts
to a periodic con guration of scatterersin RY: We denote the phasespaceof the
corresponding billiard systemin RY by @* and use the same notation for the
billiard mapin R4: T: @t ! @h:

To x the notations for the scattererswe chooseK scatterers Ii?l;:::li?K in RY;
sothat these scattererssatisfy the following two properties:

for every scatterer R, on T¢ there exists a unique scatterer Ii?m in RY:
which projectsto R,
R, is the closestto the origin among the preimagesof R
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Fix coordinate systemin RY and assumethat R, is given as zero level set of a
function Ry, 2 C8 7(RY): The rest of scatterers are then given as zero level sets
of the shifts of functions Ry by elemeris of the lattice which generatesthe torus.
The assumption (2) on the scatterersimplies that for each k = 1;:::K the hessian
of Ry is positive de nite at each z 2 RY; such that Ry (z) = O:

2.2. Singularities.  Considerthe set of tangertial re ections
S:=f(qgv) 2 @j(v;n(q) = Og:

It is easyto see,that the map T is not cortinuous at the setT 1S: As a result,
the singularity set for any iterate T" is

s = [LS "

wherein generalS = TXS: The setof regular tra jectories, i.e. the trajectories, for
which T'x 2S; 1 < i< 1 ;wil bedenotedby
@M%=@ [n2zS"

In the casewhen the boundary @) is only piecewisesmooth, additional sin-
gularities - multiple collisions - arise. They correspond to points q 2 @Q; which
belongto seweral smooth componerts of the boundary. At thesepoints the dynam-
icsis not well-de ned. The assumption (4) implies that we consideronly tangential
singularities. It is enoughto considerthis situation, sincethe blow-up of the deriv-
ative of the map T - the e ect found in [BCST1] doesn't occur for the singularities
corresponding to multiple collisions.

3. Space of lines

The dynamics in a billiard system consists of two parts: the motion along a
straight line and a re ection. It is the re ection part that causesdiscortin uities
and singularities, soit is natural to isolate it. One way to do sois to look at the
dynamics on the spaceof oriented lines.

In this and next sectionwe assume that the dynamicstakesplacein RY: Consider
a point X = (q;v) 2 @4 in the phasespaceof a billiard. The pair (q;Vv) uniquely
determines an oriented line | in RY: The image x°= (g% Vv% = T(x) determinesa
new line |% which is by de nition the image of I: This map on the spaceof oriented
lines will be called the billiard map on the spaceof oriented lines. Sincethe same
oriented line can intersect seweral scatterers, the dynamics is globally not well-
de ned. Howevwer, if we are interestedin what happensneara xed trajectory in a
nite number of iterations of the billiard map, then we know from which scatterers
the lines are re ected and sothe dynamicsis well-de ned.

3.1. Coordinates on the space of oriented lines. A line | in RY can be char-
acterized by its closestpoint to the origin p, and by its direction v: Vector v can
be normalized to have length one, sincemultiplying v by any positive constart still
givesthe samedirection of the line:

3.1 jvij=1
Clearly,
3.2) (p;v) = 0

Thesecoordinates give the identi cation of he spaceof oriented linesin RY with the
(co)tangent bundle of unit sphereSY: We denote this spaceby : The symplectic
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structure given by this identi cation diers from the standard symplectic structure
on T S¢: by sign. For a xed v we shall denotethe plane (3.2) in (R%;p) by :

Lemma 3.1. Supmsexo = (p;Vo) 2 @M and U(Xp) is a neightorhood of xg in
@M ; suchthat for everyx = (q;Vv) 2 U(xp) we have

(3.3) (v;in(g) >c> 0

where c is some positive constant. Then there exists a di e omorphism 2
C8d 7(U(xp)) from the neighlorhood U(xg) to the neighlorhood of the line |y de-
termined by xo; suchthat ( x) = lp and jdetD > c:

Proof. The di eomorphism is given by the formula

(V)= ( v(a;v);
where , :RY! RYis a projection to the plane  in the direction of vector v: It
follows from (3.3), that jdetD j> c:

