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1 Introduction.

In this note, we apply some of the ideas of the Ph.D. Thesis of G. A. Margulis [IZ] to Teichmiller
space. Let g =2 and let Qg be the Teichmiiller space of unit-area quadratic di Lerentials on marked
compact Riemann surfaces of genus g, and let I be the mapping class group.

The space Qq carries a natural normalized smooth measure p, preserved by the action of I and
such that p(Qg/I") < oo (Masur|[L3], Veech[L7]). Let Ty be the Teichmiiller space of marked compact
Riemann surfaces of genus g. We have a natural projection

m:Qg - Ty

and we set m = T}

Now we take x,y [T} and we let Br(x) be the ball of radius R in the Teichmiiller space in the
Teichmiiller metric, centered at the point x.

Our main results are the following two theorems:

Theorem 1.1 (Lattice Point Asymptotics) As R - oo,

MY 1 BrOII TEAGOAYE™,

where h = 6g — 6 is the entropy of the Teichmiiller geodesic flow, and A is the Hubbard-Masur
function defined in &l

Theorem 1.2 (Volume Asymptotics) As R - oo,
1
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We also prove versions of the above theorems in “sectors”, see Theorem ET and Theorem
below.

Acknowledgments. The authors are grateful to Vadim Kaimanovich, Yair Minsky and Howard
Masur for useful discussions, and to the Institute for Advanced Study in Princeton for its support.

2 The Margulis property of uniform expansion of conditional
measures.

Let g¢ be the Teichmiiller flow on Qg. Note that g commutes with the action of ' and preserves
the measure p. Recall that a quadratic dilerential q is uniquely determined by its imaginary and
real measured foliations n~(q) given by Im (q/?) and n*(q) given by Re (q%/?).

The flow g¢ admits the following foliations:

1. F5S, whose leaves are sets of the form {q : n*(q) = const};
2. FYY, whose leaves are sets of the form {q : n~(q) = const}.

In other words, for qo CQy, a leaf of FSS is given by
o**(go) ={4 CQy : n"(@ =n"(d)},
and a leaf of FYY is given by

a"(@)={a Qq : n"(@=n (q0)}

Note that the foliations F3%, FY" are invariant under both g¢ and I'; in particular, they descend to
the moduli space Qg/T.
We also consider the foliation F" whose leaves are defined by

; I:qu
a’(@ = g(q)
t[R1
and FS whose leaves are defined by
. I:ISs
a’(@) = 90> (Q).
t[R1

Denote by p : MF — PMF the natural projection from the space of measured foliations onto
the space of projective measured foliations. Now we may write

a*(qo) ={a CQy : p(n™ (@) =p(™* (%)}
a’(g) ={a Qg : p(h~ (@) =p0 (W)}

The foliations FY and F=5 form a complementary pair in the sense of Margulis [IZ] (so do F*S and
F4Y4Y, but the first pair will be more convenient for us). Note that the foliations F35, FS, FY FY" are,
respectively, the strongly stable, stable, unstable, strongly unstable foliations for the Teichmiiller
flow in the sense of Veech [I8] and Forni [3].



Conditional measures. The main observation, lying at the center of our construction, is the
following. Each leaf a™ of the foliation FUYY, as well as each leaf o~ of the foliation FSS carries a
globally defined conditional measure o+, invariant under the action the mapping class group, and
having, moreover, the following property:

1 (gt) o+ = eXp(ht)Hgtcx*';
2. (gt) Ha— = eXp(_ht)ugta—-

where h = 6g — 6 is the entropy of the flow g; on Qg/I" with respect to the smooth measure L.

The measures L= may be constructed as follows. Let v denote the Thurston measure on MF.
Note that each leaf of F*° is homeomorphic to an open subset of MF via the map n—. We can thus
define the conditional measure on F= to be the pullback of v. Similarly one can define the conditional
measure on FY. Now to define the measures o= we must restrict the conditional measure from a
leaf of F* to a leaf of F5° (and also from a leaf of F! to a leaf of FY“). This can be done explicitly
in the following way: for a subset E [CIMIF, let Cone(E) denote the cone based at the origin and
ending at E (i.e. the union of all the line segments connecting the origin and points of E). We write
V(E) to denote v(Cone(E)). Now for a set F [a¥°(qo), we define pug—(F) = v(n~(F)). Similarly,
for F [Cat(qo), Mo~ (F) is defined to be v(n™ (F)).