4. Local str ucture of a reflection near tangency

In this section we consider the re ection of trajectories from a xed scatterer

tangent to this scatterer is a smooth hypersurfacein the spaceof oriented lines.
Considera unit tangent bundle T1RY: It is obviously a bundle over RY with b ers

constart alongthe b ers. The spaceT1R? is also a bundled over ; the spaceof
lines in RY: Denote by  the projection corresponding to this bundle. The b ers
1); 1 2 arethe points in RY which lie on a given line with the direction
determined by ! :
Denote the coordinate in the b er by t: If x = (p;v) are coordinatesin ; then
(x; 1) are the coordinates in T{RY: The set of lines tangert to the scatterer is the
projection of the discriminant set given by

Fb(x; t)=0; %(x; t)=0

on

Lemma 4.1. Let (Xp;to) 2 : There existsa neightorhood U of (tg;Xp) in R ;
suchthat ( \ U) is a parameterized 2d 3 dimensional C® ° manifold in

Proof. Considera mapping G: R24 2 R! R?; givenby G(x;t) = (b; %)(x; t):

Then = G 1(0): Jacobi matrix for G is equal to
I
@ ... @ @
@1 T @24 2 Q
@ ... _a@ gr
@@ "7 @2 2@ @?

Notice that from the assumption (2) on the scatterers,it follows that

@Fb:@z(XO;to) 60

Also, there existsan indexi; 16 i 6 d 1; such that @:@i(xo;to) 6 0: Assume
that i = d 1: Then by the Implicit Function Theoremapplied to G we canexpresst
and xq 1 asthe functions of x1;:::;%q 1;:::;X2¢ 3 0n \ U for aneighborhood U
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of (to; Xo): Hence,on ( \ U); X4 1 isasmooth function of x1;:::;%q 1;:::;X2d 2
Function 1 : R! Rinducesafunction F: ! R:Foragiven! 2
F()= inf b x; t):
*) (xt)2 (') D

It follows from the assumption (2) on the scatterersthat for ! su cien tly close
to @ * the inn um is attained at a unique point (! ;t(! ): The zero level set of F
coincideswith the setof linestangert to the scatterer. Let * =f! 2 jF(!) 6 Og
be the setof linesthat experienceare ection from the scatterer. Its boundary @ *
consistsof lines tangent to the scatterer. On * the billiard map T is de ned. It
sendsthe lines before the re ection from the scatterer to the re ected lines.

Let Xo 2 @ * : By the previous Lemma there exists a neighborhood U(xg) ;
In particular, this implies that for any xed v; sucien tly closeto vy the set of
linesf(p;v) 2 U(Xg)\ @ * jv=vigisaparameterizedd 2 dimensionalmanifold
in y,. We can assumethat it is parameterizedby (p1;:::ps 2): For every point
on this manifold we considera line passingthrough this point in the direction per-
pendicularto @ * \ U(Xp): Let's choosea parameter on theselinessothat =0
corresponds to a point on @ * and sothat > 0 correspondsto re ection. For
any x 2 U(xg) there existsa point x; 2 @ * \ U(xg) and ; suc that x lies on the
line passingthrough x; perpendicularto @ * and distance(x1; @ * \ U(Xg)) =
Let

o= min min  (HesgF)(x)w; w);
x2R9:F (x)=0 w2 R9:jjwjj=1

where H esg(F)(x) is the Hessianof F at x: Pick a neighborhood U;(xo)  Up(Xo)
such that for every x 2 Ui(Xo) we have distance(x; @ *) < ¢=2: Then the neigh-
borhood U;(Xp); is parameterizedby (p1;:::pq 2; ;V):

De nition  4.2. SupposeH* =é‘(x0;:::xn)jxn > 0g: The mapping
3 Yo = Xo;

4.4

(44) 2 Yn 13 Xn 1

" Yn= " Xn

of H* into itself will be called a quasi-regular change of variables.