In particular, if a; and o, are two leaves of the foliation FY and U; [Cal and U, [Cap are
chosen in such a way that n*(U;) = n*(Uz), then we have pq,(U1) = Mg, (Uz). The equality
n*(U1) = n*(Uy) is equivalent to the statement that U; may be taken to U, by holonomy along
the leaves of the strongly stable foliation FS°; the equality pa, (U1) = Mo, (U2) thus means that the
smooth measure p has the property of holonomy invariance with respect to the pair of foliations
(FU’ FSS).

This construction allows us to apply the argument of G.A. Margulis and to compute the asymp-
totics for the volume of a ball of growing radius in Teichmiiller space as well as the asymptotics of
the number of elements in the intersection of a ball with the orbit of the mapping class group. The
approach is similar to that of [Z].

3 The Hubbard-Masur function.
Extremal lengths. Let X be a Riemann surface. Then the extremal length of a simple closed curve

y on X is defined by
I v ()
Exty () = Sl;p Area(x, p)’

where the supremum is taken over all metrics p conformally equivalent to x, and L{p) denotes the
length of y in the metric p. The extremal length can be extended continuously from the space of
simple closed curves to the space of MF of measured foliations, in such a way that Exty(X) =
t2Extg(X).

The Hubbard-Masur Theorem. The Hubbard-Masur Theorem [§] states that given any point
x LI} and any measured foliation B [CIMIF, there exists a unique holomorphic quadratic di Lerential
g on x such that n™(q) = B. We also have the identity Area(q) = Extg(x).

The Hubbard-Masur function. Let ¢ [CQg and let a“(q) be the leaf of the foliation F". By
the Hubbard-Masur Theorem, the projection 1 induces a smooth bijection between a“(q) and Tg.



The globally defined conditional measure pqugy on the fiber a“(q) projects onto a measure on the
Teichmiiller space, absolutely continuous with respect to the smooth measure m. We may therefore
consider the corresponding Radon-Nikodym derivative. Introduce a function A* : Qg — R by the

formula
1 — d(nlil-lcxu(q)))
A*(q) dm '
Similarly, we define A~ : Q4 — R via the formula

1 d(m Iﬂias(q)))
A (@ dm

(In the above definitions, the Radon-Nikodym derivatives are evaluated at 1(q)).
For x [T}, we consider the unit (co)-tangent sphere S(x) = {q Qg : m(q) = x} at the point
X. The conditional measure of p on the sphere S(x) will be denoted by sx. We set
1 [

A(X) = A" () dsx(q) = A (@) dsx(9)-

S(x) S(x)

Note that the functions A*, A™, A are I-invariant. We call A the Hubbard-Masur function.

Note that by the Hubbard-Masur theorem, n~ (or n*) defines a homeomorphism the space of all
quadratic di Lerentials at x (with arbitrary area) and the space MF. This homeomorphism restricts
to a homeomorphism between S(x) and the set

Ex ={B CMF : Extpg(x) =1}

where Extg(x) is the extremal length at x of the measured foliation B. Let 85 : Ex — S(X) denote
the inverse of n*.

Proposition 3.1 (Properties of A", A7, A) .

() A*(0) = 282D (g), and A~(q) = 222D ).

dsx
(i) AC) =v(n7(S())) =v(™ (S(X))).
(iii) A(X) =v(Ex) =v({B CMF : Extg(x) <1}).
(iv) A(X) =v({B LML : Extg(x) =< 1}), where ML is the space of measured laminations.

Proof. The property (i) follows from the fact that du = da“ doss, the fact that n—(da®%) = v,
and the fact that if we write for ¢ [CQg, q = (X,v) where x = m(q) and v [SI(x) then du(q) =
dm(x)ds, (v). The property (ii) follows from (i) after making the change of variable g - n(q) in
the definition of A. The property (iii) follows from the fact that the image n~(S(x)) consists exactly
of Ex. Finally (iv) is easily seen to be equivalent to (iii). 1

The following is proved in g%
Theorem 3.2 (Boundedness of A) There exists a constant M such that A(x) < M for all x [Tj.

For another interpretation of A in terms of asymptotics of the number of multicurves, see ([C3)
below.



4 Flowboxes

Recall that p : MF - PMF stands for the natural projection map. Let o [CQg. Let x = 1(qo),
and recall that n*(qo) [CHyx and also N7 (qg) [Hx. Consider an arbitrary neighborhood W™ of
n*(go) in Ex as well as a neighborhood W™ of n7(qo) in Ex. (We have W* [EL [MIF). Take
an arbitrary € > 0 and set 5

W= {exp(W ™ : [t| <&}

W5 = {exp()W ~ : [t| < €}
Finally, introduce the set

V={qgQy : n*(q) OWHn (q) CW}

The set V that we have constructed will be called a flowbox. We shall sometimes write V =
VW* W, e).
Observe that
gtV (WH, W™,g) =V (exp()W ™, exp(—t)W ~, €). @

Also, from the definition of volume,
BV W, W, ) = 2 sinh(DTW )5 ). @

The Hodge distance. There is a distance called the Hodge distance dy defined on Qg. On compact
subsets of Qg, the Hodge distance between two points on the same leaf of F* or F“ is equivalent to
the Teichmiiller distance between their projections.

The following lemma is due to Forni [3] §2].

Lemma 4.1 Suppose q; and gy are on the same leaf of FS. Then for all t =0,

dn (9t01, 9t02) < dpi (A1, G2)-

5 Mixing.

Let ¢ be a nonnegative compactly supported continuous function on Tg/T", which we extend to a
function  : Qg/I" — R by making it constant on each sphere S(x). We can consider  to be a
I-periodic function on Ty (or Qg).

In the following proposition we show that the integral of ¢ on over the forward image of a
flowbox can be approximated by an appropriately normalized integral of the function times the
Hubbard-Masur function A.

Proposition 5.1 Suppose x [T}, qo [CS(x). Let a* = a““(qo) be the unstable leaf through qo,
and let W [al" be a bounded open subset. Suppose & > 0. Then there exist [g]> 0 and a subset
W, [CMF containing n~(do) such that for any flowbox Vi = V(W ™, W~, Ddwith n™ (W) = W™,
[k [gland W~ [, , and any t su Lciehtly large (depending on V4, ¢ and d),

et W(y)dm(y)
“(gtvﬁj

< 5 : 24| =1+).
7 sinh(hDigr (W) /- W(A(Y) dm(y)

1_




Proof. Let W; =W, and let W, [aT be any open set containing W;. Suppose 0 < [j1< [3] and
for i =1,2, let W;" =n*(W;), and consider the flowboxes Vi =V (W;",W~, i), where W~ [CMF
will be chosen below. We choose W», [Jand [51so that for any choice of W ~, p(V1) = (1—8)Y2u(V2).

Let U [TJ be an open set containing the support of Y. We assume both U and V, [V to be
small enough so that each IM-orbit intersects each of them at most at oint. Fori = 1,2, let
¢i : Qg - R denote the characteristic function of V;, and let §i(q) = YEEft)i(yq). (Then we may
think of @; as a function from Qg/I" to R).
Now for i [{1, 2} consider the integral

[

1
Fi(gc ) @A (@da = di(ga) - W@AT (@) dg = i (9 a) - YDA (va) dg
Qg/r Qg \Y [ Qg
©)
Note that by the mixing property of the geodesic flow, the left-hand side of @) converges to
(| (|
(Vi) o rLIJ(t1)>\+(t1)dq = (Vi) : rlIJ(y)/\(y) dm(y). ©)

Recall that for y [T}, we denote by sy the conditional measure on the sphere S(y), and that m
stands for the smooth measure on Tg. We thus have the integration formula: for any E [Q} and
any integrable G: Qg - R,

1 = L1

G(q) du(a) = G(q) dsy(q) dm(y) ©)
E n(E) S(y)nE
Fix y [O. It is clear that the integral on the right-hand-side of @) can be restricted to q [
0¢Vi ny~tU. Fori 1,2}, j 1,2} introduce
—=h a= !
lij = W(y) AT(g)dsy(q) dm(y). (6)
y [T m(gtVi)ny U S(Y)ngeVj

The right-hand-side of @), after applying (@), may then be rewritten as I;;. Since Vi [V, I3 <

l12 < I, and by @) we have
1

Jim Ti = (Vi) W()A(Y) dm(y). ™
- Tg/T

We now evaluate I1, explicitly.