Lemma 4.3. After a quasi-regular changeof variables = p_in a semi-neighlorhood
Ui(xo)\ * parameterizad as atove the billiard map becomesa C*d 4 di e omor-
phism.

Proof. The lemma follows from the following decomposition of the billiard map.
Consideragain the unit tangent bundle T, R? asa bundle over the spaceof lines
: The scattererF = 0de nes asectionof this bundle over the points corresponding
to lines that experiencea re ection: to ead sud lines one assaiates the point on
the scatterer where the line hits the scatterer and the direction of this line. The
points of this section are the pairs f(p;v)jp 2 RY; R(p) = 0; jjvjj = 1g form a
surfaceC topologically equivalert to S S9: On this surfacethe following smooth
map is de ned. To ead (p;v) 2 C one assaiates (p%v%; where p = p° and v°
is a re ection of v with respect to r R(p): This map is smooth on the surfaceC,
but the projection from to Cis not smooth at the points corresponding to the
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lines tangent to R = 0: The only thing one needsto show is that this projection is
smooth after a quasi-regular change of variable.

Fix any direction v 2 SY closeto vp: The projection from to Cfor a xed v is
the projection from the hyperplane  to the scattererin RY: Let t bethe coordinate
in RY in the direction perpendicular to : For xed coordinates ps1;:::;pq 2 the
projection is a function t = f ( ): Assumethat f (0) = 0: Since the scatterer is
strictly corvex at eadh point, we get that = t2g(t); where g(0) 6 0 and so

= t g(t): We choosethe sign sothat it correspondsto the tra jectories coming
to the scatterer. Then by the Implicit Function Theoremt is a smooth function
of and so after a quasi-regular change of coordinated the billiard map becomes
smooth.

5. Resolution of the singularity

Using the description of the billiard map given by Lemma (4.3) we show that
the preimageof a level set of someF 2 CX() function under the billiard map can
be represerted as a level set of a function of the sameclassof smoothness.

The billiard map (and it's inverse) is smooth away from tangencies, so in a
neighborhood of any point corresponding to a non-tangertial re ection the pull-
badk of F is smooth. We show that in a (semi)neighborhood of a tangency the
preimage of a level set of a smooth function can still be given as a level set of
a smooth function. Consider the coordinates from the Lemma 4.3 and suppose
that the set of lines (the examplein mind is the set of lines tangent to someother
scatterer or its preimage) is given by the equation

F(X1;::iX2q 2) = 0

In the the decomposition given by the lemma, only the substitution ! P- is

singular, soit is enoughto look at this part separately

0g); then there exists a neightorhood U, U of zer and functions G,; G 2
CX(Uy); suchthat

(5.5) F(X1;::5%Xn) = Ga (X15::05X2) + Xn G (Xg;:::;%2)

Proof. Extend F (for example, by Whitney extensiontheorem) to small full neigh-
borhood of zero and denote the continuation by F: Let

F= FOTFOO P PO

be the decomposition of F in even and odd parts. By a theorem of Glaeser[BL] a
function, which is even in somevariable is a function of the squareof this variable,
so there exists a neighborhood U;; and functions G;; G as in the statemen

G? = x,G?:

It followsfrom (5.5) that if F hasanon-zerom-jet, 0 < m < k=2then G2 x,G?
has non-zero2m-jet.
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6. No more than 2d 2 tangencies for generic scatterers

Sincethe dimension of the phasespaceis equalto 2d  2; it is natural to assume
that, in a certain sense,no degenerationsof codimension greater than 2d 2 can
appearin atypical billiard system. Herewe formulate and prove one suc statemert
that will be usedin the next section.