Claim 5.2 For any fixed 0 < GJ< [xJand any open subsets W;" [W,” [Ek and any compact
U [TJ there exists a neighborhood Wy~ of n7(qo) in Ex such that if W~ [V, then the flowboxes
Vi = V(W;",W~, [[) satisfy the following: for any su [ciehtly large t > 0, any y [0 and any
y [mlgeVa) nyU,

PN~ (9:V2 N S(y))) LpW ™). (©))

Proof of claim. Suppose @) fails. Then there exists a sequence W;~ of neighborhoods of n™(qo)
converging to {n~(do)} and sequences t; — oo, y; [, w; and p;j Iﬂ(Wf,Wj_, (1) and g; [
V(W;",W;7, [5) such that if we define & = y; 'gywj, Pj = V; '0ypj and G = v; ‘g, the
following holds:



gtVa

<

gtV

Figure 1. Claim &2

The inner box denotes g¢V1 and the outer g¢V>. The circle represents S(y) for some
y [1(g¢V1). The assertion of the claim is that the projection along the horizontal
(i.e. FY) direction of the thickened arc, representing S(y) n g¢V2, contains the
projection along the horizontal direction of the smaller flowbox g¢V;.

Figure 2. The proof of Claim

The horizontal line is a leaf of FY and the vertical line is a leaf of FS5. The circle
denotes the sphere S(m(w;)).

hd (T)j [V

> p(~ () = p(~ (G))-

* G CS(m(@5))
We note that ¢; (and thus g;) is determined by m(®;) and p(n™ (pj)) via the Hubbard-Masur theorem.

We can define 6; IEI(Wf,Wj_, [1) so that n™(8;) = n~(pj) and also 8; and w; are in the same
leaf of F55. (See Figure ). Since W;~ converge to a single point, we have dn(6j,0j) - 0. Let
9~j = yj_lgtj 8. Then 9~J is on the same leaf of F" as j, and by Lemma E], dH(E)j-,oTj) - 0.

By compactness of U we can assume after passing to a subsequence that @; — [for some CT_Ul

Then 8; — [JSince the map implied by the Hubbard-Masur theorem is continuous, we have G; - [J

In particular, dy (q],e]-) — 0. Then by Lemma BT applied to gt_1 we have dy (8;,0;) — 0. But this
is a contradiction because 8; CVI(W; ™, W™, [1) and g; TVI(W; ™, W,", [2). 1



Note that by the construction of Vo, n7(g¢V2) = exp(—t)VT/EL‘, and thus n™(g¢Va n S(y)) 1
exp(—t)VT/,é. Hence, in view of the claim,

Cone(exp(—t — )W ™) [Cbne(n (g:V2 n S(y))) CCbne(exp(—t+ )W)

where, as in & Cone(X) denote the union of all line segments connecting 0 to X.

Now we may perform the change of variable ¢ - n=(q) in the inner integral for 1,;,. Recalling
that the map n~ is injective on S(y), we get, using Proposition 3 (i), that the inner integral is equal
to Kv(g:W ™) = Ke "y(W ™), where e "< K < e"™ Hence since the support of y is contained
inU,

1

lio = Ke™"V(W ™) W(y) dm(y) = Ke™"V(W ) W(y) dm(y),
y 01 (geVi)nyU T(geV1)

where e~"< K < e"™ Now the proposition follows from (@), the fact that l1; < 11> < I, and @).
1

—1
Suppose x [T}, and U is a subset of S(x). Let Secty(x) [TJ denote the set _,m(g:U), i.e.
the sector based at x in the direction U. For 0 < R; < Ry, let A(R1,R2,X) = Br,(X) n Bgr, (X)°
denote the annulus of inner radius R; and outer radius R, centered at Xx.

Corollary 5.3 (Equidistribution of Annuli) Suppose x [T}, (5> 0 and U [S{x). Let y be a
nonnegative compactly supported continuous function on Tg/T". Then,

(. ’ (I 1
Jim A W) dm(y) = ¢-sinh(hDJ  A~(q) dsx(q) W(Y)IA(Y) dm(y).
- A(R—LCR+LX)nSecty (X) ] Tg/T
In particular,
T ’ 1
Jim N W(y) dm(y) = - sinh(hDN(x) U()A(Y) dm(y).
- AR+LR—LX) Tg/T

Proof sketch. Let E Q) denote the subset given by I?I@Kﬂtu. Note that m(giE) = AR —
LR + [X) n Secty (X).