Recall that the billiard systemin RY consistsof K scatterersgiven by the equa-
tion Rj = 0; i = 1;:::K and their shifts by the elemens of the lattice which
generatesthe torus T9: The collection of functions fRy;:::Rk g is a point in
[C4d 4(Rd)]K:

Prop osition 6.1. Forany06 m 6 8d 7 and" > O there exists a collection of
satterers f R1(");::: Rk (")g 2 [C® 7(RD]X; suchthat

for the billiard systemde ned by f R1(");::: Rk (")g there are no trajectories
with more than 2d 2 (not necessarily sucessive)tangencies

ijl(") lej(zjm(Rd) + 0t ”RK (") RK jj(zjm(Rd) <"

Proof. We prove the proposition for the cased = 3 and some xed m > 2: The
proof proceedsby induction on the number of re ections that can occur between
tangencies. At the step k we make perturbations of the scatterer, so that

The setof tra jectorieswith three tangenciesand at most k proper re ections
in betweenform a nite union of ruled surfacesin the con guration space.
Each ruled surfaceintersectsevery scatterer transversally

There are no 5-tangencieswith at most k re ections in between

Let's rst describe two typesof perturbations usedin the proof.

Type 1 Supposethat a ruled surfacein R® is tangent to a smooth strictly cornvex
surfacegiven by F(x;y;z) = 0 along a curve : Then for every "1;"2 > 0
there existsa smooth strictly corvexfunction F; such that jjF  Fjjcm (rs) <
"1; F(x;y;2) = F; if the distancefrom (x; y; z) to in R® is greater or equal
to ", and sud that the ruled surfaceintersectsthe surfaceF = 0 transver-
sally at eadh point. In a degeneratesituation, when is a point, this type
includes the casewhen a ruled surface has a non-transversal intersection
with the convex surfaceat one point.

Type 2 Supposethat aline | is tangent to a smooth strictly convex surfacegiven by
F(x;y;z) = 0 at a point p: Then for every "1;"2 > 0 there exists a smooth
strictly cornvex function F; such that jjF  Fljcm(rs) < "1; F(Xy;2) = F;
if the distance from (x;y;z) to p in R® is greater or equal to ", and sud
that the line | intersectsthe surface F = 0 transversally.

Let us call by a combinatorial type of a trajectory of length L a sequenceof
L scatterersin R" labelled by "what happens" at this scatterer (a re ection or a
tangency).

We know from Lemma (4.1), that the set of trajectories tangent to a given
scattererform a smooth hypersurface. In the sameway, the setof tra jectorieswhich
have two successie tangenciesto given two scatterersis a smooth 2-dimensional
manifold T with a boundary. If we allow additional re ections betweenthe two
tangencies, then additional componerts appear. Due to the e ect described in
[BCST1] the manifold may behave irregular at certain points of new componerts
of the boundary. However, the set of these points S is a nite union of smooth
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one-dimensionalmanifolds. Henceby small perturbation of type 1 of the scatterers
we can make the ruled surfaceswhich correspond to these manifolds transversalto
the scatterers and so that no points of S belong to more than one componert of
the boundary.

This implies, that if we considerthe set of trajectories tangert to the previous
two scatterers (with a number of re ections in between)and a new scatterer, then
(possible after an additional perturbation of type 1 of the new scatterer) the set
of tangents to the new scatterer intersect T along a curve which has no points at
which T is irregular.

This showsthat the setof trajectorieswith three tangenciesof any combinatorial
type of xed length is a one-parameterfamily of trajectories which form a ruled
surfacein the con guration space. The set of trajectories with 4 tangenciesof a
xed combinatorial type maybe non-discreteif and only if this ruled surface(or it's
image under a billiard map) is tangent to somescatterer along somecurve on the
scatterer. We make the perturbations of Type 2 of the scatterersso that all such
ruled surfacesare transversalto all scatterersusing perturbations of type 1:

Thusfor every xed length of combinatorial typeweget nitely many tra jectories
with 4 tangencies. Supposethere exists a 5-tangencyamongthem. Considera line
which correspondsto the tra jectory "right before"the fth tangency By choosinga
su cien tly small perturbation of the scatterer at the point of the fth tangencywe
can make the line transversalto the scatterer and not create any new 5-tangencies.
Thuswe can eliminate 5-tangenciesfor a xed length of the combinatorial classone
by one.