We approximate E by a disjoint union of small flowboxes such that Proposition applies and
also so that A~ is nearly constant on each flowbox. We now apply Proposition to each flowbox,
and multiply the resulting identity by A~. Finally we sum over the flowboxes. Now the corollary

follows from Proposition and Proposition B (i) applied to A~ 1

By summing over shells of di[erknt radii, we get:

Corollary 5.4 (Equidisrtibution of Balls) Suppose x [T}, and U [CS{x). Let ¢ be a nonneg-
ative compactly supported continuous function on T¢/T". Then,

1 1 1 1
Jim e™"% W) dm(y) = A7(9)dg WYA(Y) dm(y). ©)
- Br(x)nSecty (X) U Tg/T
In particular, I . 7
Jim e™"% W) dm(y) = ~AK) YY) dm(y). (10)
- Br(X) Tg/T



6 Counting

Proof of Theorem [[Tl Let Fr(X,Yy) denote the cardinality of the intersection of Br(X) with I'y.
Let ¢ be a nonnegative compactly supported continuous function on T¢/I". Note that

(] (]
Fr(X, Y)W (y) dm(y) = W(y) dm(y).

Tg/T Br(x)
Hence, by CorollaryE4, as R — oo,
1 1

e "R Fr(X,y)U(y) dm(y) - %/\(X) rllJ(Y)/\(Y) dm(y),

Tg/T Ty/

i.e. e "RFr(x,y) converges weakly to %A(x)/\(y). We would like to show that the convergence is
pointwise on compact sets.
Let [3> 0 be arbitrafy. Let ¢ be supported on a ball of radius [around y (in the Teichmdller
distance), and satisfy T /T dm = 1. By the triangle inequality,
1 1
W(y) dm(y) = Fr(X,y) < Y(y) dmy(y).

Br—2(X) Br+2

After multiplying both sides by e "R and taking R — oo, we get

1 1
—2[R

e PEIA(Y) dm(y) < lim inf e "RER(X,y) < limsupe "RFgr(x,y) < e?® W(Y)A(Y) dm(y).
Tg/T - R oo Tg/T
Since [3 0 is arbitrary, and A is uniformly continuous on compact sets, we get
Jim he™"*Fr(x,y) = AGAY)
as required. 1

In fact, the same argument using (@) instead of ([I0) yields the following:

Theorem 6.1 Suppose x [T}, and U [S{x). Then for any y LT}, we have, as R - oo,
1

B0 0 Secty (O TRE™AY) A (@) (@),

Remark. The above theorem implies that if one identifies PMF = 0Ty with S(x) via the visual
map, then the Patterson-Sullivan measure is given by A7(q) dsx(q) (see [II]). These results are
similar in spirit to those of [6] and [[7].

7 Volume Asymptotics

In this section we prove Theorem Let Fr(X,y) be as in 8 Fix [gl1> 0. We need the following



Theorem 7.1 Given x [T}, there exists C = C(x) and Ro > 0 such that for all R > Rq and all

y LT,
Fr(x,y) < C(x)e"G(y),

where 1
Gy) =1+ ,
Ext, )=z XV W)

and the product ranges over all simple closed curves y on the surface y with Ext,(y) < [3]

Lemma 7.2 The function G(y) is in L*(Tg, m).

Proof of Lemma Suppose 1 < k < 3g — 3 and 6y, ...0k are real numbers between 0 and [g]
Let H(d1,...,0k) be the set of points y [T} such that the surface y has exactly k disjoint curves
Y1...Yk With §; = Exty,;(y) < 28;.

Now by definition of extremal length, j§ y is a curve satisfying Ext,(y) < [Jthen in any flat
metric on y, the flat length of y is at most ~ TJAlso by thegefinition of the measure [, the measure
of the set where some given curve has flat length at most ~Tlis at most O([)]1 These observations
imply that

M(H(®,...,0k)) < Cd;...0k, Y
where C depends only on the genus. Now the value of G on H(0y,...,0k) is O(1/ 01 ...0k). After

summing over dyadic intervals and performing the (finite) sum over k we see that G [CI*(Ty, m).
1

Proof of Theorem assuming Theorem [l By definition of Fg,
1
m(Br(x)) = Fr(x,y) dm(y)
Tg/T