To make this work we use the induction on the number of re ections between
the rst and the last tangency.

Let k denote the length of the consideredtrajectories. We start with k = 3:
Fix some"y > 0 First, we nd someruled surface of order 0; which is tangent
to some scatterer along a curve. There is a nite number of ruled surfaces of
order 0 assaiated with this scatterer. Among them someof the ruled surfacesare
transversalto ead scatterer at ead point of intersection. We nd a perturbation
which destroys this non-discrete tangency and keepsall ruled surface of order O;
which are assaiated to this scatterer transversal to other scatterers. Now the
number of ruled surfacesof order O which aretangent to somescattereralonga curve
decreasedby one. In the sameway we eliminate all non-transversal intersections
of ruled surfaceswith the scatterers at points. This way we get that the set of
tra jectories with four successie tangenciesis nite.

Notice that there exists a positive number ; such that any perturbation of size
lessthat ; all ruled surfacesfor the perturbed system are transversal to every
scatterer. Here dependson the anglesbetweenruled surfacesof order zero and
the scatterers.

We now make additional perturbations to eliminate all v e successietangencies.
Fix onesuccessie 5-tangency Sincethe setof successie 4-tangenciess nite, there
exists a neighborhood U of the point of tangency on the last scatterer, in which the
minimal angle betweenthe directions of incoming 4-tangenciesand the tra jectories
tangent to the scatterer at the points in U is greater or equal to c;: Then by
perturbing (Type 2) the scatterer in U so that the directions of the lines tangent
to the scatterer at the points of U change by at most c;=2 we make the scatterer



ON THE STRUCTURE OF THE SINGULARITY MANIF OLDS OF DISPERSING BILLIARDS 9

transversal (locally) to the trajectory and we don't create additional successie 5-
tangenciesare created. By making a nite number of such perturbations we can
eliminate all successie 5-tangencies.

The sameargumert appliesto the induction step.

Notice, that at ead step a nite number of perturbations of three types is
made: the onesusedto get that 3-tangenciesare smooth 1-parameter families of
tra jectories, the oneswhich eliminate non-transversalintersectionsof ruled surfaces
with the scatterers and the oneswhich eliminate 5-tangencies. One can choose
the size of the perturbations at ead step in such a way that the perturbations
made after step N keepthe transversal manifolds consideredat the previous steps
transversal.

Indeed, let , be such that any perturbation of size lessthan |, keeps 3-
tangenciesbeing smooth 1-parameter families of trajectories, , < ,=2K"*> be
such that any perturbation of sizelessthan , keepsruled surfacesof order 6 n
transversal and let , < ,=2K"*3 be suc that any perturbation of size less
than doesnt introduce 5 -tangenciesof order 6 k: One can choose j; ; j;
j = 1;2;:::in such a way that for every N > 0:

n+4 n+5 n+3 —
K nt+ K nt+t K n6 N 172
n>N
and
n+4 n+5 n+3 no.
K n + K n + K n < 0-
n>0

Then the seriesof perturbations converges,the total perturbations is lessthat "¢
and there are no tra jectorieswith more that 4 tangenciesfor the obtained collection
of scatterers.

>Fom now on assumethat for the con guration of the scatterers we consider
there are no trajectories with more that 2d 2 tangencies.

7. Estima tes on the measure

Let B(x; r) denotethe openball of radius r about x in R": The following theorem
is proved in [BF].
Theorem 7.1. LetF be a real-valued C™ function on B (0; 1); with
(1) o< max lj@F(O)j < Cp; and with
jj=m
(2) @Fj6 C;onB(0;1)forj j=m
Let
(3) V(F)=fx2B(0;1): F(x) = Og; and let
(4) V(F; )=1x2B(0;¢c) : distancgx; V(F)) < g;
where ¢; is a small enoughconstant determined by cg; Co; C1; m; n:

Then
VolfV(F; )g6 C, forO0< < ¢;

wher C, is a large constant determined by cy; Co; C1; m; n:

Thus, if F is a smooth function that never vanishesto in nite order, then the
set of points within the distance from the zeroesof F hasvolume O( ):
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Corollary 7.2. Letxp 2 @V nS: There existsa neighlorhood U(xg) @V nS; such
that the measure of the -neightbrhood of any component of T S\ U is of order
o():

Proof. By Lemma 3.1 there is a C8 7 di eomorphism of a neighborhood of xg
to the neighborhood of the corresponding line in the spaceof lines in RY with the
jacobian bounded away from zero.

>Hom Lemma 4.3, Lemma 5.1 and Proposition 6.1 it follows that in the neigh-
borhood of any of its points in the spaceof lines the singularity manifold T *S is
given by a C*® 3 function with a non-zero4d 4-jet. The theorem 7.1 givesthe
estimate in a neighborhood of any point of T kS\ U:

8. The fund amental theorem

In this section we formulate a version of the fundamertal theorem for multidi-
mensionaldispersingbilliards. This theoremwas rst formulated and provedin [S]]
for plane billiards. It allowsto apply the modi ed Hopf argumert to prove local er-
godicity of the system. The derivation of the local ergadicity from the fundamenal
theorem is done in details in [KSSZ, [LW] and is omitted here.

In the secondpart of this section we give the de nitions required in the proof
of the fundamertal theorem and show that under our main assumption in the
caseof strictly dispersing scatterersone needsonly nitely smooth scatterers. The
fundamental theorem for multidimensional dispersing billiards was rst formulated
and proved by Chernov and Sinai [SCh] and generalizedin [KSSz]. We follow here
the exposition in [BCST2].

8.1. The statemen t of the Fundamen tal Theorem. Let x 2 @ be such
a point, that the trajectory of x has at most one tangency. Consider a small
neighborhood U(x): A parameterizedfamily of nite coverings

G =1G;ji=1::5;1()g 0< < ¢
is a family of regular coveringsi :

(1) eacth G; is a "parallelepiped", that is the image of a 2d 2 dimensional
cube under the linear map R>® 21 @M;

(2) the facesof eath G, are parallel to tangent planesof stable and unstable
manifolds Ws(w(G;)) and W"(w(G;)) passingthrough the certer of the
parallelepiped (W(G; ));

(3) For any point, the number of parallelepipeds covering it is at most 229 2;

(4) if G\ G; & ;; then

(Gi\ Gj)>c 22
where ¢; is independert of :
For a given G; s-facesare those parallel to W*(w(G;)) and u-facesare those
parallel to WY(w(G;)): Fory 2 G; we say that a stable manifold W*(y) intersects
G; correctly, if @G; \ W3(y)) belongsto the union of u-facesand that an unstable

manifold W' (y) intersectsG; correctly, if @G; \ W"(y)) belongsto the union of
u-faces.

Theorem 8.1. Let x 2 M be such a point, that the trajectory of x has at most
one tangencyand 0 < "; < 1 be a xed constant. Then there exists a su ciently
small neightwrhood U-, ; suchthat for any family of regular coveringsG of U-,; the
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covering G can be divided into two disjoint subsets,G, and G, (called 'good’ and
'‘bad’), in sucha way that:

For any G; 2 G, and any s-face E® of it, the set
fy2 G;j (y;E®) <"1 and S(y) intersectscorrectlyg

has positive relative ; measure in G;:

1l 6,26,Gi) = o)

8.2. The pro of of the Fundamen tal theorem. Let usremind the main ideasof
the proof of the theorem. Informally, the parallelepiped is good if su cien tly many
(in the senseof the relative measurein the parallelepiped) stable manifolds are not
cut inside this parallelepiped. A given parallelepiped can be bad either becauseit
intersects the preimagesof the singularity manifolds T 1S;T 2S;:::T F()S or
becauseit intersectsT F() 1:::: The setof bad parallelepipedsof the secondtype
is small becauseof hyperbolicity of the system. This is a so-calledtail estimate,
which becomegather simplein the setting of strictly dispersingscatterers(see[SCh]
for the proof). As it was noticed in [BCSTZ2] this part doesn't require information
about the structure of the preimagesof the singularity manifolds. To estimate the
measureof the remaining part of bad parallelepipedswe notice that