We multiply both sides by e™"R and take the limit at R — oco. By Theorem [l and Lemma [Z2A
we can apply the dominated convergence theorem to take the limit inside the integral. Now the
theorem follows from Theorem [ 1

A similar argument yields the following:

Theorem 7.3 Suppose X [T}, and U [CS{x). Then, as R - oo,
1

m(BrG) 1 Secty () THE™AY) N (@) dse(@)

In the rest of this section we prove Theorem [Tl Along the way, we prove Theorem

Notation.
= Let Sy be the set of isotopy classes of integral multicurves on a surface of genus g..
= Given x,y [T} define
Mr(xy) ={y-y,y [0y 'y [Br(X)},
so that Fr(X,y) = #(Mgr(X,Y)).

10



The following result [8] relates the ratios of extremal lengths to the Teichmiiller distance:

Theorem 7.4 (Kerckhoff) Given x,y [T}, the Teichmiiller distance between x and y is given by

g 1
EXip (x)

dr(X,y) = sup log
B [Sq Extg(y)

Estimating extremal length. We choose a constant Cy depending only on g such that for any
surface y [T} there exists a pants decomposition P = {ay, ..., asg—3} of y such that the extremal
lengths of the a; are bounded from above by Cg.

Consider the Dehn-Thurston parametrization [4] of the set of multicurves

DT :Sq - (Z+ x2)%73

defined by
DT(B) = (i(B, o), tw(B, ai))i2,°,

where tw(3, a;) is the twisting parameter of B around q;. See [4] for more details.
The following result is proved in [14] (see Theorem 5.1, and equation (4.3)):

Theorem 7.5 (Minsky) Suppose y [Ty, and let P = P(y) = {ay,...,035—3} be any pants
decomposition such that the extremal lengths of the a; are bounded by Cy. Then given a simple
closed curve B, Extg(y) is bounded from above and below by

L_I%B,cxj‘)z - w2(B. 4 Ext ] .
1=j=3g-3 Exte, (y) (B, o) Exto; (y) (11)

up to a multiplicative constant depending only on Cg4 and g.

Remark. The definition of the twist used in equation (4.3) in [14] is di[erent from the definition
we are using here. We follow the definition used in [4]. Given a connected simple closed curve a on
Sy, let hg [Tldenote the right Dehn twist around a. Then in terms of our notation,

tw(hg(B), o) = tw(B, o) +r - i(B, o). 12)
Estimating the number of multicurves. Define
—1
E(y,L) =#[{a [Sh| Exta(y) <L}
Using Theorem [L3, we obtain the following:
Theorem 7.6 There exists a constant C > 0 such that for every y [T} and L > 0 we have
E(y,L)<C-G(y) L%

Moreover, for any y, as L — oo, E(y,L) < CL5%976,

11



Sketch of the proof. In order to use the bound given by equation (), first we fix a pants
decomposition

P = {C(]_, Ceey 0(39_3}
onysuch thats; = Extg; (y) = Cq4 (depending only on g). In particular, this pants decomposition

should include all small closed curves on y. Let m; = i(B, a;) and t; = tw(B, aj). So by equation
D), Extg(y) < L? implies that % + [ti|si = O(L). We use the following elementary lemma:

Lemma 7.7 For s > 0, define As(L) by
As(L) ={(a,b) | a,b I:Zl+,a-s+§s L} CZ < Z,.

Then for any L >0, |As(L)| < 4max{s, 1/s}- L2. For L > max{s, £}, we have As(L) <4L?.

Now applying the preceding lemma to the s;, and using the Dehn-Thurston parametrization of
multicurves, we get
S |
E(y,L) < |As; (L)] = C G(y)L*~°,
i=1
1

Proof of Theorem This follows from the second part of Theorem [L8 Recall that the
extremal length can be extended continuously to a map

Ext:Tg x MF - Ry

such that Ext(x, tA) = t?Ext(x, A). Also the space MIF has a piecewise linear integral structure, and
elements of Sy are in one to one correspondence with the integral points. Hence,

L1

| - —
A = VoK CNIF | Exty(9) < 1} = 2 {nCMF | Bxty (=L} _ . E(xL)

L69—6 Lo L696 '

(13)

where to justify the last equality use the fact that for any reasonably nice set A, as L — oo the
number of lattice points in the dilation LA is asymptotic to the volume of LA.