(1) for asuciently small there are no parallelepipedswhich intersect more
than four singularity manifold from T 1S;T 2S;:::T FO)s:

(2) a parallelepiped intersected by at most four singularity manifolds cannot
be bad becauseby choosing a su cien tly small neighborhood of x we can
assume,that the angle betweenstable manifolds and singularity manifolds
is arbitrary small.

As it is explained in [BCST2] it is here that the additional information about
singularity manifolds is needed.
We formulate the lemma about parallelization (see[KSSz], Lemma 4.9).

Lemma 8.2. Given any x 2 @1 ° and any " > 0 there is a neightorhood U(x)
@ such that for every 3; 5 and any 3-dimensional manifold T "S (n > 0)
intersecting U(x) with points y;;y2 and ¥; lying on three manifolds, resgctively, so
that TpT "S exists:
V(Ty, 5Ty, ) <"
\ (Ty, 5;TyT "S)< ™

We introduce some more notations. The following two quartities measurethe
hyperbolicity near the point y 2 @ °: Let

mo(y) = infj(D"rny; ) iip ™

where the inn um is taken over all convex local orthogonal manifolds passing

through T"y: Furthermore denote
o (y) = inf inf j(D"w; ) jj,*
w2

Herethe in n um is takenfor the set of corvex fronts  passingthrough T"y such
that T" is continuouson and T" B (vy):



12 PAVEL BATCHOURINE

The following subsetsof the neighborhood U(x) depend on the constart
U9=fy2UjBn2 Z.;z(T"y) > ( ne, (V) ‘& g
uP = unu?
Up = fy 2 Ujzun (T"Y) < (nes (V) 'ca g

Denition 8.3. A function F : R, ! Z, de ned in a neighborhood of the origin
is called permitted if F( )" 1 as #0: For a xed permitted function F( ) we
dene UP = [, UP:

Lemma 8.4 (Tail bound). For any permitted function F( ) :
1(U) = of )

The proof of the fundamental theorem follows from the following estimates:

The estimate from below on the measureof G; \ (ES)I's I; where ES is an
s-face for the bad parallelepiped G; :

(8.6) (G \ (B ) > ef T a(G) > "5 1(Gy)
in case"s = "3("1) is chosensu cien tly small.
Similarly,

(8.7) 1(G\ (@) 6 ) 1(G)

for "4 = "4("3) chosensu cien tly small.
The estimate on the measureof the "4 -neighborhood of the singularity
manifold inside the parallelepiped. The Corollary 7.2 implies that

(8.8) 1(Gi\ (8" 1) 6 "5=16 1(G)

for "4 = "4("3) chosensu cien tly small.

We now choose",("4) small enough,sothat by Lemma 8.2 the stable mani-
folds and singularity componerts are ‘almost parallel'.Namely, the smallness
of ", should guaranteethat for any y 2 G; for which S(y) doesn't intersect
correctly we have:

(8.9) y2(G\ MM NG\ (@) ) v
Let us now considera bad parallelepiped G; with an s-faceE*® for which

810) (G BN U 6 2 1(G)

Here Ui¢ is the set of points in G; with correctly intersecting local stable mani-
folds.
By the estimatesabove

(G UP) > 4(G\ (BRI UP> 2 a(G)):

Now recall that in a regular covering there are at most 22¢ 2 parallelepipeds
with a non-empty common intersection. Thus:
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0 " 0
22d 2 Ub > X G\ Ub > _3X G )
1( !) 1( i !) 4 1( |)’

P
where  ° denotesthe sum over bad parallelepipedqjor which (8.10) holds for
somes-face. By the Tail Bound (Lemma 8.4) we have 0 1(G;) = o ) thus the
proof of the theorem 8.1 is complete.
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