On the other hand, by the second assertion in Theorem [Z8] when L is big enough E(y,L) <
CL5976, Therefore, A(y) < C, where the bound does not depend on y. —1

Notation. Fix a compact subset K [Ig. For simplicity, we will also denote n~*(K) [T}
by K. Note that for any x [CK there exists a pants decomposition a = {q;} such that for any

1=i=3g-3,
1 —1
— =< Exty (X) = Ck,
Ck

where Ck only depends on K. We call such a pants decomposition a bounded pants decomposition
for x K.

We can show that for the elements in the thick part of the Teichmiiller space, the Dehn-Thurston
coordinates of a simple closed curve are bounded by its extremal length:

12



Lemma 7.8 Let a = {qy,...,0,} be bounded pants decomposition of x K. Then there is a
constant ¢; > 0, depending only on K, such that for any simple closed curve B on Sy,
1 1
tw(B,ai) =c1 - Extp(x), iB,ai) =c;- Extg(x).

Proposition 7.9 There exists a constant C3 depending only on K such that for every x [Kl, y [T}
and R > 0 we have
Fr(x,y) < C3 E(y,e).

The most natural candidate for B, is y~*a where o is a fixed pants decomposition of x. However
this correspondence is not one to one. Therefore, we need to modify the construction.

Givenz =y -y [Mg(x,y), and a S} we have
C—1

a(z) <R

Exta(X) =

So by setting L = eR, and B = y~*(a) we have
r—1 1
Extg(y) =L - Extg(X). (14)

Given z =y -y [CMRg(X,Y), let a(z)i =y to; [S}. Then from (@) we get

L1
EXta(Z)i(y) =Ck L.

Moreover, for z; = y1y,z2 = yoy [ -y, we have a(z;) = a(zz) if and only if there are
ri,...rg—3 CZsuch that
yi=hg - hges - ve.
Lemma 7.10 Let a = {qy,...,033—3} be a bounded pants decomposition on x [CK and suppose
Yo CBR(X). If h - h&2 =3 (vo) CBR(X) then for 1<i=<3g—3

R
[ri] - EXtg, (Yo) < Coe™.
Here C; is a constant which only depends on K.

1
Sketch of the proof. Lets; = Extg,(Yo0), and L = eR. The key point in the proof is Lemma 6.3
in [T4]. From this lemma, for any i, there exists a multicurve B; of extremal length b? = Extg, (Yo)
such that
i(Bi, i) =csj - b;.

13



. C 1 .
Since d(x,yo0) = R, Extg;(X) = bj - L. Also the assumption

d(hgy -+ hge % (%), ¥o) =R
implies that 1
E =  Extg,(hot* - oy (X)) < b; - L. 15
Xthgll...h:g%:z(gi)(x)) - XtBi( o O3g—3 (X)) (15)

Then we have

1. Since  Extg;(x) = bj - L, Lemma [Z8 implies that the twist and intersection coordinates of
the curve B; are bounded by a multiple of b; - L; in particular | tw(B;, a;)] = O(b; - L).

l’3g 3

2. Similarly, by equation [@3), applying Lemma [Z8 for hi - - hag, 5 (Bi) on x with respect to
{a;} implies that
| tw(hg, - -hg =3 (Bi), ai)| = O(bi - L).

O3g—3

3. On the other hand, by the definition (see equation ([IZ)) we have

| tw(hg: - -hGe== (Bi), ai)| = [ri - i(ai, Bi) + tw(Bi, ai)| =

=|ri| - i(aj, Bi) — | tw(Bi, ai).

So we have 1
Iril - si - bi < — ril - i(Bi, o) < CoL - bi =LG) - si < CoL.

—1
We remark that for any two disjoint simple closed curves n; and n,, and my, m, > 0, we have, by
the definition of extremal length,
1 1 1
EXtm, n, (X) +  EXtm,n,(X) = EXtm,.ns+myn, (X).

393 1
Corollary 1 If the assumption of Lemma [/-I0Q] holds, then for d = |ri] - o we have
i=1

—1
Extglyo) < CgeR.
Therefore, dCalso defines a multicurve of extremal length bounded by e?R. This completes the
proof of Proposition [9, and thus in view of Theorem [ZH the proof of Theorem [l
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